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Abstract. Let H be an infinite dimensional complex Hilbert space and A
be a standard operator algebra on H which is closed under the adjoint operation.
It is shown that each nonlinear *-Lie-type derivation d on A is a linear *-deri-
vation. Moreover, ¢§ is an inner x-derivation as well.

1. Introduction

Let A be an associative x-algebra over the complex field C. For any
A, B € A, we denote a “new product” of A and B by [A, B]. = AB — BA*.
Such kind of product based on Lie bracket naturally appears in relation with
the so-called Jordan x-derivations and plays an important role in the prob-
lem of representability of quadratic functionals by sesqui-linear functionals
on left-modules over x-algebras (see [16,17]). The product is workable for
us to characterize ideals (see, [3,13]). Particular attention has been paid
to understanding mappings which preserve the product AB — BA* between
x-algebras (see [2,4,5,8,10]).

The question of to what extent the multiplicative structure of an algebra
determines its additive structure has been considered by many researchers
over the past decades. In particular, they have investigated under which
conditions bijective mappings between algebras preserving the multiplica-
tive structure necessarily preserve the additive structure as well. The most
fundamental result in this direction is due to W. S. Martindale III [15] who
proved that every bijective multiplicative mapping from a prime ring con-
taining a nontrivial idempotent onto an arbitrary ring is necessarily additive.
Later, a number of authors considered the Jordan-type product or Lie-type
product and proved that, on certain associative algebras or rings, bijective
mappings which preserve any of those products are automatically additive.
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An additive mapping §: A — A is called an additive derivation if
d(AB) =0(A)B+ A§(B) for all A,B € A. Furthermore, ¢ is said to be
an additive x-derivation provided that § is an additive derivation and sat-
isfies 6(A*) = 6(A)* for all A € A. Let §: A — A be a mapping (without
the additivity assumption). We say that 0 is a nonlinear x-Lie derivation if

0([A, Bl«) = [0(A), Bl« + [A,6(B)]«,

holds true for all A, B € A. Similarly, a mapping 6: A — A is called a
nonlinear x-Lie triple derivation if it satisfies the condition

o([[A, B, Cls) = [[6(A), B, Cls + [[A,0(B)]+, Cls + [[A, B, 6(C))s

for all A,B,C € A.

Given the consideration of *-Lie derivations and x-Lie triple derivations,
we can further develop them in one natural way. Suppose that n > 2 is a
fixed positive integer. Let us see a sequence of polynomials with *

p1(z1) = 1,
pa(z1,22) = [x1, T2)s = T122 — T22T,
p3(z1,z2,23) = [p2(x1, x2), T3]« = [[T1, T2]4, T3],
pa(x1, w2, 3, 4) = [p3(T1, 2, 23), T4)s = [[[21, T2)s, 3]s, Tal+,
pn(x].JxQJ cee 7xn) = [pn—l(xl7x27 AR 7xn—l)7xn]*'

Accordingly, a nonlinear x-Lie n-derivation is a mapping ¢: A — A satis-
fying the condition

n
S(pn(a1, 2, ., m0)) = > Pal@1, o, o1, 6(Tk), Tht, - - Tn)
k=1

for all z1,x9,...,2, € A. This notion makes the best use of the defini-
tion of Lie n-derivations, see [1,6]. By the definition, it is clear that every
x-Lie derivation is a *-Lie 2-derivation and every x-Lie triple derivation is a
x-Lie 3-derivation. One can easily check that every nonlinear x-Lie deriva-
tion on any *-algebra is a nonlinear x-Lie triple derivation. But we do not
know whether the converse statement is still valid. *-Lie 2-derivations, x-Lie
3-derivations and *-Lie n-derivations are collectively referred to as x-Lie-type
derivations. *-Lie-type derivations in different backgrounds are extensively
studied by several authors, see [9,11,12,18].

Yu and Zhang [18] proved that every nonlinear x-Lie derivation from
a factor von Neumann algebra into itself is an additive #-derivation. This
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result was extended to the case of nonlinear *-Lie triple derivations by Li
et al. [12]. Let H be a complex Hilbert space and B(H) be the algebra of
all bounded linear operators on H. In [11], Li et al showed that if A C
B(H) is a von Neumann algebra without central abelian projections, then
0: A — B(H) is a nonlinear *-Lie derivation if and only if § is an additive
x-derivation. Jing [9] investigated nonlinear x-Lie derivations on standard
operator algebras. Let A be a standard operator algebra on H which is
closed under the adjoint operation. It was shown that every nonlinear *-Lie
derivation § on A is automatically linear. Moreover, J is an inner *-deri-
vation.

Motivated by the afore-mentioned works, we will concentrate on giving
a description of nonlinear x-Lie-type derivations on standard operator alge-
bras. The framework of this paper is as follows. We recall and collect some
indispensable facts with respect to standard operator algebras in Section 2.
Section 3 is to provide a detailed proof of our main result. The main the-
orem states that every nonlinear x-Lie n-derivation on a standard operator
algebra is an additive x-derivation. Moreover, it is an inner x-derivation.
Section 4 is devoted to certain potential topics in this vein for the future.

2. Notation and preliminaries

Before beginning detailed demonstration and stating our main result,
we need to give some notation and preliminaries. Throughout the paper, all
algebras and spaces are defined over the field C of complex numbers.

In this paper, B(H) denotes the algebra of all bounded linear operators
on a complex Hilbert space H. We denote the subalgebra of all bounded
finite rank operators by F(H) C B(#H). We call a subalgebra A of B(H) a
standard operator algebra if it contains F(#H). It should be remarked that
a standard operator algebra is not necessarily closed in the sense of weak
operator topology. This is quite different from von Neumann algebras which
are always weakly closed. We refer the reader to [9,14] about basic facts of
standard operator algebras.

From ring theoretic perspective, standard operator algebras and factor
von Neumann algebras are both prime, whereas von Neumann algebras are
usually semiprime. Recall that an algebra A is prime if AAB = {0} implies
either A =0 or B=0. An algebra is semiprime if AAA = {0} implies A = 0.
Every standard operator algebra has the center CI, which is also the center of
an arbitrary factor von Neumann algebra. An operator P € B(#H) is said to
be a projection provided P* = P and P? = P. Any operator A € B(H) can
be expressed as A = RA + iJA, where i is the imaginary unit, RA = A+2A*

and JA = AEZA*. Note that both $RA and JA are self-adjoint.

LEMMA 2.1 [9, Lemma 2.1]. Let A be a standard operator algebra con-
taining the identity operator I in a complex Hilbert space which is closed
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under the adjoint operation. If AB = BA* holds true for all B € A, then
A eRI.

We now choose a projection P, € A and let P, =1 — P;. Let us write
Aji, = Pj APy, for all j,k = 1,2. Then we have the Peirce decomposition A =
A1 + Aq1g + As1 + Age. Thus an arbitrary operator A € A can be written
as A= Ay + Az + Agr + Ago, where Aj;, € Aj;, and A;fk € Ay;.

LEMMA 2.2 [9, Proposition 2.7]. Let A be a standard operator algebra
with identity I. For any A € A,

(1) [’iPl,A]* =0 implies that All = A12 = A21 = 0,

(2) [’iPQ,A]* =0 implies that A12 = A21 = A22 = 0,

(3) [i(P2 — P1), Al = 0 implies that A1 = Aga = 0.

THEOREM 2.3 [16]. Let A be a standard operator algebra on an infinite
dimensional Hilbert space H. Then every additive derivation D : A — B(H)
is of the form DA = AS — SA for some S € B(H).

LEMMA 2.4 [7, Problem 230]. Let A be a Banach algebra with identity I.
For any A,B€ A and A€ C, if [A,B] = AB— BA = \I, then A = 0.

LEMMA 2.5. Let A be a standard operator algebra with identity I. For
any A € A and for any positive integer n > 2, we have

pu (A, ;1;1) _ ;(A—A*).

PROOF. A recursive calculation gives that

pn(A, ;I;I> :pn_l((;(A— A, ;I ;1)
zpn_g(;(A— A%, ;I;I) :pn_g(;(A— A%, ;I;I)

1
=...= (A—-A". O
(A 49

3. Nonlinear *-Lie-type derivations on standard operator
algebras

The key task of this section is to prove our main theorem.

THEOREM 3.1. Let H be an infinite dimensional complex Hilbert space
and A be a standard operator algebra on H containing the identity operator I.
Suppose that A is closed under the adjoint operation. If 6: A — B(H) is
a nonlinear x-Lie-type derivation, then & is a linear *-derivation. More-
over, there exists an operator T € B(H) satisfying T +T* =0 such that
0(A) = AT —TA for all A€ A, i.e., d is inner.
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PrOOF. Let 6: A — B(H) be a nonlinear *-Lie-n derivation. Since
x-Lie 2-derivations are also *-Lie 3-derivations, it may and will be supposed
that n > 3 in the proof of this theorem, which will be laid out nicely in
several claims.

Cram 1. §(0) = 0.
Namely,

5(0) = 6(pn(0,0,...,0)) = an(o,...,éfo),...,O) = 0.
k=1

CLAIM 2. For any A € R, §(\I) € RI.
For any A € R and A € A, by Lemma 2.5, we know that

1 1 1 1
LA, T I): B (01, I,... I)zO.
p”( P o) T Pn=t{Phr g p

In light of Claim 1 and Lemma 2.5, we have

oz(s( n()\I,A, ;1;1))

= p(5(AD), 4, ;1, L ;1) +pu(ML5(4), ;1 , ;1)

o1 1
— (5(>\I)A — ASAD) L 21)

- ; (504~ 45(A1)") ~ ; (5A1)A — As(A1)")
_ ;5(AI)(A +An)— ;(A + AN
for all A € A. That is,
A (A+ A") = (A+ A")O(N)".
holds true for all A € A. Thus we can say that
S(AI)B = B§(AI)*

holds true for all B = B* € A. Since for each B € A, B =RB + iJB with
RB = BJFQB* and JB = Bng*, it follows that

d(AI)B = B§(AI)*
for all B € A. By Lemma 2.1 we assert that 6(AI) € RI.
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CLAIM 3. For any A € A with A = A*, we have §(A) = §(A*) = §(A)*.

For any A=A"€ A, weset x1 = A, 20 =1, xk:;I (3<k<mn)and
get

1 1
AT 1. I)zO.
pn( b ?27 72

Using Lemma 2.5 and Claim 2, we arrive at

0= 5<pn(A,I, ;1,...,1[»

2
= b (5(4). 1. ;1;1) +pu(A8(D), ;1;1)
= pua (5(4) —6(A)", )T, T) = 5(A4) — 6(A)"

Thus we obtain 0(A) = 0(A*) = §(A)*.
CLAIM 4. For any A € C, §(\I) € CI.
For any A=A* Be A and A€ C, we put 1 = A, 20 =1, 3 =B,
zp = 51 (4 <k <n) and get
1 1
pn<A,)\I,B, 21,...,21) —0.

By invoking Lemma 2.5 and Claim 3, we obtain

0= 5<pn(A,)\I,B, ;I;I))
1

= pu(B(A) LB, T ;1) +pu(A.5001). B, ;1, » 11)

= pua([[A.6QD), Bl )1, 1)

Zi[[Aﬁ(M)]*,B]* ([[A 6(AD])«, Ble)"

1
2
Thus we have

[[A,6(AD)]«, Bls = ([[A, 6(A])])«, Bl+)"
A direct calculation gives
(A6(NI) — 6(M)A)(B+ B*) = (B + B*)(AJ(AI) — 6(AI)A)*.
We therefore conclude that
(AS(AI) — 6(AI)A)D = D(AS(NI) — 6(N)A)*
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for all D = D* = B+ B* € A. Since for arbitrary D € A, D =RD +1JD
with RD = D+D and JD = DgiD , we get

(AS(NI) — S(M)A)D = D(AS(NI) — §(A)A)*
for all D € A. Applying Lemma 2.1 yields that
AS(M) — S(M)A € RI
Taking into account Lemma 2.4, we obtain [A,5(A)] = 0. So §(\I) € CI.

CLAIM 5. For any A€ A, we have §(31) =6(3il) =0 and 6(iA) =
i0(A), where i is the imaginary unit.

By Claim 2 and Claim 4, we can write
1 1 1. .
(3.1) 5(21) - OJ,é(— 21) = BI, 5(221) = (1 + i),
1
5( - 22'1) = (w1 + wi)I,
where «, 8,71, 7, w1, w € R. Since pn(—%il,%il,él,...,%l) =0, we get
1 1 1 1
- — il il L, )
0 5(pn( 2Z ?22 72? 72
1 1 1 1 1 1
_ 5(— 'I), i I) (— '1,5(
p”( 2" ) 9" 9t ) TPn{ = 90y
1 1 1 1 1
— o Ci(o( - '1)— (— '1) ) I,... I)
Pn 1<2Z<5< o) 7= 91) )y 2
1 1 1 1 1 1 *
(=ie( i), L 1) = = i(6( i) 1)),
+pn 1( 26<2z 9 5 o 0 o +0 X
This implies that v; = 0. Similarly, using the equality

1 1 1 1
(il — il 1, I): ,
p (2Z 2" 9 o1) =0
one can show that w; = 0.
Now (3.1) becomes

(3.2) 5(21) —al 5( ) Bl, 5( ) = il 5( u) — wil.

Let us next write z1 = —3il, 2, = ;I (2 < k < n). In view of Lemma 2.5,
we obtain
1 1 1 1
— il L, 1) == il
pn( 22 ) 2 ) ) 2 2Z
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We therefore have
(3.3) 5(—;i]):5<pn(—;i1,;l,...,;1>)

:pn(5< zI)l ) an<— I, 5@1)21)

We now calculate each term in (3.3) step by step.
Step 1. By Lemma 2.5 and (3.2), it is not difficult to see that

(3.4) pn(5<—;il>,;l,...,;l> :6<—;il>.

Step 2. Let us calculate the second term pn(—éil,é(%l), %I,...,%I)
(wherein k = 2) in equality (3.3). By Lemma 2.5 and (3.2), we have

(3.5) pn<—;il,5(;l>,;l,...,;l)
=pn_1( . 2'5(;1), ;I ;I) - —w(;f).

k
Step 3. We next calculate the k-th term pn(—éil, ;I, e ,5(;]), e 5[)
(wherein 3 <k <n—1).
By invoking Lemma 2.5 and (3.2), we get

(3.6) pn<—;il,;[,...,é(i[),...,;[)
:pn—k+2< - ;U,é(;[),...,;[)
zpn_kﬂ( - ia(;f), ;1;1) - —ia(;f).

Step 4. Let us check the last term p,(—5il,31,...,8(31)) in (3.3)
(wherein k£ = n). In view of Lemma 2.5 and equality (3.2), we obtain

(3.7) pn< - ;u, ;1,...,5(;1)) :p2< - ;U,é(;l» - 45@1).
Taking equalities (3.4)—(3.7) into equality (3.3) gives

—(n—2)z’5(;1’> 0.
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This shows that

1
(3.8) 5( I) = 0.
2
Let us next put z; = %z’[, Ty = —%I, Ty = %I (3<k<mn). It follows
from Lemma 2.5 that
1 1.1 1 1 1 1 1
NET7 A Ay I): n_(— 1 I):— 78
79(2Z 279 97) TPl T 9" 2 2!

Taking into account Lemma 2.5 and (3.8) again, we arrive at

6(— ;z[) :5<pn<;il,—;l, ;I;I))
:pn<5<;ﬂ),—;l,;I,...,;I) —I—pn(;ﬂ,5(— ;1);1;1)
:pn_l(—é(;iI>,;I,...,;I> +pn_1(z'<5(— ;I>;I;I>
= —5(31'1) +id( - ;1)
Taking (3.2) into the above equality, we get
(3.9) w=—7+8.

Using Lemma 2.5 again, we assert that

11 11
pn(zﬂ, 1.1 i[):pg(

1
L, z’I,liI>:—1I.
P 92779 2 P

2
Considering Lemma 2.5 together with equalities (3.2) and (3.8), we obtain

(3.10) 51:5(- ;I) :6<pn(;z'l,;I,...,;I,;il))

:pn<5<;ﬂ), ;1;1 ;u> +pn(;z’1, ;I;m(;u»
:pQ((s(;u), ;¢I> +p2<;u,5<;u>) - 22‘5(;1[) — 1.

At last, we set x1 :—%if, T = %I 2<k<n-1), x, = %iI. By
Lemma 2.5, we know that

1.1 1.1, 1.1y 1
pn(—zzI,zL...,szzI)—pg(—221,22I>—2I.
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By invoking Lemma 2.5, equalities (3.2) and (3.8), we conclude

11 1.1,
(3.11) 0= 5<pn(— Sils Lo 1, 22]))
15\ 1 11 11 1 /1
—pu(s( = '1), I..., 1, 'I) n(— T80 A ( 1))
p <5< A gl o) TPnl T oty o100
1

u) —I—p2< - ;u,é(;u» — i(w — ).

Combining (3.9), (3.10) with (3.11) gives § = w =y = 0. Now we see that
a=p=w=vy=0. Thus §(31) = &(5il) = 0.
For some A € A, we have

Il
3
[\V]

/N
>,
VS
|

[\)
-~
~
~
N =

L A) — A

1.1 1
i I,A): (
pn<21 9 D2 9

2
We therefore get

S(iA) = 5(]9”(;2'[, ;I : ;I,A))
1

J10(4)) = pQ(;u, 5(4)) = i6(4).

1.1
:pn(2zI,2I,...,

In order to continue our discussions, we need the Peirce decomposition
A= A1 + Ao + Ao1 + Age. Then for any operator A € A, we may write
A= Ay1 + A1g + Aoy + Aoy for some Ajk S .Ajk (], k= 1, 2)

CLAIM 6. For any Bis € Aja, Co1 € Agq, we have §(B1a+Co1) = 0(B12) +
5(Ca1).

It is sufficient to show that
M = 5(312 + 021) — 5(312) — 5(021) =0.

In view of Lemma 2.5, we obtain

. 1 1 .
pu(i(Ps = P), Loy 1 B ) = pai(Py = ), Biz) = 0
and
; 1 1 }
pu(i(Ps = P1), 1oy 1,Con ) = palilPy = 1), Car) = 0.

Thus we get

1

0= (5<pn(z'(P2—P1), 2[,...,;[,312 +C21))
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e (5(1'(132 - Pl)), ;I, o ;I, By + 021)

. 1 1
+pn<Z(P2—P1), 217'--,21,5(3124-021))-

At the same time, we also get

0= 5(pn (z’(Pg — P, ;I, T 312)>
n 5( n(i(& — P, ;I, . ;I, 021» - pn<5<z’(P2 _ Pl)), ;I,. g ;I, Blg)
(i P, L 16(B1) 4 pu(5(i(B— P)). 1 1Co)
+ P (’i(Pg — P, ;I, L ;I, 5(021))
Comparing the above two identities gives
pu(i(Py — 1), ;1, L ;1, 3(Bra + Cor) — 8(Bas) — 6(Con) ) =0,
that is,
P (z'(P2 — P, ;I, o ;I, M) — 0.

Using Lemma 2.5 again, we arrive at
pg(i(PQ — Pl),M) = [Z(P2 — Pl),M]* =0.
Applying Lemma 2.2 yields that M;; = My, = 0. Notice that

1 1
DPn <B12>P1) I>

I):O
P P

and

1 1 .
pn(C217P17 2-[772-[) - C21 _C21’

Let us now calculate 6(Ca; — C3;) by two different approaches. On the one
hand,

5(Cor — C3y) = (5(pn(Blg,P1, ;I , ;1)) n 5(pn(021,P1, ;I, o ;1))

:pn(5(312),P1, ;I,..., ;I) —I—pn<B12,5<P1>, ;I,... , ;I)
+u(5(Cor). P, ;I, L ;1) +pu(C.5(P1). ;1, L ;1)
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On the other hand,
. 1 1
8(Car = C31) = 6 (p (Bua + Con, 1, L 1)

1 1 1 1
:pn<5(B12 +C21)7P17 2I> ; 21) +pn(B12 + CZla(S(Pl)a 217 ; 2I>
The above two equalities imply that
1 1
M, Py, 1,... I) = 0.
pn( ; 172 ) 72

By Lemma 2.5 and the fact Mj; = Moy = 0 it follows that My = M3, = 0.
Thus we get Mo = 0.
Notice the facts

1 1 )
pn<B127P2> 217>2[> :Bl2 _312

and

1 1
w(Co1, P, T, [) —0.
p <C2l 2 5 0
Adopting similar methods as above, one can show that M5 = 0. Then
we get 5(312 + 021) = 5(312) + 5(021)

CLAIM 7. For any Ay, € Aq1, Bis € A1a, Co1 € As1 and Dos € Ags, we
have

(1) 6(A11 + Bia + Co1) = 6(A11) + 0(Bi2) + §(Ca1).

(2) (5(312 + Co + D22) = (5(312) + (5(C21) + (5(D22).

To simplify the computational process, we write
M = 6(A1 + Bia + Ca1) — 6(A11) — 6(Bi2) — 6(Cay).

We shall show that M = 0.
In light of the relation

1
1B1s + 1Cy —pn<ZP2, Yo ,2I A11 —|—B12+021)
('P L 1IA>+ (P 113)
= (3 ..
Pn 272 ) 72 11 Pn\ 1172, 7 72 y D12
, 1 1
+pn(ng,2I,.. ol 021)

we adopt two different ways to calculate §(iB1a + iCaq).
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We first have

. . . 1 1
(5(2312 + ZCQl) = (5<pn<ZP2, 2[,..., 2[,./411 + Big + Cgl>)
, 1 1
= pn(5(ZP2)7 21,--- ; 21>A11 + B2 + C'21>

1 1
+pn<ip27 21,---, 21,5(1411 + B2 + C'21)>-

On the other hand, we also have

§(iB1a + iCyy) = 5<pn<z'P2, ;I, o ;I, A11>)

+6(pa (P2, ;I, o ;I, Bis)) +8(pa(iP2, ;I, o ;I, Cn))
= pu(0Ps), oo T AR ) +pa(iPo )T 1 6(AN))
(8P, )1, 1 Bw) +pa(iPa, T, T 6(B)
(8P, )1 1O ) 4 pn(iPo, LT, 16(O)

Using Claim 6, we therefore get

) 1 1
pn(ZP% 217 cees 217 0(A11 + Bi2 + C'21)>

1

S 10040 ) + pa(iP ;I, L ;I, 5(Buo)

. 1
:pn(zP2,2I,...,

1 1
Lo I, 6(6’21)>.

+pn<ZP27 9

That is

1 1
pn<z'P2, AN 2I,M> = [iPy, M], = 0.

In view of Lemma 2.2, we assert that Mo = Moy = Moy = 0.
Let us now show M7; = 0. By Lemma 2.5, we obtain three equalities

pn<i(P2—P1),;I,.. ,;I,All) :—QiAll,
pn<i(P2 _p), ,11,312) —0,
P P
pn(i(Pg—Pl), e ,11,021) —0
2 2
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Adopting analogous arguments as above, we get

1

5(—2iA1) = 6<pn<i(P2 ~ P,

1
I)"'72I>A11+B12+021>)

— pn (5(2'(132 _ Pl)), ;1, o ;I, Auy + Byo + 021)

+pn(z'(P2—Pl),;1,...,;1,5(A11+312+021)),
and

6(=2iAn) = 8 (pa(i(P2 = P), 1,0, 1, Av) )
+<5(pn(z'(P2—P1),;I,...,;I,Blg))—i—é( w(i(P2 = P1), 1, ,;I,C’gl»
= pu (8P = P, 1o 1 Aw) o (i(Py = P, UL, 1 6(A)
+ pa (8(i(P2 = P1)), ;1 ;1, Biz) + pa(i(P2 = P1), ;I, o ;I, 5(B1))
+pn(6(i(P2—P1)),;I,...,;I,C’Ql)—I—pn<i(P2—P1),;I, .,;1,5(021)).

Comparing the two equalities gives
. 1 1 .
0= pn<z(P2 =P, L M) = [i(P, — Py), M],.
Applying Lemma 2.2 yields that M7; = 0. Thus we obtain

(5(A11 + Blg + Cgl) = (5(A11) + (5(312) + (5(021).

Using the same methods to calculate p,(iP;, %I, cee %I, Big +Coy +
D)) and p,(i(Py — Py), %I, cee %I, Bis + Ca1 + Dg2), we can show that

0(Bi2 + Ca1 + Daz) = 6(Bi2) + 0(Ca1) + 0(D22).

CLAIM 8. For any A1 € A11, Bia € A1, Ox1 € Asq and Doy € Ago, we
have

0(A11 + Bia + Co1 + Daa) = 6(A11) + 0(B12) + 6(Car) + 0(Daz).
To simplify the computational process, we set
M = (5(A11 + By + Co1 + D22) — 5(A11) — 5(312) — (5(021) — (5(D22).

Acta Mathematica Hungarica 154, 2018



494 W. LIN

Notice the fact p,(iP, %I, e %I, Dy3) = 0. Applying (1) in Claim 7 yields
that

1 1
pn<(5(ipl, 2[, R 2[, A1l + Big + Co1 + Dgg)
) 1 1

+pn(ZP1, 21,---, 217 0(A11 + B2+ Cyy —I—D22))
) 1 1

= 6<pn(ZP17 217 ) QIvAll +B12 +021 +D22>)

. 1 1 . 1 1
- (5<pn(zP1, JTeees oL A+ By + Cgl)) + 5<pn<zP1, ANNE D22>)
1 1
= pn<5(iP1, 21,--- ; 21>A11 + B2 + C'21>

1 1
+pn<iP1, 21,--- ; 21,5(1411 + B2 + C'21)>

1

21—7 5(D22))

1 1 1
+pn<5(zP1, AN D22> + pn (zPl, s
1 1
= pn<5(zP1, 2[, ey 2[, A1l + Bio +Cy + Dgg)
. 1 1

- pa(iP1 Loy 10(AR) +8(Brz) + 8(Car) +3(Daz) ).

Thus we have
1 1 .
0= pn<zP1, AN M) = [iPy, M],.
By Lemma 2.2 it follows that M1 = M5 = My = 0.
Similarly,we consider this polynomial p,,(iPs, %I, co YT AL+ Bia +

C21 + D92). By using the fact p,, (i Ps, %I, ce 5[,1411) =0 and (2) in Claim 7,
we can get Moy = 0.

CLAIM 9. For any Aj, Bji, € Ajr(j,k =1,2), we have

Case 1. j # k. Notice that

: : 1 1 . 1. X
pn(ZPj + ZAjka 2[, R 2[, P+ B]k) :p2<ZPj + QZ(Ajk’ + Ajk)>Pk’ + B]k)
1. ) 1. ., 1. ., 1. N
= QZAjk + ZBjk + QZAjk’Bjk’ + QZAjk’ + QZBjkAjk‘
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By Claim 8 we arrrive at
. . 1
(5(pn<sz + i Ay, 2] .....
1. , 1., 1. 1. «
= 6(2 ZAjk + ZBjk) + 5(2 ZAjkBjk> + 5(2 ZAjk) + 5(2 ZBjkAjk) .

On the other hand, by Claim 8, we also have

(5<pn<’ipj + A, ;I ..... ;I, P+ Bjk))
= (6(iP; + 1450, ;I ..... ;I Pe+ B
+ pn (P + iAsn, ;1 ..... 1,6(Py+ By ))
—pn(5(in) ;I ..... ;I, Pk> +pn(6(iA]k), ;I ..... ;I,Pk)
+ pn (5(1'13]), ;1 ..... ;I, Bjk) + pn (5(¢A]k), ;I ..... ;I, Bjk)
+ pn (iPJ I... ;I,é(Pk)) + pn (z‘Pj, ;I ..... ;1,5(B]k)>
(i 1 ;I,é(Pk)) o (idje 1. 16(By0))
= 6(pu(iP, N ;I Pe)) +5(pa (PP, ;I ..... ;I, By))
+ 6 (pn (1450, ;I ..... ;I, Pe)) +6(pa (3450, ;1 ..... ;I, By))

= 6<p2(ipijjk)) + 5(102(;'

(o iCAz + 43, Bx))

(Ajr + Alp), Pk))

. 1. 1. L. 1. X
= 6(iBji) + 5( Sidin+ QZAjk) + 5( L1435k Bik + 2szkAjk)
, 1. 1 ., 1 1. "
= 5(ZB]1<:) + 5<27'A]k> + 6<2ZA]k) + 6<21A]kB]k) + 5<27’B]kA]k> .
Comparing with the above equality, we now conclude that
. 1. _ 1.
(3.12) (5<’LBjk + QZAjk) = (5(’LBjk) + (5(22Ajk>.
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Substituting Bjx by 5A;x in (3.12) gives
. 1.
(3.13) 5(iAz) = 25(22Ajk>.
Combining equality (3.12) with (3.13), we see that
. . ) 1. 1.
(5(’LBjk + ZAjk) = (S(ZBjk + 2ZAjk) + 5(22Ajk>
, 1. 1. . .
= 0(iBy) + 8 QZAjk) + 5(22Ajk) = 6(iBji) + 8(iAn).

By Claim 5 it follows that

§(Bjr + Aji) = 6(Bj1) + 0(Ajx).
Case 2. j = k. That is to prove that 6(A;; + Bjj) = 6(A;;) + 6(Bjj).
Let us write M = 6(A;; + Bjj) — 6(Aj;) — d(Bj;). Let us choose [ =1, 2,
but [ # j. Since
1 1 :
pn<’lPl, 2[, ey 2[, Ajj + Bjj) = pQ(ZPl,Ajj + Bjj) = 0,
we know that

1 1
O:(S( n<ZPl)2la"'a2[7Ajj+Bjj>)

. 1 1 1 1

:pn(é(zPl), 2[, cey 2[, Ajj + Bjj) —i—pn(zPl, 2[,. . 2[,5(./4]']' + Bjj))
, 1 1 , 1 1

= pu (0GR, Loy (1 A) +pu (8GR, (1., 1, By;)

1 1
+ P (z’Pz, ol o L 0(A 5 + Bjj))

_ 1
= pu (1P 1o 1 0(Asy + Byy) = 6(Ay)) = 6(B)))

1 1 ) .
= pu (P y 1o 1. M) = po(iPL M) = [iP, M)..
We therefore have M;; = M;; = My = 0 by Lemma 2.2.

Acta Mathematica Hungarica 154, 2018



NONLINEAR #-LIE-TYPE DERIVATIONS 497

Let us finish this proof by showing M;; = 0. Note that

1. 1 1 1. 1
pn<2zpj7Ajj+Bjja 2[,...,2I,le> :pn(QZPjaAjja217”’72[7le)

1 1 1
—I—pn( iPj,Bjj, I,..., I,le), VCj € Aj.
2 2 2
Adopting similar methods as the above claims, one can show that

(5(pn(;’ipj7-’4jj + Bjj, ;I,...,;I,le))

, 1
ZPj,Bjja 2[, 5 2I,le>>.

= 5<pn(;ipj>Ajj’ ;I""’;I’le)) —|—5<pn(;

By a direct calculation, we obtain

1. 1 1
pn(QZPjaé(Ajj + Bjj)7 2[, ceey 2[, le>

1. 1 1 1. 1 1
:pn(Qsz,a(Ajj), N Cﬂ) +pn(2sz,5(Bjj), eyl (le).

That is

0= pn(;in,M, ;I, o ;I, Cit)
1
2
This implies that :M;;Cj; = 0. Since A is prime, we know that M;; = 0.
CLAIM 10. 0 is an additive derivation with 0(A*) = §(A)*.
For any A, B € A, we have

2 2
A:ZAij’ B:ZBZ']'E.A.

4,j=1 4,j=1

. 1 :
= Pn—1 (zij, I, ceey 2[, le> = [Zij,le]*.

Simulating the proof of [9, Lemma 2.12], one can show the additivity of §
5(A+ B) =6(A) +4(B).

and that §(A*) = 0(A)*.
Let us now prove that § is a derivation. Since

1.1 1 1
pn<2iI, 2[,...,2I,A,B> :p3<2iI,A,B> — po(iA, B) = iAB + iBA*,
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we get
S(iAB + iBA*) = 5( (ZI ;1 I,A,B))
:pn(;ﬂ,;[,...,;],é() )—i—pn(;zl I,...,;I,A,(S(B))

- pg(;u,(S(A), B) +p3<2iI, A, 5(3))
= po(i0(A), B) + p2(iA,d(B)) = i6(A)B + iB6(A)* + iAS(B) + id6(B)A*.
It follows from Claim 5 that
(3.14) 0(AB)+ 6(BA*) =6(A)B + B§(A)" + Ad(B) + 0(B)A*.
Replacing A (resp. B) by iA (resp. iB) in (3.14) gives
(3.15) d(AB) — 6(BA*) =6(A)B — B§(A)" + Ad(B) — 6(B)A™.
Combining (3.14) with (3.15), we conclude
0(AB) = 6(A)B + A)(B).

Let us end the proof of this theorem by using Theorem 2.3.

By Claim 10, we know that 0 is an additive derivation with §(A*) =
0(A)* for all A € A. By invoking Theorem 2.3, we assert that ¢ is a linear
inner derivation, i.e., there exists an operator S € B(H) such that §(A) =
AS — SA forall Ae A

Using the fact §(A*) = §(A)*, we have

A*S — SA* = §(A*) = §(A)* = —A*S* + S*A*

for all A € A. This leads to A*(S + S*) = (S + S*)A*. Hence, S+ S* = A\I
for some N € R. Let usset T =5 — %)\I. One can check that T+ T* =0
and 6(A) = AT —TAforall Ac A. O

As a direct consequence of Theorem 3.1, we have the following corollary.

COROLLARY 3.2 [9, Theorem 2.14]. Let H be an infinite dimensional
complex Hilbert space and A be a standard operator algebra on H containing
the identity operator I. Suppose that A is closed under the adjoint operation.
If §: A — B(H) is a nonlinear *-Lie derivation, then § is a linear x-deri-
vation. Moreover, there exists an operator T € B(H) satisfying T +T* =0
such that 0(A) = AT — TA for all A € A, i.e., ¢ is inner.

In particular, when the standard operator algebra A is exactly the alge-
bra B(#) of all bounded linear operators in Theorem 3.1, we have
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COROLLARY 3.3. Let B(H) be the algebra of all bounded linear operators
on an infinite dimensional complex Hilbert space H and §: B(H) — B(H)
be a monlinear *-Lie-type derivation. Then § is an inner linear x-deri-
vation and there exists an operator T € B(H) satisfying T +T* =0 such
that 6(A) = AT — T A for all A € A.

COROLLARY 3.4 [9, Corollary 2.15]. Let B(H) be the algebra of all
bounded linear operators on a complex Hilbert space H and §: B(H) —
B(H) be a nonlinear x-Lie derivation. Then § is an inner linear x-deri-
vation and there exists an operator T € B(H) satisfying T + T* =0 such
that 6(A) = AT — T A for all A € A.

4. Topics for further research

The main aim of this paper is to concentrate on studying nonlinear *-Lie-
type derivations on standard operator algebras. Note that, unlike von Neu-
mann algebras which are always weakly closed, a standard operator algebra
is not necessarily closed. Recall that a von Neumann algebra or (W*-algebra)
is a x-algebra of bounded operators on a Hilbert space H that is closed in
the weak operator topology and contains the identity I. Roughly speak-
ing, a von Neumann algebra A4 is a weakly closed and self-adjoint algebra
of operators on a Hilbert space H containing the identity operator I. Our
present work together with [11,12] indicates that it is feasible to investigate
x-Lie-type derivations on von Neumann algebras (or on factor von Neumann
algebras) by moderate adaption of current methods. We have good reasons
to believe that characterizing *-Lie-type derivations on von Neumann alge-
bras is also of great interest. In the light of the motivation and contents of
this article, we would like to end it by proposing two open questions.

CONJECTURE 4.1. Let B(H) be the algebra of all bounded linear opera-
tors on a complex Hilbert space H and A C B(H) be a factor von Neumann
algebra. For a mapping 6: A — A, the following statements are equivalent.

(1) 0 is a nonlinear *-Lie-type derivation,

(2) 0 is an additive x-derivation.

CONJECTURE 4.2. Let B(H) be the algebra of all bounded linear opera-
tors on a complex Hilbert space H and A C B(H) be a von Neumann algebra
without central abelian projections. For a mapping 6: A — B(H), the state-
ments of Conjecture 4.1 are equivalent.
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