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Abstract. The integer values of Cauchy polynomials are expressed in terms
of r-Stirling numbers of the first kind. Several relations between the integral val-
ues of Bernoulli polynomials and those of Cauchy polynomials are obtained in
terms of r-Stirling numbers of both kinds. Also, we find a relation between the
Cauchy polynomials and hyperharmonic numbers.

1. Introduction

Cauchy polynomials (of the first kind) ¢, (z) are defined by the generat-
ing function

oo

t tm
(1) (I+¢t)*In(l+1¢) _nz:;)cn(x)n! (ff < 1)

[8,10,11]. (Note that x is replaced by —z in [6].) The polynomials b, (z) :=
cn(x)/n! are sometimes called Bernoulli polynomials of the second kind (see,
e.g., [3]). When z =0, ¢,(0) = ¢, are the classical Cauchy numbers of the
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first kind ([5,7,11]). Similarly, Cauchy polynomials of the second kind ¢, (x)
are defined by the generating function
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n(l+t)
[8,10,11]. Note that z is replaced by —z in [6]. When = =0, ¢,(0) = ¢, are
the classical Cauchy numbers of the second kind [5,7,11].

In [2], the concept of r-Stirling numbers was introduced as a generaliza-
tion of the classical Stirling numbers. The (unsigned) r-Stirling numbers of
the first kind, denoted by [:L]T, are defined by the number of permutations
of the set {1,...,n} having m cycles such that the numbers 1, 2, ..., r are
in distinct cycles. The r-Stirling numbers of the second kind, denoted by
{:L}T, are defined by the number of partitions of the set {1,...,n} into m
non-empty disjoint subsets, such that the numbers 1, 2, ..., r are in distinct
subsets. Hence, the classical Stirling numbers can be expressed as

)=l k=1,

and also as

with

2. Some basic results

The generating functions of r-Stirling numbers of the first kind ["J”"]

m—+r
and of the second kind {™*" }r are given by

m—+r
) (—1n(1—t))m_§: n+r] "
ml(1l —¢)r _n:0 m+r], n!
and
etet — 1" S (n4r) t"
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respectively ([2, Theorem 15, Theorem 16]).
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For an integer r, Cauchy polynomials of the first kind ¢, (r) can be ex-

pressed in terms of the r-Stirling numbers of the first kind [::r:] .

THEOREM 1. For nonnegative integers n and r, we have

5 )= 3 [n+] (-1

= lm ], m+1

REMARK. If r = 0, the identity (5) is reduced to

e ol L

(see [5, Ch. VII], [7, Theorem 1], [11, p.1908]).

Proor. Put

From (3), we have

SCREIES 9 o1 et ESHED SFED ol K B¢

n=0m=0
i om (—In(1—2)" _ b et _ 1
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=0

By integrating with respect to x from 0 to —1 on both sides, we have

1 o0 + more .
/0 ;Gnm( da? = Z Z [:z +:} /0 " dx

n=0m=0

ZZ n+r —1)m+1tn
N m+r|, m+1 n!
n=0m=0

and by (1)

/0 (Lt (1—0) """ (1—t)In(1 - 1) ch

Comparing the coefficients of both sides, we get the identity (5). O

ntn
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For an integer r, Cauchy polynomials of the second kind ¢,(r) can also

be expressed in terms of the r-Stirling numbers of the first kind [::r’;]r

THEOREM 2. For nonnegative integers n and r, we have

(6) tu(or) = (1" 3 I

= lm+r],m+1

REMARK. If r = 0, the identity (6) is reduced to

~ n “[n 1
=1 ) Mmﬂ
(see [5, Ch. VII], [7, Theorem 4], [11]).

PROOF. From (4), we have

Z Gn,r(_l') " = ! e(ln(l—t)) = (1 B t)x .
n=0

n!  (1—1t)r (L—1t)r
By integrating with respect to  from 0 to —1 on both sides, we have
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and by (2)
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Comparing the coefficients of both sides, we get the identity (6). O

3. Some further identities

There exist orthogonality and inverse relations for r-Stirling numbers
([2, Theorem 5, Theorem 6]). Indeed, from the orthogonal relations

R RS I N

l=m l=m
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where 4y, 5, is the Kronecker delta, we obtain the inverse relations

I eV KA TR SR e 928

Applying these identities to Theorems 1 and 2, we immediately obtain
the following result.

THEOREM 3. For Cauchy polynomials with an integral value r, we have

®) i {;:Z}Tcm(” T —1|— 1

m=0
and
I AR

REMARK. If r =0, then Theorem 3 is reduced to the results in [11] and
the special case in [7]. It is well-known that Bernoulli polynomials B, (x)
are defined by the generating function

tezt &0 "
(10) o1 = LBy (< 2m).

When z =0, B,(0) = B,, are the Bernoulli numbers with B; = —1/2. In
[12, p. 232], for an integer r, Bernoulli polynomials B, (r) with an integer
value r are expressed as

m Bip= 3 {77} G

m+4r m+1
m=0

It immediately follows that

There are relations between Bernoulli polynomials and Cauchy polyno-
mials.

THEOREM 4. For any integers n and r with n > r > 0, we have
n n
n+r m—+r
B )= m' c\r),
=33 m T {1
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T e R

=0 m=0
_ < (—D)rmH 4] [mA4r
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R B LR (—1)"‘l n+r] [m+r
en(=r) = m! m+r| [ l+r TBZ(T)’

1=0 m=0
REMARK. If r = 0, then Theorem 4 is reduced to the results in [9].

PROOF. We shall prove the first and the fourth identities. The others
can be proven similarly. By (8) in Theorem 3, and using (11), we have

oo I R R

=0 m=0
° n+r s m-4r
= —1)™m!
m:O( yrm {m+r}T;{ L+ }TCZ(T)
n _ m '
=y OO .
= m+r), m+1

By (12) in Theorem 3, and using (6), we have
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4. Hyperharmonic numbers

The hyperharmonic numbers are recursive sums of the classical harmonic
numbers H, =1+ 5+ -+ ! (Ho=0), defined by

H,gl) = H,, and Hg’”) = H{T_l) .. _|_H7(17”—1)
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together with the initial value Hér) = 0. The generating function of the
hyperharmonics reads as

(13) S H = —1?1(:)'? (It < 1).
n=0

More on these numbers together with a nice combinatorial interpretation
can be found in the work of Benjamin et al. [1].
It can be seen immediately that the generating functions of

(=1)"p(=7)/n! and H)
are inverses of each other:

<§: (—1)";;1(—T)tn> <;Hy)tn>

n=0

- ((1 - t)—:fn(l - t)) <_(1i1(—1t}t)> =t

The Cauchy product then leads to the following proposition.

ProprosITION 1. We have

n 1 k .
> O =,
k=0

The hyperharmonic numbers can be extended to real r by the generating
function (13). This way the generalization of Proposition 1 comes easily.

PROPOSITION 2. For any real x and r we have

n (_1)k ) (n+zi—r—2) if n>1;
H — n—1 Y )
kzzo g F@H =90 if n=0.

PRrROOF. The statement follows from the identity

<i (—1)Z!Cn($)tn> <7§)H£r)tn>

n=0
_( —t )(—1n(1—t)>_ t
S \(1—t)*In(1 -1 11—t /) (1—t)etr
after comparing the coefficients of both sides. [
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