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Abstract. Let (Q,u) be a o-finite measure space, and let X C L'(Q) +
L () be a fully symmetric space of measurable functions on (€2, u). If u(Q) = oo,
necessary and sufficient conditions are given for almost uniform convergence in X
(in Egorov’s sense) of Cesaro averages M, (T)(f) = } v —o T*(f) for all Dunford-
Schwartz operators T in L'(Q) + L>(Q) and any f € X. If (Q, z1) is quasi-non-
atomic, it is proved that the averages M, (T") converge strongly in X for each
Dunford-Schwartz operator T in L*(2) + L>°(Q) if and only if X has order con-
tinuous norm and L*(Q) is not contained in X.

1. Introduction

Let (€, A, 1) be a complete o-finite measure space. Denote by L° =
LY(€2) the algebra of equivalence classes of almost everywhere (a.e.) finite
real-valued measurable functions on Q. Let LP = LP(Q) ¢ L% 1 < p < o0,
be the LP-space equipped with the standard norm || - ||,.

Let T: L' + L™ — L' + L* be a Dunford-Schwartz operator (writing
T € DS), that is, T is linear and

IT(H)ll < IIfll for all f € LT and | T(f)lloo < || £lloo for all f e L.

If T € DS is positive, that is, T'(f) > 0 whenever f > 0, then we shall write
T e DST.
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The Dunford—Schwartz individual ergodic theorem states that for every
TeDS and fe P, 1<p< oo, the averages

n—1
1) MAUT)() = ST
k=0

converge a.e. to some fe L? (see, for example, [6, Ch. VIII, §6, Theorem
VIIL6.6)).

In the case p(f2) < oo, it follows from Egorov’s theorem that a.e. con-
vergence coincides with the almost uniform (a.u.) convergence, thus, the
Dunford—Schwartz individual ergodic theorem asserts a.u. convergence of
the averages M, (T)(f) for each f € LP, 1 <p<oo, and all T € DS. 1If
() = oo, then it is clear that a.u. convergence (in Egorov’s sense) is gen-
erally stronger than a.e. convergence, so it is interesting to see if there exist
functions f € L' + L™ such that the ergodic averages (1) converge a.u. for
every T'€ DS.

Thus, if ©(Q2) = co, there is the problem of describing the largest sub-
space of L' + L> for which a.u. convergence in the Dunford-Schwartz indi-
vidual ergodic theorem holds. To this end, let

(2) Ru={feL'+L®:p{|f| >} <ooforal A>0}.

In Section 3 we prove (Theorem 3.1) that for each f € R, and any T' € DS

the averages M, (T)(f) converge a.u. to some f € R . It should be pointed
out that, by virtue of Lemma 3.1, the proof of a.u. convergence in the
Dunford—Schwartz ergodic theorem is noticeably simpler than the proof of
a.e. convergence. We also show that R, is the largest subspace of L' + L™
for which the convergence takes place: if f € (L' 4 L>)\ R, then there
exists T' € DS such that the sequence {M,(T)(f)} does not converge a.u.
(Theorem 3.5).

A well-known mean ergodic theorem asserts (see, for example, [6,
Ch. VIII, §5]) that the averages M, (T) converge strongly in a reflexive
Banach space (X, | - ||x) for every linear contraction 7" of X, that is, given
x € X, there exists € X such that

1 n—1
. > THx) -2
k=0

Important examples illustrating this ergodic theorem are the reflexive spaces
LP, 1 < p < co. In particular, the averages M, (T) converge strongly in LP
for any T € DS. For the spaces L' and L*, the mean ergodic theorem is
false, in general.

—0 asn— oo.

X
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It is known that if 7' € DS, then T'(X) C X for any exact interpolation
(for the Banach pair (L', L>)) symmetric space X of real-valued measur-
able functions on (€, ). In addition, ||T||x—x <1 (see, for example, [11,
Ch. II, §4, Sec. 2]). Recall also that the class of exact interpolation sym-
metric spaces for the Banach pair (L!, L) coincides with the class of fully
symmetric spaces on (2, ) [11, Ch. II, §4, Theorem 4.3]. Therefore, there
is the problem of describing the class of fully symmetric spaces X for which
the mean ergodic theorem with respect to the action of an arbitrary T' € DS
is valid.

If X is a separable symmetric space on the non-atomic measure space
((0,a),v), where 0 < a < oo and v is the Lebesgue measure, then the aver-
ages M, (T') converge strongly in X for every T' € DS (see [21,22]; also [23,
Ch. 2, §2.1, Theorem 2.1.3]). At the same time, if X is a non-separable fully

symmetric space, then for each f € X\ L>°(0, a)”'”X there exist T' € DS and
a function f, equimeasurable with f, such that the sequence {A, (T)(f)}
does not converge strongly in X [22]. Note also that, for the separable
symmetric space L'((0,00),v), there exists T € DS such that the averages
M,,(T) do not converge strongly in L((0, 00),v).

The main result of Section 4 is Theorem 4.5, which gives a criterion for
a fully symmetric space X to satisfy the following: the averages M, (T)(f)
converge strongly in X for every f € X and T € DS.

In Section 5 we discuss some (classes of) fully symmetric spaces for which
Dunford—Schwartz-type ergodic theorems hold/fail.

2. Preliminaries

Let (2, A, 1) be a o-finite measure space and let L% = L°(Q) be the al-
gebra of (classes of) a.e. finite real-valued measurable functions on (2, A, u).
Let Lg be the subalgebra in L° consisting of the functions f € LY such that
p{|f| > A} < oo for some A > 0.

In what follows t,, will stand for the measure topology in L0, that is, the
topology given by the following system of neighborhoods of zero:

N d)={fel’: p{|f|>6}<e}, £>0,5>0.

It is well-known (see, for example, [7, Ch. IV, §27, Theorem 5]) that (L°,¢,)
is a complete metrizable vector space. Since Lg is a closed linear subspace

of (Lo,tu) (see, for example, [11, Ch. II, §2]), (Lg,tu) is also a complete
metrizable vector space.

Denote by LP = LP(Q) C Lg, 1 < p < oo, the classical Banach space
equipped with the standard norm || - ||,.
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If fe L?L, then the non-increasing rearrangement of f is defined as

[ty =inf {A>0: p{|f|>A}<t}, t>0,

(see [11, Ch. II, §2]).

Consider the o-finite measure space ((0,00),v), where v is the Lebesgue
measure. A non-zero linear subspace X C L9 with a Banach norm || - || x is
called symmetric (fully symmetric) on ((0,00),v) if

fex, gelLl g*t)<f*t) forallt>0

respectively,
fex, gelLl / g*(t)dt < / f*(t)dt for all s > 0 (writing g << f)
0 0

implies that g € X and ||g]|x < ||f|lx-
Let (X, -|x) be a symmetric (fully symmetric) space on ((0,00),v).
Define

X@Q)={fel):f(t)eX}
and set

Ifllx@ = I Olx, feX(€).
It is shown in [10] (see also [17, Ch. 3, Section 3.5]) that (X (), || - [|x(q)
is a Banach space and the conditions f € X(Q), g € Lg, g (t) < f*(t)
for every t >0 (respectively, g << f) imply that g € X(Q2) and |[|g| x(q)
< |[fllx()- In such a case, we say that (X(Q2),]||lx)) is a symmetric
(fully symmetric) space on (2,4, i) generated by the symmetric (fully sym-
metric) space (X, || -||x). It is clear that if f,g € X(Q) and f* = ¢g*, then

1 £l x @) = llgllx)-

In what follows, if it does not cause confusion, we will write (X, || - ||x),
or simply X, instead of (X (), |- || x()-

Immediate examples of fully symmetric spaces are L' N L*> with the
norm

1l epe = max { |l 1/l }
and L' + L* with the norm
1
Ifllzrsz= = inf {{lglls + Plloc : f = g+h, g€ L', he L®}= /0 fr(t) dt
(see [11, Ch. II, §4]).
It is known that a symmetric space X is fully symmetric if and only

if X is an exact interpolation space for the Banach couple (L', L) (see,
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for example, [1, Ch. 3, §2, Theorem 2.2], [11, Ch. II, §4, Theorem 4.3]).
Consequently, T'(X) C X and ||T||x—x <1 for any T € DS.

We need the following property of embeddings of symmetric spaces [20,
Ch. 6, §6.1, Proposition 6.1.1].

ProposITION 2.1. If (X1, || ||lx,) and (X, |- ||x,) are symmetric spaces
with X1 C Xa, then there is a constant ¢ > 0 such that || f|x, < c||fllx, for
all f € X;.

It follows from Proposition 2.1 that if (X, || - ||1) and (X, | - ||2) are sym-
metric spaces, then the norms || - ||; and || - ||2 are equivalent.
Given a symmetric space (X, || - ||x), in view of the embeddings

L'NL>®c X cL'+ L™

[1, Ch. 2, §6, Theorem 6.6], it follows from Proposition 2.1 that there
exist constants ¢; >0 and co >0 such that ||f||x < ci|fllzinp= for all
feL'NL® and ||f|pisr= < c2||fllx for all f € X.

A symmetric space (X, | - ||x) is said to have order continuous norm if
| fallx 4 0 whenever f, € X and f, | 0. It is clear that a symmetric space X
has (respectively, has no) order-continuous norm if and only if a symmetric
space on ((0,00),v), that generates X, has (respectively, has no) order-
continuous norm. Besides, a symmetric space on ((0,00),r) has order con-
tinuous norm if and only if it is separable [20, II, Ch. 6, §6.5, Theorem 6.5.3.].
In addition, by [11, Ch. II, §4, Theorem 4.10] and [20, II, Ch. 6, §6.5, The-
orem 6.5.3], every separable symmetric space X on ((0,00),r) is an exact
interpolation space for the Banach pair (L!, L*). Hence, in this case, X is
a fully symmetric space [11, Ch. II, §4, Theorem 4.3].

If (X,]|-]x) is a symmetric space on ((0,00),r), then the Kéthe dual
X is defined as

X ={feL):fgelL forallge X},

I1f 1| x :sup{l/ooofg dv

It is known that (X*,| -|xx) is a fully symmetric space (see, for exam-
ple, [11, Ch. II, §4, Theorem 4.9], [20, II, Ch. 7, §7.2, Theorem 7.2.2]). In
addition,

and

g€ X, Hg||X§1} if feX”.

XX, (LY=L® (L®)* =LY
(L' + L%, || lpagp=)™ = (L' 0 L=, |- ez
(Li VL2 || - [lznz=)* = (L' + L%, |- oy p)
(see [20, II, Ch. 7]).
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Note that
X)) ={fel):fgeL'(Q) forallge X(Q)},

and

1l =sup{\ /Q Fg du

L9 € X, gl < 1}, f e XX,

The fully symmetric space (X*(£2), || - [ x (o)) is called the Kéthe dual space
of the symmetric space (X (Q), || - [ x())-

A symmetric space (X, || - || x) is said to possess the Fatou property if the
conditions

ngneXa fngfn-i-l for all n, and Sllp||an_)(<OO

imply that f = sup,, f, € X and || f||x = sup,, || fnllx exist.

If X = X**, then the symmetric space X possesses the Fatou property
(see, for example, [14, Vol.II, Ch. I, §1b)); in particular, the fully symmetric
space (L' + L || - || L1+~ ) possesses the Fatou property. In addition, in any
symmetric space (X, || - || x) with the Fatou property the conditions f, € X,
sup,, | faollx <«, f € LY and f, — f in t, imply that f € X and ||f||x < «
(see, for example, [9, Ch. IV, §3, Lemma 5]).

Define

Ry={feL'+L®:f*(t) > 0ast— co}.
It is clear that R, admits a more direct description (2).

Note that if () < oo, then R, is simply L'. However, we will be
concerned with infinite measure spaces.

By [11, Ch. II, §4, Lemma 4.4], (R, | - ||z 41~) is a symmetric space.
In addition, R, is the closure of L'N L in L' + L* (see [11, Ch. II, §3,
Section 1]). In particular, (R, || - ||z14+z~) is a fully symmetric space.

Let xg be the characteristic function of a set ¥ € A. Denote 1 = xgq.
The following gives a necessary and sufficient condition for the embedding
of a symmetric space into R,.

PROPOSITION 2.2. If u(2) = oo, then a symmetric space X C Lg s con-
tained in R, if and only if 1 & X.

We will also need the next property of the fully symmetric space R,,.

PROPOSITION 2.3. For every f € R, and € > 0 there ewist g. € L' and
he € L such that

f=ge+he and |helloo <e.

For proofs of Propositions 2.2 and 2.3, see [2, Propositions 2.1, 2.2].
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3. Almost uniform convergence in the Dunford—Schwartz
pointwise ergodic theorem

A sequence {f,} C L° is said to converge almost uniformly to f € L°
if for every € > 0 there exists a set £ C Q such that u(Q\ E) <e and
I(f — fn)xEllco — 0. The main goal of this section is to prove the following
extension of the classical Dunford—Schwartz pointwise ergodic theorem.

THEOREM 3.1. Assume that (2, A, 1) is an arbitrary measure space, and
let X be a fully symmetric space on (Q, A, u) such that 1 ¢ X. If T € DS
and f € X, then the averages (1) converge a.u. to some fe X. In particular,
M,(T)(f) = f € Ry a.u. for all f € R,,.

REMARK 3.1. In proving Theorem 3.1, we can and will assume that
(Q, A, ) is o-finite. Indeed, if f € X and 1 ¢ X, then f € R, by Propo-
sition 2.2, which implies that {T%(f)}?%, C R,. Therefore, the set Q; =
Up{T*(f) # 0} is o-finite, and one can replace by Q.

In view of Propositions 2.2 and 2.3, the proof of Theorem 3.1 can be
easily reduced to the case X = L', so we shall treat this case first.

Let (X,]| - |lx) be a Banach space, and let M,,: X — L° be a sequence
of linear maps. Denote

M*(f) = Sgp\Mn(f)\,

the mazimal function of f € X. If M*(f) € L° for all f € X, then the func-
tion
M X - L° feX,
is called the maximal operator of the sequence {M,}.
REMARK 3.2. (1) If u(92) < oo, then the Banach principle implies that
if M*(f) € L° for all f € X, then M*: (X, -|x) — (L% ¢,) is continuous
at zero, which is not the case when p is not finite; see [16, Sec. 2].

(2) If f € X and E € A are such that {M,(f)xg} C L, then it is easy
to see that

| M*(f)xElloo = sup M (f)xEllco

[15, Proposition 1.1]. Therefore, the continuity of M* : (X, |- ||x) — (L% ¢,)
at zero can be expressed as follows: given € > 0, § > 0, there exists a v > 0
such that for every f € X with || f||x <~ it is possible to find E C Q satis-
fying the conditions

w(Q\E)<e and sup||M,(f)xElw <9.
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ProroSsITION 3.1. The algebra L?L is complete with respect to a.u. con-
vergence.

PROOF. Assume that {f,}C Lg is a.u. Cauchy. Then it is clearly Cauchy

with respect to ¢,,. Since Lg is complete relative to ¢, there exists an f € Lg
such that f, — f in measure.

To show that f, — f a.u., fix e > 0. Since f, € Lg for every n and { f,,}
is a.u. Cauchy, it is possible to construct F C  such that u(Q\ E) <e,
fnxe € L™ for every n, and

I(fm — fr)XE|co = 0 as m,n — oc.

This implies that there exists an fe L such that ||]?— faXEllco = 0, hence
faxe — f in measure. But f, — f in measure implies that f,xg — fxg in
measure, hence f = fxg and so

1(F = f)xElloo = IIf = faxellos — 0.

Therefore, the sequence {f,} is a.u. convergent in LO that is, LO is a.u.
complete. [

LEMMA 3.1. If the maximal operator M* : (X, ||| x) = (L%¢,) of a se-
quence My : X — L0 of linear maps is continuous at zero, then the set

Xe={fe€X :{My(f)} converges a.u.}

1s closed in X.

ProoF. Let X; > fr — f in the norm || - ||x. Fix e > 0, § > 0. In view
of Remark 3.2(2) and since M™* is continuous at zero, there exist fx, and
Ey C Q such that

PO\ Ey) < and sup || M(f = fio)xm o < -

Next, since the sequence {M,(f,)} converges a.u., there exist E; C 2 and
N € N such that

€ )
p@\E) < and ([ (Ma(fi)) = Ma(fro))xm || o < 5 forall mn = N.

Therefore, setting E = FEy N Ey, we arrive at u(Q \ E) < ¢ and

| (M IOl o < (| Min(f = fio)xe] o
+HMnf—fko><EH + {| (Mo (Fro) = Man(fio))x2|| o <0
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for all m,n > N. This means that the sequence {M,(f)} is a.u. Cauchy,
which, by Proposition 3.1, entails that {M,(f)} converges a.u., hence
f € X., and we conclude that X, is closed in (X, |- ||x). O

Therefore, since T(L') C L' C Lg for a given T' € DS, in order to prove

that the averages (1) converge a.u. for every f € X = L', it is sufficient to
show that

(A) the maximal operator M (T)*: (L', - |l1) — (L°,¢,) is continuous at
Zero;

(B) there exists a dense subset D of L! such that the sequence { M, (T)(f)}
converges a.u. whenever f € D.

Here is our main tool, Hopf’s maximal ergodic theorem [8]; see also [19,
Theorem 1.1, p.75]:

THEOREM 3.2. If T: L' — L' is a positive linear contraction and
f €L, then

/ fdu>0.
{M(T)*(f)>0}

We shall prove the following maximal inequality for T' € DS acting in LP,
1 < p < co. Note that, in order to establish Theorem 3.1, we will only need
it forp=1and p = 2.

THEOREM 3.3. If T € DS and 1 < p < oo, then
x 1f1lp\? p
(3) p{M(T)*(|f]) > A} < (2 \ forall f € LP, X > 0.

PROOF. Assume first that 7€ DST. Fix f € L' and A > 0. Pick F C Q
such that p(F) < oo and let fy p =|f| — Axp. Then, since Axp € L™, we
have [|T(AxF)|lco < A, hence T'(Axr) < A- 1. Therefore

T(far) Z2T(f]) —A-1,
and we derive
M(T)*(far) =2 M(T)*(f]) = A- 1.
By Theorem 3.2,
/ far >0,
{M(T)*(fx,r)>0}
implying that

=y 1= (e + Ar)
{M(T)*(fx,r)>0} {M(T)*(fr,r)>0}
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>

/ e = Mi({M(T)*(frr) > 0} N F)
{M(T)*(f»,r)>0}

> M({M(D(f) > A} N F).
Therefore, we have

p({M(T)*(|f]) > A}nF) < HJ;Hl

for every F' C Q with u(F) < co. Since (€, ) is o-finite, we arrive at the
following maximal inequality for T' € DS™ acting in L':

”’;”1 for all f € L', A > 0.

(4) p{ M(T)*(If]) > A} <
Now, fix1 < p < oo, f € LP, and A > 0. Since ¢t > ;‘ implies ¢t < (i)p_ltp,
we have
2\p—1 A
< p > .
@< () 1F@P whenever [f(w)| >

Then, denoting Ay = {|f| < A/2} and g) = |f|xa,, we obtain

<ot (5) 1

Since gy € L, we have | T(g)llsc < lgallc < 3, and it follows that

M@ <) 1+ () M@y

As |f|P € L', employing (4), we obtain a maximal inequality for T € DS+
acting in ILP, 1 < p < o0

G) ey = <) (3) T merasn > )

AP 1f1lp\P
— * P < p D .
p{aayarm > (5) = (@M7) rernaso

Finally, let '€ DS. If |T|: LP — LP is the linear modulus of T': LP — LP,
then |T| € DST and |T*(f)| <|T|*(|f]) for all f€ LP and 1< p < oo,
k=0,1,... (see, for example, [18, Ch. 1, §1.3], [13, Ch. 4, §4.1, Theorem
1.1]). Therefore, given f € LP, 1 < p < oo, we have

n—1 n—1
(D] < STITRAD] < STITRAD) = M) ()
k=0 k=0
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Thus, applying inequality (5) to |T| € DS™, we obtain (3):
* < * < HfHP P P
M) (fD> Ay < IM(TD(fD>Ay < (27,7) , fell, A>0. 0

PROOF OF THEOREM 3.1. Show first that the sequence {M,(f)} con-
verges a.u. whenever f € L. In view of Theorem 3.3, the maximal operator
M(T)*: (LP,||-]]) = (L°¢,) is continuous at zero for every 1 < p < cc. This,
by Lemma 3.1, implies that the set

Cp={f€LP:{My(f)} converges a.u.}

is closed in ILP, 1 < p < 0.

In particular, the sets C; and Cy are closed in L' and L?, respectively.
Therefore, taking into account that the set L' N L? is dense in L', it is suf-
ficient to show that the sequence {M,,(T")(f)} converges a.u. for each f in a
dense subset of L2.

Denote by (,-) the standard inner product in L?. Let

N={T(h)—h: he L*NL>®}.
If L? 5 g € N*, then, as L?> N L™ is dense in L?, we have
0=(g,T(h) = h) = (T"(g9) — g,h), heL?
so T*(g) = g. Recalling that T is a contraction in L?, we obtain

(6) IT(g9) — gll3 = (T(9) — 9. T(g) — g) =
IT(9))15 = (9,T*(9)) — (T*(9),9) + lgl3 = 1 T(9)II3 — llgll3 < O,

so T(g) = g as well, hence N* C L ={g € L?:T(g) = g}. Conversely, if
g € L, then, since T* is also a contraction in L?, replacing T by T* in (6),
we obtain T*(g) = ¢, which implies that g € N*. Therefore N* = L, hence
N @ L = L?, and we conclude that the set

D:{g+(T(h)—h):g€L2, T(g) = g; h6L2ﬂL°°}

is dense in L2, Because h € L™, it is clear that the sequence {M,,(f)} con-
verges a.u. for every f € D, and we conclude that this sequence converges
a.u. for all f e L.

Now, let X C L' + L™ be a fully symmetric space such that 1 ¢ X, and
let f € X. By Proposition 2.2, f € R,. Fix € >0 and ¢ > 0. In view of
Proposition 2.3, there exist g € L' and h € L™ such that

1 1)
f=g+h, gelL, and |h]e < e
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Since g € L', there exist £ C Q and N € N satisfying the conditions

p(Q\E) <e and |(Mn(9) — Mn(9))xE| o < g for all m,n > N.

Then, given m,n > N, we have

= || (Min(9) — My(9))xe||l  + || (Mm(h) — Mn(h))xs]|

0 )
< 2+ UM () oo + V() oo < 5+ 20lblle <,

implying, by Proposition 3.1, that the sequence {M,(f)} converges a.u. to
some f € Lg.
Since L' + L™ possesses the Fatou property and

My(f) € LY+ L%, sup [ Mu(f)lprsr= < | fllprszs, Ma(f) = f int,,
n

it follows that fe L'+ L [9, Ch. IV, §3, Lemma 5]. In addition,
M, (f)*(t) = f*(t) a.c. on (0,00)

(see, for example, [11, Ch. II, §2, Property 11°]). Since T' € DS, it fol-
lows that M, (f)*(t) << f*(¢t) for all n (see, for example, [11, Ch. II, §3,
Section 4]). Consequently, by the Fatou Theorem,

/S f*(t) dt < sup /s M, (f)*(t)dt < /S f(t)dt for all s >0,
0 n Jo 0

that is, f* (t) << f*(t). Since X is a fully symmetric space and f € X, it

o~

follows that f € X. O

Now we shall show that, for a o-finite measure space (2,4, 1), the space
E =R, is the largest fully symmetric subspace of L' + L™ for which The-
orem 3.1 is valid. We will utilize the following result obtained recently by
Kunszenti-Kovacs [12] (cf. [3, Theorem 4.1]).

THEOREM 3.4. Let (2, A, ) be o-finite infinite measure space. If f €
(LY + L)\ Ry, then there exists T € DS such that the sequence M, (T)(f)(w)
fails to converge for almost every w € ).

THEOREM 3.5. Let (Q, A, 1) be a o-finite infinite measure space. Given
a fully symmetric space X C L' 4+ L™, the following conditions are equiva-
lent:
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(i) X CR,.
i) 1¢X.
(iii) For every f € X and T € DS the averages (1) converge a.u. to some
feX

Proor. Implications (i) < (ii) is Proposition 2.2, while (ii) = (iii)
is Theorem 3.1. By Theorem 3.4, given f € (L' + L>)\ R,, there exists
T € DS such that the averages (1) do not converge a.e., hence a.u., and
implication (iii) = (i) follows. O

Now we shall present some examples of fully symmetric spaces X such
that 1 € X or 1 € X. Recall that it is assumed that u(2) = cc.

1. Let ® be an Orlicz function, that is, ®: [0,00) — [0,00) is a left-

continuous, convex, increasing function such that ®(0) = 0 and ®(u) > 0 for
some u # 0 (see, for example [4, Ch. 2, §2.1]). Let

q’:{feng/<I><|f|>d,u<oof0rsomea>0}
9] a

be the corresponding Orlicz space, and let

Hf||q>:inf{a>0:/Q<I><|‘£|>du§ 1}

be the Luzemburg norm in L*. It is well-known that (L%, - ||¢) is a fully
symmetric space.

Since p(2) = oo, if ®(u) > 0 for all u # 0, then [, ®(} - 1)du = oo for
each a > 0, hence 1 ¢ L®. If ®(u) = 0 for all 0 < u < ug, then 1 € L®.

2. If X is a symmetric space with order continuous norm, then p{|f| > A}
< oo forall fe X and A >0, so X CRy; in particular, 1 ¢ X.

3. Let ¢ be a concave function on [0, c0) with ¢(0) = 0 and ¢(¢) > 0 for
all t > 0, and let

A= {rer 1l = [ rwden <

be the corresponding Lorentz space.

It is well-known that (Ay, || - [|a,) is a fully symmetric space; in addition,
if p(00) = 00, then 1 & A, and if ¢(00) < 0o, then 1 € A,,.

Let ¢ be as above, and let

M@:{fEng || fllaz, = sup /f dt<oo}
0<s<o0 90
be the corresponding Marcinkiewicz space. It is known that (Mo, || - ||az,) is

a fully symmetric space such that 1 ¢ M, if and only if lim;_, @gt) =0.
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4. On strong convergence of Cesaro averages

In this section we give a characterization of fully symmetric spaces for
which the mean ergodic theorem is valid.

Let (92, A, 1) be a o-finite measure space. If we consider the complete
Boolean algebra V,, = {e = [E] : E € A} of equivalence classes of y-a.e. equal
sets in A (that is, when E,G € A and u(EAG) = 0), then u(e) := u(E) is
a strictly positive measure on V,. Denote by V,(0,a) = {[E]: F € A,}
the complete Boolean algebra of equivalence classes of v-a.e. equal sets in
((0,a),v), 0 < a < oc.

A Boolean subalgebra Vo in V, is called regular if sup D € V, for
every subset D C V. If Vg is a regular subalgebra in V,, then clearly
Ag={F € A:[E] € Vy} is a o-subalgebra in A and Vo = {[E] : F € Ap}.

It is known that there exists e € V, such that e -V, is non-atomic, that
is, the Boolean algebra e -V, has no atoms, and (1 —e)-V, is a totally
atomic Boolean algebra, that is, 1 — e = sup,, ¢,, where {g,} is the set of
atoms in the Boolean algebra V,, (see, for example, [24, I, Ch. 2, §2]).

Let V,, be a non-atomic Boolean algebra. In view of [1, Ch. 2, Corollary
7.6], we have the following.

PROPOSITION 4.1. There ewist a reqular subalgebra Vo in V, and a
Boolean isomorphism ¢: V,(0,1(2)) — Vo onto such that p(p(e)) = v(e)
for all e € V,(0, u(S2)).

Utilizing Proposition 4.1 and [3, Theorem 2.4], we obtain the following.

COROLLARY 4.1. Let 0 # eg € V, be such that ey -V, is non-atomic, and
let Vo and ¢ be as in Proposition 4.1 (with respect to the Boolean algebra

eo V ) Then there exists a unique algebraic isomorphism ®: L°((0, u(Q)),v)
2, Ao, i) such that

Il
(i) ®(e) = p(e) for alleGV (0, u(€));
(i) @: LY((0, (), v) — LS, Ao, 1) and ®: L=((0, j()),v) — L=(,
Ao, 1) are bzyectwe linear isometries.

In what follows, T'€ DS(Q, A, ) will mean that T is a Dunford—
Schwartz operator in L'(Q, A, ) + L>®(, A, p).

If F€ Aand Ap = {ANE:Aec A}, then it is clear that (E, Ag,p) is
a o-finite measure space. The next property of Dunford—Schwartz operators
can be found in [3, Corollary 2.1].

THEOREM 4.1. Let 0 # e = [E] € V,,, and let Vg be a regular subalgebra
ine-V, such that (2, Ao, 1) is a o-finite measure space. If T € DS(E, Ay, 1),

then there exists T € DS(Q, A, p) such that

T(g9) =T(g9) and My(T)(g) = Ma(T)(g)
for all g € LY(E, Ay, 1) + L>(E, Ao, 1) and n € N.
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We say that a fully symmetric space X possesses the mean ergodic theo-
rem property (writing X € (MET)) if the averages M, (T) converge strongly
in X for any T' € DS. A measure space will be called quasi-non-atomic if it
has finitely many atoms or its atoms have equal measures.

THEOREM 4.2. If (Q, A, u) is quasi-non-atomic, () = oo, and X is a
fully symmetric space such that X C L', then X ¢ (MET).

PrOOF. Assume first (€2, .4, u) = ((0,00),v) and consider the operator
T € DS defined by
ft—1) ift>1,
T t) =
(NE) {0 if t € (0,1].

Since

H Man(T)(x(0,1]) — Mn(T)(X(o,l})H 1

1 1 1 1 1
B Han(o,zn} T XOA T n(n B 2n> Ton = L
it follows that the averages M, (T)(x(o,1))) do not converge in the norm || - 1.
Therefore L' ¢ (MET).

Using the inclusion X C L' and Proposition 2.1, we conclude that there
is a constant ¢ > 0 such that || f||1 < ¢||f|lx for all f € X. Consequently, the
sequence { M (T)(x(0,1])} cannot converge strongly in X, hence X ¢ (MET).

Assume now that (€2, A, ) is non-atomic. By Corollary 4.1, there exist a
regular subalgebra Vj in V,, and an algebraic isomorphism ®: L°((0,00),v)
— L%(Q, Ag, 1) such that u(®(e)) = v(e) for all e € V,(0,(Q)) and & :
Ll((()) OO), V) - Ll(Qv AOa M) and @: LOO((Ov OO), V) - LOO(Qv AO) :u) are bi-
jective linear isometries. Therefore T = ®oTo®~! € DS(Q, Ag, 1), and the
sequence {M,(T)(®(x(,1]))} does not converge in the space (X (€, Ao, ),
|- Ix(9.40,) - Note that (€, Ag, 1) is a o-finite measure space.

By Theorem 4.1, there exists T € DS(€, A, p) such that T(g) = T'(g) and
Mo(T)(g) = Ma(T)(g) for all g € L} (S, Ay, 1) + L(Q, Ao, ) and 1 € N,
Thus, the sequence {Mn(f)(<1>(x(0,1]))} does not converge in the space
X =X(Q,A4, 1), hence X ¢ (MET).

Next, let (£2,.A, ) be a totally atomic infinite measure space with the
atoms of equal measures. In this case L'(Q) =1!, L*°(Q) =1[® and I' C
X C I, which, by the assumption, implies that X = ['. Consequently, by
Proposition 2.1, the norms || - ||x and || - |1 are equivalent.

Define T € DS by T({€,}°%,) = {0,61,€a,... } i {€,)50, € 1. If e; =
{1,0,0,...}, then we have

H Mo, (T)(e1) — Mn(T)(el)H 1
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1 1
- 1,1,...,1,0,0,...} — " {1,1,...,1,0,0,... H —1,
HQH{\ ~ “ } n{\ ~ “ }1

2n n

implying that the sequence {M,(T)(e1)} does not converge in the norm
| - |li. Since the norms || - ||x and || - |1 are equivalent, it follows that the
sequence {M,,(T)(e1)} is not convergent in || - || x as well, hence X ¢ (MET).

Assume now that (2,4, p) is an arbitrary quasi-non-atomic infinite mea-
sure space. As noted above, there exists e = [E] € V, such that -V, is a
non-atomic and (1 —e) - V,, is a totally atomic Boolean algebra.

Let pu(E) < oo. Since p(f2) = oo, it follows that (Q\ E, Ag\g, i) is a
totally atomic o-finite infinite measure space with the atoms of the same
measure. According to what has been proved above, we have

(Q\ B, Ag\p, ), || - 1x) & (MET).

Further, by Theorem 4.1, there exists 7 € DS(, A, p) such that T(g) =
T(g) and My (T)(g) = Mn(T)(g) for all g € L'(Q\ B, Ag\g, p) + L¥(Q\ E,
Ao\g, ) and n € N. Therefore X (2, A, ) ¢ (MET).

If u(F) = oo, then, as we have shown, (X(E, Ag,pn), | - ||x) € (MET).
In particular, there exist T'€ DS(E, Ag,u) and f € X(E, Ag,p) such
that the sequence {M,(T)(f)} is not convergent in the norm | -|x. By
Theorem 4.1, there exists T € DS(Q, A, p) such that T(g) = T(g) and
M,(T)(g) = My(T)(g) for all g € L'(E, Ag, p) + L*(E, Ag, ) and n € N.
Therefore X (Q, A, 1) ¢ (MET). O

The next theorem gives another condition under which a fully symmetric
space X (9, A, 1) does not belong to (MET).

THEOREM 4.3. Let (2,4, 1) be a quasi-non-atomic o-finite infinite mea-

sure space. If X is a fully symmetric space generated by a non-separable fully
symmetric space X (0,00), then X ¢ (MET).

PROOF. Assume first that (Q,.A,u) = ((0,00),v). Since (X(0,00),
|-l x(0,00)) is not separable, it follows that there exists a >0 such that
the symmetric space (X (0,a),|| - [|x(0,q)) also is not separable [11, Ch. II,
§4, Theorem 4.8]. Therefore, by [23, Theorem 2.5.1], there exist a func-
tion fy € X(O,a)\LOO(O,a)”.”X(O’G) and a Dunford—Schwartz operator Ty
€ DS((0,a),v) such that the averages M, (Ty)(fo) do not converge in the
norm || - [|x(0,q)-

Define a Dunford-Schwartz operator T € DS((0,00),v) by
T(g) :TO(QX(O,CL))7 geLl(ano)+Loo(O7oo)
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If we set f = fo-X0a) +0"Xaoc), then f€ X(0,00) and M, (T)(f) =
M, (To)(fo) for every n. Consequently, the sequence {M, (T)(f)} does not
converge strongly in X (0, 00).

Next, let (€2,.4, 1) be non-atomic. By Corollary 4.1, there exist a reg-

ular subalgebra Vi in V, and an algebraic isomorphism ®: L%((0,00),v)
— L%(Q, Ao, 1) such that

w(®(e)) =v(e) forallee V,(0,u())

and ®: L*((0,00),v) — LY(Q, Ao, ) and ®: L>((0,00),v) — L>®(£, Ao, i)
are bijective linear isometries. In particular, (£2, Ag, i) is o-finite. According
to what has been proved above, there exists T' € DS((0,c0), ) such that the
averages M, (T) do not converge strongly in X (0,00). It is clear then that

T=®0Tod® e DS(Q,Aypn) and the averages M, (T) do not converge
strongly in X (€2, Ao, ).

By Theorem 4.1, there exists T € DS(€2, A, 1) such that T(g) = T(g) and
Mo(T)(g) = Mo(T)(g) for all g € LH(Q, Ao, 1) + L(Q, Ag, 1) and n € N,
It follows then that the averages M, (T) do not converge strongly in X =
X (92, A, ), hence X ¢ (MET).

Now, let (2,4, ) be a totally atomic infinite measure space with all
atoms of equal measure. In this case [! C X C >, and R, = cp, the fully
symmetric space of sequences f = {£,}5°; of real numbers converging to
zero with respect to the norm || f||s = sup,ey |én

If there exists an f € X \ ¢p, then f*>al for some « >0, where
1={1,1,...}, hence 1 € X and X =[*>. Therefore, if X is a symmetric
sequence space, then either X C ¢y or X =1[°°. Since a.u. convergence in
[*° and ¢y coincides with the convergence in the norm || - ||, Theorem 3.5
implies that [ ¢ (MET).

Let now X C ¢g. Recall that a fully symmetric space X on (9,4, i)
generated by a fully symmetric space X (0,00) has order-continuous norm
if and only if the space (X (0,00), | - [|x(0,00)) is separable. Consequently,
a symmetric sequence space X has no order-continuous norm. Thus, there
exists f = {100, = {£: 152, € X such that

(7) gn\lfo and H{gaoa"'797§n+17€n+27"'}”X\La>0'

n

Let T € DS be defined as T'({n,}°2,) = {0,m1, 72, ... } whenever {n,} € I*.
Then T*(f) = {9,0,...,9,51,52,...}, SO
~

k

n—1
(™Yo ;:ZT’f(f) ={&.&+8&,... . a+&+.. &b+ &+. ..
k=0

+€n+17§3+§4+’”+€n+27~'7§m—n+l +€m—n+2+”’+€m;~-}a
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that is,
10 = Emnit +bmonpz+ -+ n fm=n
and
W =g f 4. b iF1<m<n.

Since &, | 0, it follows that Tll ZZ;(l) & — 0 as n — oco. Consequently,

1 1 &
0< ) = m—n m—n T m) < 0
< T n@ 1+ &nnt2+ +§)__ngﬂ@—+

as n — oo for any fixed m € N. Therefore, the sequence {M,(T)(f)} con-
verges to zero coordinate-wise.

Suppose that there exists f € X such that ||M,(T)(f) — f|lx — 0. Then
the sequence {M,(T)(f)} converges to f coordinate-wise, implying that
f=20. On the other hand, as &, | 0, we have

1
n

Mn(T)(f) = {iﬁl, (&1 +52)7---7711(§1 +& 4+ &),

(Lo+&++&y1), (GB+&+-+&u2),..s

1
n
1

n(ém—n-l—l +§m—n+2 + - +§m)7} Z {9707\/ 797§n+17§n+27'~} Z 0.

n

1
n

Thus, by (7),

HMH(T)(f)HX 2 H{97O7v 797§n+17§n+27 .. }”X Z a > 07

n

implying that the sequence {M,,(T")(f)} is not convergent in the norm || - || x,
that is, X ¢ (MET).

Repeating the ending of the proof of Theorem 4.2, we conclude that X
¢ (MET) for any quasi-non-atomic o-finite infinite measure space (Q, A, p).
]

Let X be a symmetric space on ((0,00),v). The fundamental function
of X is defined by ¢wx(t) = I[x(0llx- It is known that ¢x(t) is a quasi-
concave function (see [11, Ch. II, §4, Theorem 4.7]); in particular, ¢x(t)
increases, while the function HDXt(t) decreases [11, Ch. II, §1, Definition 1.1].
Consequently, the limits

t—o00

o(x) = Jim #X and B0X) = lim ox (1) = ex(+0
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exist. Note that
all')=1, BL™®)=1, o(L’)=0, 1<p<oo, B(LF)=0, 1<p<oco.

We need the following necessary and sufficient conditions for an embedding
of a symmetric space X into L™ or L.

PROPOSITION 4.2. Let (2, A, 1) be a o-finite infinite measure space.
If X is the symmetric space generated by a symmetric space X (0,00) on
((0,00), v), then
(i) X C L™ if and only if 5(X) > 0;
(i) X C Lt if and only if a(X) > 0;
(iii) X C L' if and only if L>° C X*, where X* is the Kithe dual of X.

PRrROOF. It is clear that X (©2) C Y() if and only if X (0,00) C Y (0,00),
where Y(0,00) is a symmetric space on ((0,00),v) that generated Y (Q).
Consequently, it is sufficient to prove the proposition in the case (2,4, u) =
((0,00), ).

(i) If X C L*°(0,00), then there exists a ¢ > 0 such that || f]|e < collfllx
for all f € X (see Proposition 2.1). Therefore

IX04llo 1 1
ex(t) = Ixopgllx = ‘o g 2nd BLX) = lim ox(t) = >0

If X ¢ L>*(0,00), then there exists a positive unbounded function f in
X(0,00) \ L*(0,00); in particular, v(A4,) > 0, where A, = {f >n}, n e N.
Choose a sequence B, C A,, such that B, D B,41, 0 <v(B,) < oo, and
lim,, o ¥(B,,) = 0. Then we have

n-B(X) <nllxz,lx = lln-xz,llx <[[fllx <oo VneN,

hence B(X) = 0.
(ii) If X € L'(0,00), then there exists a ¢; > 0 such that || f|l1 < e1]| fllx
for all f € X (see Proposition 2.1). Consequently,

px(t) _ IIxoallx _ Ixeagls _ 1

t t - Cl't C1

and

) _ 1
a(X) = 1im XS 1 oy
t—00 t cl

Assume now that «(X) > 0. By [11, Ch. II, §4, inequality (4.6)], we have
* t *
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for all fe X, t>0. Since “Dxt(t) > a(X) >0, t>0, it follows that (pxt(t)

< a(lx), implying that

1£* xogllx _ [1F*]x
. < . < )
Hf X(o,t}Hl S a(X) a(X)
so || fllh < Mﬂ(x < oo for all f € X, that is, X C L'(0,00).
(iii) If X € L'(0,00), then [{*|1- fldv = ||f]1 < oo for all f € X. Thus
1€ X* and L*>®(0,00) C X*.
Conversely, if L>*°(0,00) C X*, then 1 € X*, that is, the linear func-
tional

so(f)z/oool-fdu, Fex,

is bounded on X. Then it follows that
£l = /0 1-[fldp = o(f]) < llell - Ifllx < oo

for every function f € X, hence X C L'(0,00). O

COROLLARY 4.2. Let (Q,A,u) and X be as in Proposition 4.2. Then
the following are equivalent:
(i) X ¢ LY
(i) L & X
(i) 1 ¢ X*.
Let (©,A,u) be a o-finite infinite measure space. Let f € R, and
T € DS. By Theorem 3.1, there exists fe R, such that the sequence

{M,(T)(f)} converges a.u. to f. Define the mapping P: R, — R, by set-
ting

P(f) = f = (au)- lm M,(T)(). € R,

It is clear that P is linear. Since (L,||-||1) possesses the Fatou property
and || M, (T)(£)|l1 < ||f]l1 for all f € LY, it follows that ||P(f)|l1 < || f|l1 for
every f € L' [9, Ch. 1V, §3, Lemma 5], that is, || P| -z < 1.

Similarly, if f € L' N L%, then ||M,(T)(f)|loo < [|f|lco- Therefore, a.u.
convergence M, (T)(f) — P(f) implies that ||P(f)|lco < |f]co-

According to [2, Theorem 3.1], there exists a unique operator PeDS
such that P(f) = P(f) for all f € Ry; in particular, ||P||gr, %, < 1.
Additionally, by the classical mean ergodic theorem in the space L?, we

have || M,(T)(f) — P(f)|l2 — 0 as n — oo for any f € L%
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The next theorem is a version of the mean ergodic theorem for the fully
symmetric space (R, || - ||L141e)-

THEOREM 4.4. If T € DS, then
(8) | Mo (TY(F) = P(F)]] oy poe =0 for all f€Ry.

PROOF. We have

sup | Mn(T) L1401~ <1 and |[|P|gr,-xr, < 1.
n

Since ||M,(T)(f)— P(f)|l2 — 0, it follows that ||M,(T)(f) — P(f)||lr1+L=
— 0 for any f € L' N L> C L?. Using the density of L' N L™ in the Banach
space (R, | - ||z141~) and the principle of uniform boundedness, we arrive
at (8).

Now we can establish the following important property of the operator P.

PROPOSITION 4.3. P2 =P and

TP(f)=P(f)=PTI(f) forall feR,.

PROOF. Since
I-1m I n+1

(I =T)My(T) = n _n + My (T) - n M1 (T),

it follows that
P(f) — PT(f) = (aw)- lim (I — T)Mo(T)(f) = 0,

hence PT(f) = P(f), for all f € R,,.
Denote || - |14z~ by || - ||. Then, By Theorem 4.4, HMn(T)(f) — P(f)”
— 0 for each f € R,. Consequently,
TP(f)=T(II- || - lim Mn(T)(f))

=] - lim ZTk =] - lim <1 Xn:T’“(f) - f)
n—oo N n—oo \ N P n

1

ZHM—gan+ﬂ%HUWﬁ—£>=PU)

Therefore TP(f)=P(f) = PT(f), f € Ry, hence M, (T)P = P,n=1,2,...,
implying that P2 = P. [

We will also need the following property of symmetric spaces [5, Propo-
sition 2.2].
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PROPOSITION 4.4. Let (2, A, 1) be a o-finite infinite measure space. Let
(X, |l llx) be a separable symmetric space on ((0,00),v) such that X* CR,,.

If {fn} C X(Q) and g € X(Q) are such that f, << g for all n, then f, — 0
in measure implies that || fullx () — 0 as n — oo.

THEOREM 4.5. Let X be a fully symmetric space on a o-finite measure
space (0, A, ). If the norm || - ||x is order continuous and L' ¢ X, then the
averages M, (T) converge strongly in X for each T € DS.

If (Q,A, ) is quasi-non-atomic, then strong convergence of the averages

M, (T) for every T € DS implies that the norm || - ||x is order continuous
and L* ¢ X.
PROOF. Since the symmetric space (X (0,00), | - || x(0,00)) is separable,

it follows that X(0,00) CR,, hence X = X(Q) CR,. As L'¢ X, we
have L1(0,00) € X(0,00). Therefore, by Corollary 4.2, 1 & X*(0,00), so
X*(0,00) € R, by Proposition 2.2.

Since X is a fully symmetric space and PeDS , it follows that g = f —
P(f)e X C R, for any f € X. By Proposition 4.3, P(g) = 0. Therefore, in
view of Theorem 3.5, M,,(T)(g) — P(g) = 0 in measure. Since M, (T)(g) <
< g € X for every n, Proposition 4.4 entails that | M, (T)(g)||x — 0. Next,
by Proposition 4.3,

Mn(T)(g) = Mn(T)(f) = Mn(T)(P(f)) = Ma(T)(f) = P(f),

implying that || M, (T)(f) — P(f)|x —= 0.

If (2, A, p) is quasi-non-atomic and the averages M,,(T') converge strongly
for every T' € DS, then Theorems 4.2 and 4.3 entail that the norm || - ||x is
order continuous and L' ¢ZX. O

Utilizing Theorem 4.5 and Proposition 4.2, we can now state the follow-
ing.

COROLLARY 4.3. Let (X, ||| x) be a fully symmetric space on a o-finite
measure space (2, A, p). If the norm ||- || x is order continuous and a(X) = 0,
then the averages M, (T') converge strongly in X for each T € DS.

If (Q,A, ) is quasi-non-atomic, then strong convergence of the averages

M, (T) for every T € DS implies that the norm || -||x is order continuous
and a(X) = 0.

5. Ergodic theorems in Orlicz, Lorentz and Marcinkiewicz spaces

In this section we give applications of Theorems 3.1, 3.5, and 4.5, to
Orlicz, Lorentz and Marcinkiewicz spaces.

1. Let ® be an Orlicz function, and let L® = (L®(Q), || - ||¢) be the cor-
responding Orlicz space. As noted in Section 3, if ®(u) > 0 for all u # 0,
then 1 ¢ L®; if ®(u) =0 for all 0 < u < ug, then 1 € L®.
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Therefore, Theorems 3.1 and 3.5 imply the following.

THEOREM 5.1. Let (2, A, ) be an arbitrary measure space, and let ®
be an Orlicz function. If ®(u) >0 for allu >0, T € DS, and f € L®, then
there exists fe L?® such that the averages (1) converge a.u. to f

If ®(u) =0 for all 0 < u < ug, then there exist T € DS and f € L® such
that the averages (1) do not converge a.e., hence a.u.

It is said that an Orlicz function ® satisfies the (Aj)-condition at 0
(at 0o) if there exist ug € (0,00) and k > 0 such that ®(2u) < k- ®(u) for all
0 < u < ug (respectively, u > ug). An Orlicz function ® satisfies the (Ag)-
condition at 0 and at oo if and only if (L®(0,00), | - ||¢) has order continuous
norm [4, Ch. 2, §2.1, Theorem 2.1.17].

By [4, Ch. 2, §2.2, Theorem 2.2.3], L*(0,00) C L'(0, 00) if and only if

) i)
lim sup (u) >0 and limsup ()

u—0 u U—>00 U

=0.

Therefore, Theorem 4.5 yields the following.

THEOREM 5.2. Let (2, A, 1) be a o-finite measure space, and let an Or-

licz function ® satisfy the (Ag)-condition at 0 and at co. If lim, (1)(““) =0

®(u)

or limsup,,_, > 0, then the averages M, (T) converge strongly in L®
for all T € DS.

If (2, A, ) is a quasi-non-atomic measure space, then strong convergence
of the averages M, (T') for every T € DS implies that the Orlicz function ®
@ (u)

u

satisfies the (Ag)-condition at 0 and at oo; in addition, lim, =0 or

®M) - (.

limsup, o

2. Let ¢ be a concave function on [0, 00) with ¢(0) = 0 and ¢(t) > 0 for
all £ >0, and let A, = (A, (2),] - |la,) be the corresponding Lorentz space.
As noted in Section 3, ¢(00) = oo if and only if 1 & A,. Therefore, Theorems
3.1 and 3.5 imply the following.

THEOREM 5.3. If (2, A, pu) is an arbitrary measure space and p(o0) =
0o, then for all T € DS and f € A, there exists f € Ay, such that the aver-
ages (1) converge a.u. to f.

If p(00) < 00, then there exist T € DS and f € Ay such that the averages
(1) do not converge a.e., hence a.u.

It is well-known that the space (A,(0,00), || - ||a,) is separable if and only
if p(+0) = 0 and ¢(o0) = oo (see, for example, [11, Ch. II, §5, Lemma 5.1],
[20, Ch. 9, §9.3, Theorem 9.3.1]). In addition, the fundamental function
satisfies p (t) = ¢(t). Therefore, Corollary 4.3 entails the following.

Acta Mathematica Hungarica 157, 2019



252 V. CHILIN and S. LITVINOV

THEOREM 5.4. Let (2, A, 1) be o-finite, and let ¢ be a concave function
on [0,00) with ¢(0) =0, and @(t) >0 for all t > 0. If (+0) =0, p(c0) =
00, and a(Ay) = limy_ o @gt) =0, then the averages M, (T') converge strongly
in Ay for each T € DS.

If (A, pn) is quasi-non-atomic, then strong convergence of averages
M, (T) for every T € DS implies that ¢ satisfies conditions ¢(+0) =0,
p(00) = oo, and limy_, o @gt) =0.

3. Let ¢ be as above, and let M, = (M,(2),] - |l»s,) be the cor-
responding Marcinkiewicz space. As noted in Section 3, 1 ¢ M, if and

only if limy_ . @gt) = 0. Thus, the corresponding version of Theorem 5.3
holds for the Marcinkiewicz space M, if we replace condition ¢(c0) = oo by
e(t) _ 0

. =0.

limy o0
If p(+0) > 0 and ¢(00) < oo, then M, = L! as the sets. In this case, if
(2, A, p) is quasi-non-atomic, it follows from Theorem 4.2 that M, ¢ (MET).

Let ¢(4+0) =0 and ¢(c0) = oo. If limyq @gt) = 00, then M, is non-

separable [11, Ch. II, §5, Lemma 5.4]. Consequently, if (2,4, 1) is quasi-
non-atomic, then, by Theorem 4.3, M, ¢ (MET).
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