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of uniform convergence on compact sets. In particular, in case of discrete
Abelian groups this topology coincides with the topology of pointwise con-
vergence. We recall that if G is an Abelian group then by an exponential
monomial we mean a function of the form

x �→ P
(
a1(x), a2(x), . . . , an(x)

)
m(x)

where P is an ordinary complex polynomial in n variables, m : G → C is
a complex exponential, that is, a homomorphism of G into the multiplica-
tive group of nonzero complex numbers, and the functions ai : G → C are
complex additive functions, that is, homomorphisms of G into the additive
group of complex numbers. If G is a topological group then all these func-
tions are supposed to be continuous. Linear combinations of exponential
monomials are called exponential polynomials. A variety on G is a transla-
tion invariant linear space of complex valued functions which is closed with
respect to pointwise convergence.

In the long and complicated proof of Theorem 3 the author uses the
structure theory of locally compact Abelian groups. We note that the same
author published another result in the same volume (see [5]) which states
that if G is any discrete Abelian group then, in fact, every variety on G pos-
sesses the given property, which is called spectral synthesis. Unfortunately,
it turned out (see [9]) that this latter statement is false. Nevertheless, the
relation of the two results has never been clarified. In this paper we give an
independent proof for Theorem 3 on discrete Abelian groups, more precisely,
we prove a generalization of that statement for varieties whose annihilator
is finitely generated. In fact, we consider the following functional equation
system on the discrete Abelian group G:

(1) f ∗ µi = 0, i = 1, 2, . . . , n.

Here µi is a finitely supported complex valued function on G and f : G → C
is a function. We recall that if G is discrete, then the space of all finitely
supported complex functions on G can be identified with the dual of the
topological vector space C(G). The elements of this dual can be considered
as finitely supported measures on G, hence the dual of C(G) is identified with
Mc(G), the convolution algebra of all finitely supported complex measures
on G. The duality between C(G) and Mc(G) is given by

⟨f, µ⟩ =
∫

f dµ =
∑
y∈G

f(y)µ(y)

for each f in C(G) and µ in Mc(G). The annihilator of a variety V in C(G),
resp. of an ideal I in Mc(G) is defined as usual by

V ⊥ =
{
µ : ⟨f, µ⟩ = 0 for each f ∈ V

}
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Abstract. We prove a generalization of the discrete version of the Principal
Ideal Theorem.

The following result of B. Malgrange [1] is referred to as the Principal
Ideal Theorem:

Theorem 1 (Principal Ideal Theorem). For any nonzero linear partial
differential operator P (D) in Rn the linear hull of the exponential monomial
solutions of the partial differential equation P (D)f = 0 is dense in the set of
all solutions.

This theorem was generalized by L. Ehrenpreis [2] to the following:

Theorem 2. If the annihilator of a variety in E(Cn) is a principal ideal,
then the variety is the closed linear hull of the exponential monomials which
are contained in it.

Here E(Cn) denotes the space of holomorphic functions on Cn equipped
with the uniform convergence on compact sets. Later R. J. Elliott in [4]
proved the following extension:

Theorem 3. If G is a locally compact Abelian group, then in C(G) any
variety whose annihilator ideal is a principal ideal is the closed linear hull of
the exponential monomials which are contained in it.

Here, and in the forthcoming paragraphs, C(G) will denote the space of
all continuous complex valued functions on G equipped with the topology
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and

I⊥ =
{
f : ⟨f, µ⟩ = 0 for each µ ∈ I

}
.

It is obvious that V ⊥ is an ideal and I⊥. It is less obvious that we have
V ⊥⊥ = V and I⊥⊥ = I for each variety V and ideal I (see [11], p. 4.).

We shall use the notation f̌(x) = f(−x) and ⟨f, µ̌⟩ = ⟨f̌ , µ⟩ for each f in
C(G) and µ in Mc(G).

Now we prove the following result which generalizes Theorem 3 in the
discrete case.

Theorem 4. The exponential monomial solutions of system (1) span
a dense subspace in the solution space of (1).

Proof. Let F denote the (finitely generated) subgroup generated by
the supports of the measures µi, i = 1, 2, . . . , n. We suppose that a linearly
independent set of additive functions on F is given and all exponential mono-
mials on F are built up from this set. Given a finitely generated subgroup
H � F in G let EH denote all finite linear combinations of those exponen-
tial monomials on H which are solutions of the system (1) on H . In other
words, EH is the set of all exponential polynomial solutions of (1) on the
group H . By the theorem of Lefranc about spectral synthesis on finitely gen-
erated Abelian groups (see [3], Théoréme, p. 1953 and [10], Theorem 22.3,
p. 21.), the set EH is dense in the set of all solutions of (1) on H . It is ob-
vious (see e.g. [8]) that every exponential monomial on H can be extended
to an exponential monomial on G: the set of all such possible extensions of
the exponential polynomials in the sets EH will be denoted by E, where H
runs through all finitely generated subgroups of G containing F . We show
that every function in E is a solution of (1) on G. In fact, it is enough to
prove the following statement: let φ : G → C be an exponential monomial.
Then φ is a solution of (1) on G if and only if the restriction of φ to F is
a solution of (1) on the group F . The necessity of this condition is obvious.
To prove the sufficiency suppose that φ has the following form:

φ(x) = P
(
a1(x), a2(x), . . . , ak(x)

)
m(x)

for each x in G, wherem : G → C is an exponential, the functions ai : G → C
are additive for i = 1, 2, . . . , k, their restrictions to F are linearly indepen-
dent, and P : Ck → C is an ordinary complex polynomial in k variables.
Suppose that φ is a solution of (1) on F , that is, we have for each x in F
and for j = 1, 2, . . . , n:

0 = φ ∗ µj(x) =
∑
y∈G

φ(x− y)µj(y)(2)
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= m(x)
∑
y∈F

P
(
a1(x− y), a2(x− y), . . . , ak(x− y)

)
m(−y)µj(y).

For the sake of simplicity we shall use standard multi-index notation and
a : G → Ck will denote the vector valued function a = (a1, a2, . . . , ak), fur-
ther

|α| = α1 + α2 + · · ·+ αk, ∂ = (∂1, ∂2, . . . , ∂k), ∂α = ∂α1

1 ∂α2

2 · · · ∂αk

k ,

a(x)α = a1(x)
α1a2(x)

α2 · · · ak(x)αk .

Using Taylor’s Formula we have

P
(
a(x− y)

)
=

∑
|α|�degP

1

α!
∂αP

(
a(−y)

)
a(x)α.

We insert this into (2) to obtain

∑
|α|�degP

1

α!
a(x)α

∑
y∈F

∂αP
(
a(−y)

)
m(−y)µj(y) = 0

for each x in G. As the additive functions a1, a2, . . . , ak are linearly indepen-
dent on F , hence so are the functions aα for different multi-indices α (see
e.g. [7], Lemma 2.7, p. 29.). Consequently, the above equation implies that

(3)
∑
y∈F

∂αP
(
a(−y)

)
m(−y)µj(y) = 0

holds for j = 1, 2, . . . , n. Multiplying these equations by 1
α!m(x)a(x)α for

any x in G and summing up for |α| � degP we obtain (2) for every x in G,
which means that the exponential monomial φ is a solution of the system
(1) on G.

We have proved that every function in E is an exponential polynomial
solution of the system (2). Now let f be any solution of (2), further let
x1, x2, . . . , xk be arbitrary elements in G and ε > 0 a given number. If H
denotes the subgroup generated by x1, x2, . . . , xk and F , then H is finitely
generated and the restriction of f is a solution of the system (2) on H . By
assumption, there exists an exponential polynomial φ0 : H → C in EH such
that

��f(xj)− φ0(xj)
�� < ε for j = 1, 2, . . . , k. On the other hand, any exten-

sion φ of φ0 to an exponential monomial on G belongs to E, and it satisfies
the same inequalities, as φ = φ0 on H . This proves that the exponential
polynomial solutions of the system (2) form a dense subset in the set of all
solutions of (2), and our theorem is proved. �

We can formulate this theorem in the following equivalent way.
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Theorem 5. Let G be a discrete Abelian group. Then spectral synthesis
holds for every variety whose annihilator ideal is finitely generated.

Proof. Suppose that the annihilator I = V ⊥ of the variety V is gen-
erated by the measures µ1, µ2, . . . , µn. We know form the previous theorem
that in the solution space of the system of functional equations

⟨f, µ̌i⟩ = 0, i = 1, 2, . . . , n

the exponential monomial solutions span a dense subspace. On the other
hand, it is clear that the solution space of this system coincides with the
variety V . �

This proof shows that Theorem 4 implies Theorem 5. Conversely, if The-
orem 5 holds true and we are given the system of functional equations (1),
then let I be the ideal generated by the measures µ̌i, i = 1, 2, . . . , n. Let
V denote the solution space of the system (1), then V is clearly a variety.
As I is finitely generated, and it is equal to the annihilator of V , by the
statement of our present theorem the exponential monomial solutions of the
system (1) span a dense subspace in V . Hence Theorem 4 and Theorem 5
are equivalent.

We note that, in fact, we proved the following statement: spectral syn-
thesis holds for every variety on G whose annihilator has a generating set of
functions with supports in a finitely generated subgroup. We note that in his
paper [6] D. I. Gurevich gave an example for a similar functional equation
system with n = 2 on G = R2 with compactly supported measures µ1, µ2

such that the exponential monomial solutions do not span a dense subspace
in the space of continuous solutions of the system in the sense of the topol-
ogy of uniform convergence on compact sets. This shows that an analogue
of Theorem 4, resp. Theorem 5 does not hold in the non-discrete case.

References
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[6] D. I. Gurevič, Counterexamples to a problem of L. Schwartz, Funkcional. Anal. i
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[9] L. Székelyhidi, The failure of spectral synthesis on some types of discrete abelian
groups, J. Math. Anal. Appl., 291 (2004), 757–763.
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