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Abstract. A trigonometric series strongly bounded at two points and with
coefficients forming a log-quasidecreasing sequence is necessarily the Fourier se-
ries of a function belonging to all L? spaces, 1 < p < co. We obtain new results on
strong convergence of Fourier series for functions of generalized bounded variation.

1. Introduction

Extending Hardy-Littlewood’s concept of strong (C,1) summability to
Cesaro methods (C,a) of order a > 0, Hyslop [8] arrived at his notion of
strong convergence. Subsequently, this was successfully applied to the study
of trigonometric series in several papers written by N. Tanovi¢-Miller and her
co-workers [13,14,16-18]. Strong convergence of trigonometric series attracts
attention because of its position between ordinary and absolute convergence
[4,16,17].

Interesting results about the global behaviour of a series deduced from its
behaviour at one or two points were initially related to absolute convergence
and obtained by O. Szasz [15] and R. Pippert [10]. The assumption on the
coefficients of a series was that their magnitudes form an almost decreasing
sequence. The analogues are valid in the case of strong convergence [3].

We introduce new notions of strong boundedness (in Hyslop’s sense) and
logarithmic quasimonotonicity. We prove that if one requests only strong
boundedness of a trigonometric series at two points but imposes logarithmic

* Corresponding author.
Key words and phrases: trigonometric series, strong convergence, generalized variation.
Mathematics Subject Classification: 42A32, 26A45, 46A45.

0236-5294/$20.00 © 2017 Akadémiai Kiad6, Budapest, Hungary


http://crossmark.crossref.org/dialog/?doi=10.1007/s10474-017-0717-3&domain=pdf

STRONG BOUNDEDNESS, STRONG CONVERGENCE AND GENERALIZED VARIATION 405

quasimonotonicity on the magnitudes of its coefficients, then the respective
trigonometric series is the Fourier series of a function belonging to all L?
spaces, 1 < p < o0.

In the area of strong convergence, our attention is turned to Fourier
series of regulated functions, i.e., functions belonging to various classes of
generalized bounded variation.

2. Banach spaces of strongly bounded sequences

DEFINITION 2.A. A sequence of numbers {d,, } is strongly (C, 1) summable
to a limit d with index A > 0 (A-strongly (C, 1) summable to d), and we write
dn —d [Cl])\, if

Z d —d]* = o(n) as n — oco.
k=1

DEFINITION 2.B. A sequence of numbers {d,,} is strongly convergent to
a limit d with index A > 0 (A-strongly convergent to d), and we write d,, — d
1]y, if

1) dp — d as n — oo,

2) S0 , kKMdy — de—1)* = o(n) as n — oo, i.e., k(dk — dr_1) — 0 [C1]x.

If A =1, we simply denote it by [I].

DEFINITION 2.1. A sequence of numbers {d,} is said to be strongly
bounded with index A > 0 (A-strongly bounded), if

1) d, = O(1) as n — oo,

2) Y0 KMdk — dg_1|* = O(n) as n — oo.

If A =1, we say that sequence {d,} is strongly bounded.

The set of A-strongly bounded sequences is denoted by 2.

It is obvious that every A-strongly convergent sequence is A-strongly
bounded. The converse does not hold as illustrated by the following exam-
ples.

—1 k—1

EXAMPLE 2.2. Let d, =) ,_; ( » for n € N. This sequence is ob-
viously convergent. Therefore, d,, = O(1) as n — oco. For any A >0, we
have

A

3

(1)t
k

Xn:kA|dk —dp |} = zn:k‘A
P

k=1

Hence, {d,} is A-strongly bounded but not A-strongly convergent.
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406 M. AVDISPAHIC and Z. SABANAC

ExaMPLE 2.3. Consider the sequence

g 1, ifn=2% keN,
"o, ifn#£2¥ keN.

This sequence is bounded but it is not convergent since it has two partial
limits, 0 and 1. Therefore, it is not A-strongly convergent. Now, we have
|dp —dp_1| =1if n = 2% or n = 2F + 1. Otherwise, d,, —d,,_; = 0. Let 0 < A
< 1. Then

n [log, 7]
S BMdg —dpa = > 2+ (27 + DY = 0(n).
k=1 §=0

Therefore, this sequence is A-strongly bounded for 0 < A < 1.

Every %” is a linear space. The next theorem introduces a norm in %*
that turns %" into a Banach space.

THEOREM 2.4. i) B* D B for 0 < u < \.
i) Ford={d,}>, € Z*, A\ > 1, let

1 A
ld|| z» = sup |dy| + sup <n Zk)‘\dk — dk_1|A> .

Then || - || is a norm on B>, X\ > 1.
iii) 2%, A > 1, is a Banach space under the norm given in ii).

PROOF. i) This is an immediate consequence of Holder’s inequality

n

n t\L n 1_‘;
>k = i < (SR - i) (1) = ot

k=1 k=1 k=1

for 0 < p < A.
ii) It is obvious that ||d||» > 0 and that the equality holds if and only if
d={0}>2,. If o is an arbitrary complex number and ad := {ad,, }*° ;, then

1 A
||ad|| » = sup |ad,,| + sup ( Z K oy, — adk_l\)‘>
n n n el

1 i
= ol (supleel w0 (o, SR i) ) = el
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STRONG BOUNDEDNESS, STRONG CONVERGENCE AND GENERALIZED VARIATION 407

an are two A-strongly bounded se-
If dV = {dP1=, dd d(2n1 A- ly bounded

quences, A > 1, and d(V) + d(2 {d d(2 } ,» then by Minkowski’s in-
equality we get

D 4 )] + <i SR (d) +d?) - (dY +d2) |A> A
k=1

n

1 2 2 a) >
— a0+ (SR = i)+ -] )
k=1

1

< 1] 4 a2 (de km> (Zkﬂd df_MP)

Hence,
1

1< A
dY +dP |4 < dV| + g Md — g
| > < sgp\ n | Slrle n £ |dy, k1l

1

1o >
+supld] -+ sup (SR = ) = Ol + 1
n n k=

Thus, 2*, A > 1, is a normed linear space.
iii) It remains to check that #*, A > 1, is complete. Let dV, 4@ ..
be a Cauchy sequence in %*. Now,

g
(Ve > 0) (3ng € N) (Ym > n > ng) ||d"™ —d™|| ,, < .
Note that

Hd(m) _ d(")Hzoo < Hd(m) _ d(")ng-

Thus, d™ is a Cauchy sequence in [*°. Since [*° is a Banach space, there
exists d = {d;}32, €1 such that [|[d™ —d|j;~= — 0 (n — c0). Hence, for
€ > 0 chosen above,

(2.1) (Fng € N) (Vo >ng) [|d™ — d|~ <

Moreover,

2.2 Vk € N) (3ng € N) (Vo > ny) |d™ — di| < <L
(2.2) ( ) (3 € N) ( k) |dy K 6(k 1 1)25
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408 M. AVDISPAHIC and Z. SABANAC

Let us show that {d(™}2, converges to d = {d;}32, in #*. Take an arbi-
trary 4 € N and fix it. Put n! = max {ng,n1,na,...,n;} € N. To simplify
notation, let us put

1< A
— (Z ) :k:A|dk—dk_1\*>
k=1

Minkowski’s inequality and (2.2) yield

1

otid )= EjkA )~ i) + (s — 7P

L= a0 N (e )
S(Z.Z]Hd;(f )_dk|> +<z;k i1 — di")
A \ i A \

A € A 1 N € €

< Zk 2k+l> +<z;k 6/\k/\2’f> =3

Taking into account (2.1), we get

o(i,d™ — d) < o(i,d™ — d™)) + o(i,d") — d)

. 2
< d™ — d®D || gr + ; < 38 (Vm > ng* = max{ng,ny} and Vi € N)
Therefore,
2
14 — d]| r = [d™ = d]li~ + sup o (i, d™ — d) < ; + 35 _

for all m > ng*. Finally,
ldlln < lld — Al gpn + 4] 1 < 0.

Hence, d € *. 0O

3. Local to global: behaviour of trigonometric series of a special
type

DEFINITION 3.A. A sequence of positive numbers {d,} is said to be al-
most decreasing if there exists a constant M such that d,, 11 < Md, holds
for every n € N. M is the index of almost monotonicity of {d,}. The space
of almost decreasing sequences with index M is denoted by Ay M. If dy 1
< Md, holds true starting from some integer n > 1, the corresponding space
is denoted by GA M.
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STRONG BOUNDEDNESS, STRONG CONVERGENCE AND GENERALIZED VARIATION 409
REMARK 3.1. Note that A; M = M is the space of decreasing sequences.

The role of almost decreasing sequences is nicely illustrated by the fol-
lowing theorem.

THEOREM 3.B. Let p, = /a2 + b2, n € N, form an almost decreasing
sequence and let

Z Ap(x) = C;O + Z ap cosnx + by, sinnz,

Z B,(x) = Z an sinnx — b, cosnx.

(a) (¢f [10, Theorem 2]) If one of the series > An(z) or >  Bp(z) is
absolutely convergent at two points xo and xy with |xg— z1] Z0 (mod ),
then Y pp < 0.

(b) (cf. [3, Theorem 2.2]) If one of the series > An(x) or Y. By(x) is
[I]x, A > 1, convergent at two points xy and x1 with |vo — x1] Z 0 (mod ),
then npp, — 0 [Ch]x. If XA > 1, then > Ap(x) is the Fourier series of a func-
tion f € (N1<p<oo LP, [I]x convergent to f a.e., and 3 By(z) is the Fourier

(3.1)

series of its conjugate function f, [I]n convergent to f a.e.

In the next theorem, we shall replace the condition of A-strong conver-
gence by A-strong boundedness. A series is said to be A-strongly bounded if
the sequence of its partial sums is A-strongly bounded. Moreover, a sequence
{pn} will be taken from a larger class GApy M, M > 1. (See Remark 3.6 be-
low.)

THEOREM 3.2. Let p, = \/a2 + b2, n € N, form a sequence from GApM,
M > 1. If one of the series (3.1) is A-strongly bounded, A > 1, at two
points xo and 1, |xog —x1| #Z0 (mod 7), then > A,(x) and > By(x) are

the Fourier series of the functions f, f, resp., belonging to LP for each
1<p<oo.

PRrROOF. Let 6,, be chosen such that sinf,, = ZZ and cosf,, = ZZ- Then,
> A, (z) may be written in the form ) p,sin(nx +6,,) and >  B,(x) =
— > pncos(nz +6,). Assume that > A,(z) is A-strongly bounded at two
points:

(3.2) Zk)‘pm sin(kx; + 0;)[* = O(n) asn — oo, for i =0,1.
k=1

Let h = 29 — 1. Then nh = (nzo + 6,) — (nx1 + 6,) and
sinnh = sin(nxg + 0,,) cos(nzy + 0,) — cos(nxg + 0y,) sin(nzy + 6y,).
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410 M. AVDISPAHIC and Z. SABANAC

Therefore,
|sinnh|* < 2)‘( |sin(nao + 6, + | sin(nzy + 9n)|>‘) .

The last inequality and (3.2) imply
(3.3) Zk)‘pﬁ lsin kh|* = O(n) as n — oo.

Let {px} € GAy M, M > 1. There exists K € N such that

1
Pk—1 = APk for k > K.

One has
(k—1)pg_1|sin(k — 1)h| + kpg |sin kh|
> ]\14(k — 1)pg |sin(k — 1)h| + kpy [sin kh|
> kMk kpr(|sin(k — 1)h| + [sinkh|) > 2]1\4kpk(|sin(k‘ — 1)h| + |sin kh|)

for £ > K. This and
|sin(k — 1)h| + [sin kh| > sin?(k — 1)h + sin® kh
=1—coshcos(2k—1)h > 1 — |cosh]|
yield
(k —1)pg_1 |sin(k — 1)h| + kpy, [sin kh| > Mikpy,
for k > K, where My = My(h) > 0. Hence,

n K n
LI ILITD IR
k=1 k=1 k=K+1
K o
Z P+ e Z [(k — 1) pp_y [sin(k — 1)h|* + k> pp [sin kh|)‘].
= 1
k=1 k=K+1

Since the first summand in the last line is a finite sum and the second one
is O(n) as n — oo by (3.3), we get

Up ) 1= ZkApﬁ =0(n) asn — oo.
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STRONG BOUNDEDNESS, STRONG CONVERGENCE AND GENERALIZED VARIATION 411

Now, let p > max{ ,\i172} and (11 =1- 11). It is straightforward that 1 < ¢ <
min{), 2}. Notice that >_7_, k*p} = O(n) implies up s = Y p_; K%} = O(n).
Abel’s partial summation formula gives us

" Ny L TP U = 1 1
q _ k _ g~ Yk=l,g _ Hn,q _
Pr = k4 _Z ka - ong +Zu’f"1(;€q (].g+1)q>

k=1 k=1 =1 —
1 n—1 1
- O<nq_1) +O<kz kq) =0(1) asn — oc.
=1

By the Hausdorff-Young theorem [24, (2.3), (ii), p. 101], there exists f € LP
such that ) A, (x) is the Fourier series of f. This and the uniqueness prop-
erty of Fourier series yield that f belongs to all L” spaces, 1 < p < co. Then
>~ Bn(z) is the Fourier series of f € (<, o, L.

The proof is analogous if > By, (x) is A-strongly bounded at zg, 1 or if
> Ap(x) is A-strongly bounded at xg and > By, (x) at ;. O

DEFINITION 3.C. A sequence of positive numbers {d,} is said to be
quasi decreasing if there exists @ > 0 such that {d,,/n®} is a decreasing se-
quence starting from some integer n > 1. « is the index of quasimonotonicity
of {d,}. The space of quasi decreasing sequences with index « is denoted

by QoM.

As an application of the concept introduced by Definition 3.C, we cite
the next result.

TuEOREM 3.D ([3, Theorem 3.1]). Let p, = v/a2 + b2, n €N, form a
quast decreasing sequence with inder 0 < o < 1. Let a trigonometric series
% 4> apcosnw + by sinnx be strongly convergent at two points xo and xy
with |zg — x1| #0 (mod 7). Then this series and its conjugate are Fourier

series, strongly convergent a.e.

Having in mind that the classes of A-strongly bounded sequences, A > 1,
are contained in the class of strongly bounded (i.e., 1-strongly bounded)
sequences, we pay a closer attention to the latter case.

We shall consider a new class of logarithmic quasi decreasing sequences.

DEFINITION 3.3. A sequence of positive numbers {d, } is said to be log-
arithmic quasi decreasing if there exists 8 > 0 such that {d,/log’ n} is a
decreasing sequence starting from some integer n > 2. 3 is the index of log-
arithmic quasimonotonicity of {d,}. The set of logarithmic quasi decreasing
sequences with index 3 is denoted by LzOM.
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412 M. AVDISPAHIC and Z. SABANAC

THEOREM 3.4. Let p, = \/a% + b2, neN, form a logarithmic quasi
decreasing sequence with index 8> 1 (p, € LQM). If one of the series
(3.1) is strongly bounded at two points g, x1, |ro — x1| Z 0 (mod 7), then

> h?gp"n < 00. Y, An(x) and Y’ By (x) are the Fourier series of the functions
f, f which belong to LP for each 1 < p < oo.
PRrROOF. Since {p;} € L3QM, we have
log?(k — 1)
log? k

Reasoning as in the proof of Theorem 3.2, we get

Pk—1 = pr fork>K > 2.

Uy = kak =0(n) asn— oo.

Now, for any o > 1, one has

N N N e Tt
(3:5) Z log®k Z klog®k Z klog® k
k=2 k=2 k=2
n—1

o Un ul 1 1
" nlog®n 2loga2+kzﬂuk<klog°‘k (k‘—l—l)logo‘(k‘—l—l))’
Obviously

Unp,

(3.6) =o0(1) asn — oo.

nlog®n

Notice that

1 _ 1 _ 1 <1+ «o >
klog®k (k+1)log*(k+1) & log™ & log &/’

where & € (k,k +1). From e lo}gafk (I+ joge,) < k2101g°‘k(1+ log2) and ug =
O(k), we get

uk<klolg°‘k T (k+ 1)101g°‘(k‘+ 1)) - O<klolgak)‘

(3.7) uk(klo;ak_(k—l—l)lolg (k—l—l) <Zklog I<:> oQ)
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The relations (3.5), (3.6) and (3.7) yield
(3.8) Z loplg‘ =0(1) asn — oo, fora>1.

In particular, the series ) -, 1Og 5, 1s convergent. This and the fact that
the sequence {log 5, } s decreasing yield | fg@kk = 0(1) as k — oo by Olivier’s
theorem. Now,

n

kpj, Pk
> B1 > 5, (U = up-1)
iy logt ki logh k

[y

n—

_ UnPn ( Pk+1 ) p2u1
= —+ u —
log? n z; ¥ log® k logﬁ(k +1) log® 2

Pk+1
)+C
Z <1og/3 ko logP(k+ 1))
kpr (k+1)pr+41 = Pr+1
)+ C +C
Z <log6k log” (k—i—l)> kzﬁlogﬁ(k}—i—l)
n—1

_ 2p2  npy Pk+1
=o(1) + C<logﬁ ) logﬁn> + 02 og (k1) O(1) asn — oo.

This proves the first assertion
(o @]

(3.9) 3 L
' ps log? k '

Concerning the second assertion, (3.9) and the Riesz—Fischer theorem

yield that S A, (z) and 3 B, (z) are Fourier series of f, f € L2.
Now, let p > 2 and ; + Ll] = 1. Obviously, 1 < g < 2. As above,

n—1

n n n
(3.10) Zp%:zqukqu Z( kq)Z’qu ;qziqu
k=1 k=1 k= i=1
n—1 1 1 n
- O<Z ka+l Ziqu> T e Ziqu'
k=1 i=1 i=1
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Since 1fg%’“k = o(1) as k — oo, we have that k% = o(log’" k). Therefore,

Ziq,og = O(mlogP?m) for m e N.

The last equality, relation (3.10) and the fact that ¢ > 1 yield

n n—1

log?? k log?n
Zp%zO(Z 14 >+O< a1 =0(1) asn— .
k=1

k=1
Thus, f, f € MNi<p<oo L7 (cf. the end of the proof of Theorem 3.2). [

REMARK 3.5. Pointwise convergence a.e. of the series ) A,(z) and
> B,(x) in Theorem 3.4 follows, of course, from the Carleson-Hunt the
orem. However, the Kolmogorov—Selyverstov—Plessner theorem [6, p. 332]
already serves the purpose since

o

Z wlogk < Zlogﬁk

k=2
by (3.9).

The following remark concerns the relationship between various sequence
spaces considered in this paper.

REMARK 3.6. For 0 < My < 1 < My, one has

AuMcC Mc () LgoMcC ] LsoM

£>0 B>0
C () QaM C | QM C GAy, M
a>0 a>0

PROOF. It is obvious that Ay, M C M C (5,0 LsQM since 0 < M; <
1< g g(?:;l) for any 8 >0 and n€N. The inclusions (V5.0 LsQM C
Usso [,5 OM and N o9 QaM C Uasg QaM are trivial. The inclusion
Uaso @aM C GAp, M follows from (":al)a < My for any o > 0, M5 > 1 and
sufficiently large n € N. Finally, to establish (Jg.q LsQM C (1,50 QaM, it
is enough to check that

log’(n +1) < (n+ 1)

3.11
(3:11) log® n ne
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holds true for 8 > 0, a > 0 and n sufficiently large. The last inequality is
equivalent to

log(n + 1) < (1+ 1)“/
logn  — n

where we put v = g > (. Subtracting 1 from both sides, we get

log(1+ 1) < <1+ 1)7_1
logn — n ’

According to Taylor’s formula, the left hand side is equal to

1 1 —|—O( 1 )
nlogn  2n%logn n3logn/’

while the right hand side is equal to 7 + 0oL O( 1"}3 ). Therefore, inequal-

2n?

ity (3.11) holds true for 8 > 0, a > 0 and sufficiently large n. O

REMARK 3.7. In Remark 3.6 we are actually dealing with equivalence
classes. Namely, while proving the inclusions, we suppose that {dj}>x, and
{dik} >k, ko # k1, represent the same sequence.

REMARK 3.8. We have seen in Theorem 3.2 that if {p;} € GAuM,
M > 1, then a mere A-boundedness, A > 1, of the series Y A, (x) or Y By (x)
at two distinct points is sufficient to conclude that these are Fourier series of
the functions f, f belonging to all L? spaces, 1 < p < co. In the case A =1,
the same conclusion is valid under a stronger assumption py, € LgQM, 5 > 1.
For intermediate classes @, M, a > 0, the same techniques of the proof yield
the following theorem.

THEOREM 3.9. Let {pr} € QuM, a>0. If Y A,(z) or > By(z)
is strongly bounded al two points xo and x1, |rg—x1| # 0 (mod ), then
> kl_o‘pz < 00. These series are Fourier series of the functions f, f which
belong to L? if a € (0,1). Moreover, f,f € LP,2 < p < i, if a€(0, %)

4. Strong convergence and generalized variation

Given a trigonometric series

n
(4.1) (120 + Z ay, cos kx + by, sin kx
k=1

let s,(z) and o, (x) denote the ordinary n-th partial sum and n-th Cesaro
(C,1) partial sum of (4.1), respectively. If (4.1) is a Fourier series of f € L1,
we shall write s, f and o, f for the partial sums s,, and o,,.
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416 M. AVDISPAHIC and Z. SABANAC

We will consider the following classes of functions
S*={feLl's,f - f [ ae},
SN = {feC:syf— f[I]) uniformly},
U ={feC:s,f— [ uniformly},

where C is the space of 27-periodic continuous functions.
For A > 1, it is known (see [18]) that

St = {fe L' ik)‘pﬁ zo(n)} and .9 = {fe C’:ik)‘pﬁ :o(n)}.
k=1 k=1

By W we denote the class of requlated functions, i.e. functions possessing
one-sided limits at each point. Every regulated function is bounded and
has at most a countable set of discontinuities. Regulated functions have a
particular role in the matter of everywhere convergence of Fourier series.

Important subclasses of the class W stem from various concepts of gener-
alized bounded variation. In the sequel, let f(I) := f(b) — f(a) for arbitrary
subinterval (a,b) of (0,27) and the supremum in defining sums below is
always taken over all finite collections of nonoverlapping subintervals I; of
(0,2m).

According to N. Wiener [22], a function f is of p-bounded variation,
p > 1, on [0,27] and belongs to the class V), if

V) = s { > |f<fi>|p}l/p <o,

A function f is of ¢-bounded variation (L. C. Young [23]) on [0, 27] and
belongs to the class Vj if

Vi) =sup { ;w(w} <.

Here, ¢ is a continuous function defined on [0,00) and strictly increasing
from 0 to oco.

Notice that by taking ¢(u) = u we get Jordan’s class BV, while ¢(u) =
uP gives Wiener’s class V,.

A function f is of A-bounded variation (D. Waterman [20]) on [0, 27| and
belongs to the class ABV if

V() =sup { > I <o
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where A = {\,} is a nondecreasing sequence of positive numbers tending to
infinity, such that > 1/, diverges.

In the case when A = {n}, the sequence of positive integers, the func-
tion f is said to be of harmonic bounded variation and the corresponding
class is denoted by HBV .

BYV is the intersection of all ABV spaces and W is the union of all ABV
spaces [9].

D. Waterman also introduced the notion of continuity in A-variation to
provide a sufficient condition for (C,a)-summability of Fourier series [21].
Let A™ = {Apim}, m=0,1,2,.... A function f € ABV is said to be con-
tinuous in A-variation (or to belong to A.BV) if Vam (f) — 0 as m — oc.

Clearly, A.BV C ABV. Functions from A.BV admit much better esti-
mates of their Fourier coefficients (see [12,19]).

The modulus of variation (Z. Chanturiya [7]) of a bounded function f is
the function v; whose domain is the set of positive integers, given by

w =sup ,; s}

The modulus of variation of any bounded function is nondecreasing and
concave. Given a function v whose domain is the set of positive integers
with such properties, then by V[v] one denotes the class of functions f for
which v¢(n) = O(v(n)) as n — co. We note that Vs C Ving~!(1/n)] and
W ={f :vs(n) = o(n)} [7].

The relationship between Waterman’s and Chanturiya’s concepts was
established in [1]. We proved the following inclusions between Wiener’s,
Waterman’s and Chanturiya’s classes of functions of generalized bounded
variation.

THEOREM 4.A (cf. [2, Theorem 4.4]).
{n®}BV C V1 CV[n®]C {n"}BV,

for0<a<f<1.

The next two theorems are related to strong convergence and strong
boundedness of Fourier series of regulated functions. As always, by f we
denote the conjugate function of a function f.

THEOREM 4.1. Let A > 1. Then

) Wnsh =

)Iff,feW thenf,feC
i) If f e S? andfeW thenfeyA
iv) If f€e HBV and f € W, then f,f € %.
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PROOF. i) Let f be an arbitrary function in WNS*. Recall that S* ¢ S
[18, Theorem 1(iii)]. Thus, Y ,_; kpr = o(n), as n — co. By [6, Theorem 3,
p. 183 and Corrolary 2, p. 185], f can not have discontinuities of the first
kind. It follows that f is a continuous function. Its Fourier series is (C, 1)
uniformly summable. Therefore, f € .#*. The converse, . C W NS?, is
trivial. ~

ii) Let f, f € W. If there exists a point xg such that, e.g., f(zo+0) —
f(zo—0) >0, then by [24, Teorem 8.13, vol. I, p. 60] S,(xo, f) = —oc.
Hence, 6, (xq, f) — —o0, which contradicts the fact that

o [T +0) + o — 0]
[24, Fejér’s theorem 3.4, vol. I, p. 89]. Therefore, function f is continuous.
Analogously, the function fis continuous.
iii) Let f € W. The conjugate series is (C,1) summable to f a.e. [6,
p. 524]. Therefore, f € S* implies fe S*. Hence, fe W NS =.7" byi).
iv) By ii) above, f, fe C. Now, f € HBV N C implies uniform conver-

gence of its Fourier series [20]. However, fbeing also continuous, its Fourier
series is necessarily uniformly convergent as well, by [6, Theorem 1, p. 592].
O

afn("l"Oa f) = JTL(:‘UO’ f) —

THeEOREM 4.2. i) {n'*}BV NC C 2.
ii) If f € {n'2} BV and f € W, then f,f € 2.
iii) If f € Vi, then sequence {s,f} is 2-strongly bounded.

PROOF. i) Let f € {nl/Q} BV N C. Uniform convergence of the Fourier
series follows from [20]. We [2, Theorem 11.1] proved that the condition

1 n
(4.2) " Z k2p2 =o0(1) asn — 0o
k=1

is necessary and sufficient for continuity of f € {n'/2}.BV. According to
[11, Theorem 3.1] the equality A.BV = ABV holds if and only if Sy < 2,
where S is the Shao—Sablin index defined by

n 1
Sy := limsup =1 A
for every proper A-sequence A = {\;}. In case of A = {i'/?}, we have
2n 1 f2n dx
= i 2n —1
S\ = limsup AT Love v2n =2 <2

= 1
g - — .
n—o0 E i=1 \/7, n—o0o 1 \/ n—oo \/TL
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Therefore, (4.2) holds for f € {n'/2}BV N C. Since

1< 1 &
" ;kQ\skf —sp_1f]? = i Zka | sin(kz 4 0;)]? < Zk2pk,

k=1

(4.2) and uniform convergence of {s,,f} imply that {s, f} is 2-strongly con-
vergent uniformly, i.e. f € 5”3 ~

ii) If f € {n'/?}BV and f € W, then f, f € C' by Theorem 4.1ii). Now,
f € .#?% according to i) above. Moreover, f € .#? by Theorem 4.1 1ii).

iii) If f € Vo, then ! Y3 k?p? = O(1) [5, proof of Lemma 3.1], and the
sequence {s, f} is 2-strongly bounded. O

REMARK 4.3. In view of Theorem 4.A, the analogues of Theorem 4.2
i) and ii) are valid for Wiener classes V},, 1 < p < 2, and Chanturiya classes
Vin®, 0 <a <,
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