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Abstract. We say that an ideal Z on w is homogeneous, if its restriction
to any Z-positive subset of w is isomorphic to Z. The paper investigates basic
properties of this notion — we give examples of homogeneous ideals and present
some applications to topology and ideal convergence. Moreover, we answer ques-
tions related to our research posed in [1].

1. Introduction

Let w stand for the set {0,1,2,...}. A collection Z C P(X) is an ideal
on X if it is closed under finite unions and subsets. We additionally assume
that P(X) is not an ideal and each ideal contains the family of all finite
subsets of X. In this paper X will always be a countable set. Fin is the
ideal of all finite subsets of w. The restriction of the ideal T to X C|JZ
is given by Z|X = {ANX : A€ Z}. An ideal is dense if every infinite set
contains an infinite subset belonging to the ideal. The filter dual to the ideal
7 is the collection Z* = {AC X : A°€Z}and ZT = {AC X : A¢ T} is the
collection of all Z-positive sets. An ideal Z on w is mazimal if for any A C w
either A € Z or w\ A € T (equivalently: Z is maximal with respect to C).

Ideals Z and J are isomorphic (Z = J) if there is a bijection f: JJ
— |JZ such that

Ael — fl4ed.

In this paper, for a given ideal Z, we investigate the family of sets H(Z)
such that the restrictions of 7 to members of this family are isomorphic to Z.

* Corresponding author.

The first author was supported by the grant BW-538-5100-B298-16.

Key words and phrases: ideal, filter, ideal convergence, homogeneous ideal, anti-homogeneous
ideal, invariant injection, bi-invariant injection.

Mathematics Subject Classification: primary 03E05, secondary 26A03, 40A35, 54A20.

0236-5294/$20.00 © 2016 Akadémiai Kiad6, Budapest, Hungary


http://crossmark.crossref.org/dialog/?doi=10.1007/s10474-016-0669-z&domain=pdf

140 A. KWELA and J. TRYBA

DEFINITION 1.1. Let Z be an ideal on w. Then
HI)={ACw: I|A=T}

is called the homogeneity family of the ideal I.

We call an ideal admissible if it is not isomorphic to
Fin ® P(w) = {A C{0,1} xw:{new:(1l,n) € A} € Fin}.

PROPOSITION 1.2. (a) H(Z) CZ* for any ideal I.
(b) H(Z) 2 Z* for any admissible ideal I.

PrOOF. To prove part (a) consider any A €Z. Then Z|A =P(A).
Therefore, Z|A % 7.

To prove part (b) consider any A € Z*. If Z = Fin, then obviously Z|A
>~ 7. So suppose now that Z 2 Fin. Then there is an infinite B C A with
B € T (since 7 is not isomorphic to Fin @ P(w)). Let f: w — A be such that
f(x) =z forany x € A\ B and f | (BU A°) is any bijection between B U A°¢
and B. Then f witnesses that Z|A=7Z. O

The above proposition indicates that we can introduce two classes of
ideals. Members of those classes have critical homogeneity families.

DEFINITION 1.3. We call an ideal Z on w:
e homogeneous, if H(Z) =17";
e anti-homogeneous, if H(Z) = Z*.

REMARK. In [6, Section 5] the notion of homogeneous filters is intro-
duced. Note that an ideal is homogeneous if and only if its dual filter is
homogeneous.

EXAMPLE 1.4. The only ideals that are both homogeneous and anti-
homogeneous are maximal ideals.

The space 2 of all functions f: w — 2 is equipped with the product
topology (each space 2 = {0,1} carries the discrete topology). We treat
P(w) as the space 2¥ by identifying subsets of w with their characteristic
functions. All topological and descriptive notions in the context of ideals
on w will refer to this topology.

In Section 2 we give more examples of homogeneous ideals. Examples of
anti-homogeneous ideals can be found in Section 3, however, all of them are
based on maximal ideals and hence are not Borel or even analytic. We give
an example of an F s anti-homogeneous ideal in Section 4.

In this paper we answer some Questions posed in [1], where Z-invariant
and bi-Z-invariant injections were investigated.
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HOMOGENEOUS IDEALS ON COUNTABLE SETS 141

DEFINITION 1.5. Let Z be an ideal on w and f: w — w be an injection.
We say that f is:
e Z-invariant if f[A] € T for all A € Z;
o bi-Z-invariant if f[A] € Z <= A €T for all A Cw.

The next example shows that invariance and bi-invariance of an injection
does not have to coincide.

EXAMPLE 1.6. The ideal of sets of asymptotic density zero is given by

ANn
Id:{Agw: lim‘ ‘:O}.
n—00 n
Note that every increasing injection is Zy-invariant. In particular, f: w — w
given by f(n) = n? is Zy-invariant. However, it is not bi-Zz-invariant, since
f[w] €1y

We say that J contains an isomorphic copy of T and write Z E J if
there is a bijection f: |JJ — (JZ such that

AcT= A eJ.

Note that 7 = 7 implies Z C 7, however, both ZC 7 and J C Z do not
imply that Z = J (cf. [11, Section 1]).

The connection between invariant injections and homogeneity families is
the following.

REMARK. e If f: w — w is bi-Z-invariant then flw] € H(Z). On the
other hand, if A € H(Z) then there is a bi-Z-invariant f: w — w with
flu] = A

o If f: w— w is Z-invariant then Z C Z|f[w]. On the other hand, if
7 C 7| A then there is an Z-invariant f: w — w with flw] = A.

The paper is organized as follows. In Section 2 we investigate homo-
geneity families and homogeneous ideals. Section 3 is devoted to answering
[1, Question 1]. In Section 4 we investigate ideals induced by submeasures
(summable ideals and Erdds—Ulam ideals). In particular, we answer [1, Ques-
tion 2]. The last part of our paper concerns applications of our results to
ideal convergence. We answer [1, Questions 3 and 4] related to this topic.

2. Homogeneous ideals

In this section we investigate basic properties of homogeneity families,
give some examples of homogeneous ideals and show an application to topol-
0gy.

The next theorem enables us to simplify computations of homogeneity
families of ideals.
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142 A. KWELA and J. TRYBA

THEOREM 2.1. The homogeneity family of any ideal is closed under su-
persets.

PROOF. Take any A € H(Z) and A C B. There is a bijection f: w — A
such that X € Z < f[X] € Z. Denote

A'={acA: Fnew(Vien f"(a) € A) A f(a) € B\ A}

and M = AU (B\ A). Define ¢p: w — B by

) fx), fzew\M,
plz) = {x, if x € M.

We will show that ¢ is a bijection witnessing that Z|B = .

Firstly we show that ¢ is 1 — 1. Take z,y € w, ¢ #y. If x,y € M then
px)=x#y=py). fz,y ¢ M, then p(z) = f(z) # f(y) = »(y) since f is
1—1. So it remains to consider the case that x € M and y ¢ M. Then
o(x) =z and ¢(y) = f(y). Suppose that f(y) =x. Since x € M, we have
x € A’ (the case x € B\ A is impossible by f(y) € flw] = A). Observe that
f~1(z) =y & B\ A (since y ¢ M). Therefore, y € A. But theny € A’ C M,
a contradiction.

Now we prove that ¢ is onto. Let y € B. If y € M, then ¢(y) =y and
we are done. So suppose that y ¢ M and observe that f=!(y) € M. In-
deed, otherwise either f~!(y) € B\ A or f~!(y) € A’. In both cases we get
that y € A’ which contradicts y € M. Therefore, f~!(y) € M and we have
y=ff"1w) = e(f W)

Finally, we show that ¢ witnesses Z|B =2 7. Take any X € Z. We have

PIX] = p[X N M]U[X \ M] = (X 0 M) U fIX\ M] €T,
o 1X] = 71X N MU X\ M] = (X 1 M) U FUX\ M] €T
(since f witnesses Z|A = 7). This finishes the proof. O

COROLLARY 2.2. The following are equivalent for any ideal Z on w:

(a) Z is homogeneous;
(b) for each B ¢ T there is A C B such that A € H(T).

PrOOF. (a) = (b) Obvious.
(b) = (a) Take any B ¢ Z. By condition (b) there is A C B such that
A€ H(Z). Then, by Theorem 2.1 we have B € H(Z). O

Now we will give some examples of homogeneous ideals.

ExXAMPLE 2.3. The ideal Fin is the simplest example of a homogeneous
ideal.
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HOMOGENEOUS IDEALS ON COUNTABLE SETS 143

EXAMPLE 2.4. Define D = {(i,7) € w?: i > j} and
EDpn = {AC D InewView AN {k} x w| <m}

(cf. [12]). Then €Dy, is a homogeneous ideal. Indeed, set any A & EDgy,
and for each n € w pick k, € w and af,...,a) € AN{k,} x w. We can ad-
ditionally assume that the sequence (kj)ne. is increasing. Denote A’ =
{al', : n € w, m < n}. Then the bijection f: D — A’ given by f(n,m) = al,
witnesses that EDg, = EDgu|A’ and by Corollary 2.2 we get that EDg, is
homogeneous.

EXAMPLE 2.5. Given n € w, by [w]® we denote the collection of all
n-element subsets of w. For all n € w\ {0} define

R, = {A C [w]™ : Vpcw if B is infinite then A does not contain [B]”}

(note that Ry = Fin). By Ramsey’s Theorem each R, is an ideal. Using
Corollary 2.2 it is easy to see that all R,, are homogeneous.

EXAMPLE 2.6. Define the van der Waerden ideal
w :{A Cw:
Jnew A does not contain an arithmetic progression of length n}
and the Hindman ideal
H= {A Cw: Vpcy if B is infinite then F.S(B) A},

where FS(B) = {>_,cpn:F C B A F € Fin} (note that W is closed under
finite unions by van der Waerden’s Theorem and H is closed under finite
unions by Hindman’s Theorem). Both W and #H are homogeneous. Indeed,
by the proofs of [10, Proposition 4] and [5, Theorems 3.3 and 4.5] both ideals
satisfy condition (b) of Corollary 2.2.

EXAMPLE 2.7. For every n € w \ {0} define the Gallai ideal
G, = {A Cw": erwvv@,nvaew\{o} v+a-{1,2,....k}" & A}

(note that each G, is closed under finite unions by Gallai’s Theorem, cf. [7,
Ch. 2.3]). In particular, G = W. It can be shown that each G, is homoge-
neous. We provide only a sketch of the proof for n = 2.

Let A € Gy and fix any bijection h: w? — w. Let pr; denote the projec-
tion on the first coordinate. Construct inductively vj- € w? and aé- cew\ {0}
for all 4,7 € w such that:

(i) A = vl + - {1,2,...,2'}* C 4;
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144 A. KWELA and J. TRYBA

(ii) 2 - max(pry (A;)) < min(prl(Aé»/,)) whenever h(i,j) < h(i',j').

The construction is possible since given some [ € w we have {I} x w € Gy
and hence A\ ({0,1,...,{} xw) & Ga.

Let A= A; C A. By Corollary 2.2 it suffices to show that
A e H(gg)

We are ready to define the required isomorphism f: A’ — w?. Given
(a,b) € Aé- find k,l such that (a,b) = vé- + ozé- - (k,1). Then define f(a,b) =

(k4> 2" 1+2- ).

1,] Ew

Fig. 1: Illustration of the image of the function f

To prove that f witnesses A" € H(Gs), set any B € Go. Assume first that
B C A’. Tt can be shown that by condition (ii) actually for each k there are
v, o and i, j such that v +a-{1,2,...,k}? C A;'» N B. Since in this case
flv+a-{1,2,...,k}?] is also of the form v + o’ - {1,2,...,k}? for some v/
and o/, we conclude that f[B] € Gs.

To finish the proof we need to check that f~1[B] is not in Gy for ev-
ery B & Gy. Actually, it is enough to show that for every v and « the
set f~lv+a-{1,2,...,8k}?] contains v’ + o' -{1,2,...,k}? for some v’
and . Indeed, consider the set pry[v + - {1,2,...,8k}?. It is an arith-
metic progression of length 8k and a common difference «. It can be
shown that in this case there is 7 such that I; Npry[v +a-{1,2,...,8k}?],
where I; = [, 2", (3°,,-; 2") + 2" — 1], contains an arithmetic progression
of length 2k and a common difference « (cf. the proofs of [10, Proposition 4]
and [5, Theorems 3.3]). Therefore, there is w such that

wHa-{1,2,...,2k} Co+a-{1,2,...,8k}?
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and pry[w+a-{1,2,...,2k}?] C I;. Now it suffices to observe that there are
also w' and j with w' +a - {1,2,...,k}2 C I; x [j - 2%, (j + 1) - 2]. It follows
that f~fv+a-{1,2,...,8k}?] contains v’ + o' - {1,2,...,k}? for some v’
and o.

The above examples suggest that the following should be true.
PrROBLEM 2.8. Define the Folkman ideal
F = {A Cw: Jp>1YBcw if |[B| = n then FS(B) ¢ A}

(note that F is closed under finite unions by the Folkman’s Theorem, cf. [7,
Ch. 3.4]). Is F homogeneous?

Let Z and J be two ideals on X and Y, respectively. By Z ® J we
denote the product of the ideals T and J given by

AcI®J & {zeX A, ¢TJ} T,

for every A C X x Y, where A, ={y €Y : (z,y) € A}.

REMARK. Observe that Go # W ® W, since the set D = {(i,j) € w?:
i > j} belongs to W ® W and does not belong to Gy (in fact, one can also
give an example of a set belonging to Go \ W ® W).

The next result gives us many more examples of homogeneous ideals.

ProrosiTION 2.9. If T and J are homogeneous ideals then so is T ® J.

PrROOF. Takeany A¢Z® J. Thentheset B={ne€w: A, ¢ J} does
not belong to Z. Define

A= x4, ¢TI0 J.

neB

By Corollary 2.2 it suffices to show that A’ € H(Z ® J).

For each n € B there is a bijection f,: A, — w such that X € J &
X € J|A, for each X C w. There is also a bijection g: B — w such
that X € I & ¢ ![X] € Z|B for each X Cw. Define ¢: A’ — w x w by
o((i,7)) = (9(4), fi(j)) for each (i,5) € A’. Then ¢ is a bijection witnessing
that Z@ J=2Zx J|A. O

REMARK. Let Fin! = Fin and Fin"™! = Fin ® Fin" for all n > 1. By
Example 2.3 and Proposition 2.9 all ideals Fin", for n > 1, are homogeneous.
Note that this fact is also shown in [6, Section 5].

Now we proceed to some applications of our results to topology.
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146 A. KWELA and J. TRYBA

Let Z be an ideal on w. When X is any given topological space, a se-
quence (Tp)new € X is Z-convergent to x € X if

{neA:$n¢U} el

for every open neighborhood U C X, x € U. In a special case, when (z,)new
is a sequence of reals, it is Z-convergent to x € R, if {n € w : |z, — x| > &}
€ 7T for any € > 0. We say that a pair (X,Z), where X is a topological space
and 7 is an ideal on w, has

e BW property, if every sequence (z,)new C X has an Z-convergent
subsequence (2, )peq with A &€ T;

o ['"inBW property, if every sequence (x,)new € X has a convergent
subsequence (2, )peq with A &€ T;

o hBW property, if every sequence (zp)pea C X with A € Z has an
Z-convergent subsequence (x,)nep With B & Z;

e hFinBW property, if every sequence (zp)neca € X with A ¢ 7 has a
convergent subsequence (2, )nep with B & 7.

PROPOSITION 2.10. Suppose that X and Y are topological spaces and T
1$ a homogeneous ideal.

(a) (X,Z) has the BW property if and only if (X,Z) has the hBW prop-
erty;

(b) (X,Z) has the FinBW property if and only if (X,T) has the hFinBW
property;

(c) if both (X,Z) and (Z,T) have the BW property (FinBW property),
then so does (X x Y, T).

PRrROOF. Straightforward. [

REMARK. Proposition 2.10 generalizes results of [5], [9] and [10], where
(a), (b) and (c) were proved for Z =W and Z = H.

3. Maximal ideals

In this section we answer [1, Question 1].

It is easy to see that for any ideal Z and injection f: w — w, if Fix(f)
€ I* then f is bi-Z-invariant. We say that an ideal Z on w satisfies condition
(C1), if the above implication can be reversed, i.e. for any bi-Z-invariant
injection f: w — w we have Fix(f) € Z*. Firstly we answer the first part
of [1, Question 1] about a characterization of the class of ideals satisfying
condition (C1).

THEOREM 3.1. The following are equivalent for any ideal  on w:
(a) Z does not satisfy condition (C1);
(b) there are A, B C w such that ANB ¢ 7T and T|A = TI|B.
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ProoOF. (a) = (b) By the assumption there is a bi-Z-invariant injec-
tion f:w — w such that Fix(f) ¢ Z*. We can assume that flw] & Z (if
flw] € Z, then w = f~Yf[w]] € Z, a contradiction). First we deal with the
case flw] € Z*. Define A =w and B = f[w]. Then AAB ¢7Z and f wit-
nesses that Z|A =Z = Z|B since f is bi-Z-invariant.

Assume now that f[w] € Z*. We inductively pick points a, and b, for
n € w. We start with ag = min(w \ Fix(f)) and by = f(ag). If all a; and by
for k < n are defined, let

pt1 = min(w\ (Fix(f)U{ag: k<n}U{by:k<n}Uf '[{ay: k< n}]))

and by+1 = f(any1). Define A ={a, :n € w} and B = {b, : n € w}. Then
ANB=10. Moreover, AANB ¢€Z. Indeed, if AAB €T then also f~1[A]
€ Z, which contradicts AU BU f~1[A] = w \ Fix(f) ¢ Z. Finally, observe
that f | A is a bijection between A and B witnessing that Z|A = Z|B.

(b) = (a) There is a bijection f: A — B witnessing Z|A = Z|B. Since
AAB¢TZ,either A\B¢&Zor B\ A¢Z. Suppose that A\ B ¢ Z (the other
case is similar). There are two possibilities.

If the set A’ ={a€ A\B: f(a) € B\ A} is not in Z, then define
g:w — w by

f(x), ifxe A,
glz) = q f (@), ifze fIA],
x, if x g AU f[A].

Then g is a bi-Z-invariant injection and Fix(¢) 2 A" ¢ 7.
If the set A" ={a€ A\ B: f(a) € ANB} is not in Z, then define
g:w — w by

f(z), ifae A
g(x) = f~H(x), ifze flA"],
z, if z ¢ A" U fA"].

Then g is a bi-Z-invariant injection and Fix(¢)* 2 A" ¢ Z. O

If 7 and J are two ideals on w then Z& 7 is an ideal on {0, 1} X w consist-
ingofall A C {0,1} xwsuchthat {n € w: (0,n) € A} € Zand{n € w: (1,n)
e Ay e J.

REMARK. From the previous theorem it is easy to see that if some ideal
satisfies condition (C1), then it is anti-homogeneous. On the other hand,
if 7 is any maximal ideal, then the ideal J =Z & Z is anti-homogeneous,
however, it does not satisfy condition (C1). In Theorem 4.8 we construct an
Fys anti-homogeneous ideal not satisfying condition (C1).

Acta Mathematica Hungarica 151, 2017



148 A. KWELA and J. TRYBA

Now we proceed to examples of ideals satisfying condition (C1) (which
are also examples of anti-homogeneous ideals, by the above remark). The
following two examples come from [1], however, we give much simpler proofs.

ExXAMPLE 3.2 cf. [1, Corollary 9]. Let Z be any maximal ideal. Then Z
satisfies condition (C1).

Indeed,if AAB & T, theneither Ac ZTand BeZ*orBeZand A € T*.
But then Z|A and Z|B cannot be isomorphic, since one of those ideals is iso-
morphic to Z, while the second one is isomorphic to P(w).

EXAMPLE 3.3 cf. [1, Example 10]. Let Z and J be two non-isomorphic
maximal ideals. Then the ideal Z & J satisfies condition (C1).

Indeed, suppose that AAB ¢ Z & J for some A, B C w. Without loss
of generality we can assume that AN ({0} xw) € Z but AN ({1} xw) &€ J
and BN ({0} xw) ¢ Z but BN ({1} xw) € J. Then we have (Z@ J)|[A=J
and (Z® J)|B = Z. Hence, Z|A 2% Z|B.

The next example is new and more complicated than the previous ones.
Before presenting it, we need to introduce some notations and notions.

If (Xi)ier is a family of sets, then ), ; X; denotes their disjoint sum,
i.e. the set of all pairs (i,z), where ¢ € I and x € X;. For an ideal J on w
and a sequence (J;),c,, of ideals on w the family of all sets of the form
Y icaBiU Ziew\A w, for A € J* and B; € J;, constitutes a basis of an ideal
on w X w. We denote this ideal by j_ZiGw Ji and call J-Fubini sum of the
ideals (J;)icr-

ExXAMPLE 3.4. Let (J;)icw be a sequence of pairwise non-isomorphic
maximal ideals on w. Then the ideal Z = Fin-)_,  J; satisfies condition
(C1).

Indeed, suppose that there are A, B C w? such that AAB ¢Z and
Z|A=7Z|B. Then A,B ¢ 7T (if A€ Z, then B € Z by Z|A = Z|B, which con-
tradicts AA B ¢ 7). Therefore, the set R={ncw: A, € J'} is infinite.
Let f: A — B be a bijection witnessing that Z|A = Z|B. Define

S = {n eR: Elk(n)ew (f [{n} x An])k(n) < ‘77:(")}

and T'= R\ S. Note that if n # m and n,m € S then k(n) # k(m), because if
k(n) = k(m) for some n,m € w, both (f[{n}xA4,])kn) and (f[{m}xAn])km)
would belong to j]:(n), which contradicts the fact that those sets are disjoint.
There are two possible cases.

Case 1: T ¢ Fin. Then consider f [J;cr({i} x A;)] € Z|B. Let L con-
sist of those [ € w for which infinitely many f[{j} x A4;]’s, for j € T, intersect
{1} x w. Observe that L & Fin and L x w N f| U;er({i} x A;)] € T.

Firstly we will show that the set 7" consisting of those j € T for which
there is some [(j) € L such that (f7'[{l(j)} x wn B]N{j} x 4;); € J} is
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HOMOGENEOUS IDEALS ON COUNTABLE SETS 149

finite. Suppose otherwise and consider the case that there is some [ € L such
that [ = [(j) for infinitely many j € T77. Then X = {i} x wN B € Z|B, but
f7YX] € Z|A, a contradiction. On the other hand, if there is no such [, then
the set

X=J G} xwnB] n{j} x 4;

JEeT”

is such that X ¢ Z|A. However, f[X] € Z|B since

(fIXDi) = U (fH{s"} > Ay]) 1) € i)

{57eT:1()=1()}

for all j € T” (by the fact that j € T') and (f[X]); =0 fori & {i(j): j€T'}.
Again we get a contradiction. Therefore, T” is finite.
Let T\ T’ = {to,t1,...} and L = {lp,ly,...}. Consider the set

X = J (Flts} x 4]\ (0,1, 1} x ).

=)

Then X € Z|B. To get a contradiction we need to show that f~1[X] & Z|A.
Indeed, it follows from the fact that for each i € w we have

XN A = A\ ([ S Y xwn Bl

i<l;

and f~1[{l;} xwN B] € J,,, since t; € T".

Case 2: T € Fin. Then S ¢ Fin. Since AA B ¢ Z, we can pick k(n)’s
in such a way that S'={ne S:n#k(n)} ¢€Fin. Let {so,s1,...} be
an enumeration (without repetitions) of S’. Note that 7, |As, & Js, and
[As,] = Ti(s,) by maximality of all J;’s. Since the ideals (J;)ie. are
pairwise non-isomorphic, for each i € w one can find X,, C A, such that
X, € Ts,|As, but f[{si} x Xs,] & Ti(s)|f[As,] (if for some i there is Yy, C Ay,
such that Yy, & Js,[As, but f[{si} x Ys,] € T(s,)|fAs,] then by the maximal-
ity of J;’s it suffices to take X5, = A, \ Ys,). Define

X = s} x X...

€W

Then obviously X € Z|A. Moreover, f[X] ¢ I|B (since k(s;) # k(s;) for
i # j), a contradiction.

PROBLEM 3.5. Is there a “nice” (for instance Borel or analytic) ideal
satisfying condition (C1)?
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Now we proceed to answering the second part of [1, Question 1] about a
characterization of the class of ideals Z such that for any Z-invariant injec-
tion f: w — w we have either Fix(f) € Z* or flw] € Z.

THEOREM 3.6. The following are equivalent for any ideal T on w:

(a) there is an Z-invariant injection f: w — w with Fix(f) € Z* and
flw] € Z;

(b) there are A, B C w such that B¢Z, AAB¢7T and Z|A C I|B;

(¢) Z is not a mazximal ideal.

PrOOF. (a) = (c) Let Z be a maximal ideal. We will show that Z
does not satisfy condition (a). Suppose that there is an Z-invariant injec-
tion f: w — w with Fix(f) € Z* and flw] € Z. Then C € T and f~1[C] € T*
would contradict f[w] € Z*, so actually f is bi-Z-invariant. But then Z can-
not be maximal by Theorem 3.1 and Example 3.2, a contradiction.

(c) = (b) Take any ideal Z which is not maximal. Assume first that
Z is not dense. Take C' C w such that Z|C = Fin. Let A and B be two
infinite and disjoint subsets of C. Then A and B witness that Z satisfies
condition (b).

Assume now that Z is dense and take A = w and any B ¢ ZUZ*. Then
AN B=B¢T. Define ¢: B— w by f(z) =z for all z € B. Let us recall
that if 77 is a dense ideal, then J; C 75 if and only if there is a 1 — 1 func-
tion f: UJe — UJ such that f~1[A] € J for all A€ J; (cf. [2] or [3]).
Therefore, by the above fact we get that Z|A C Z|B.

(b) = (a) If Z = Fin, then obviously there is an Z-invariant injection
frw— w with Fix(f) ¢ Z* and f[w] € Z (consider for instance the function
given by z +— z + 1 for all z € w). So we can suppose that Z # Fin. Take
an infinite C' € Z. We can assume that (AU B) N C = () (otherwise consider
A'=A\C and B'=B\ ().

We are ready to define the Z-invariant injection f. Let f [ A be equal to
the inverse of the function witnessing that Z|A C Z|B (so we already have
flw] 2 fl[A]=B&Z), f ] (CU(B\A))beany bijection between C U (B \ A)
and C, and f [ (w\ (AU BUC)) be the identity function. Then f is an
Z-invariant injection. Moreover, Fix(f)¢ contains the set AA B ¢ Z. Hence,
Fix(f) ¢ Z*. This finishes the entire proof. [

4. Ideals induced by submeasures

In this section we answer [1, Question 2]. Firstly, we present its context.

A map ¢: P(w) — [0,00] is a submeasure on w if ¢(0) =0 and ¢(A)
< Pp(AUB) < ¢p(A)+ ¢(B) for all A, B Cw. It is lower semicontinuous if
additionally ¢(A) = limy, 0o #(ANA{0,...,n}) for all A Cw. For a lower
semicontinuous submeasure ¢ on w we define

Fin(¢) = { A Cw: ¢(A) is finite},
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Exh(¢) = {A Cw: lim (AN {n,n+1,...}) =0},

An ideal 7 is a P-ideal if for every {X,, : n € w} C T thereis X € 7* with
X N X, finite for all n € w.

For any lower semicontinuous submeasure ¢ on w such that w € Exh(¢),
the ideal Exh(¢) is an F,s P-ideal, while for any lower semicontinuous sub-
measure such that Fin C Fin(¢) and w ¢ Fin(¢), Fin(¢) is an F, ideal con-
taining Exh(¢) [4, Lemma 1.2.2].

PROPOSITION 4.1 [1, Proposition 11]. Let ¢ be a lower semicontinuous
submeasure and f: w — w be an increasing injection such that there is cy > 0
with p(A) > crp(f[A]) for all A Cw. Then f is both Fin(p)-invariant and
Exh(p)-invariant. Moreover, if there is ¢’y > 0 with ¢(A) > c}cp(f‘l[A]) for

all A Cw, then f is both bi-Fin(p)-invariant and bi-Exh(p)-invariant.
Set a function f:w — [0,00) such that » . f(n) = +oo. For A Cw

and an interval I C w we denote Af(I) = > ;4 f(n). Define the summable
ideal associated with f by the formula

Iy= {A Cw: Z f(n)is ﬁnite}

neA

and the Erdds—Ulam ideal associated with f by the formula

. Af[L,n]
=<ACw:l =0y.
Uy ={Acwim ) =0)

Then Z; = Exh(¢) = Fin(¢) for a lower semicontinuous submeasure ¢: P(w)
— [0,00] given by ¢(A) =3 .4 f(n) for all ACw. Hence, Zy is an F,
P-ideal. What is more, EU s = Exh(y) for a lower semicontinuous submea-
sure ¢ : P(w) — [0, 00] given by

Af[l,n]
A) =
for all A C w. Hence, EU is an F,5 P-ideal.

PROPOSITION 4.2 [1, Section 4]. Let g: w — [0,+00) be such that
Y new 9(n) = +oo. Assume additionally that g is nonincreasing. Then every
increasing injection f: w — w is both EU4-invariant and L,-invariant.

The next proposition shows that monotonicity condition imposed on g
is crucial.

PROPOSITION 4.3 [1, Proposition 15]. There are an Erdés—Ulam ideal T
and an increasing injection f: w — w such that neither f nor f~! is I-in-
variant.
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We are ready to formulate the problem. Let g: w — [0,00) be nonde-
creasing. Is it true that the class of all increasing injections f: w — w which
are bi-EU j-invariant equals the class of all increasing injections f: w — w
which are bi-Z(; /4)-invariant?

Note that originally in [1, Question 2] the function g is increasing. How-
ever, in the following considerations it would be clearer to use a nonde-
creasing function instead of an increasing one. We can always modify a
nondecreasing ¢g to an increasing ¢’ > g without changing the original ideal
by making sure that )~ ¢'(n) —g(n) is convergent.

The next theorem shows that the answer is positive in the case of
g(n) =n.

THEOREM 4.4 [1, Corollary 20]. Let f: w — w be an increasing injec-
tion. The following are equivalent:

e f is bi-Ty-invariant;

e d(flw]) > 0;

e there is ¢ € w such that f(n) < Cn for alln > 1;
o [ is bi-Z(y y)-invariant.

We answer the problem in negative.

PROPOSITION 4.5. There is a nondecreasing function g: w — [0,00) such
that the classes of all increasing injections f: w — w which are bi-EU 4-invari-
ant and of all increasing injections f: w — w which are bi-L(y4)-invariant
are not equal.

PrOOF. If g: w — [0,00) is a nondecreasing bounded function, then
EUy =14, while T4 = Fin. Since there are increasing functions that are
not bi-Zy-invariant, the classes of their increasing bi-Z-invariant functions
are different. [J

We can weaken the above property in the following way. We say that
an Erd6és—Ulam ideal Z satisfies condition (C2), if there is a nondecreasing
function g : w — [0,00) such that Z = EU, and the class of all increasing
functions f :w — w which are bi-£U  -invariant equals the class of all in-
creasing injections f : w — w which are bi-Zy /4)-invariant. Is it true that all
Erd6s—Ulam ideals Z satisfy condition (C2)?

We have two counterexamples. The first one, however, is not dense.

PROPOSITION 4.6. There is an Erdds—Ulam ideal which does not satisfy
condition (C2).

PROOF. Let (I)new be a sequence of consecutive intervals such that
|I,| = (2™)! for each n. Denote Z = EU},, where h(k) = (2™)! for all k € I,.

Since all summable ideals defined by monotonic functions are transitive,
the increasing injection f: w — w defined by f(n) =n+ 1, for all n, is bi-
Z(1/4)-invariant for every nondecreasing function g. However, we will show
that this function is not bi-Z-invariant.
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Let A={maxI,: n€w}. Then A€ Z, since for each k€ I, N A we
have

ALE] _ne () e
Lk = (@

))?

(
On the other hand, for k € I,,+; N f[A] we have

FAWLE (@)
wpL k] (@) 4 (2M)?)
Since (((22n),))2 > 22" the right hand side of the above inequality tends to 1.
Thus, f[A] €T and f is not bi-Z-invariant.
To see that Z is not dense, we only need to notice that we have shown
above that h(k)/wp[1, k] does not converge to 0. O

THEOREM 4.7. There is a dense Erdés—Ulam ideal which does not satisfy
condition (C2).

PROOF. Let (ky)new be a sequence defined by kg = 0 and

2CC
k, = min {x Ew: ok > n}

for all n > 0. Define I,, = [2F» 2F»+1) and T = EU},, where h: w — w is given
by h(i) = 2k for all i € I,.
Notice that for i € I,, we have
< < — 0.
wnlLi] = (28)2 = 2k
Therefore, 7 is dense.

For z € R, by [z] we denote the nearest integer to z. Observe that given
any sequence of positive reals (ay)ncw bounded by 1, if A denotes the set
consisting of the first [a,,2%"] elements of each I,,;1, then
(1) Ael < lim a, =0,

n—oo

since
Ap(Iny1) Ay - 2P 2P g ]

wn(ly) ke . (2kwsr —okn) T

while ") < o

Let g: w — [0, 00) be a nondecreasing function such that 7 = €U, and let
J = Z(1/4) be the appropriate summable ideal. Consider sets By, for b € (0, 1]

consisting of the last [b2¥"] elements of each interval I,,. We have two cases:
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1. there is b € (0, 1] such that B, € 7,
2. By ¢ J for all b€ (0,1].
Case 1. Consider the set C' = By € J and define f: w — w by

0, if £ =0,
fx) = { 2knsr, if = min(Z,, N C) for some n,
f(x—1)+1, otherwise.

Observe that f[C] consists of the first [b2¥"] elements of each I,,y1.
Hence, f[C] € Z by (1). On the other hand, S;g:)) < 2, so C € Z. Thus,
f is not bi-Z-invariant.

Since the sequence ( (1n))n€w is nonincreasing and f is increasing, f is

g
obviously J-invariant. We will show that f —1is J-invariant as well. Set
D ¢ J. We only need to see that

1 1 1
2 o) Z 2 gli) ~ 22 (i)

i€ f[D] i€D

since (g(ln))n€w is nonincreasing and ) ..~ g(li) is convergent. Therefore,

f[D] ¢ J whenever D & J.
Case 2. First, observe that for all b € (0, 1] the ratio

(By + ka")g(In+l)
(Bb)g(ln)

has to tend to infinity in order to maintain 7 = £U,. Indeed, if it were
bounded on some subsequence (i,)new, then each set formed of some first
elements of each I; would be in U, if and only if appropriate subset of B,
would be in £U,;. That is not the case for Z, since By, € 7 for all b < 1 while

Unew((BoN 1) 4+ b2%) & T by (1) for all b < 1. Therefore, for all M > 0 and

¢ € (0,1], there is such N € w that for all n > N we have g(mfr(n[;;gkn) > M.

Next we find such a nonincreasing sequence (by,)ne, tending to 0 that
the set B consisting of the last [b,2%"] elements of each interval I,, does not

g(max I,,+b,2%n) for

belong to J while the sequence (M, )nen, where M, = g(max L)

each n € w, tends to infinity.

Due to the Abel-Dini Theorem [8, Theorem 173], which says that
when ) _ x, diverges, then ) (Iﬁnﬁxn)lﬁ converges for all § > 0,
we can find a sequence (¢, )new such that > - c,By4(In) diverges while
Y ncw C"BJIV/[Z(I") converges. To do that, we only need to make sure that

(c1Byg(I1) + -+ + cnBy¢(In))? tends to infinity and is not greater than M,,
at the same time.
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Define the set C' as a union of the first [¢,|B N I,|] elements of each
BNI,. Let f: w— w be given by

0, if £ =0,
f(z) = ¢ 2kn+t 4 1,25 + [(1 — ¢,)|B N L,]], if = min(I,, N C) for some n,
flx—1)+1, otherwise.

Observe that since ) - Cy/g(In) > >, c., cnBi/g(In), the set C' does
not belong to J. Moreover, we can see that

3 SO yler) < 30 e,

new new

thus f[C] € J. Hence, f is not bi-J-invariant.

To show that f is bi-Z-invariant, pick D C w. Both B and f[B] belong
to Z (by (1)), so without loss of generality we may assume that D N B = {).
Firstly, consider the case that D € Z. Tt is easy to see that f[D] € Z, since
for i € DN I, we have f(i) € I, and the function h is constant on I,,. On
the other hand, if D ¢ 7 then there are a > 0 and infinitely many ¢ € w such

that 5}’1[[11;]} > «. Then for such i € I,, we have
f[D]h[1'7 il . Dyll,i — 2b'712k"—1] ol 20 ka1 . ks |
wn(1, 1] wh(1,1] 9kn-1 . (2K — 9kn-1)

To finish the proof it remains to notice that the right hand side of the above
inequality is greater than «/2 for almost all n. Therefore, f[D] ¢ Z. O

We end this section with an example of a “nice” anti-homogeneous ideal.
All examples of anti-homogeneous ideals presented in Section 3 were not
“nice” (i.e. they were not Borel or even analytic). The ideal presented below
is an Erdos—Ulam anti-homogeneous ideal.

THEOREM 4.8. There is an Erdés—Ulam anti-homogeneous ideal.

PROOF. Let (I,)ncw be a family of consecutive intervals such that each
I,, has length n!. Let also (¢y)new be a family of measures on w given by

L ifkel,,

en({k}) = {8“ ithew\ L.

Consider the ideal Z = {A C w : lim; o0 ¢n(A) = 0}. This is a density ideal
(in the sense of Farah, cf. [4, Ch. 1.13]). Moreover, it is an Erdds—Ulam ideal
by [4, Theorem 1.13.3]. We will show that Z is anti-homogeneous.
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Take any B ¢ ZUZ*. Then there are M > 0 and some infinite T’ C w \ M
such that ¢, (B) > 1\14 for all n € T. For each n € T pick A, C I,, N B such
that |A,| = ]’\2' We will show that A =w\ U,er An is not in H(Z). By
Theorem 2.1 it will follow that B¢ ¢ H(Z).

Assume that A € H(Z) and f: w — A is a bijection witnessing it. Denote

wt = U{x €l,: f(x) >maxI,}, w = U{x €1,: f(xr) <minl,},

new new

wT = U{xe[n : f(x) € I, }.

new

Observe that ¢, (w™) = ¢, (w™ N1,) < 2 for each n. Hence, w~ € Z. Note
also that w= C A € T*. Therefore, w' & 7.
On the other hand,

enlt) = (1| U tenwt]) < 2

k<n

for each n. Hence, flw™] € Z which contradicts the fact that f witnesses
A€ H(T). Therefore, A¢ H(Z). O

5. Ideal convergence

In this section we consider ideal convergence and answer [1, Question 3]
and [1, Question 4].

Let Z be an ideal on w. Recall that a sequence of reals (2, )ne, i Z-con-
vergent to v € R, if {n € w: |z, —x| > e} €T for any € > 0. We say that
an ideal Z on w satisfies condition (C3), if for any sequence (x;,)ne, of reals
T-convergence of (Ty)ne, to some z € R implies convergence of (7 f(n))new
to x (in the classical sense) for some bi-Z-invariant injection f. [1, Ques-
tion 3] asks about a characterization of ideals satisfying condition (C3).

It is easy to see that Fin @ P(w) does not satisfy condition (C3).

Recall that an ideal Z is a P-ideal if for every {X,, : n € w} C 7 there is
X € T* with X N X, finite for all n € w. Similarly, Z is a weak P-ideal if for
every {X, :n € w} C T thereis X ¢ Z with X N X,, finite for all n € w.

PROPOSITION 5.1 [1, Proposition 22]. All admissible P-ideals satisfy con-
dition (C3).

PRrROPOSITION 5.2 [1, Proposition 23]. All ideals that are not weak P-
ideals do not satisfy condition (C3).

Now we give a characterization of ideals satisfying condition (C3).
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PRroOPOSITION 5.3. The following are equivalent for any admissible ideal
7 on w:

(a) Z satisfies condition (C3);

(b) for every countable family {A, :n € w} CZ there exists A € H(Z)
such that AN A, is finite for every n € w.

ProoOF. (a) = (b) Pick a countable family {A, : n € w} CZ and sup-
pose that for every A € H(Z) there is some n € w with AN A, infinite.
Consider the sequence (zy,)new defined by

B {]}:, if n € Ap \ U,,<i Am for some k,

Ty = .
0, otherwise.

Then the sequence (zy)new is clearly Z-convergent to 0. However, for every

bi-Z-invariant injection f there is k € w such that flw] N Ay is infinite (since

flw] € H(Z)). Thus, there are infinitely many elements n € w for which x4,

> 1/k. Therefore (zf(n))new is not convergent to 0.

(b) = (a) Let (zn)new be a sequence of reals Z-convergent to some x € R.
Define Ay = {n € w: |z, —z| > ,}. We can find a bi-Z-invariant injection f
such that f[A] N Ay is finite for every k. Then (2 f(,))new is convergent to z.
O

REMARK. An admissible homogeneous ideal satisfies condition (C3) if
and only if it is a weak P-ideal. Moreover, an anti-homogeneous ideal satis-
fies condition (C3) if and only if it is a P-ideal.

Now we move to another problem. It is known that for a sequence of
reals (z,)new and some z € R, if any sequence of indices (ny)ke, contains
a subsequence (ng, )i, such that (zy,, )ie, converges to x, then the whole
sequence (Zp)new converges to x as well. We are interested in ideals for
which the ideal version of the above fact holds. Namely, say that an ideal
7 on w satisfies condition (C4) if for any sequence (zp)neo of reals and
x € R the fact that for every bi-Z-invariant f: w — w there is a bi-Z-invari-
ant g: w — w such that (z4(y(n))) is Z-convergent to x, implies that (z)new
is Z-convergent to x. [1, Question 4] concerns a characterization of ideals
satisfying condition (C4). In [1] it is pointed out that condition (C1) implies
condition (C4).

PROPOSITION 5.4. The following are equivalent for any ideal T on w:
(a) Z satisfies condition (C4);
(b) Z is anti-homogeneous.

PRrROOF. (a) = (b) Suppose that Z is not anti-homogeneous, i.e. there is
A€ H(Z)\Z*. Let g: w— A be an isomorphism witnessing that Z|A = 7.
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Then g is bi-Z-invariant. Define

S 1, ifneA,
"o, ifnew)\ A

Then (2, )new is clearly not Z-convergent. On the other hand, for every bi-
T-invariant f: w — w we have g[f[w]] € A. Thus, (Z4(¢(n)))new is a constant
sequence, hence convergent. A contradiction with the assumption. There-
fore, Z is anti-homogeneous.

(b) = (a) Since Z is anti-homogeneous, for every bi-Z-invariant func-
tions f,g: w — w we have g[f[w]] € Z*. To finish the proof it is sufficient to
observe that if (z,)nea is Z-convergent to x for some A € Z*, then (z,)new
is obviously Z-convergent to x as well. [J

Notice that Z; does not satisfy condition (C4) (since Zy|{0,2,4,...} =
Z4). However, we can change the domain and codomain of g and investigate
a slightly weaker property. We say that an ideal Z on w satisfies condition
(C5), if for any sequence (x,)ncw of reals and x € R the fact that for every
bi-Z-invariant f: w — w there is a bi-Z-invariant ¢g: flw] — flw] such that
(Tg(£(n))) is Z-convergent to x implies that (2, )ne. is Z-convergent to z.

REMARK. Ideal Fin @ P(w) satisfies condition (C5). However, it does
not satisfy condition (C4).

PROPOSITION 5.5. The following are equivalent for any admissible ideal T
on w:

(a) Z satisfies condition (C5);

(b) for every AT UI* there is B € H(T) such that for all C € H(Z)
with C C B we have ANC ¢ T.

ProOF. (a) = (b) Suppose that there is A ¢ Z UZ* such that for each
B € H(Z) thereis C' € H(Z) with C C B and ANC € Z. Define

— 1, ifneA,
"o, ifncw)\A.

Then clearly (,)new is not Z-convergent. On the other hand, let f: w — w
be any bi-Z-invariant function and denote B = f[w]. By our assumption
there is C € H(Z) with C C Band ANC €. Let g: B — B be a bi-Z-in-
variant function such that g[B] = C. Observe that (z4(¢(n)))new is Z-con-
vergent to 0, since ANC € Z. A contradiction with the assumption that 7
satisfies condition (C5).

(b) = (a) Suppose that Z does not satisfy condition (C5) and let (zy,)new
be such a sequence of reals that for any bi-Z-invariant f: w — w there is a
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bi-Z-invariant g: flw] — f[w] such that (24(f(n)))new is Z-convergent to z,
but it is not Z-convergent to x. Then there is an € > 0 such that A = {n
Cw:le, —z| >} ETUT

By our assumption there is B € H(Z) such that for all C € H(Z) with
CCB we have ANC¢Z. Let f: w— w be a bi-Z-invariant function
witnessing that B € H(Z), i.e. f[w] = B. Then for every bi-Z-invariant
g: B — Bwehave g[BlNA¢Z. Thus, {n € g[B]: |x,—x|>¢c} &¢Z. There-
fore, (mg(f(n)))ne(u is not Z-convergent to x, a contradiction. Hence, Z satis-
fies condition (C5).

REMARK. Note that all homogeneous and anti-homogeneous ideals sat-
isfy condition (C5).

We will show that the ideal Z; does not satisfy condition (C5). We need
the following fact.

THEOREM 5.6. Let A € H(Zy) and {ag,a; ...} be an increasing enumer-

ation of A. Then the function f: w — A given by fa(n) = a, witnesses that
T4|lA =TIy

PROOF. Suppose that f(n) = a, is not an isomorphism between Z;|A
and Z;. Let g: w — A be such an isomorphism. Since every increasing func-
tion is Zy-invariant, there is B € Z; such that f[B] € Zy. Let {bg,b1,...} be
an increasing enumeration of B.

We define inductively sets B,, for n € w. Let By consist of elements b?
such that b3 = min{z € w\ B : 2 > by} and

b?:min{mew\B:m>b?_1 A x>bi}
for all i > 0. Then f[By] € Z; as well. Suppose now that By, By, ..., By_1
are already constructed. Let

bg :min{x eEw\(BUByU:---UBy_1):2 > bg_l}
and
b?:min{xEw\(BUBOU---UBn_l):x>b?‘1 A 3:>b?_1}
for all i > 0. Let B,, consist of all b} for i € w. It is easy to see that f[B,]
e1y.

Define intervals I,, = {227,22" +1,...,2?"*2 — 1} for all n € w. Since

B & T4, there are M > 0 and infinitely many such n € w that |B|’?RI‘"‘ > ]\1/[

Therefore, there is some k € w such that I,, C BUBgU---U By, for infinitely
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many n € w (not necessarily the same as above). Let C be the union of those
I,,’s and define

C~ = U {ceC:cel, N f(minl,) <g(c) < f(maxI,)},

new

Ct = U {ceC:cel, N g(c)> f(max1,)},
new

™ = U {ceC:cel, N g(c)< f(minl,)}.
necw

Observe that f[C] € Z;. Hence, g[C~] belongs to Z;. Moreover,
lg[Ct]Nn| < |f[C]Nn| for all n > f(minC),

so g[C"] belongs to Z; as well. Thus, CT UC= € Z,.

On the other hand, if C' D I,, for some n then ‘(C\‘CI:J)OI"' > 2/3, since
| 1| = 3| Uk<p k|, hence ‘C‘}C("‘ <1/3. Thus, C'\ C~ & Z,, a contradiction.
U

COROLLARY 5.7. For any B Cw we have B € H(Zy) if and only if
d(B) > 0.

Proor. It follows from Theorems 5.6 and 4.4. O

PROBLEM 5.8. Characterize ideals Z such that for any A € H(Z) the
function f4: w — A given by fa(n) = ay, where {ag,a; ...} is an increasing
enumeration of A, witnesses that Z|A = 7.

PROPOSITION 5.9. The ideal Z; does not satisfy condition (C5).

ProoF. Pick A ¢ Z; such that d(A) = 0. For every B € H(Z;) we have
d(B\ A) > 0, since d(B) > 0 (by Corollary 5.7) and d(B) < d(A) +d(B\ A).
Thus, there is a set C = B\ A C B which is in H(Zy) (by Corollary 5.7)
while CNA=0€eZ, O
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