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Abstract. This is an ultimate completion of our earlier paper [3] where
mapping properties of several fundamental harmonic analysis operators in the
setting of symmetrized Jacobi trigonometric expansions were investigated under
certain restrictions on the underlying parameters of type. In the present article we
take advantage of very recent results due to Nowak, Sjogren and Szarek to fully
release those restrictions, and also to provide shorter and more transparent proofs
of the previous restricted results. Moreover, we also study mapping properties of
analogous operators in the parallel context of symmetrized Jacobi function expan-
sions. Furthermore, as a consequence of our main results we conclude some new
results related to the classical non-symmetrized Jacobi polynomial and function
expansions.

1. Introduction

In [11] Nowak and Stempak postulated a unified conjugacy scheme in
the context of general orthogonal expansions related to a second order dif-
ferential operator, a ‘Laplacian’. Later the same authors in [12] proposed a
symmetrization procedure pertaining to the theory of [11] that allowed them
to overcome the lack of symmetry in a decomposition of the related Lapla-
cian and, consequently, eliminate substantial deviations from the classical
theory. It was shown in [12] that the symmetrization is reasonable as far as
L? theory is concerned. However, the question of validity from the LP the-
ory perspective was left open, being practically impossible to be answered
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on the assumed level of generality. Thus a natural problem arose, namely to
test LP flavor of the symmetrization in selected concrete, possibly classical
contexts.

To a large extent, this motivated our paper [3] where the symmetrization
was applied in the framework of Jacobi trigonometric polynomial expansions.
More precisely, we proved that fundamental harmonic analysis operators
in the Jacobi symmetrized setting, including Riesz transforms, Littlewood—
Paley—Stein type square functions, Jacobi—Poisson semigroup maximal op-
erator and certain spectral multipliers, are bounded on weighted LP spaces
and are of weighted weak type (1,1). Analogous results in the original non-
symmetrized Jacobi context were obtained earlier by Nowak and Sjogren [§],
by means of the Calderén—Zygmund theory. The results of [3] heavily depend
on the techniques developed in [8] and, consequently, inherit the restriction
a, 3 > —1/2 on the Jacobi parameters of type. The reason of this restriction
in [8] was the lack of suitable integral representation of the Jacobi-Poisson
kernel for other values of o and S.

The latter obstacle was recently overcome by Nowak, Sjogren and Szarek
[10]. The authors established an integral formula for the Jacobi-Poisson ker-
nel valid for all admissible «, 8 > —1. This new general formula is essentially
more complicated comparing to the one from [8] (actually, it contains the
one from [8] as a special case), nevertheless it turned out to be suitable for
developing methods parallel to those from [8] and then proving weighted LP
boundedness of several fundamental harmonic analysis operators. In fact,
[10] offers some new ideas and improvements which, in particular, simplify
and clarify the earlier analysis in the restricted case «, 5 > —1/2.

The main purpose of the present paper is to take advantage of [10] in
order to remove the restriction on o and /3 imposed in [3], see Theorem 3.1,
and also to provide shorter and more transparent proofs of the main results
from [3]. All this completes the research undertaken in [3].

Another aim of this work is to examine an alternative Jacobi sym-
metrized setting, this time originating from the discrete system of Jacobi
trigonometric functions rather than polynomials. Sobolev and potential
spaces in this symmetrized context were investigated recently by the author
in [6]. Here we focus on weighted LP mapping properties of the fundamen-
tal harmonic analysis operators mentioned above. It occurs that weighted
LP boundedness of these operators, see Theorem 3.7, can be concluded in a
rather straightforward manner from the analogous results in the symmetrized
Jacobi polynomial setting.

We point out that analysis in Jacobi settings received a considerable
attention in recent years, see for instance [1-10,13] and numerous other ref-
erences given in these articles. In particular, mapping properties of harmonic
analysis operators in the classical (non-symmetrized) discrete Jacobi polyno-
mial and function contexts were extensively studied. Our present results in
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the symmetrized Jacobi settings also contribute to the latter line of research
since they imply new mapping properties in the non-symmetrized Jacobi
contexts, see Propositions 3.9 and 3.10 and the accompanying comments in
Section 3.3.

The paper is organized as follows. The remaining part of this section de-
scribes the notation used throughout the paper. In Section 2 we introduce
the Jacobi settings to be investigated and the associated basic notions. Sec-
tion 3 contains statements of the main results. These are either immediately
justified or their proofs are reduced to certain kernel estimates. The lat-
ter are technically involved and their proofs require some preparation that
is done in Section 4. After that, in Section 5, we finally prove the kernel
estimates.

Notation. We always assume that «, 5 > —1, unless explicitly stated
otherwise. Let

0

sin cos

2

Throughout the paper we use fairly standard notation, with all sym-
bols referring either to the metric measure spaces ((—7,7), ita,3,| - |) and
((=m,m),db,|-]) or to their subspaces ((0,7‘1’),,&;5,| -]) and ((0,m),db,|- 1),
depending on the context. Here the measure p, 5 on the interval (—m,7) is
given by

w8 (g) = a+1/2< 9>,3+1/2'

dpta,5(0) = [©P(6)]* b,

and u; s s the restriction of pq g to the interval (0,7). All the measures
appearing above are doubling, hence the four metric measure spaces are ac-
tually spaces of homogeneous type.

For any function f on (—m,7), by f* we mean its restriction to (0, ).
Further, f denotes the reflection of f, i.e. f(8) = f(—6), and feven and foqq
the even and odd parts of f, respectively,

fevenzé(f_‘_f% foddzé(f_f)-

By (f,9)du. , we mean ["_ f(0)g(0)dpq,p(0) whenever the integral makes
dut Analogously, (f,g) stands for the L?

scalar product with respect to the Lebesgue measure in (—m, ) or (0,7),
depending on the context. Weighted LP spaces with respect to jio g or ul’ s

sense, and similarly for (f,g)

will be written as LP(w dpq,g) and LP(w d,uzﬁ), respectively, w being a non-

negative weight. We simply write LP(w) when the underlying measure is the
Lebesgue measure in (—m,7) or (0, ).
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The Muckenhoupt classes of A, weights related to the measures p, g and
115, 5 will be denoted by A%P and (ASP)F, respectively (see e.g. [3, Section 1]
for the definitions). Note that a double power even weight w, s defined by

w L \I/r—l/2,5—1/2
r,s +—

belongs to Aff’ﬁ for a fixed 1 < p < oo if and only if
—(2a42)<r<(2a+2)(p—1)and — (28+2) <s< (28+2)(p—1),

with the upper inequalities weakened in case p = 1. For our purposes, we
also define classes of double power even weights B, B , 1 <p< oo, by the
requirement that w, s € BZO,"B if and only if W,y (a41/2)(p—2),s4+(8+1/2)(p—2) €
AZO,"B . Thus

BS"B = {w,«,s —l—(a+12)p<r<p—1+4+(a+1/2)p

and —1—(B+1/2)p<s<p-—1+(8+1/2)p}

with the upper inequalities weakened in case p = 1. Observe that B, B # 0

and the trivial weight wo o = 1 belongs to Bg’ﬁ if and only if o, § > —1/2 or
min(a, 8) < —1/2 and p is restricted by the condition —min(a, 8) —1/2 <
1/p < min(e, B) + 3/2.

While writing estimates, we will frequently use the notation X <Y to
indicate that X < C'Y with a positive constant C' independent of significant
quantities. We shall write X ~ Y when simultaneously X <Y and YV < X.

2. Preliminaries

In this section we briefly describe the Jacobi settings we investigate.
For the facts we present and also for further details concerning the non-
symmetrized Jacobi contexts the reader is referred, for instance, to [8] and
[4,13]. In case of the symmetrized settings we refer to the author’s papers
[3,6].

2.1. Non-symmetrized Jacobi settings. Let PP denote the clas-
sical Jacobi polynomials. It is natural and convenient to apply the trigono-
metric parametrization z = cos 6 and consider the normalized trigonometric
polynomials

(1) Pb(0) = P PP (cosh),
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where c%’ﬁ > () are suitable normalizing constants. It is well known that the
system { Py Bip > 0} is an orthonormal basis in L?(dp 5). Moreover, P B
are eigenfunctions of the Jacobi differential operator

?  a—f+(a+pB+1)cosb d

a7/B
462 sin 6 g9 T

(2) Ja,p = —

being
jaﬂfpgﬂ — )\gﬂfpgﬁ’ n >0,
where the eigenvalues are given by
11\ 2
/\gﬁ:(n—i—a—i_g—i_ ), n > 0.
The decomposition
Too = 0% 56 + A7,

determines a natural derivative § associated with 7, 3. Here

d . d
L
and &7, 5 is the formal adjoint of ¢ in L2(d,u;r’ﬁ). Notice that § # —d7, 5 in
general.
The system of Jacobi functions arises by adjusting the system of Jacobi
trigonometric polynomials so that the orthogonality measure is the Lebesgue
measure df in (0, 7). Thus the Jacobi functions are given by

—(a—l—;)cotg—i-(ﬂ—i-;)tang

(3) ¢g75 — \Ija7BPTOLl7B’ n 2 0’

and the resulting system {gbﬁ’ﬁ :n > 0} constitutes an orthonormal basis in

L?(df). Moreover, each ¢ is an cigenfunction of another Jacobi differen-
tial operator

> 1—-40®> 1-4p2

L = — — — ,
B df?  16sin2 g 16 cos? g

the corresponding eigenvalue being again 2P We note that L, g admits
the decomposition

Lag =D} 3Dag+ A",
where
d 2a+1 0 2841 6 d
— — t t D! s=Dysg—2
I et R S ap = Paf = 2 g
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are the first order derivative naturally associated with L, g and its formal
adjoint in L?(df), respectively.

Observe that the Laplacians in the two Jacobi frameworks are conju-
gated via the identity L, (WP f) = ¥*A 7, s5f, for suitable f. Similar re-
lations hold for the derivatives and many other operators emerging from 7, g
and L g.

2.2. Symmetrized Jacobi polynomial setting. This framework is
related to the larger interval'! (—m,7) and emerges from applying the sym-
metrization procedure proposed in [12] to the system of Jacobi trigonometric
polynomials. The symmetrized Jacobi operator J, g is given by

(a+pB+1)+ (a— ) cost
sin? 6

Japf =Tapf+ fodd »

where J, g is naturally extended to (—m,7) by (2). This operator can be
decomposed as

Ja,ﬁ = _Di,ﬁ + )\8‘76’
with the derivative D, g given by

df+a—ﬁ+(a+ﬁ+l)6059

]Daﬁf = do <in 0 fodd-

It is remarkable that D, g is formally skew-adjoint in Lz(duaﬁ).

The orthonormal and complete in L2(dua”3) system {@%’6 :m > 0} asso-
ciated with J, g is defined as

a7B
1 [P (0), n even,
(5) 27 (0) = AP
V2 ; sm977(nt11’)6/;1(9), n odd,
where 73;:’6 are extended to even functions on (—m,7) by (1). Each %7 is
an eigenfunction of J, g, we have

Jos®0? = X000f n >0,

with the notation

<n>:Ln+1J:maX{k€Z:k§

n+1}
5 .

! Formally, the space is the union (—m,0) U (0, 7). However, usually we will identify it with
the interval (—, ), since for the aspects of the theory we are interested in, such as LP inequalities,
the single point 6 = 0 is negligible. This remark concerns also the symmetrized function setting
discussed in the next subsection.
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Thus J, 5, considered initially on C2((—m,7)\ {0}), has a natural self-adjoint
extension in L?(dpa,g), still denoted by J, g and given by

(6) Japf = ZWf, BY o, B

on the domain Dom J, g cons1st1ng of all functions f € L?*(duy ) for which
the defining series converges in L? (dite,p). Clearly, the spectral decomposi-
tion of J, g is given by (6).

The semigroup of operators generated by the square root of J, g will be

denoted by {H*’}. We have, for f € L?(dpqg) and t > 0,
(1) HRPf = exp (= ty/Tap ) f = D exp (=100 ) (1, 239,057,
n=0

the convergence being in L?*(dus ). In fact, for ¢t > 0 the last series con-
verges pointwise for any f € LP(wdpq,g), w € A,o,"ﬁ, 1 <p<oo, and de-
fines a smooth function of (¢,0) € (0,00) x (—m,m); see [3, Section 2]. Thus
(7) can be regarded as the definition of {H*"},50 on the weighted spaces

LP(wdpie g), w € Af,"ﬁ, 1 < p < co. The integral representation of {H?”B}Do,
valid on the weighted LP spaces mentioned above, is

HP £ (6) = / HOP(0,0) f(0) dpaple), 6 € (—mim), £ >0,

with the symmetrized Jacobi—Poisson kernel

~Sew (=t ) 290237 ().
n=0

The last series converges absolutely and defines a smooth function of (¢, 6, ¢)
€ (0,00) x (—m,m)>.

The central objects of our study are the following linear or sublinear
operators associated with J, g.

(i) Symmetrized Riesz—Jacobi transforms of orders N = 1,2,...

—N/2
aﬁf Z /f’q)gﬁ> uaBD (I)gﬂ'

(ii) Multipliers of Laplace and Laplace—Stieltjes transform type

M 18) = Y m (/A ) (B8, B

n=0
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Where cither m(z) = my(2) = [y ze #¢(t) dt with ¢ € L= (R, dt) or m(z) =
fR e t? dl/ With v being a signed or complex Borel measure on
R+ = (0 oo) whose total variation satisfies

(8) /R exp (= 13 ) dlw(t) < o0

(iii) The symmetrized Jacobi-Poisson semigroup maximal operator

HP1(0) = || H7£0) Loo(Ry dt)’ 0 & (—mm).

(iv) Symmetrized mixed square functions of arbitrary orders M, N
; MmN
Gy (H)O) = | DY P F0)| o, osrsom gy 0 € (),

where M, N =0,1,2,... and M + N > 0.

The operators R?V’B and M%;” are well defined and bounded on L? (dita,p)-
In case of M%jﬁ this follows from Plancherel’s theorem and the boundedness
of m. The case of the Riesz transforms is covered by [12, Proposition 4.4].
We note that if « + 5 = —1 then 0 = )\8"’8 is the eigenvalue of J, 3 and we
actually need to interpret the series defining R?\,’B as the sum over n > 1, in
view of the identity ]]])aﬁCI)S‘”B = 0. As for the remaining operators H? and
G%}’B > their definitions are understood pointwise and make sense for gen-
eral f € LP(wdpap), W € AZO,"B, 1 < p < o0, since, for such f, H?’Bf(ﬂ) is a
smooth function of (¢,6) € (0,00) x (—m, 7).

In the definitions of R N’B and G ]V’[B ~ we use the non-local operator D, g
instead of the seemingly more natural ordinary derivative §. This is because
Dy g, in contrast with 9, is formally skew-adjoint in Lz(dum 3) and it provides
a (symmetric) decomposition of J 3. Moreover, it gives rise to a conjugacy

scheme that is very close to the classical one. For a thorough discussion
clarifying the relevance of the choice of D, 3 we refer the reader to [12].

2.3. Symmetrized Jacobi function setting. This context emerges
from applying the symmetrization procedure from [12] to the system of
Jacobi functions. The extended measure space is (—m,7) equipped with
Lebesgue measure df. We arrive at the symmetrized Laplacian

2
LO‘?B = _:[DOI,B + )\8767
where the associated derivative is given by
df 20+ 1 0 26+1
Doypf = ( g Oty oyt
with D, g and D}, 5 given on (—m,7) by (4).

0\ ; *
2)f = Da,ﬁfeven - Da,ﬁfodda
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The orthonormal basis in L?*(df) of eigenfunctions of L, g is {onr
n > 0},

a’ﬁ
0ub(0) = | {%2(9) n even,

V2 sign(9)<ba+1’ﬁ+1( 0), n odd,

(n—1)/2
where (;5%,6 are even functions on (—, ) given by (3) and implicitly by (1).
The corresponding eigenvalues are /\?n)ﬁ )

LosO5" = 2000, n>o.

Consequently, L, g has a natural self-adjoint extension from C?((—m, )\
{0}) to L?(—m,7), still denoted by L, g, whose spectral decomposition is
given by the O see (6).

The semigroup of operators generated by the square root of L, g is de-
noted by {H?B} For f € L*(—m,m) and ¢ > 0 one has

9)  Hf=exp(—tVLaF) = exp ( - tw?;;f ) TACEESICHES
n=0

with the convergence in L?(—m, 7). Moreover, for ¢ >0 the last series
converges pointwise on (—m,7)\ {0} and defines a smooth function of
(t,0) € (0,00) x [(—m,m) \ {0}] provided that f € LP(w), 1 <p < oo, and
w = wys is an even double power weight satisfying r <p—14 (o +1/2)p
and s <p— 14 (8+ 1/2)p, with the last two inequalities weakened in case
p = 1; see [6, Section 4] and [4, Section 2], and also [13, Section 2], for the
relevant arguments. This means, in particular, that (9) defines H?”B f,t>0,
on LP(w), w € Bg”B, 1<p<oo.

As in the previous symmetrized setting, we consider the following oper-
ators related to L, g.

(i) Symmetrized Riesz—Jacobi transforms of orders N = 1,2,...

-N a N o
f Z /2 fv @n7B>Da,ﬁ®n7B‘

(ii) Multipliers of Laplace and Laplace—Stieltjes transform type

My, £(0) = i m(\25 ) en%en,

n=0

where m = mg or m = m,,, with my and m, as in Section 2.2.
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(iii) The symmetrized Jacobi-Poisson semigroup maximal operator

HF0) = |EFO) | o 0 € (—mom) \ {O).

(iv) Symmetrized mixed square functions of arbitrary orders M, N

a,f N o,
GM,N(f)(H) = H azg\/[]D)a,ﬁHt f(e)H L2(R, t2M+2N -1 dt)) NS (_7T7 7T) \ {0}7

where M, N =0,1,2,... and M + N > 0.

The operators R%ﬁ and M:{B are well defined on L?(—m, ), by [12,
Proposition 4.4] and Plancherel’s theorem, respectively (in case a + = —1

the bottom eigenvalue is 0 and a proper interpretation of R(]lv’ﬁ is needed, see
the case of R})‘V’ﬁ ). The definitions of Hf’ﬂ and Gi‘fN are understood point-
wise for any f € LP(w), w € By B , 1 < p < oco. This indeed makes sense since,
for such f, Hta’ﬁf(H) is a smooth function of (¢,0) € (0,00) x [(—m, ) \ {0}].

The following final observations are in order. The two symmetrized Ja-
cobi settings are conjugated by means of ¥®?. We have

Log(W*P f) = 0P, of

for suitable f and analogous relations hold for the operators (i)—(iv). This
allows us to transmit certain mapping properties of the relevant operators
between the two frameworks, see Section 3.2 below. Moreover, the non-
symmetrized settings, viz. those related to (0, 7), are naturally embedded in
the corresponding symmetrized ones. Consequently, essentially any results
in the spirit of this paper in the symmetrized situations can be projected
suitably (by restricting them to even functions) onto the non-symmetrized
frameworks. Some new results following from this transference are presented
in Section 3.3.

3. Main results

In this section we state the main results of the paper. For clarity and the
reader’s convenience, we arrange them into three subsections corresponding
to the two symmetrized Jacobi contexts, and the non-symmetrized situa-
tions.

3.1. Results in the symmetrized Jacobi polynomial setting.
The theorem below is the principal result of the paper, since most of our
results in the other settings can be viewed as its consequences.
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THEOREM 3.1. Let o, > —1 and w be an even weight on (—m, ).
Then the maximal operator Hf and the square functions GM Ny M,N =
0,1,2,..., M+ N >0, are bounded on LP(wdp,p), w € Agﬁ, 1<p<oo
and from L*(w dpa,g) to weak L' (wdpg ), w € A?”B. Furthermore, the Riesz
transforms R%’B, N =1,2,... and the multipliers M?‘,{ﬁ extend uniquely to
bounded linear operators on LP(wdpag), w € Af,"ﬁ, 1<p<oo and from
LY (wdpgg) to weak LY (wdpag), w € ASP

Following [3], we now outline a reduction of the proof of Theorem 3.1
that allows us to approach the problem by means of the powerful Calderén—
Zygmund theory. Then the main difficulty will be showing suitable kernel
estimates, a tricky technical task to which we devote Section 5. In the first
step, proving Theorem 3.1 is reduced to showing analogous mapping prop-
erties for suitably defined ‘restricted’ operators related to the smaller space
((0,m), “2,57 | - |). This proceeds as follows.

Using (5) we decompose

Hta’ﬁ (0,¢ Z exp ( — t\/)\O"B)PQ BOYPP (o)

213 sin @ sin ¢ Zexp ( t\/)\nﬂ>pa+1,,8+1(9)7)3+1,ﬁ+1((p)

HP(0,0) + H (0, ).

The restriction of Hta’ﬁ(Q,cp) to 6, € (0,7) coincides, up to the factor
1/2, with the standard (non-symmetrized) Jacobi-Poisson kernel related to

Ja,p and studied recently in [8-10]. Furthermore, since each Py A is an

even function on (—m,m), we see that Hta’ﬁ(ﬁ,gp) and ]Tlta’ﬁ(H,cp) are even

and odd, respectively, functions both of 6§ and ¢. Notice also that, since

1,6+1
)\gﬂ = )\a+ PHL e have

~ 1
Hf"ﬁ(ﬁ,cp) =4 sinf sin H* 6“(9,(,0).

Using the sharp description of the Jacobi—Poisson kernel obtained in [9, The-
orem A.1] and [10, Theorem 6.1] it is straightforward to see that Hta’ﬁ(H, ®)
is controlled pointwise by H;' B 4, ¢),

(10) | B2 (0,0)| S HYP(0,¢),  0,p€ (—m,m), t>0.
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Next, we consider the operators acting on L? (al,u;r 6) and defined by

o0
HOPY+f = Zexp ( - t\/A%ﬁ ) (250 4 @5,

for ¢ > 0. Similarly as in the case of Hf’ﬁ, the series defining (Hta"B)Jr
and (H™?)T converge pointwise for any f € LP(w duy ), w e (AP T
1 < p < o0, and give rise to smooth functions of (¢,6) € (0,00) x (0,7). The
integral representations of (H, HMPy+ )t and ( B+ )t are

(HP)E1(0) / H2(0,0) f(9) dpt 5(0),

(H ) £(6) /H’ﬁ )F(0)disf ().
Denote

SR = ... 567, 655 5 SRt =0 655 5995,
~
N components N components

with the natural convention for the case N = 0. These derivatives corre-
spond to the action of ]D)g 5 on even and odd functions, respectively. In
particular,

DY o f = (—1)V/2GG fopen + (1)L 2D 50dd g

We take this opportunity to clarify certain issue that occurred in our pre-
vious article [3]. Namely, in [3, p. 260, line-5] the factors (—1)LV/2) and
(—1)LV+D/2] coming from the above decomposition of Dé\{ 5 are missing.
This does not affect the line of reasoning in any manner, however some iden-
tities are valid only up to a sign. This remark concerns [3, Corollary 3.2]
and following it [3, Proof of Proposition 2.4].

Now we are ready to define the ‘restricted’ operators we need:

(i)
(RY)TF =D 0P N2(f,050) 0 057050, f e LP(dug ),

n=1
’6 +f Z n+l N/2 f @2n+l> - 5Odd@2n+l7 feLQ(dM;;ﬁ)’
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(i)
o
(Mror[z’ﬁ)—i_f = Z (\/)\ 76) f> 2n >d,u+ (I)2n? f € Lz(du(—;/j)a

(MaP)Tf = Zm<\/)‘gf1> {f, q)2n+l>d : (I)zn+1= e L¥(dug ),

(iii)

(H22)T£O) = | (HEPY £ O 1 g,y
(H2P)F 1 (0) _H ’6 INIC) HL°° (R ,dt)’
(iv)
(G T (1)) = ([0 67 (H )T FO)| o, o von 1 ary
(@) T (NO) = [0 55 T O o, sy

The proof of Theorem 3.1 reduces to showing the following statement,
see [3, Section 2] for the details.

THEOREM 3.2. Let «, > —1. Then the operators
(HEPYE, (HSP)T, (G0 T, (G2, MUN =0,1,2,..., M+ N >0,

are bounded on Lp(wdu;rﬁ), w e (AYP)F 1 < p < oo, and from L*(w d,u;'ﬁ)
to weak L'(wdp], 5), w € (APY+. Furthermore, the operators

(B (RY'YE N =120, (ME)F, (M5%)*

)

extend uniquely to bounded linear operators on LP(w d,u;rﬁ) w e (Ap Byt

1 <p< oo, and from L' (wdu 5) to weak LYwdp? 5)WE (AT ’6)

A part of Theorem 3.2 is covered by the existing literature. More pre-

cisely, (H®?)* and (M%) + were proved to possess the desired boundedness
properties in [10, Corollary 5.2], and (R%ﬁ )t was treated in [2, Proposition
3.7] (here we implicitly identify these ‘restricted’ operators with the cor-
responding operators in the non-symmetrized Jacobi polynomial setting).
a’ﬁ
*

)

Moreover, in view of (10), the mapping properties of (Hy"")" in question

imply the same mapping properties for (f[f‘ B )*. Therefore, to prove Theo-
rem 3.2 it remains to deal with (R%ﬁ)ﬂ (M3P)+, (Gﬁ‘fN)* and (Gﬁ‘fN)*.

Finally, we remark that Theorem 3.2 was stated and justified in [3] under
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the restriction «, 8 > —1/2. Here, apart from extending that result, we take
the opportunity to simplify and shorten the reasoning given in [3] by means
of the techniques elaborated recently in [10].

The part of Theorem 3.2 that needs to be proved is a consequence of

a more general result stated below. In case of (é?\‘,ﬁ )T and (Mf,fbﬁ )t this
claim follows directly from the general Calderén—Zygmund theory for spaces

of homogeneous type. The implication in case of (G})\‘f )T and (é})\‘f N
is easily justified by arguments analogous to those given in the proof of [8,

Corollary 2.5]. Notice that (Gﬁ‘f v) and (éﬁ‘f )T are not linear, but can
be naturally interpreted as vector-valued linear operators taking values in

the Banach space L2(R,,t?M+2N=1q¢),
THEOREM 3.3. Assume that o, > —1. The operator s (ﬁ?{,’ﬁ)Jr, N =

1,2,... and (M%’B)Jr are Calderon—Zygmund operators in the sense of
the space of homogeneous type ((O,W),d,u;rﬁ,\ ). Further, the operators

(G?\}’?N)Jr and (é%’[’i\,)ﬂ M,N=0,1,2,..., M+ N >0, viewed as vector-
valued linear operators, are Calderén—Zygmund operators, in the sense of

the same space of homogeneous type, associated with the Banach space
L2(R+, t2M+2N-1 dt)

The proof of Theorem 3.3 splits naturally into showing the following
three results. The first two of them are essentially contained in [3].

PROPOSITION 3.4. Let «, 3 > —1. The operators (E?{,’B)Jﬂ N=12,...,
(M"Y, (G397 and (G, M,N=0,1,2,..., M+N >0, are
bounded on L2(du;’ 5). In particular, the operators

(G, (G, MUN=0,1,2,..., M+ N >0,

viewed as vector-valued linear operators, are bounded from LQ(d;L;r ,3) to the
Bochner—Lebesgue space L%Z(R+’t2M+2N,ldt) (d,u;r’ﬁ).

ProoF. It suffices to observe that all the arguments given in the proof
of [3, Proposition 2.4] remain valid for the full range o, > —1. O

For 6, ¢ € (0,7) define the kernels
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Here and elsewhere the derivatives 63" and 5]‘\),dd act always on the 0 vari-
able. The next result establishes the weak association (see [3, p. 262]) of the
operators in question with the corresponding integral kernels.

PROPOSITION 3.5. Let o, 3 > —1. The operators (ﬁ%ﬁ)ﬂ N=1,2,...

and (Mfﬁﬁ)* are associated in the Calderon—Zygmund theory sense with the
following scalar-valued kernels:

(R ~ RGP(0,0), (M%) ~ M2P(8, ),

where Mﬁ{ﬁ(ﬁ,cp) is equal either to Mg’ﬁ(ﬁ,cp) or Mf"ﬁ(ﬁ,@), depend-
ing on whether m = mg or m = m,, respectively. Further, the operators
(Gﬁ‘/’lﬂN)Jr, (Gﬁ‘/’lﬂN)Jr, M,N =0,1,2,..., M+ N >0, viewed as vector-valued

linear operators, are associated with the following kernels taking values in
L2 (R-H $2M+2N-1 dt):

(G2 T ~ AN H (0, 0) o, (Gyiw) T ~ {0MORMH P (9, 0) beso-

PROOF. When «, 8 > —1/2, this is contained in [3, Proposition 2.5]. It
is enough to notice that the proof given in [3] works in fact for all o, 5 > —1,
provided that we combine it with Proposition 3.4 and the estimates obtained
independently in Section 5 below. [

In order to complete the proof of Theorem 3.3 we must show that the
kernels in question satisfy the so-called standard estimates, see (11)-(14) in
Section 5. This is contained in the next statement.

THEOREM 3.6. Assume that o, 8 > —1. The scalar-valued kernels from
Proposition 3.5 satisfy the standard estimates (11) and (14) with B = C.
The vector-valued kernels from Proposition 3.5 satisfy the standard estimates
(11) and (14) with B = L?(R ., t2M+2N=1q¢),

The proof of Theorem 3.6 requires an involved analysis and is given in
Section 5.

3.2. Results in the symmetrized Jacobi function setting. We
now state a counterpart of Theorem 3.1 in the symmetrized Jacobi function
context. Actually, it is a consequence of Theorem 3.1 obtained by means of
the already announced transference, see the end of Section 2. For the sake
of clarity, we restrict here to even double power weights, since this class is
invariant under multiplication by powers of ¥*#. Nevertheless, Theorem 3.1
combined with the transference method allows one to conclude results with
more general weights as well. This is left to interested readers.
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THEOREM 3.7. Let o, > —1 and 1 < p < co. Then the maximal oper-
ator Hf’ﬁ and the square functions G?(/’[?N, M,N=0,1,2,..., M+ N >0,

are bounded on LP(w), w € Bg’ﬁ. Furthermore, the Riesz transforms R%ﬁ,

N =1,2,... and the multipliers Mg{ﬁ extend uniquely to bounded linear op-
erators on LP(w), w € BY".

ProOF. Consider first Hf”B. Observe that
Y f = woPHSA (g0 b0 ),

This relation, combined in a straightforward manner with Theorem 3.1 spec-
ified to p > 1 and even double power weights in Ag"’B , implies weighted

LP-boundedness for HS’B with weights belonging to By B

The other operators are treated similarly. The only difference is that

in the cases of R(]lv’ﬁ and M;’B one shows the desired weighted boundedness

on the linear span of the ows , n >0, and then uses a density argument to
extend it to the whole LP(w). O

We remark that the weak type boundedness results contained in The-
orem 3.1 and corresponding to the case p =1 cannot be transferred in a
similar spirit to the present context. On the other hand, it is perhaps of
interest to specify Theorem 3.7 to the unweighted situation. Notice that a
restriction on p comes into play when a or f is less than —1/2, and this
is due to the so-called pencil phenomenon occurring in the Jacobi function
settings, see [4-6].

COROLLARY 3.8. Let o, > —1 and 1 <p < oo. Then the operators
from Theorem 3.7 are bounded on LP(—m,7) or extend to such operators
provided that either a, 3 > —1/2 or min(a, 5) < —1/2 and p is restricted by
the condition

1 1 3
—min(q, §) — 5 < ) < min(a, 8) + o

Finally, we note that Theorem 3.7 generalizes [6, Lemma 3.6], where

R%ﬁ, N=1,2,...,a+ B # —1, were proved to be bounded on unweighted L?
by completely different methods.

3.3. Results in the non-symmetrized Jacobi settings. In this
subsection we gather new results in the non-symmetrized Jacobi situations,
most of which can be seen as consequences of Theorems 3.1 and 3.7.

Let {H} h }>0 be the Jacobi-Poisson semigroup corresponding to the
polynomial system { Py’ P > 0}. This semigroup and objects based upon it
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were investigated in [2,5,7,8,10], among others. In particular, various square

functions involving {H,;' B } were studied in these papers. Here we consider
another square function, defined via the interlaced higher-order derivatives
SN =...086, 500, 50 (N components).

ProposiTiON 3.9. Let o, > —1. Then, for each M, N =0,1,2,...
such that M + N > 0, the square function

f — H 8y5ﬁ’enﬂf’ﬁfu L2(R, £2M+2N -1 dt)

is bounded on LP(wdu g), w € (ASPY*F 1 < p < o0, and from L (w dpsg, 5)
to weak L'(wduf 5), w € (ALY,

PRrROOF. It is enough to observe that the square function defined in
Proposition 3.9 is, up to the factor 1/2, the ‘restricted’ operator (G%’BN)JF.
Thus the conclusion follows immediately from Theorem 3.2. [

Alternatively, to prove Proposition 3.9 one could argue via Theorem 3.1
by considering the action of G%’B  on even functions.
We now pass to the less explored non-symmetrized Jacobi function set-

ting. Let {H, ”B}t>0 be the Jacobi-Poisson semigroup in this context, see
Sections 2 in [4,5]. We have

17 = S (= 030 (.80,
n=0

the series being convergent pointwise on (0,7) and defining a smooth func-
tion of (¢,0) € (0,00) x (0,7) provided that f € LP(w) for some 1 < p < 0o
and w = w,s is a double power weight on (0,7) satisfying r <p—1+
(¢ +1/2)pand s <p—1+ (B +1/2)p, with the last two inequalities weak-
ened in case p =1; see [13, Proposition 3.1]. Further, we set D" =
- Da gD}, 3Da,gD}, 3Da s (N components).

We consider the following operators related to the system {qb%’ﬁ :n >0}
on (0,7).
(a) The Riesz—Jacobi transforms of orders N =1,2,...

Fr= Y 0Py N ¢00 DY so?, f € LP(0,7).

n=1

(b) The interlaced Riesz—Jacobi transforms of orders NV =1,2, ...

Fr= D 0Py NR(f g0\ DRl f e L2(0,m).

n=1
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(c) Multipliers of Laplace and Laplace—Stieltjes transform type

fros Z (Vse?)ronhen®, e 2o,

where m = mg or m = m,,, with mg and m,, as in Section 2.2.
(d) The Jacobi-Poisson semigroup maximal operator

a,B
f— |1, fHLOO(R+,dt)'

(e) Mixed square functions of arbitrary orders M, N

fr—= HayDé\fﬁHtaﬁfHL2(R+,t2M+2N—1dt)’

where M, N =0,1,2,... and M + N > 0.
(f) Interlaced mixed square functions of arbitrary orders M, N

o O DR M | g vy
where M, N =0,1,2,... and M + N > 0.

The operators in (a)—(c) are well defined in L?(0, ), with the series being
convergent there. The remaining operators are well defined pointwise for
f € LP(w), where 1 < p < oo and w is any weight from (BZO,"E)JF. The latter
class consists of restrictions of weights w, s in By # to the interval (0,7), so
the definition in terms of ranges of  and s remains the same.

PropoOSITION 3.10. Let o, > —1 and 1 < p < oco. Then the operators
(d)—(f) are bounded on LP(w), w € (BZO,"B)JF. Further, the operators (a)—(c)
extend uniquely to bounded linear operators on LP(w), w € (BZO,"B)JF.

PROOF. Because of a transference argument analogous to that from the
proof of Theorem 3.7, see the comment at the end of Section 2.1, it is suf-
ficient to check that the counterparts of the operators (a)—(f) in the Jacobi
polynomial setting are (or extend to) bounded operators on LP(w d,u;r’ﬁ),

w e (AS"B)JF, 1 <p<oo. This, in turn, is done with the aid of the al-
ready known results. Indeed, counterparts of (a) and (c)—(e) related to

{PF . n > 0} are covered by [10, Corollary 5.2], the counterpart of (b) is
taken care of by [2, Proposition 3.7], and finally, in case of (f), Proposition 3.9
does the job. O

Alternatively (but less directly), to prove Proposition 3.10 in cases of
(b)—(d) and (f) one could argue by means of Theorem 3.7, restricting the
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action of the operators appearing there to even functions. We leave details
to interested readers.

We point out that LP-boundedness of some of the operators in Propo-
sition 3.10 was studied earlier. In particular, double power weighted LP-
boundedness of the first order Riesz—Jacobi transform, (a) with N = 1, was
obtained in [13, Theorem 4.3] by means of Muckenhoupt’s general multiplier-
transplantation theorem. Unweighted LP-boundedness of the interlaced
Riesz—Jacobi transforms (b) and the maximal operator (d) was shown in
[4, Proposition 4.2] and [4, Proposition 2.2], respectively. We also mention
that [4] contains LP results for variants of Riesz—Jacobi transforms that are
different from the operators in (a) and (b), and in [5] one can find LP results
for variants of square functions different from those in (e) and (f). Weighted
LP boundedness results for the variants just mentioned were obtained re-
cently in [1], though under the restriction a, f > —1/2.

4. Preparatory results

In this section we collect some technical results that will be needed in
the proof of Theorem 3.6. Some of these results are taken from other papers,
nevertheless we state them here for the sake of the reader’s convenience.

We point out that a crucial role in our developments is played by tech-
nical results from [10]. There the authors established an integral formula
for the Jacobi—Poisson kernel that is valid for the full range of parameters
a,f > —1, extending an analogous result from [8] burdened by the restric-
tion o, 8 > —1/2. The representation of the Jacobi—Poisson kernel enabled
the authors of [8,10] to elaborate concise and elegant techniques of estimat-
ing integral kernels of various harmonic analysis operators. We will take
advantage of these methods in Section 5.

In the sequel we shall use the notation from [10]. Thus N = {0,1,2,...},
dIl, and dIl, i are certain measures we do not need to define explicitly
here (see [10] for the definitions) and ¢ is a function of 6, € (0,7) and u, v
€ [-1,1] valued in [0, 2] (in particular, non-negative and bounded) and given
by

@ o ¢

0
q(0,0,u,v) = l—usinzsin o T UCOS, COS .

For the sake of brevity we shall omit the arguments and write shortly

q:=q(0,,u,v).

Furthermore, we write the parameter N in bold in order to avoid a confusion

with another parameter N coming from objects defined in Sections 2 and 3,

for instance R?\‘,’E .
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The following crucial estimates allow one to control mixed derivatives of
the Jacobi—Poisson kernel by suitable double-integral expressions.

LEMMA 4.1 ([10, Corollary 3.5]). Let M,N € N and L € {0,1} be fized.
The following estimates hold uniformly in t € (0,1] and 0,¢ € (0, 7).
(i) If o, > —1/2, then

koo .0) 5 [ u) dIly(v)

2+ q) a+6+3/2+(L+N+M)/
(i) If -1 <a< —1/2< 0, then
| 0505 0N H P (9, 0)|
<1+ (sin g + sin g)Kk // dllo, k (u) dHB(”)

K=0,1k=0,1,2 (£2 + q)ot+B+3/2+(LAN+EM+Kk)/2 °
(iif) If —1 < B < —1/2 < «, then
|aLaNaMHa,B(9 (’0)‘

R’" (u) dllg,r(v)
1+ (COS + COS / / 24 q) a+6+3/2+(L+N+M+Rr)/2 :
R=0,17=0,1,2

AN

(iv) If =1 <o, < —1/2, then

| oL oM H (0, ¢)|

o\ Kk 9 o Fr
<1+ Z Z <sm —i—sm2> (cosz—l-cosz)

K,R=0,1k,r=0,1,2
dle, k (u) dllg p(v)
t2 + q a+6+3/2+(L+N+M+Kk+Rr)/2

Given 0 € (0,7) and r > 0, denote by B(f,r) the standard ball on the
real line restricted to the interval (0,7), i.e. B(0,r) = (0 —r,0 +7)N (0, 7).
The next result establishes a bridge between double integrals like those above
and the standard estimates we must prove. We remark that only the cases
p € {1,2,00} will be needed for our purposes.

LEMMA 4.2 ([10, Lemma 3.7]). Let K,R € {0,1}, k,r € {0,1,2}, W > 1,

§>0and 1 <p< oo be fired. Consider a function Taﬁ(t 0,¢) defined on
(0,1) x (0,7) x (0,7) in the following way.
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(i) For a,p > —1/2,

u) dII ( )
a’ﬁ 6
TIP(t,0, ) : // (2 +q) a+5+3/2+W/(2p)+s/2

(i) For -1 <a < —1/2<p,
0 o\ Kk dll, g (u) dlig(v)
a,B - )
TP (t,0, ) = (sm 5 + sin 2) // (2 4 q)a-tB43/24 W/ (2p)+ K /245/2
(iii) For —1 < B < —1/2 <a,

.8 ._ (u) dllg p(v)
TSPt 0,0) = (COS + COS // 2+ q) a+ﬁ+3/2+W/(2p)+Rr/2+s/2
(iv) For -1 < a,p < —1/2,

.0 .\ Kk 0 o\ Br
T?’B(RQAD) = (Sm2 + sin 2) <C082 + cos 2)

" dll, k (u) dllg g(v)
(t2 4 q)a+5+3/2+W/(2p)+Kk/2+Rr/2+s/2 ’
Then the estimate

1 1

a,f <
1+ 0D o oyov-ran = g _ s 1ap(B(0.10 — ¢l))

holds uniformly in 6,¢ € (0,7), 6 # .
We shall need as well a long-time counterpart of Lemma, 4.2.

LEMMA 4.3 ([10, Corollary 3.9]). Let o, > —1, M,N € N, L € {0,1},
W >1and 1 <p<oo be fixed. Then

H sup !858315{‘41{?’5(97@)”
0,p€(0,m)

< 00,
Lr((1,00),tW =1 dt)

excluding the cases when simultaneously a+5+1=0and M =N=L =0
and p < oo.

The following strengthened special case of Lemma 4.3 will be used to
treat kernels associated with the Laplace—Stieltjes type multipliers.

LEMMA 4.4 ([10, Corollary 3.10]). Let o, > —1 and L,N € {0,1} be
fixed. Then

Heﬂa%H' sup |8L8?HO‘B |H < oo.

0 QDE(O ﬂ') Lm((lvoo)vdt)
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The above tools from [10] are yet insufficient to deal with all expressions
arising in the analysis of Section 5. The next two lemmas eventually com-
plete the toolbox. Observe that in their proofs, because of the shift in the
type parameters, one does not run into the cases excepted in Lemma 4.3.

LEMMA 4.5. Let o, > —1, M\N € N, L y1,72 € {0,1}, 71 +72 > 1,
W >1and 1 <p<oco be fized and such that W/p+y +v2—L—-—N-M
> 2. Then the estimate

(sin 0) (sin ) || 0505 0N H 710, )| Lo, s an
1

<
™ ngs(B(0,10 — )
holds uniformly in 0, € (0,7), 0 # ¢.

LEMMA 4.6. Let a,f>—1, M\N €N, L,y,v2€{0,1}, W >1 and
1 <p< oo be fized and such that W/p+~y1 +~v —L—N—M >1. Then
the estimate

(sin 0) (sin )7 ||8£8?8{‘4Hf‘+1”8+1(9, ®) ‘

< 1 1
~ N0~ ol it (BO,16— o))

Lo (R4 tW -1 dt)

holds uniformly in ,¢ € (0,7), 6 # .

To prove Lemmas 4.5 and 4.6 we need to invoke some auxiliary results.
The first of them describes how the measure of a ball changes when one
increases the parameters of ul’ 8

LEMMA 4.7 (see [8, Lemma 4.2]). Let o, > —1. Given any £ > 0, we
have

Hoe pre(B(0,10 = 0l)) = (0 + @)* (1 — 0 + 7 — )% 1 5(B(0,10 — ),

uniformly in 0, ¢ € (0,7).

The next necessary result provides some elementary bounds, their proof
is a simple exercise. For aesthetic reasons, the constants appearing on the
right-hand sides are optimal, but for our purposes any constants would be
suitable. Obviously, the bound (a) holds with the roles of # and ¢ exchanged.

LEMMA 4.8. For 0,¢ € (0,7) we have the estimates
6 = ¢le(m = ¢) 1
<
(a) O+p)2(m—0+m—¢)?2 = 4n’
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0o (m—0)(r—¢) 1
) o2+ m— )2 = 16
0 — ¢l

(c) O+o)(m—0+m—p) 7

The last auxiliary result is a special case of the generalization of [8,
Lemma 4.3] established in [3]. Notice that this result is restricted to the
range «, 5 > —1/2.

LEMMA 4.9 (see [3, Lemma 4.4]). Let o, > —1/2 and k > 0. Then

/ / Aoy (w) dllg1(v) _ 1
qo-+B+3/2+x ~ ot 5(B(6,10 - ¢)))

uniformly in 0,p € (0,7), 0 # .
We are now prepared to give proofs of Lemmas 4.5 and 4.6.

Proor or LEMMA 4.5. Let

Ay i= ([ OEGNOM HF (0, )

Lr((0,1),tW—1dt)’

Ao = || LN OM HEHPH (9, )|

Le((1,00),tW =1 dt) *

Clearly, it is enough to estimate (sin )7 (sin ¢)?2 Ay and the analogous ex-
pression with A, replacing Ag. By Lemma 4.3 we have

1

sin 6)" (sin )" Ao
(O sine) Ao SIS v (B(60.16— l))”

thus it remains to estimate the expression related to Ag.

To begin with, assume that p < co. Using sequently Lemma 4.1 (i),
Minkowski’s inequality and then the assumption W/p+~; +v2 —L—N—M
> 2 together with the boundedness of q, we get

1 W1 gy 1/p
<
Ao S // Mot (u) dllgyq(v) </0 (2 + q)p[a+6+5/2+W/(2p)+(«fl+~/2)/2}> )

Changing the variable of integration ¢ — ,/qt and enlarging the upper limit
of integration in the resulting integral to infinity (this integral converges),

we see that
dlg 41 (w) dlgyq(v)
a+ﬁ+5/2+ m+12)/2

Acta Mathematica Hungarica 150, 2016



72 B. LANGOWSKI

The last estimate is valid also for p = 0o, as can be seen directly by using
the assumption 41 + v — L — N — M > 2 and the trivial bound

1 1
(2 + q)otA+5/2+(Mm+2)/2 = qatA+5/2+(n+a2)/2

To proceed, it is convenient to distinguish two cases. Combined, they com-
plete the proof.

Case 1: v =72 =1. Applying sequently Lemma 4.9 (with k= 0),
Lemma 4.7 (with £ = 1) and Lemma 4.8 (b) we get

(in0)" (in e Ao 5 0 — 0ot — o) [ en e
O(r —O)p(r—¢) _  O(m—0)p(r—p) 1
N i 5 (B0 —@l) (0 + @) (m— 04+ — ) pu 5(B(9,10 — @)

<, 1 .
tho 5(B(0,10 — )

Case 2: v1+ v =1. By Lemma 4.9 (with x = 1/2) and Lemma 4.7
(with £ =1/2)

(sin )7 (sin )7 Ay
Ao r1/2)11/2(w) Al y1/2)41/2(v)
S O(m = o)™ // qa+1/2)+(8+1/2)+3/2+1/2
[b(r =) p(m =)= 9)]” [p(m — )] 1
<
™ Bay2p11/2(BO,10 = ¢]) (9 +o)(m—0+7—) ul5(B0,]0 - )
1

< . O
po5(B(0,10 — )

PROOF OF LEMMA 4.6. Arguing in the same way as in the corre-
sponding part of the proof of Lemma 4.5 we are reduced to estimating
(sin#)" (sin )2 Ay and then arrive at the estimate

Ao < // dlaq1(u) dllgyq (v )

a+5+3+(71 +7v2)/2

Now, similarly as before, we distinguish two cases which jointly complete
the proof.
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Case 1: 1 =~ =0. Using sequently Lemma 4.9 (with x =1/2),
Lemma 4.7 (with £ = 1/2) and Lemma 4.8 (c) we get

e (o 1/2)+1/2(w) AT (511 /2)41/2(V)
(sin )7 (sin )™ Ag < / / q(a-H1/2)+(5+1/2)43/2+1/2

< 1
- /‘;r+1/2,ﬁ+1/2(B(97 10 —¢l))
~ |6 = ¢l 1
0+ @) (m—0+m—0)|0—plug 5(B0,]0 - )
1

< N .
0 — olp, 5(B(0,16 — ¢l))

Case 2: v1 +¥2 > 1. Due to the bound q > |0 — ¢|?/7? we have

1 2 1 dHa+1 )dH/B'i‘l( )
(S0 sin 70 < (smoysingy ([ Mo M

dlaq1(w) dllgiq(v)
N ‘9 §0| (Sln9 Sln(p // a+B+5/24(n1+72)/2

\9 w\ua,g( (9 10 —l)’

where the last bound follows from the estimates obtained in the proof of
Lemma 4.5. O

5. Kernel estimates

Let B be a Banach space and let K (6, ¢) be a kernel defined on (0, 7)
x (0,m)\{(0,¢) : 0 = ¢} and taking values in B. We say that K (0, ¢) satisfies
the so-called standard estimates in the sense of the space of homogeneous
type ((0, ), d,u;;ﬁ, | - |) if it satisfies the growth estimate

1
WS s B0 o)

and the smoothness estimates
(12)

(11) 1K (0, ¢ 0 # o,

60— ¢ 1
10—l 1l 5(BO,10 — ¢])
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(13)

/
— 1
1K (6, 0) — K(6, )]s < |27 ¢

< , 10— > 2|0 —¢|.
6ol 1t (BOJo— gl A7

Notice that in these formulas the interval
B(0,10 — ¢l) = (0 — 10 —¢|,0 + |0 — »]) N (0,7)

can be replaced by B(p, |0 — ¢|), in view of the doubling property of ,u;; 5
When K(0,¢) is scalar-valued, i.e. B =C, it is well known that the

bounds (12) and (13) follow from the more convenient gradient estimate
(14)

1
100K (0, )|l + 19, K (0, 9) 5 <

o 0F
10— @l 5(B(0,10 — o))
The same holds also in the vector-valued cases we consider, see [10, Sec-
tion 4], the derivatives in (14) being then taken in the weak sense. The
latter means that for any functional v € B*

(15) V(9K (0,0)) = 0pv(K (0, ¢))

and similarly for 0,. If these weak derivatives 0p K (0, ¢) and 0,K (6, ) exist
as elements of B and their norms satisfy (14), the scalar-valued case applies
and (12) and (13) follow.

Now we are in a position to prove Theorem 3.6. In what follows always
(0,¢) € (0,7) x (0,7) and € # ¢. Further, we tacitly assume that changing
orders of certain differentiations and integrations is legitimate. In fact, such
manipulations can be easily justified with the aid of the estimates obtained
along the proof of Theorem 3.6 and the dominated convergence theorem.

5.1. Proof of Theorem 3.6, the part related to Riesz transforms.

PROOF OF THEOREM 3.6; THE CASE OF E%ﬁ(e,cp). We consider two
cases, depending on whether N > 1 is even or odd.
Case 1: N is even. Let N = 2ky with kg > 1. We first proceed as in |3,

p. 281]. Term by term differentiation of the series defining H" (6, o) allows
one to verify that this kernel satisfies in the strip (¢,6) € (0,00) x (0,7) the
Laplace equation based on the modified Jacobi operator 55;7 gt )\8"6 . This
can be written as

(16) 539 H (0, ) = OFH (0, ) — ATTHC (0, 0).
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Iterating this relation we get

ko N
(17) SR (0,0) = e; 7T M (0, ),
=0

with some constants c;. Consequently, it suffices to show that for each 0 < j
< kg the kernel

S700.0) = [ o0, e

satisfies conditions (11) and (14) with B = C.
First we show the growth estimate (11). We have

|§;"5(9,<p)| < sin# sin / |8t2tha+1’ﬁ+1(9,<p)| 2ko=1 gt
0

From here the growth bound follows from Lemma 4.5 (applied with L =
NZOaM:2j7W:2k07’)/l:72:17p:1)'

We pass to the gradient estimate (14). For symmetry reasons, it is
enough to consider only the derivative in 6. A simple computation shows
that

\8e§f’5(9,cp)| < sinf Singp/o | 8502 HE P19 (9, )| 120 it

oo .
+sin / |07 HY VP (0, )| £2R0 .
0

Then both the terms on the right-hand side are treated directly by Lemma 4.6
(applied with L=0, N=1, M =2j, W =2kg, 1 =72 =1, p=1 in case
of the first term and L=N =0, M =25, W =2kp, 71 =0, o =1, p=1
in case of the second one). Thus the reasoning for the case of N even is
finished.

Case 2: N is odd. Let now N = 2ky+ 1 for some kg > 0. In view of
(17), we have

oo ko
Do * ko—3) 7701, o
Ry (0, ¢) :/0 > e b4 507 TP (0, ) 20 dt
=0

Again, we observe that it is enough to show that, for each 0 < j < kg, the
kernel

850, ) = /0 5% 0P F(6, ) o dt
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satisfies the standard estimates (here and elsewhere 6 5 acts always on the
6 variable).
First we show the growth bound. A direct computation reveals that

|87°7(0, )] < sind Sinw/o | 0007 HY 08, )| %R0 dt
—|—sincp/ ‘afj H?H”BH(@,LP)! 12ko gt
0

Both the above terms fall under the scope of Lemma 4.5 (specified to L = 0,
N=1, M=2j, W=2kg+1, 1 =72 =1, p=1 in case of the first sum-
mand and L=N=0, M =25, W =2ky+ 1,71 =0, 72 =1, p=1 in case
of the second one), hence (11) follows.

For the gradient condition we use (16) to write

~ oo .
‘898?"5(9,@)‘ < sinf sinp /0 |8t2j+2 Hf‘“’ﬁﬂ(e,go)‘ 2o dt
o8} .
+ sin fsin / ‘83] Hta+1’ﬁ+1(9,<p)| t2Fo .
0

Now a double application of Lemma 4.6 (with L=N =0, M =2j4+2, W =
2kg+ 1, v1 =2 =1, p=1 in case of the first component and L =N =0,
M =2j, W =2ky+ 1,71 =792 =1, p=1 in case of the second one) gives

1 1
10— o ut 5(B(6,10 o))

It remains to estimate the derivative in . We have

0057 (0. 9)| <

o0
I ) H H 27 )
‘8¢Sf‘6(9,cp)| < sinf sin @ /0 | 0,090;” HA! ’8+1(9,cp)| t2ko dt
8} .
+sing / 0,077 Hi 070, )| 120 dt
0

4+ sinf / |696t2] Hta—i-1ﬁ+1(9’<p)| t2k0 dt _|_/ |at2] Hta+1,6+1(9’(’0)‘ t2k0 dt.

0 0
All the terms on the right-hand side can be treated by means of Lemma 4.6
(taken, respectively, with L=N =1, M =25, W =2kg+ 1, 71 =72 =1,
p=1L=1,N=0, M=2j, W=2kg+1, 1 =0, =1, p=1; L=0,
N=1,M=2j,W =2ky+1,11=1,72=0,p=1land L=N=0, M = 2j,
W =2kg+1,v1 =7 =0, p=1). The smoothness bound follows. [
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5.2. Proof of Theorem 3.6, the part related to square func-
tions.

PROOF OF THEOREM 3.6; THE CASE OF {8{‘45]?“}];1’5(0,(;;)}»0. We
consider two cases.

Case 1: N is even. Let kg = N/2 > 0. Term by term differentiation of
the defining series reveals that Hf"B(Q, ) satisfies in the strip (¢,6) € (0, 00)
x (0,7) the Laplace equation based on the Jacobi Laplacian, which can be
written as (see [3, p. 278])

(52evenH£Jt,/3(9’ 90) — athavﬁ(Q’ 90) — )\8‘,5}[5‘75(0, 90).

Iterating this identity, we get
(18) 5evenH ,ﬁ ZCJ 2(ko— J ,5(9 C,D)

with some constants ¢;. Consequently, it is enough to verify that for each
0 < j < kg the vector-valued kernel

T 0) = {0 H (0

j )} £>0

satisfies the standard estimates (11) and (14) with B = L?(R ., #?M+2N=1 g4¢),

The growth condition (11) for Tjo"ﬁ (0, ¢) follows directly from Lemma 4.1
(with L = N = 0) combined with the boundedness of q, Lemma 4.2 (taken
with W =2N +2M, s =0, p=2) and Lemma 4.3 (specified to L = N =0,
W =2N +2M, p=2). More precisely, here Lemma 4.3 cannot be ap-
plied directly when M = j =0 and a4+ 8= —1. However, in the singu-
lar case o+ 8 = —1 the decomposition (18) reduces to 5evenHta’B(9,<p) =

oy ’8(9 ¢) and so we need to estimate only the kernel Tﬁ/’g (0, ). In this
situation Lemma 4.3 again applies (recall that M + N > 0) and the growth
bound follows.

To prove the smoothness condition, because of the symmetry, it suffices
to consider the derivative in 6. It is not hard to check that the weak deriva-
tive (%Tja’ﬁ(e,go) in the sense of (15) equals {agaj‘“"’ﬂﬂfﬁ(e cf.

[10, Proof of Theorem 4.1]. Therefore we need to show that

)

1 1

M~+2j rro,B <
H 89@ Ht (9 (10)HL2(R+’t2IVI+2N—1 dt) ~ ‘9 i S0| ,u;tﬁ(B(H, |9 _ (,0|)) .

This, however, follows again from Lemma 4.1 (specified to L =0 and
N = 1), the boundedness of q combined with Lemma 4.2 (applied with W =
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2M +2N,s=1,p=2)and Lemma 4.3 (with L=0, N=1, W =2M + 2N,
p=2).

Case 2: N is odd, say N =2ko+ 1. We take into account (18) and
observe that it suffices, for each 0 < j < kg, to verify the standard estimates
for the vector-valued kernel

To0.0) = {00 H 0,0} 1

This, however, is done by a straightforward repetition of the arguments used
for the case of N even. We omit the details. [

PROOF OF THEOREM 3.6; THE CASE OF {OM 838 H™? (0, 0)},50. Again,
we consider two cases.

Case 1: N is even. Let N = 2k with kg > 0. In view of (17), it is
enough to show that for each 0 < j < ko the vector-valued kernel

T, L M+2j rya,B
er (97S0) T {8t JHt (9,@)}t>0

satisfies the standard estimates with B = L?(R,, t?M+2N=14t),
The growth bound (11) is straightforward, since by Lemma 4.5 (specified
toL=N=0,W =2M + 2N,y =7 =1, p=2) we have

H j:].a’ﬁ(ea 90) H L2 (R t2M+2N =1 dt)

1. . M+2; 1,6+1
= 4sm9 smgoH(?t TN bt (eygD)HL2(R+7t2lw+2N—1dt)

- 1
™ ot s(B(0:10 = ¢l)

We pass to the smoothness condition (14). For symmetry reasons, it is
enough to treat the derivative in 6. One easily verifies that the weak deriva-
. = . . . M+27 77
tive 891}9”8(9,90) in the sense of (15) is given by { 999, * ]H?’B(Q,go)}bo.
Then we have

H 8085\44_2]“&?75(07 QO) H L2 (R t2M+2N =1 dp)

. . M+2j 1,5+1
< Sln@SlH(p H 89 615 + ]Hta+ o (9, QD)H L2 (R, t2M+2N -1 dt)

. M+2; 1,6+1

+ S @ H at " JHtOH_ ot (97 QO)H L2(Ry $2M+2N =1 d)°
Each of the above terms can be estimated suitably by means of Lemma 4.6
(applied with L =0, N=1, W =2M + 2N, 3 =y =1, p =2 in case of
the first summand and L=N =0, W =2M +2N, 1 =0, =1,p=21in
case of the second one). The conclusion follows.
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Case 2: N is odd. Let N = 2kg + 1 with kg > 0. The kernel we need to
estimate is, see (17),

[0V 5300, 0)) . = {Zc] 57, L0M 9200 Fov8 so)}

150
Thus it is enough to show that for each 0 < j < kg the kernel

T L * M+2j rra,
7;‘065(9’%0) T {5a,ﬁat ]H?B(Q (p)}t>0
satisfies the standard estimates.

A direct computation reveals that

.y
175

B ——

. . M+2j rra+1,8+1
S sin 6 s @ H 696t Ht H L2(Ry #2M+2N—1 gf)

+sing H 8M+2] Ha—i—l,ﬁ-i—l H LR N
Then the growth bound (11) is a consequence of Lemma 4.5 applied twice
(with L=0, N=1, W =2M + 2N, y1 = =1, p = 2 in case of the first
term and with L=N =0, W =2M + 2N, v =0, 72 = 1, p =2 in case of
the second one).

To show the smoothness condition (14) we begin with the derivative in
6. A simple computation involving (16) reveals that

s
105777 (8

B —

. . M+25+2 1,5+1
S Sln@SlH(p Hat ot Hfl—i_ At ( HLz(R_thMJr2N71 dt)

M+2j a+1,ﬁ+1

+ sin fsin ¢ Ha H, HLa(R+,t2M+2N_1dt).
Both of the above terms are estimated with the aid of Lemma 4.6 (applied
with L=N=0, W =2M 42N,y =% =1,p=2).

It remains to consider the derivative in . A straightforward computa-
tion leads to the bound

- 76
19,7;"(6

%) H L2(Ry ¢2M+2N =1 gf)

. . M+2j 1,5+1
S SIHOSIHQO H Qﬁg@t + ]Hta+ At (9 H L2(Ry #2M+2N -1 gf)

+ sin 2 H 8¢8t]\/[+2ijl+1”8+1(9 H L2(Ry t2M+2N -1 dt)
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+sind || 990, T HFT N0, 0)|| s, v an

+ H 6;‘4+2ij‘+176+1 (9> (10) H L2(R+7t2M+2N—1 dt)'

All of the above terms are controlled by the right-hand side of (14), which
follows by applying repeatedly Lemma 4.6 (with L =N =1, W =2M + 2N,
1= =1, p=2 in case of the first summand; with L =1, N =0,
W =2M + 2N, v =0, v =1, p =2 in case of the second one; with L. =0,
N=1, W=2M+2N, vy =1, 79 =0, p=2 in case of the third one and
with L=N =0, W =2M + 2N, 73 = v = 0, p = 2 in case of the last one).
This finishes the reasoning. [

5.3. Proof of Theorem 3.6, the part related to spectral multi-
pliers.

PROOF OF THEOREM 3.6; THE CASE OF 1\7;;’5(9, ©). Since ¢ is bounded,
we have

1\72”8(0,@) < sinfsin g /0 |0y Hy 0, )| dt.

Now to get the growth bound (11) with B = C it is enough to apply
Lemma 4.5 (specifiedto L=N=0, M =1, W =1,11=7%=1,p=1).

To show the smoothness estimate (14) we can restrict, for symmetry
reasons, to the derivative in . Taking into account the boundedness of ¢,
we get

0T (0. )| S sindsing [ |00 6, d

+sinp / ‘8,5Hf‘+1”8+1(9,cp)| dt.
0

Both the terms on the right-hand side satisfy the desired estimate by
Lemma 4.6 (specifiedto L=0, N=M =1, W=1,y37=7%=1,p=11in
case of the first summand and L=N=0, M =1, W=1,v% =0, =1,
p =1 in case of the second one). O

PROOF OF THEOREM 3.6; THE CASE OF 1\7375(9,@. Taking into ac-
count the condition (8) it is clear that proving the growth estimate for

Mf"ﬁ(Q, ¢) reduces to showing that
(9"’0)“Lw 01t S+ ' ’
(O~ i (B0, 10 — )

1
(O, D) L ((1,00001) = '
e 100100 i 5(B(0.16 — ¢)))

sin 6 sin ng Htaﬂ’ﬁJrl

sin 0 sin ¢ || etl 3" |Hf‘+1”8+1
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The first bound here follows by Lemma 4.5 (applied with L = N = M =0,
W =1,y =72 =1, p=00). The second one is a consequence of Lemma 4.4

(taken with L = N = 0); when applying Lemma 4.4 here and below we use
implicitly the fact that \0‘+§+1\ < ‘(a+1)+§5+1)+1 |
For symmetry reasons, verification of the gradient bound (14) amounts

to checking that

~Oé, 1 1
By := || Op H, 5(9780)“Lm((0,1>,dt> S 10— ol g 5(B(6,10 —¢l)
« 1 Tro 1 1
By, = || efl "5 0y B ’5(97‘P)|‘Lw((1,oo),dt S

V0 =l uf 5 (B(6,16 — @)
An easy calculation reveals that

‘89?[?’5(9, ©)| <sinfsingp| 89Hta+1’5+1(9, Q)| + singoHtaH’BH(H, ©).
Therefore

By < sinfsinp H 89Hta+1’6+1(9> SD)H L>((0,1),dt)

+sing || HFPH6, o) | L>((0,1),d%)

and each of the above terms can be estimated by means of Lemma 4.6 (ap-
plied with L=0, N=1, M =0, W =1, v =~ =1, p = 00 in case of the
first summand and with L=N=M=0,W =1,71=0,72=1,p=00 in
case of the second one). Thus the smoothness bound for By follows. Con-
sidering B, With the aid of Lemma 4.4 (applied twice: with L =0, N =1
and with L = N = 0) we infer that

By < || el |3€Hfl+l”8+1(97 ol Le=((1,00),dt)

[T T 0, 0| ey

1 1
<1< . O
16— ol 1l 5(B(0,10 — ¢l))

The proof of Theorem 3.6 is finished.
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