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Abstract. For strictly increasing concave functions ¢ whose inverse func-
tions are log-concave, the p-Brunn—Minkowski inequality for planar convex bodies
is established. It is shown that for convex bodies in R™ the p-Brunn—Minkowski
is equivalent to the ¢-Minkowski mixed volume inequalities.

1. Introduction

The Brunn—Minkowski theorem states that for convex bodies K, L in R"
and for \ € [0, 1],

(1.1) (1= A)K 4+ ALJY™ > (1= N)|K[Y™ 4+ A|LIY™.

Equality for some A € (0,1) holds if and only if K and L either lie in parallel
hyperplanes or are homothetic.

Over the decades, the Brunn—-Minkowski inequality (1.1) and its exten-
sions and ramifications have been playing the part of the foundationstone
in convex geometric analysis, with applications to extremal, uniqueness and
other problems. Excellent references for the Brunn—Minkowski theory are
[4,5,8,18].

In the 1960s, Firey [3] introduced for p > 1 the so-called Minkowski-
Firey L, sum of convex bodies that contain the origin in their interiors.
Let hg and hz be support functions (see the next section for definitions) of
convex bodies K and L that contain the origin in their interiors. If A € [0, 1],
then the Minkowski-Firey L,-sum, (1 — A) - K 4, A - L, is defined by
(1.2)

(1=XN)E+p,A L= () {z€R":zu<((1—Nhg(u)P + Mg (u)?)/? ).

ueSn—1
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Firey also proved the L,-Brunn-Minkowski inequality for p > 1
(1.3) (1= A) - K 4, A-LIP/™ > (1= \)|K[P/™ + A LP/™,

with equality for A € (0,1) if and only if K and L are dilates.

In the mid 1990s, Lutwak and his colleagues brought the Minkowski—
Firey L, theory to a great height of development (see e.g. [11-13]). Among
many others, it has been noticed that the Minkowski-Firey L,-sum makes
sense for all p > 0. The case where p = 0 is the limit case, which is known
as the log-Minkowski sum, (1 — A) - K 49 A- L, of K and L that contain the
origin in their interiors, defined by

(14) (1=X)-K+oA-L= (] {z€R" 1z u<hr(u) hru’}.

In [2], Boroczky et al. conjectured and proved the planar case of the following
log-Brunn—Minkowski inequality: If K and L are o-symmetric convex bodies
in R™, then for all A € [0, 1],

(1.5) (1= A) - K +oA-L| > |K|' L

By Jensen’s inequality, it is easily seen that the log-Brunn—Minkowski in-
equality (1.5) is stronger than the L, Brunn-Minkowski inequality (1.3)
for p > 0. Boroczky et al. also showed that the (conjectured) log-Brunn—
Minkowski inequality is equivalent to the following log-Minkowski mixed
volume inequality: If K and L are o-symmetric convex bodies in R", then

hr, 1 |L|
1.6 1 dVig > 1 .

Here S™~! denotes the standard unit sphere in R and V  is the cone-volume
probability measure of K; see the next section for detailed definitions. Note
that one can easily find counterexamples of the log-Brunn—Minkowski in-
equality (equivalently, the log-Minkowski mixed volume inequality) for not
o-symmetric convex bodies. Inspired by this feature, recently Xi and Leng
[19] studied a “dilation” version of the log-Brunn-Minkowski inequality for
general convex bodies. For more recent progress on the conjectured log-
Brunn-Minkowski inequality, one can refer to [10,17] and the references
therein.

Grounded on the convexity of the function ¢(t) =t for p > 1, Lutwak,
Yang, and Zhang [14,15] instituted the so-called Orlicz—Brunn-Minkowski
theory. The Orlicz-Brunn—-Minkowski theory is a natural extension of the
L, Brunn-Minkowski theory for p > 1. Since it was set up, the theory has
attracted an increasing research interest, see e.g. [6,7,9,20,21].
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Along the lines of extending the Minkowski-Firey L, sum not only for
p > 1 but also for 0 < p < 1, in this paper we shall introduce the o-Minkowski
sum of convex bodies that contain the origin in their interiors, and then study
the p-Brunn—Minkowski inequality for general functions ¢. Following but
going beyond the pattern taken in the Orlicz-Brunn—-Minkowski theory, we
shall replace the power function ¢* for all p > 0 by general ¢ (not necessarily
convex). Then, we shall study the so-called ¢-Brunn—-Minkowski inequal-
ity. Indeed, such a maneuver provides a unified treat for the Orlicz—Brunn—
Minkowski inequality, the L, Brunn-Minkowski inequality for 0 < p < 1, as
well as the log-Brunn—Minkowski inequality:.

To facilitate all of the mentioned cases, we first define the class of general
functions ¢ as follows.

Let ® be the set of strictly increasing functions ¢: (0,00) — I C R which
are continuously differentiable on (0, 00) with positive derivative, and satisfy
that lim; ,o ¢(t) = co and that log o ! is concave. Observe that when-
ever ¢ € ® is convex, the composite function log o ¢! is log-concave. The
collection of convex functions from ® shall be denoted by C.

There are many fundamental examples of the functions ¢ € ®. Convex
examples of functions in ® include the power function ¢(t) = ¥ with p > 1;
the logistic function o(t) =t + 2log(1 + e~!); the Laplace function o(t) =
e, and so on. Non-convex examples of ® include p(t) = ¥ with 0 < p < 1,
the log function ¢ = log, and ¢(t) = (11 log(1+t) with ¢ € (0,1).

Let A € [0,1] and ¢ € ®. For u € S" !, we define a function hy(u) as

(1.7)  hy(u) = inf {T >0:(1— /\)gp(hKT(u)> v Agp(hLT(“)) < <p(1)}.

It then follows from the strict monotonicity of ¢ that

hx hr
(18) o) =1-Ne(") +r0(, ).
h h
Throughout, we denote by K7 the set of convex bodies in R" that contain
the origin in their interiors.
We define the @-combination Q, = (1—A)- K+, - Lof K,L € K} as

(1.9) Qo = ﬂ {zeR" 1z - u<hy(u)}.

ueSn—1

Since the function h) defined by (1.7) is both positive and continuous
on S™ !, the p-combination Qp,» must be an element of Kf. Moreover, if
¢ € C, then Q, » has hy as its support function. If ¢ € ® is non-convex, the
support function of @, x may not precisely be hy, but hqg,, = hy a.e. with
respect to the surface area measure Sg_, .
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We note that if ¢(t) = t? with p > 0, then the p-combination reduces to
the Minkowski-Firey L,-combination defined by (1.2); i.e.,

Qpr=1—=X)-K+,\-L.

Further, if p(t) = log(t), then we retrieve the log-combination, of K, L € K7,
given by (1.4); i.e.,

Qor=(1-A)-K+oA- L.

One main result of this paper is the following @-Brunn—Minkowski in-
equality for planar o-symmetric convex bodies.

THEOREM 1.1. Let A € [0,1] and let ¢ € ® be concave on (0,00). If K, L
are o-symmetric convex bodies in the plane and Q,x = (1 —A) - K+, A - L,
then

K|1/2 LI/2
(1.10) (1- A)¢<|22¢L|1/2> n Np('c'?@\w/z) < (1)

Equality for some A € (0,1) holds if and only if K and L are dilates.

The above theorem follows by the planar log-Minkowski mixed volume
inequality [2, Theorem 1.4] and the following equivalence of the ¢-Minkowski
mixed volume inequality and the @-Brunn-Minkowski inequality. Even
though they remain open for convex bodies in R™ for n > 2, the equiva-
lence is of great significance. As will be shown, these two inequalities are
tied to the log-Minkowski mixed volume inequality (equivalently, the log-
Brunn—Minkowski inequality) in R™ for n > 2.

THEOREM 1.2. Let A € [0,1] and ¢ € ® be, in addition, convezr (or con-
cave) on (0,00). If K,L € K are o-symmetric convezr bodies in R"™, and
Qor=(1—=X)- K+, \- L, then the @-Brunn—Minkowski inequality

(L.11) (1= 3¢ K ) e iz ) <)

|ng,)\|1/n |ng,)\|1/n
1s equivalent to the p-Minkowski mixed volume inequality
hr, |L|l/n
1.12 (“)avi> .

Note that if ¢ € ® is convex on (0, 00), then the assumption that K and L
are o-symmetric, imposed on the p-Brunn—Minkowski inequality (1.11) as
well as the p-Minkowski mixed volume inequality (1.12), is not necessary.
In this instance, the corresponding (-Brunn—-Minkowski inequality on R" is
exactly the Orlicz—Brunn—Minkowski inequality. The reader can refer to [20]
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for a symmetrization argument about it. For the case where ¢ € ® is concave
on (0,00), the p-Brunn-Minkowski inequality (as well as the ¢-Minkowski
mixed volume inequality) remains open if n > 2. However, it turns out that
once the conjectured log-Brunn—Minkowski inequality (1.5) is proved, the
-Brunn—Minkowski inequality (1.11) will hold true consequently.

We also note that it is the log-concavity of ¢ ~! that allows us to unify
the log-Brunn-Minkowski inequality, the L,-Brunn-Minkowski inequality
for 0 < p < 1, and the Orlicz Brunn—Minkowski inequality. Associated to the
log-concavity of ¢! is the following comparison result linking the p-means
to the log-means:

<P_1</Sn_190(2f(> dVK> > exp (/Sn_llog<2f(>dVK>,

which in turn indicates that the (conjectured) log-Brunn—Minkowski inequal-
ity (1.5), or equivalently, the (conjectured) log-Minkowski mixed volume
inequality (1.6) is the sharpest one among all of the p-Brunn—Minkowski
inequalities for ¢ € ®.

2. Preliminaries

The setting for this paper is the n-dimensional Euclidean space, R". We
shall write z -y for the standard inner product of z,y € R". Let By and
S™~1 denote the standard unit ball and the unit sphere in R®. The most
fundamental functional for convex body in R™ is the volume (Lebesgue mea-
sure), denoted by |-|. A conver body in R™ is understood as a compact,
convex subset of R"” with nonempty interior.

Let K be a convex body in R” and vg: &K — S"~! the Gauss map,
where 0’ K is the set of boundary points of K that have only one unit normal
vector. It is worth noting that K \0'K has H" l-measure equal to zero.
For each Borel set w C S"! the inverse spherical image 1/[_{1 (w) is defined
as a subset of @ K such that the outer normal of x € & K belongs to w. For
a convex body K in R", the classical surface area measure of K is defined
by

S (w) =H"" (vg' (),

for each Borel set w C S™~!. That is to say, Sk (w) is the (n — 1)-dimensional
Hausdorff measure of the set of all points on &' K.
The support function of a convex body K in R™ is defined by

hig(x) =max{r-y:y e K},
for x € R™\{0}.
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For real a,b> 0 (not both zero), the Minkowski linear combination
aK + bL of convex bodies K, L can be defined either by

aK +bL ={ax+by:xz € K, ye L},
or by
(2.1) haK+bL = ahK + th.

More generally, if K, L € K}, then for p > 1 the Minkowski—Firey L,-combi-
nation a - K 4, b- L can be defined by

(2.2) e ey b, = ahlie + DAY

Obviously, a - K +,b- L € K.

Let I C [0,00) be an interval in R. The left derivative and right deriva-
tive of a function f: I — R are denoted by f/ and f;, respectively.

For a convex body K € K, the cone-volume measure Vi of K is de-
fined as

1
dVi = nhK dSk.

Observing that
K] =/ dVi (u),
Snfl

we can define the cone-volume probability measure Vg of K by

dVi

V=" 1.
K|

Let I C R be an interval containing the origin and suppose that hy(u) =
h(\,u): I x S™1 — (0,00) is continuous. For fixed A € I, one can define the
Wulff shape (or Alekdandrov body) associated with the function hy as

Ky = ﬂ {zeR" 1z -u<h(\u)}.

ueSn—1

It is well-known that
hig, <h, and hg, =h), a.e. with respect to Sk,,

for each A € I.
The following Aleksandrov lemma (see e.g., [1, p.103], [9, Lemma 1], or
[18, P.345]) will be needed.
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LEMMA 2.1. Let h(A\u): I x S"1 — (0,00) be continuous, where I is
an interval such that [0,1] C I C R. Suppose that the convergence in

lim h(A,u) — h(0,u)

/ —
h+(0’u) S0+ A

is uniform on S™ 1. If {K)}xer is the family of Wulff shapes associated
with hy, then

K| = Kol
m =

|
,\Lo+ A

/ R (0,u) dSk,(u).
S'n.—l

Suppose K, L € K. For ¢ € ®, the ¢-mized volume V,(K,L) can be
defined as

(2.3) Vo (K, L) = /

-~ 90( hr ) dVi

hi
We define the normalized @-mized volume V ,(K, L) of K,L € K} as

0h VLKL - “’_1<WT2 L)> _ ¢—1</Sn1 “’(ZIL) de>.

In particular, if ¢(t) =t’ with p > 0, the normalized @p-mixed volume
V (K, L) reduces to the normalized L,, mized volume V,(K,L) of K,L € K}:

var=(f (oya)”

As p — 0, it leads to the normalized log-mized volume Vo(K,L) of K, L
e K

(2.5) Vo(K,L) = exp < / log % dVK>.
Sn—1 hK

3. Equivalence of the ¢p-Minkowski mixed volume and the
@-Brunn—Minkowski inequalities

In [2], Bordezky et al. proved the equivalence of the log-Brunn—Minkowski
and the log-Minkowski mixed volume inequalities, as well as the equivalence
of the L,-Brunn—Minkowski and the L,-Minkowski mixed volume inequal-
ities for p > 0. In this section, we shall establish the equivalence of the
w-Brunn-Minkowski and the ¢-Minkowski mixed volume inequalities. This
provides a unified treat for the log-case, the Ly-case, and the Orlicz case.
The last one of them is a natural generalization of the L,-case for p > 1; see,
e.g., [6,20] for the details of the Orlicz—Brunn—Minkowski inequality.
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LEMMA 3.1. Suppose ¢ € ® and K,L € K. If A € (0,1), then hy con-
verges to hx uniformly on S"~ ' as A — 0%,

Proor. We first prove limy_,o+ hy = hx. In fact, we only need to show
that for any sequence {\;} C (0,1) converging to A € [0,1] as i — oo, it fol-
lows that lim; . hy, = hy on S"~ 1. Suppose \; € (0,1), we have

=0 e ne (1) <o)

This, together with the strict monotonicity of ¢ =1, gives hy, < hx + hr, and

shows that hy, is bounded. Thus, the sequence {hy,} has a convergent sub-
sequence (denoted also by hy,) converging to hy, for some X € [0,1]. By the
continuity of ¢, we see that hy, > 0 and

(1) = lim [(1—Ai>¢(,’j§f) +w(’“)] = (=2 (M) + 30 ().

1—00 h& h;\/ h;\/

That proves hy, = hy. In particular, if A = 0, then from hg = hx we achieve
the desired convergence.

Next we show that the convergence is uniform. It is easily seen that over
Sn=1 there exists a ¢ > 0 such that hy > ¢ for any A € [0,1]. To this end,
we let ¢, By C K and ¢2BY C L with ¢1,¢2 > 0, and set ¢ = min{¢y, c2}. By
(1.7) and the log-concavity of ¢!, we obtain

_ logocp_l<(1 _ )\)Qp(hK> +)\¢(hL>)

hy hy
h h hi- hy
> (1—MN)log K—i—)\log Lzlog KL
h h h

Thus, hy > hi*h} > ¢.
Let 0 < M < oo be such that L C M By, K C MB%, and hy < M. De-

fine
hi(u)

a = sup
ueSn—1 h)\(’u,)

<oo; B= inf hL(u)> ¢ > 0.

M
<
T c ueSn-1 h,\(u) - M

If hx < hy, then from the fact that ¢ € ® is strictly increasing, and (1.8)
we have

o0 = 2ple) = 1= 0 (1) <6 (3.

If A is small enough, then ¢(1) — Ap(a) > 0 and hence
hae™ (0(1) = Ap(a)) < hic.
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It follows that

(3.1) 0< hy—hie < (1= 97 (1) = dp(a))) < Mi(N),

where Mi(A\) = M(1 - ¢~ (p(1) — Adp(@)).
If hg > hy, then

(1) = Ap(B) = (1 = Np(hk/hy),
which implies

1 («p(l)l—_AAsO(ﬁ))'

Observing “0(1)1__)‘)\@(6) > 0 and cp_l(¢(1)f_Af(ﬁ)) > 1, we see that

hk < hxp™

1
(3.2) 0<hg—h)y<hg (1 T e()=2e(B) > < Ms(N),
e (LX)
@(ll)fk;o(ﬁ) )) .

where Ma(X) = M (1 — -y
Combining (3.1) with (3.2) shows that

|ha(u) = hi(u)] < M(X) = max{ Mi(\), Ma(N\) }

holds for all uw € S"~1. Since M(\) — 07 as A — 07, we confirm that the
convergence limy_,o+ hy = hg is uniform on S?~!. O

LEMMA 3.2. Suppose A € (0,1) and K,L € K2. If ¢ € ®, then

S A

If, in addition, ¢ is convezr (or concave) on (0,00) then the convergence in
(3.3) is uniform on S~ 1.
PROOF. From Lemma 3.1, (1.8), and the continuity of ¢, we have

hy — h 1— hg/h
lim % — lim hy lim K /P
A—0+ A A—=0+ T A0t A

. 1 —hg/hy . (1) = o(hg/hy)
1 1
K50 0(1) — o(hie/hy) a0+ A

e Lo ) = (1)

- 90]}([;) dim [e(ho/ha) —elhi/ha)] =
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Let t) = cp(f;f;) Then };L’; — 1 as A\ — 0". Since p € ® is convex (con-

cave) on (0,00), ¢! is concave (convex) on (0,00). This together with the

facts that tg = (1) and ¢~ 1(ty) = 1 gives

ro_1 — o Hty) 1 .
(10,(1) (g) to — tx >) 90/((10_1(15)\))

VA

Observing that

e G ()]

we have

mle(E) = ek h—hi _ a[e(iE) = (3)]
34 e S S I OY)

By Lemma 3.1, we see that hy — hx uniformly on S"~! as A — 07, which
implies that Zi, }}’;; converge uniformly to Zi , 1, respectively, on S"~1. Thus,
Zi, ’;L’; are uniformly bounded on some compact interval I C (0,00). From
the fact that ¢ is uniformly continuous on any compact subset of (0, 00), we
see that the left side of (3.4) converges uniformly to (;,L(Kl) [@(}}LL[L{) —o(1)].

In order to show that the right hand side of (3.4) also converges uniformly
to J/L(Kl) [@(}}LL[L{) —¢(1)], we need to prove that gp’(%’;) converges uniformly
to ¢'(1) on S" ! as A — 0", But this is a direct consequence of the conti-
nuity of ¢’ on an open interval I C (0,00) such that 1 € int I, and the fact
that the convergence in limy_,g+ ZI; =1 is uniform on S™~'. O

THEOREM 3.3. Let A € [0,1] and ¢ € @ be, in addition, convex (or con-
cave) on (0,00). If K,L € K2 are o-symmetric convexr bodies in R"™, and

Qr=(1—-X)-K+, XL, then the ¢-Brunn-Minkowski inequality

1/n 1/n
(3:5) - AM(I'QKJW”) * AQ"(&P/H) <)

is equivalent to the p-Minkowski mized volume inequality
(3.6) Vo (K,L)" > |L|/|K].

PrOOF. For A € [0,1], let Q= (1 = \)- K +, A - L.
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Firstly, suppose that the ¢-Minkowski mixed volume inequality (3.6)
holds. From (1.8), (2.4), the fact that hy = hg, a.e. with respect to the
surface area measure Sq,, and (3.6), we have

B 1
n|Qx| Jgn—1

_ mém - [(1 - A)gp(};f) + A@(Zi)} ho, dSo.

=(1-X /Sn_y(:;)d‘/@ +A/Sn_lso(:;)dVQx

= (1 =N (Vo(@n K)) + Ao (Vp(Qr, L))

> (1= AM(IQAI””) +A“”<|@A|1/n>'

Conversely, we shall show that if the ¢-Brunn—Minkowski inequality (3.5)
holds, then the ¢-Minkowski mixed volume inequality (3.6) holds accord-
ingly. To this end, we define a function f: [0,1] — R as

f)=0- A)¢<|QA\1/” + Ap Qa1 )~ e(1).
From (3.5) and the fact that f(0) = 0, we see that

(3.7) p(1) p(1)hq, dSq,

(3.8)
| K|/ |L|/
0> tim W FO g (1= (jgum) A0 gapn) —#(1)
T A0t A A0+ A
i1
(IR  Pjgupm) — ()
- S0<|K|1/n p(1) + lim : :

Since ||éi“11/; — 1 as A — 0T, we obtain that

o(Inlin) =)

(39) ,\ll%h A
||y [K[ (K[
_ g i) =0 gy =1 = J(1) lim 19" !
A—0+ ‘Ig\‘ll//z 1 A—0+ A A0+ A
= O g K@ e d |,
|K|}/n ASo+ A n|K|d\|,_, "
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Further, by Lemmas 2.1 and 3.2, we have
d hx hr
3.10 ‘ - (") = e(1)] sk
sy = [ fe(p) - o] asi
It now follows from (3.8)—(3.10) and definition (2.3) that

1/n
) D

3.11
(8.11) gpn) ~ g S

In view of definition (2.4), we see that (3.11) is exactly the p-Minkowski
mixed volume inequality (3.6). O

4. The p-Brunn—Minkowski inequality for planar convex bodies

We shall show that once the log-Brunn—Minkowski inequality holds, then
so does the ¢-Brunn—Minkowski inequality. This assertion is based on the
following fact: If ¢ € ® is such that ¢! is strictly log-concave, then the log-
Minkowski mixed volume inequality is sharper than the ¢-Minkowski mixed
volume inequality.

As mentioned in the Introduction, the authors in [2] showed that (see
[16] for an alternate proof): If K, L are o-symmetric convex bodies in the
plane, then

L]

hr 1
4.1 ] AV > 1
(4.1) /SloghK K_2Og‘K‘>

with equality if and only if, either K and L are dilates or K and L are
parallelograms with parallel sides.

THEOREM 4.1. Let ¢ € ® and K, L € K2 be o-symmetric convez bodies
in the plane. Then

hr |L|1/2
. >

with equality if and only if K and L are dilates.

PRrROOF. We first claim that
(4.3) Vo(K,L) > Vy(K,L),

with equality if and only if K and L are dilates. In fact, from the log-
concavity of ¢!, we have

(4.4) /S log(ll;;) dV i <logo g™l </S SD(ZIL) de>.
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Denote h(u) = hr(u)/hi(u) and define a function 0: S"~1 — ¢((0,00)) by
O(u) = p(h(u)). We obtain that h(u) = ¢~ 1(). Then (4.4) becomes

(4.5) /S logo @ (B(u) dVk(u) < logop™! < /S 0(u) de(u)>.

n—1

However, inequality (4.5) is equivalent to the concavity of the composite
function log o ¢ 1. Moreover, if the concavity of log o ¢! is strict, then the
equality holds if and only if there exists a constant ¢ > 0 such that ¢(h(u)) =
¢, that is, h(u) = ¢~ !(c) for all u € S"~!. That proves that equality in (4.3)
holds if and only if K and L are dilates.

Now the inequality (4.3) together with (4.1) gives the desired inequality
(4.2). The equality follows from the equality conditions of (4.1) and (4.3).
]

THEOREM 4.2. Let A € [0,1] and let ¢ € ® be concave on (0,00). If K,L
€ K2 are o-symmetric convex bodies in the plane and Qy = (1—\)- K+, )N L,
then

K 1/2 L 1/2
o 1=29¢( gy ps) 39 gz ) <10

When X € (0,1), equality in the inequality holds if and only if K and L are
dilates.

PRrROOF. Inequality (4.6) is an immediate consequence of Theorem 3.3
and Theorem 4.1.

From (3.7) and the equality conditions of Theorem 4.1, we see that the
equality in inequality (4.6) holds if and only if K and L are dilates. O
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