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Abstract. Recently, Kérus [7] studied the A%-strong convergence of numer-
ical sequences. By using the idea of this paper, we introduce [1\27 F, u, p]-strongly
convergent sequence spaces defined by a sequence of modulus functions. We also
make an effort to study some inclusion relations, topological and geometric prop-
erties of these spaces. Some characterizations for strong convergent sequences are
given. Finally, we study statistical convergence over these spaces and problems
related to Fourier series.

1. Introduction

Let w be the set of all real or complex sequences and I, ¢ and ¢, re-
spectively be the Banach spaces of bounded, convergent and null sequences
x = (z1), normed by |z| = supy, |xk|, where k € N, the set of positive inte-
gers. Mursaleen and Noman [9] introduced the notion of A-convergent and
A-bounded sequences. Let A = {\;}32, be a strictly increasing sequence of
positive real numbers tending to infinity. A sequence x = (z) € w is said to
be A-convergent to the number L and called the A-limit of x if A,,(z) — L
as m — 0o, where
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STRONGLY CONVERGENT SEQUENCES 397

A sequence z = (z1) € w is A-bounded if sup,, |An,(x)| < co. It is well known
[9] that if lim,, x,, = a in the ordinary sense of convergence, then

lim (;m <§(Ak — Ne)|zn — a\>> 0.

This implies that

. 1 &
1%|Am(m)—a|:1%n‘%kz_oxk—xk )z — a)

=0,

which gives that lim,, A,,(z) = a and we say x = (z1) is A-convergent to a.
Here and in the sequel, we shall use the convention that any term with a
negative subscript is equal to zero, that is, A_; = x_1 = 0.
In [7] Kérus gave a new appropriate definition for the A2-strong conver-
gence by generalizing the original A-strong convergence concept given by
Méricz [11].

Let A ={\;:k=0,1,...} be a non-decreasing sequence of positive num-
bers tending to infinity. A sequence (zj) of complex numbers converges
A%-strongly to a complex number z if

linLn A(z) — 2 = nh_{go )\ln Z | Az — @) = Mp—a(zp—o — 2)| =0,
k=
with the argument \_1 = A o =x_1 =2_5=0.

A function f: [0,00) — [0,00) is said to be modulus if it satisfy the fol-
lowing:

(1) f(z) =0 if and only if x = 0,

(2) flx+y) < flx)+ fy), for all z,y >0,

(3) f is increasing,

(4) f is right continuous at 0.

Since |f(x) — f(y)| < f(Jx — y|), it follows from condition (4) that f is
continuous on [0,00). The modulus function may be bounded or unbounded.
For example, if we take f(x)= »y1> then f is bounded but if we choose
f(x) =2P,0 < p <1 then f is unbounded.

Let X be a linear metric space. A function p: X — R is called para-
norm, if

(1) p(x) >0 for all z € X,

(2) p(—z) = p(x) for all x € X,
(3) p(z +y) < p(z) + p(y) for all 7,y € X,

(4) if (A\,) is a sequence of scalars with A\, = X as n — oo and (z,,) is a
sequence of vectors with p(z, —z) — 0 as n — oo, then p(A,x, — Az) — 0
as n — o00.
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A paranorm p for which p(z) = 0 implies z = 0 is called total paranorm
and the pair (X, p) is called a total paranormed space. It is well known that
the metric of any linear metric space is given by some total paranorm (see
[20], Theorem 10.4.2, p. 183). For more details about sequence spaces (see
[1,10,12-16]) and references therein.

Let F = (f) be a sequence of modulus functions, p = (px) be a bounded
sequence of positive real numbers and u = (uy) be a sequence of strictly pos-
itive real numbers. Let A = {\;} be a non-decreasing sequence of positive
numbers tending to infinity. In the present paper we define the following
classes of sequences:

[A2,F,u7p] = {33 = ((L‘k) :

[ fi (| Mk (2 — @) = Mp—a(2p—2 —2)[) [P =0 asn — oo},

and

n

[urfr (M — Ar—amr—al) |7 < oo}.

[A27F7u7p]oo = {33 = (x) : SlYJLp )\1n 2

Let us consider a few special cases of the above classes of sequences.
If F(z) =z, then the sequences [A% F,u,p|, [A%, F,u,plo and [A2, F,u,p|eo
reduces to [A?,u,p], [A%,u,plo and [A% u,pls as follows:

[A?,u,p] = {x = (xp) :

n

1 k
A [ (| Mk (zh — @) = Mp—a(zro — 2)[) ] =0 asn—>oo},
" k=0
[A2,u,p]0 = {17 = (l’k) :
R o
A [ur (I Mexr — Ap—2a—2]) " =0 asn— oo}
" k=0
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STRONGLY CONVERGENT SEQUENCES 399

and
[A2 u p]oo = {SL‘ = (xk) . sup 1 Xn: [uk(|)\kwk - )\k_ka_2|)]pk < OO}
) ) n An kzo

If pr. = 1 for all k£ € N, we shall write above sequences as

[A%, Fu] = {x = (xp) :
)\1 Zukfk(\)\k(l’k —x) = Moz —2)|) =0 asn— OO},
" k=0

1
[A2’F, u]o = {2? = (l’k) : A, kz_oukfk“)\ka?k — /\k_g.”L‘k_QD =0 asn— OO}

and

1 n
(A2 Fuloo = {33 = (xk) : sup A, kz_oukfk(\)\kxk — Mp—2Tp_a|) < OO}-

n

The following inequality will be used throughout the paper. If 0 < h = infj, pi
< pp <supg pr = H, K = max{1,2771}, then

(1.1) |lag + b [P* < K{|ag|P* + |bg[P* }

for all k € N and ay, by € C. Also |a[P* < max{1, |a|} for all a € C.

The main objective of this paper is to introduce the concept of strongly
convergent sequences using modulus function and to construct some new
sequence spaces. We also make an effort to study some topological properties
and prove some inclusion relations between these sequence spaces. Finally,
by using the concept of strong convergence we study statistical convergence
and results related to Fourier series.

2. Main results

THEOREM 2.1. Let F' = (fx) be a sequence of modulus functions, p = (py)
be a bounded sequence of positive real numbers and u = (uy) be a sequence
of strictly positive real numbers. Then the sequence spaces [AQ,F,u, D),
[A2, F,u,plg and [A%, F,u,p|s are linear over the complex field C.

PROOF. Suppose z = (x3,) and y = (yx) € [A?, F,u, ploo. Then
1 — i
sup ];) [wn fro (| Aewr — Ap—2zr—2]) |7 < 00
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and

1 “
sup. | Z [ fo ([ My — Me—2yi—2]) |7 < o0.

For «, 8 € C, then there exist integers M, and Ns such that |a| < M, and
|B] < Ng. Using inequality (1.1) and definition of modulus function, we have

e ‘
sup | Z [urfi (la(Akzk — Me—22k—2) + BAkyr — Me—2vr—2)]) | **
"7 k=0
< sup Z [k fr (JoeNezk — Ar—2mr—2)]) + wrfie (1B(Neyk — Ar—2p—2)])]""

" k=0
1 n
< K(Mo)" Sup A, kZ:O [wn fro (| Aeze — Ap—ozp—a]) | ™"

n

1

+ K(NB)Hsup
n )\n

[r fr ([ My — Mo—2yi—2]) |7 < o0,
k=0

This proves that [A%, F,u, p|s is a linear space. Similarly, we can prove that
[A2, F,u,p| and [A%, F,u,p|o are linear spaces. [

THEOREM 2.2. Let F' = (fi) be a sequence of modulus functions, p = (py)
be a bounded sequence of positive real numbers and u = (u) a sequence of
strictly positive real numbers. Then [A%, F,u,plo is a paranormed space with
paranorm

1 n 1/M
g(z) = SUP{)\ Z [ fre (| Meze — Ap—2mp—2]) | pk} )

where H = supy, pr, < 0o and M = max{1, H}.

PrOOF. Clearly, g(z) = g(—z), © =60 implies (|A\gzr — A\g_2xk_2|) =0
and fi(0) =0, where 6 is the zero sequence. Therefore, g(f) = 0. Since
pr/M <1 and M > 1, using the Minkowski’s inequality and definition of
modulus function, we have

1 n . 1/M
{)\ S [unfe(IAkzr — Me—azo—a| + Motk — M—atr—2l) | }
" k=0

n

] 1M
< {A Z [ fe (| Akar — Me—2@r—2]) + wr fi (1 Aeyn — Ae—2yk—2|) | pk}
" k=0
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o LM
< {)\ Z [ukfk(|)\k$k - /\k—2wk—2|)] }

" k=0

1 - Pk LM
+{)\ Z[’U«kfk(‘)‘kyk_)\k—2yk—2‘)] } '

" k=0

Now, it follows that g is subadditive. Finally, we prove that the scalar mul-

tiplication is continuous. Let p be any complex number. By definition of
F = (fx), we have

n 1M
g(px) = sup {)\1 Z [ukfk(|u()\kxk - )\k—233k—2)|) } pk} < Kf/Mg(x),
n n 10

where K, is an integer such that |u| < K. Let u — 0 for any fixed z with
g(x) = 0. By definition for |u| < 1, we have

(2.1) )\1 Z [ukfk(|()\kazk — )\k_gxk_g)D]pk <e formn > N(s)
" k=0

Also for 1 <n < N, taking p small enough, since F' = (fi) is continuous, we
have

1 n
(2.2) An kZ:O [wr iz — Ap—ap—)] ™ <e.

Equations (2.1) and (2.2) together imply that g(uxz) — 0 as g — 0. This
completes the proof of the theorem. [

THEOREM 2.3. Suppose F' = (f), F' = (f}.), F" = (f}]) are sequences of
modulus functions, p = (p) is a bounded sequence of positive real numbers,
u = (ug) is a sequence of strictly positive real numbers and 0 < h = infy py
< pr <supgpx = H < o0o. Then

(i) [AQ,F’,u,p]O g [A27FOF/7U7P]07
(11) [AzaF/7u7p]0 N [A2,F”,U,p]0 g [AQ’F/ +F”,U,p]0.

PRrOOF. (i) Let x € [A2, F', u,plo. Then, we have

1 « ‘
A Z [ukfk(p\kxk — )\k_ka_2|)] P _ 0.
" k=0
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Let € > 0 and choose § > 0 with 0 < 6 < 1 such that fi(t) <e for 0 <t <9.
We write yi = [ug f1, (| \e@r — Ag—2xk—2])] and let us consider

n

S Ul =D el + ) [fr(ue))?

k=0 1

where the first summation is over y; < § and the second over y; > §. Since
F = (fx) is continuous, we have

1 . H
(2.3) A 21 [fr(yi)Pr <e
and for y; > §, we use the fact that
Yk Yk
< <1 .
Yk 5 = + 5

By definition of modulus function, we have for y, >0, fu(yr) < 2fp(1)%
Hence,

n

1 _ 1
(2.4) \ > [felyn)lP < max (1, (2f(1)5HH) \ > Iyl
o9 ™ k=0
So by equations (2.3) and (2.4), we have [A2, F u,plo S [A?, F o F', u,p|o.
(i) Let = € [A2, F' u,plo N [A%, F” u,plg. Then using inequality (1.1) it
can be shown that = € [A%, F' + F”,u, plo. Hence,

[A27F/>uap]0 N [A2>F”>uap]0 g [A27F/+F”7u7p]0' U

COROLLARY 2.4. Suppose F = (fi), F' = (f1.), F" = (f}!) are sequences
of modulus functions, p = (px) is a bounded sequence of positive real numbers
and u = (ug) is a sequence of strictly positive real numbers. Then

(i) [A%, F' u,p] S [A%, F o F' u,pl,

(i) [A%, ' u,p] N[A2, F" u,p] S [A%, F' + F" u,p],

(iii) [A2, F', u,ploo S [A%, F o F', u, ploo,

(iv) [A% F' u,ploo N [AQ,F”7u7p]oo C AL F + F' u,plo

PROOF. It is easy to prove by using Theorem 2.3, so we omit the details.
O

THEOREM 2.5. Let F' = (f) be a sequence of modulus functions. Then
for any two sequences p = (px) and t = (tx) of strictly positive real numbers,
we have

(i) [A2, F,u,plo N[A% F,u,t]y # ¢,
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(ii) [A2, F,u,p] N[A% F,u,t] # ¢,
(iii) [A2, F,u, ploo N [A2, Fyu, t]oo # @.

PROOF. (i) Since the zero element belongs to [A%, F u,plo and [A%,F u,t]o,
thus the intersection is non-empty. Similarly, we can prove (ii) and (iii). O

PROPOSITION 2.6. Let F = (fx) be a sequence of modulus functions,
p = (pr) be a bounded sequence of positive real numbers and u = (uy) be
a sequence of strictly positive real numbers. Then, we have

(1) [Azauap]o g [AzaFauap]07
(i) [A%,u,p] S [A®, F,u,p],
(lll) [A27u7p]00 g [A2,F,U,p]oo.

ProoF. It is obvious, so we omit the details. [

THEOREM 2.7. Let 0 < pr <71 and (;:) be bounded, then [A?, F,u,r]
g [Az,F,’U,,p].

PRrROOF. Let x € [A2,F,U,T’], tp = [ukfk()\k(azk — ."L‘) - )\k_g(mk_g - ."L‘))]r"
and p = (f:) for all £k € N so that 0 < p < pg < 1. Define the sequence
(vg) and (wy) as follows: For ¢, > 1, let v = t; and wy, = 0 and for t < 1,
let vy =0 and wg = tx. Then, clearly for all k € N, we have t; = v + wy,
tZ’“ = vﬁ’“ + wg’“, vﬁ’“ < <t and wZ’“ < wz. Therefore,

NDILZEIND SUTH N T
" k=0 " k=0 " k=0

Hence, = € [A2, F,u, p]. Thus, [A2, F,u,r] S [A2, F,u,p]. This completes the
proof of the theorem. [

We now turn to the characterizing of strongly convergent series.

Let F' = (fx) be a sequence of modulus functions, p = (px) be a bounded
sequence of positive real numbers and u = (ug) be a sequence of strictly
positive real numbers. Let A = (\g) be a non-decreasing sequence of positive
numbers tending to infinity. A sequence (z) of complex numbers is said to
converge strongly to a complex number z if

n

lim )\1n Z [ukfk(|)\k(xk — .T) - )\k_Q(.Tk_Q — .T)D ] Pr — 0,

n—00
k=0

with the agreement A1 = A _o=2_1=2_9=0.

LEMMA 2.8. Let F = (fi) be a sequence of modulus functions, p = (pi)
be a bounded sequence of positive real numbers and u = (ux) be a sequence
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of strictly positive real numbers. Then a sequence (xy) of complex numbers
converges strongly to a number x if and only if
(i) F(zy) converges to F(x) in the ordinary sense; and
n

(ii) lim )\l Z [ukfk()\k_ﬂ(lj‘k — .Tk_gmpk =0.
n—,oo 'n k=2
PrOOF. The representation

Moz — ) — Mg—o(@p—2 — @) = (Mg — Mp—2) (z — @) + Mo (x) — Tp—2)
implies both

n

; [wn fro ([ M(zr — ) — Ap—a(zp—e — 2)|) |7
" k=0

< )\1n Z [’U«kfk(()\k — XMe—2)|Tk — x‘) } Pk

k=0
1 & P
+ \ [ukfk(/\k—2|93k - fEkz—2|)}
" k=2
and
1O P
\ [ukfk()\k—ﬂﬂ?k —xk—2|)]

+ )il Z [kak(()\k - )\k_2)‘xk _ x|)]Pk

" k=0

By using these inequalities together with the fact that F'(xy) converging to
F(x), we have

lim )iln Z [ukfk(()\k — )\k-Q)‘(L‘k — (L‘|) ] Pr _ .

n—00
k=0

Hence, we get the necessity and sufficiency of both (i) and (ii). O

LEMMA 2.9. Let F = (fy) be a sequence of modulus functions, p = (px)
be a bounded sequence of positive real numbers and u = (ux) be a sequence
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of strictly positive real numbers. Then a sequence (xy) of complex numbers
converges strongly to a number x if and only if
(i) F(on) = Aln > [uk fe (A — Ag—2)zk)]P* converges to F(x) in the
0<k<n
2ln—k
ordinary sense and

(ﬁ) lim Xi E:[Ukj%(Ak_Q‘xk —-xk_gDP% =0.
n—o00 =2

PRrROOF. Clearly,

Flan) = Flow) = 37 [uefi( O = Aea)n —22) ]

0<k<n
2Tn—k
1 k k
=\ Z [(Ak = Ak—2)]” Z [ur fr(z; — z5-2)]"
" 0<k<n k+2<j<n
2ln—k 2ln—j
1
=\ [ur fr(ws — - a)P* Y [ = Me2)]™
2<55<n 0Sk<j—2
2ln—j 2ln—k
1 .
= D [ufi(Nale; —2-2))]"
" 2550
2ln—j

Hence,

n

limsup | F(z,) — F(oy)| < 1imsup)\1 Z [ug fo(Ap—2|zi — 2p—2]) |7~

n—oo n—oo
" k=2

According to Lemma 2.8, for the necessity part, it is easy to see that
lim,, F'(0,,) = F(x) which comes from the above inequality, condition (ii)
of this lemma and lim,, F'(z,,) = F(x). For the sufficient part, we only need
lim,, F'(x,) = F(z) which also comes from the above inequality, condition (ii)
of this lemma and lim,, F'(o,,) = F(z). O

3. Statistical convergence

The concept of statistical convergence was introduced by Fast [3] and
Schoenberg [18] independently. Over the years and under different names,
statistical convergence has been discussed in the theory of Fourier analysis,
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ergodic theory and number theory. Later on it was investigated from the se-
quence space point of view and linked with summability theory by Fridy [4],
Connor [2], Salat [17], Mursaleen [8], Fridy and Orhan [5] and many others.
The notion of statistical convergence depends on the density of subsets of N.
A subset E of N is said to have density 0(E) if

IE JﬂonZXE

exists, where x g is the characteristic function of E.
A sequence x = (xy) is said to be statistically convergent to L if for every
e >0,

lim ‘{k<n lze — L| > €}| =0,

n—oo N
In this case, we write S-limy x;, = L or  — L (.S). The set of all statistical
convergent sequences is denoted by S.

DEFINITION 3.1. A sequence x = () is said to be [A?, F, u, p]-statisti-
cally convergent to z if for any ¢ > 0,

lim
n—o0 \p,

{k‘ <n: | [ukfk()\k(:zk —x) — Ap—o(Tp—2 — ZE))] pk| > 5}‘ =0,

where the vertical bars indicate the number of elements in the closed set. In
this case, we write S-limg AZ (z) = z and the set of all statistically convergent
sequences is denoted by S (Az)

THEOREM 3.2. Let F' = (fi) be a sequence of modulus functions, p = (px)
be a bounded sequence of positive real numbers and u = (ux) be a sequence
of strictly positive real numbers and sup,pr = H < 0o. Then [A?, F,u,p]

C (S(A%).

PROOF. Let z € [A%, F,u,p]. Take ¢ > 0, >, denote the sum over k <n
with
(] [urefeOe (2 — 2) — Mo (2p—a — 2))]7*]) > €
and ), denote the sum over k < n with

(| [un SOk — 2) = Mp—a(zh0 — 2))]™*]) <e.

Then

n

>\1 [unfe (1M (zr — @) — M2 (w2 — 2)]) |**
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— o (3, T el = ) = Meafan—z = ) ™

+ > [ fu(n(an — 2) = M@z — x))]pk)
> )\1” Zl [un fr (1M (zp — 2) — M2 (wp—2 — 2)[) | ™"

> Aln 21 [urfr(e)]"* > Aln Z1min ([un fr()]" [un fr(2)]7)

Aln {k <n: | [uefeAr(zr — 2) — Mz (ap—2 — 2))] | > 6}‘

X min ([ukfk(z—:)]h, [ukfk(e)]H) .
Hence, z € (S(A?)). O

THEOREM 3.3. Let F = (fy) be a bounded sequence of modulus func-
tions, p = (pr) be a bounded sequence of positive real numbers and u = (uy) be

a sequence of strictly positive real numbers and 0 < infy pp < pr < supy pr =
H < co. Then (S(A?)) C [A2, F,u,p].

PROOF. Suppose that F' = (f;) be bounded. For given € > 0, denote
>, and >, the same as in the proof of Theorem 3.2. Since F' = (f;) be
bounded there exists an integer M such that fi(z) < M for all x > 0. Then

)\1 > lurfe (I — 2) = Moo (@p—n — 2)]) |

" k=0

< Aln (21 [wn fro (M (2 — 2) — Ap—a(ap—o — 2)|) | 7"

+ 22 [kak(\)\k(xk —x) — Mp_o(Tp_o — x)mpk)

1 1 ) .
< A, Zl max(M", M7 + N 22 [ fx(€)] ™ < max(M™", MH)

An
X ‘{k‘ <n | [urfr(Ar(ze — 1) = Mp—a(zp—2 — 2)) | 7| > 6}‘
+ max ([ugfu(e)]", [urfi(e)]7) .
Hence, x € [A%, F,u,p]. O
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408 K. RAJ and C. SHARMA

4. Results for Fourier series

In this section by using the concept of strongly convergence we shall
show some results related to Fourier series. The space of all 27 periodic
complex-valued continuous functions is a Banach space endowed with the
norm || f||¢ = max; |f(t)| and is denoted by C. Let

(4.1) ;ao(f)—1—2(ak(f)coskt—i-bk(f)sinkt)
k=1

be the Fourier series of f € C' and denote by si(f) the k-th partial sum of

the series (4.1). We shall denote by Ugy p, Ay p and S(A%up) respectively

the classes of functions f € C' whose Fourier series converges uniformly, ab-

solutely and strongly on [0,27). In other words, a function f € S (A%u o) if
. 1O Pr
(4.2) lim \ > lure(Me(se(f) = F) = Me—a(se—2(f) = PI) ] = 0.
" k=0 c

and A1 = Ao =2x_1 =x_3 =0. The space Ur,, is a Banach space with
the norm

1 flUe, = sup | [urfr(se ()] o

and the space Af,, ), is also a Banach space with the norm

||fHAF,u,p =

o Lk fiellao(HD]™ + 37 [unfic(law(1)] + u(HI) 7
k=1

One can easily prove that Up,, and A, , are Banach spaces. We shall give

the proof only for § (A%’%p) in the next theorem. Now, we define the norm

n

& 3 [l (Masi() = D) = Nealse-2(5) — D)™

" k=0

9

C

1f1ls(az,,,) = sup
n

“P

which is finite for every f € S (A%’%p). By using triangle inequality, we have

Ifllsaz

F'u.p

Z wefie (e (s (f) = ) = M—a(sia(f) = HI) ]

" k=

<||fllc + sup ‘
n C
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and this sup is due to equation (4.2). The norm inequalities corresponding
to in [11, equation (3.6)] are
(4.3) 1 lUews < W fllsaz.,,) < 20 Ak,

F,u,p

which implies that Ap,, ), C S(A2

F,u,p) - UF,%P :

LEMMA 4.1. Let F = (fx) be a sequence of modulus functions, p = (px)
be a bounded sequence of positive real numbers and u = (uy) be a sequence
of strictly positive real numbers. Then f € S(A% ., ) if and only if

Flu,
() tim 5(/) — fllc =0 and ’

(ii) hlgﬂ H;}n kzz [kak()\k_2|ak(f) coskt + bi(f) sinkt|) ] Peil — .

C

PRrooOF. It follows from Lemma 2.8, so we omit it. [
Let

n

> lunfe((k = X—2)sk(H)) 1P (R=0,1,...).

™ k=0

1

4.4 w(f) =
(14) o) =,

LEMMA 4.2. Let F = (fy) be a sequence of modulus functions, p = (px)
be a bounded sequence of positive real numbers and u = (uy) be a sequence of
strictly positive real numbers. Then f € S(A%. ) if and only if

Fu,p
(i) lim lok(f) — fllc =0 and

=0.

(i) tim | 52 [unfi(alan(f) coskt + by(f)simbtl) ||
k=2

THEOREM 4.3. The set S(A2

Fup) endowed with norm

n

3 L M) = ) = Mealon2(H) — 1)) ]

™ k=0

F,u,p

1 fllsaz,, y=sup
n c

is a Banach space.

PROOF. The only thing we have to prove is completeness. For this, let
{sj}j>1 be a Cauchy sequence in the norm | -[|s(az, ). Then by equa-
tion (4.3), {s;} is a Cauchy sequence in the norm || - ||¢7,., , as well so there
exists a sequence s € S(A%’%p) such that lim;_, ||s; — ||, = 0.

Now, we show that s € S(A?2

F’%p). Suppose € > 0, then by assumption
there exists v = v(e) such that

(4.5) [sj = sillsaz, ) <e foralli,j>w.
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Let s; ={sjr:k=0,1,...} and s ={s,: k=0,1,...}. We shall fix i,n.
Similarly by equation (4.3), we have

(4.6) )\1 > Lurfe(Ik(sin = sk) — Me—2(sj0—2) — s—2)]) ] **
" k=0

1 « .
< lsj — SHUF,M,A Z [wr fre (A + Ap—2)] ™ < e,
™ k=0

provided j is large enough, due to lim;_, ||s; — 5|, = 0. Here j depends
on n and € and assume that j > v. Applying triangle inequality by taking
equations (4.5) and (4.6) into account we obtain that

)\1 Z [wn i (| A (85 — Sk) — Me—2(8j(k—2) — sk—2)|) ] 7"
™ k=0

Pk

1
< N Ln fr (| Me(sjk — Sik) — Me—2(Sj(h—2) — Sik—2))|) |

[k fie(| Me(sik — k) — Ae—a(Sige—2) — sk—2)|) ] ™"

< llsj = sills@ag,.,) += = 22,

for j > v. Since this hold for any n > 0, by definition [|s; — sillsaz,, ) < 2¢
for j > v. This proves lim; o ||s; — slls(az, ) =0and s € S(A%u’p) which
completes the proof. [J

The next result indicates that strong convergence exhibits some of the
characteristics of absolute values. Such fact is provided in [11] and [19].

LEMMA 4.4. Let F = (fi) be a sequence of modulus functions, p = (px)
be a bounded sequence of positive real numbers and u = (uy) be a sequence of
strictly positive real numbers. If a trigonometric series

Z(ak cos kt + by, sin kt)
k=1

converges strongly for t belonging to a set of positive measure or of second
category, then

n

1 — “
lim A, kz_2 [k fro(Au—2(ax| + [bg])) ] 7 = 0.
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