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Abstract. We study the rate of convergence in the strong law of large num-
bers expressed in terms of complete convergence of Baum—Katz type for sequences
of random variables satisfying Petrov’s condition.

1. Introduction

Let X1, Xo,... be a sequence of random variables. Put S, =>"" | X;.
We say that the sequence X1, Xo, ... satisfies a law of large numbers if

S, — ES,
n

0, as n— 0.

We say that this sequence satisfies a weak law of large numbers (the con-
vergence in probability), a strong law of large numbers (the almost sure
convergence) or a strong law of large numbers of Hsu-Robbins type (the
complete convergence).

Markov showed that if Var(S,) = o(n?), then the sequence X1, Xo,...
satisfies the weak law of large numbers without any additional assumptions
about independence.

Petrov [6] strengthened Markov’s condition and proved the analogous
strong law of large numbers for independent random variables.

THEOREM 1 [6]. Let {X,, n =1} be a sequence of independent random
variables with finite variances. If

(1) Var(S,) = O <%)
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for any positive function ¥ (x), non-decreasing in the domain x > xq for some
xo > 0 and such that

S, — ES
(3) — _—"—50 as, as n— o0o.
n
The set of all positive functions (z), non-decreasing in the domain
x >z (for some xp > 0) and satisfying (2), was denoted by Petrov as W.
Condition (1) was called Petrov’s condition. It is easy to see that condi-
tion (1) for independent random variables is equivalent to

2

(4) ;;wmxg:o<ﬁm>.

Korchevsky [3] showed that (2) implies the classical Kolmogorov’s con-
dition

> Var(X,,
>y (Xn)

5 <0,

n=1
so Petrov’s theorem is a corollary of Kolmogorov’s theorem.
Petrov [7] formulated some additional conditions under which Petrov’s
condition (1) is sufficient for the strong law of large numbers for random
variables without any assumption about independence.

THEOREM 2 [7]. Let {X,,, n = 1} be a sequence of nonnegative random
variables with finite variances satisfying Petrov’s condition (1) and

E(S, —Sn) = C(n—m) for sufficiently large n —m,

where C' is some positive constant. Then (3) holds.

Petrov and Korchevsky [4] generalized the above theorem replacing
Petrov’s condition (1) by a more general condition

(5) m&—E&w:o<ﬁ;>

for some function ¥ € ¥, and some p = 1.

The next step in the Petrov strong law of large numbers research has
been done by Korchevsky [2]. He used an arbitrary norming sequence in
place of the classical normalization.
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THEOREM 3 [2]. Let {X,, n =1} be a sequence of nonnegative ran-
dom wvariables with finite absolute moment of order p =2 1. Assume that
{an, n 2 1} is non-decreasing unbounded sequence of positive numbers. If

ES,, = O(ay,) and E|S, — ES,|’ = O(d)?‘fﬂ)) for some function iy € W, then

Sp — ES),

Qn

0, a.s., as n— o0.

In all the above theorems there is a function ¢ € ¥.. Petrov [6] showed
that the set W, is optimal for the strong law of large numbers in the sense of
condition (1). In this situation, it is natural to ask about the subset of W,
i.e., about the set of all functions v, for which Petrov’s condition (1) (or
its generalization (5)) is sufficient for the strong law of large numbers of
Hsu-Robbins type.

In this work we study the rate of convergence in the strong law of large
numbers expressed in terms of complete convergence of Baum—Katz type for
sequences of random variables satisfying Petrov’s condition (5).

This problem was considered by Stoica [9]. He presented the Baum-
Katz type theorem in a special form, i.e., considered the convergence of the
series

> cnP[|Sn — ESy| > by
n=1

for the norming sequence b, = ES,, n =1 and the coefficients ¢, =
(ESn)p72, n 2 1,1 < p < 2 under the assumption analogous to (5) and some
additional assumption describing change rate of the sequence {X,,, n = 1}.

Here we recall the Baum—Katz type theorem in the version given in the
paper of Gut and Stadtmiiller [1].

THEOREM 4 [1]. Let p >0, a > 1/2 and ap = 1. Suppose that {X, X,
n 2 1} are independent and identically distributed random variables. If

ElXP<oco and,if p=1 EX =0,
then

Zno‘p*QP“Sﬂ >n%] <oo, forall >0

n=1

and

o
g no‘p_QP[ max |Sk| > no‘s} < oo, forall e>0.
— 15k<n
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If ap > 1, we also have

o0
Znap_2P

n=1

sup Sk‘ >5] < oo, forall e>0.

k=n

kOt

Conversely, if one of the sums is finite for all € > 0, then so are the others
(for appropriate values p and o), E|X|’ < oo and if p 2 1, then EX = 0.

2. Main results

Denote by W) the set of positive functions v, non-decreasing in the
domain x > x¢ for some xg > 0 and such that

>

n=1

r—2

(n)

3

< oQ.

<

Note that for r = 1, (V) = W, and if r1 > 7o, then T ) c W (),
In the proofs concerning almost sure convergence and Petrov’s condition,
the following lemma plays the key role.

LEMMA 1. If ¢ € W, then the series > oo, 1/1(b™) is convergent for
any b > 1.

Inspired by methods used by Petrov and Korchevsky, we will prove the-
orems concerning complete convergence using the following generalization of
Lemma 1.

LEMMA 2. If ¢ € W) for some r > 1, then the series Y o0, (b") "/
P(b™) is convergent for any b > 1.

In the proof of Lemma 2 we will need the following result.

LEMMA 3. Let {an, n = 1} be a sequence of nonnegative numbers, A, =
Sr_ay and A, — co. Then the series 3.°° | an(An) "2 /1(A,) converges
for any function ¥ € ) r>1.

PROOF OF LEMMA 3. Let v € ¥.(") and let ng be such that A,, > 0

and ¥ (4,,) > 0.
The series >°°  n"~2/1)(n) is convergent for 7 = 1, so the integral

o0 $T_2
I = d
/A o)

converges too.
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By the mean-value theorem, we have

A, xr72
=(A, — An_1)en, n>ng,
[ = 2 0

where

(An)r—Q - (An—l)r_z
W(An) T T (A1)

Moreover, we see that A, — A,_1 = a, and then

0 an(A,) 2 > noglT
S TR D s 3 [ S <o

n=ng+1 n=no+1 n=no+1

<c

which ends the proof of Lemma 3. [J
PROOF OF LEMMA 2. Let b > 1. Put a,, = b"!. Then
An,

n—oo bn—l

A, =1+4+b+---+b"1 and

r—2
Therefore, the convergence of the series > % is equivalent to the

(bn 1)1 1
n=1 ¢@®r-1) -
By Lemma 3, we get the thesis of Lemma 2. [

convergence of the series Y °°

THEOREM 5. Letp =1, o > 1/2 and ap = 1. Suppose that {X,,, n = 1}
is a sequence of nonnegative random variables satisfying conditions

ES,

na

— A as n—

(6)

and (5) for some function 1 € ®P). Then

oo

Znade“Sn — ES,| >n%| <oo forall &>0.

n=1

PrOOF. Let b>1, ¢ > 0,
mi :inf{mgO: b < n < b™F for some n}
and
my :inf{m >my_q: b <n < ™ for some n}, 122,

where n and m in the above formulas are nonnegative integers.
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Note that {m;, | = 1} is a sequence of nonnegative integers such that
0S<mi<mg... and m; — o0, as | — oo.

Moreover, for any positive integers n there exists a positive integer [ = [(n)
such that

prm << et

Now for any [ = 1, we define the sequences
BV =inf {k: 0™ <k <b™) and K —sup {k: 0™ < k<™t

By definition of kl(l) and k‘l(z), we have

Mi(n 1
(7) b S ki <n <k

Hence, we get

®) n e T 1,2
and
E@) bt 1
l(n) _1 -
9) T pmadl = 0= 1,2.

Moreover, by (6), we have that for sufficiently large n

ES,
ES k)
(10) MWl ce =12

@ (1) o
and that there exists a constant C such that

ES,

0< < C.

Put

e \= £\
(11) b1:<1+c_5> and b2:(1+5).

We see that for b = by and b = bg, the estimations (7), (8) and (9) also hold.
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Moreover, for sufficiently large n, we have

Su=ES, S, " POy, ()" ES, | Bk,
" (o)™ ()"

(12)

_l’_

ESym . ((kz((a))a B 1)

(higy)™ \ 7

By (12), (8), (10) and (11), we get

S 2 - ES 2
Sn — ES k) k2 €
n n < l(n) L(n) . « -

(13) N N (o) +e+C (14 5 1)

l(n)

S, —FES o
— —kl(n) 3 kl(n) . (b2)a + 25.
k‘( ) )a
( l(n)

Similarly, for sufficiently large n, we get the lower estimation

1 - 1 (1 a 1

(14) Sp — ES, > Skz((i) ESkz((T)L) ) (kl(n)) _ ES, + ESkz((T)L)
o = (1) \« « « (1) o

" (kl(n)) " " (kl(n))

ESyn  ( (k)"
+ (1) o ’ ne —1

and by (14), (9), (10) and (11), we obtain

S,y —ES
(15) S. aS > k()(l) Oék(,). a_5+0< . _1>
z CRR =
I R S
(1) o @
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From (13) and (15), we have

S, — ES,
no{
S, —ES, o 1 S, —ES, o
< max Fign) @D ak”") . 5 + 2¢, W (bo)™ +2¢
(ki) (1) (Kiny)

and

{|8n — ESy| 23¢-n%} C {‘Sk<1> —ES,m |2¢e- (k,((l,z))a : (bl)a}

1(n) i(n)

@) o 1
OIS, = B | 2 - (400)" - G )

Hence, using the estimations (8), (9), Markov’s inequality, the assump-
tion (5), the estimation (7) and Lemma 2, we get

> nP2P[|S, — ESy| = 3¢ - n”]
n=1

< Znap*QP“Skm —ES,0m | Z2e¢- (kl((l,z))a : (bl)a]

I(n) 1(n)

n=1

o
ap— i 1
# 3 2P[|Sy —BSgs | 2 e (H)"

n=1

> n v kl((l)) ’ 2
n 1) yap—
<) ( n ) (i)™ P15, — ESigy

0
n=1 \Fy(n)

A

1\

= (k)" (b1)°]

2\ 2
(B2) i, - s

U(n) 1(n) I(n)

2 o 1
2 € (kl(n)) ’ (b2)a:|
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<3 ) (R ) 2 P, ~ B, I
n=1 ep - (kl((,z))ap - (b))

E|S,» —ES,o |

a +2 ap—2 I(n i(n «
+ Z P l(n)) Sp(')(kl((%i))a; — . (b2) b

2 o
= (by) Z(kl((l ) E|Sk<1> —ESk,m
n=1

ep 1(n) 1(n)

(bQ ) 2ap+2 0

o 2 (K) T ElS, — BS I
< (01)? & ()2 mutl i
s Z( ) E|Sk§” Esk(”‘ ((b1) = ()™)
=1
b 2ap+2 O _ m m
S () Bl - B P(0 — )™)
=1
< (bl) (bl — 1) i(k‘(l))fZ (kl(l))p (bl)ml
= op a 1 Ql}(k,l(l))
07200~ 1) = o2, (O
op ;(’fz ) w(kl@)) (b2)

+ o
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and the proof is now complete. [

Theorem 5 gives sufficient conditions under which the sequence of non-
negative random variables without any assumptions of independence satis-
fies one of the conditions of complete convergence of Baum—Katz type in the
strong law of large numbers.

This theorem also answers the question about the subset of ¥ for which
Petrov’s condition (5) is sufficient for complete convergence in SLLN.

The following example shows that the condition Y o0 n?~2/1)(n) < oo
that defines the set ., the class of functions we are looking for, is essen-
tial for complete convergence.

EXAMPLE 1. Let Q = (0, 1) be an interval on the real line and P be the
Lebesgue measure. We define the sequence {X,, n = 1} in the following
way

1
1 for0<w< —
X, = n p=1.
0 otherwise,

( 1
n for w € <O, )
n

1 1
Si(w)=1, we (0,1), Sp(w)= n—1 forw€<n,n_1> n=2.
1
1 -
forw€<2,1>,

ES,=0(n) and E(S,— ES,)> < ES? < 2n.

It is easy to see that

Thus we have

This proves that {X,,, n = 1} satisfies the assumptions of Theorem 3 for the
function ¥(n) = n and therefore we can state that (3) holds.

The function 1 (n) = n belongs to ¥, but does not belong to ¥ (the
series Y 2 1/1(n) diverges). This leads us to conclude that the sequence
{X,, n = 1} does not satisfy the strong law of large number of Hsu-Robbins
type, i.e.,

o0
ZPUSR—ESn]>5n]:oo for some &> 0.
n=1
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Indeed we have

ZP[|Sn—ESn]>En 32 [Sp, — ES,, > en]

n=1 n=1

= ZP[Sn > ES, +en] 2

n=1

P[S, > [Inn]+1+en]

di

zi P[S, >n] = i

n=no
for some € > 0 and some ng € N.

In the next section, we will consider some specified types of dependence
and give sufficient conditions for convergence rate in the strong law of large
numbers in terms of Petrov’s condition.

3. Dependent random variables

In this section we consider three types of dependence: negatively asso-
ciated random variables, p*-mixing random variables and ¢-mixing random
variables. For each of these kinds of dependence, we have the maximal
Rosenthal inequality.

Let us recall definitions of the above mentioned type of dependence.

DEFINITION 1. The random variables X1, Xo, ..., X,, are said to be neg-
atively associated if for any disjoint subsets A, B C {1,2,...,} and any real
coordinatewise non-decreasing functions f on R4 and ¢ on R5,

cov (f(Xk, ke A),g( Xk, k€ B)) <0,

provided the covariance exists.

An infinite sequence {X,,, n = 1} of random variables is said to be nega-
tively associated if every finite subset { X;,, X;,,..., X;, } is a set of negatively
associated random variables.

DEFINITION 2. A sequence of random variables {X,,, n = 1} is said to
be a p*-mixing sequence if there exists k € N such that

p* (k) = sup < sup cov(X, ¥) ( )) <1,

ST \ XeL2(Fs), YeL2(Fr) v/ Var(X) - Var(Y

where S, T are the finite subsets of positive integers such that dist (S,T") = k
and Fyy is the o-field generated by the random variable {X;, i € W C N}.
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DEFINITION 3. A sequence of random variables {X,,, n = 1} is called to
be ¢-mixing (or uniformly strong mixing) if

b(n) = sup ’P(B\A) - P(B)’ — 0 as n— o0,
k21, AeFF, P(A)>0, BeF2,

where F)" is the o-field generated by random variables X,,, X;,11,..., X

For these three above mentioned types of dependence, Shao [8] (for nega-
tively associated random variables), Peligrad and Gut [5] (for p*-mixing ran-
dom variables) and Wang et al. [10] (for ¢-mixing random variables) proved
the maximal Rosenthal-type inequalities.

Let {X,, n = 1} be a sequence of random variables with EX,, = 0 and
E|X,|P <ocoforn=1andp=1.

The maximal inequality

<c {(ZE)(?) +ZE|XZ-]”} for p=2
i=1

(16) E max
1<k<n

holds for:

(1) negatively associated random variables,

(2) p*-mixing random variables

(3) ¢-mixing random variables satisfying » 7, % (n) < oco.
For negatively associated random variables, we have additionally

(17) FE max
1<k<n

T<op ZE|X\” for 1<p<2
i=1

THEOREM 6. Let {X,,, n = 1} be a sequence of negatively associated ran-
dom variables with EX,, =0 and E|X, |’ < oo forn =1 and somep = 1. Let

Y e WP If for some a > 1/2 and ap > 1

(18) é;mxwzo(ﬁg),

and additionally for p > 2

(19) HM&P=0<”iZ),
;; ((n))

(20) Znap 2P[max |Sk| >e-n } <oo forall e>0.
n=1
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Proor. Note that

co 21

Znap 2P[max 55l > & ] Z Z " 2P[max |Sk| >¢e-n ]
n=1 > 2
o 21
= lzz; n:%l:lnap—ln—lp[lgfgél 1Skl >e-n }
o 201 1 1
< lz; n_%;l(Ql)o‘p (2’—1)* P[lgf%l 1Sk| > e - (21_1) a}
%o
<9t ;21(21)%—1(211) —lP[lr<nka<x21 1Sk > - (2171)a]

< i(2l)ap_lP[ max |Si| > ¢ - (21_1) O‘}

1Sk<2!

< 29P. E*I’Z ) L. (2" "*PE max |Sy|” := 1.
1SkS2!

Let p = 2. Then by (16), (18), (19) and Lemma 2, we have

o0

2! p/2
127277 Cp) ) (2 {ZE]X P+ (ZE(X]-)2> }
j=1

=1

o0

<9 7, c(p){ ;(zl) —175)?21: L3 (w((;l));w)p/z}

=1

> (2
§2ap+1-5_p-C(p)§:( < 00
—~ ¥(2)

which proves Theorem 6 in the case p = 2.

Now we consider the case 1 < p < 2. Using (17), (

18) and Lemma 2, we
have

0 2!
5o 3 S B
=1 j=1
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(ot -1 (2)” o (27

<2777 C(p) Y (2 - S27.cPC(p) > <oo. O
=1 ¢(2 ) =1 ( )

Now we see that one can get a stronger result than (20).

THEOREM 7. Under the assumption of Theorem 6 for some p =1,
a>1/2 and ap > 1,

(21) Zno‘p 2P[supk: “|Sk| >5} < oo forall €>0.

n=1 k2n

PROOF. Note that similarly as in the proof of Theorem 6, we have

co 201

Znap 2P[supk: 1Sk >5] Z Z n®P= 2P[suplc US| > €

n=1 =1 p=2-!

< i(Ql) ap_lP[ sup k~%|Sg| > 8}

I=1 k22t
(o.9] oo
1 _
= ) g P{ max k™ Y|Sk| > s}
2m—1<k<2m
l:1 m=l =
o m
- -1
= E P[ max k™ %|Sk| >5} E (2l)ap
oam—1<fQm
m=1 = =1

<C i (Qm)ap_lp[ max k= %|Sg| > E]

el 2m—1<fk<2m
oo
<C Z (2m)r= IP[ max |Sk|>5-(2m_1)a}
2m—1<k<om

H/\

[e.9]
E (2m)r— IP{ max S| >e- (2™71) }
1<k<2m

o0
<2P.(C.g7P gmyer—l . (gmymerp SplP :=1.
< e mZ::l( )T @M)TTE max |8

Now following the considerations in the proof of Theorem 6, we can de-
duce (21). O
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Let us note that the following relationship is true

P[|S,] >e-n"] < PLglkaé(n]Sk] >e-n%|.

Using this fact and following the above obtained results, we can formu-
late a result of Baum—Katz type.

THEOREM 8. Letp =1, « > 1/2 and ap = 1. Suppose that {X,,, n = 1}
are negatively associated random variables with EX, =0, E|X,|’ < oo for
eachn>1 and ¢ € ¥ P If

gE’Xi'p =0 (5w

and for p 2 2
n 2

> EIXi[F=0 (M) ,

i=1 (¢(n))
then
(22) Zno‘p*2P[|Sn| >n%] < oo, forall >0,

n=1

and

oo

g n®~ 2P| max |Si| > n%| < 0o or all > 0.
k 5

o 15k<n

If ap > 1, we also have

oo
Z nP=2p

n=1

Sk

sup T > €

k=n

< oo, forall €>0.

Using the fact that the maximal Rosenthal-type inequality (16) is true
for sequences {X,,, n = 1} of p*-mixing and ¢-mixing random variables, we
can prove, in the same way, analogous theorems for sequences with p*-mixing
and ¢-mixing types of dependence.

THEOREM 9. Let p =2, a>1/2. Let ¢ € ¥ ). Suppose that {X,,
n = 1} are p*-mizing random variables with EX, =0 and E|X,|’ < cc for
n = 1. If (18) and (19) are fulfilled, then (22),(20) and (21) hold.
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THEOREM 10. Let p =22, a > 1/2. Let ¢ € WP Suppose that {X,
n 2 1} are ¢-mizing random variables with EX,, = 0, E|X,|P < oo forn =1
and 300 ¢'/%(n) < oo. If (18) and (19) are fulfilled, then (22), (20) and
(21) hold.

COROLLARY 1. Let {X,,, n = 1} be negatively associated random vari-

ables or p* mmmg random variables or ¢-mizing random wvariables with
EX, =0, E|X,> < oo for each n =1 and S ¢'%(n) < 00 in case of
¢-mizing type dependence. If

n 2
ZE|X¢|2 =0 < " > for some  1p € WP,
i=1

P(n)
then
(23) iP[|Sn\>n-€} < oo, forall >0,
n=1
(24) ZPLglkaé( |Sn| >n - 5} < oo, forall >0,
and
(25) i 21;5 ‘ > 5] < o0, forall £>0.

PrOOF. Put a =1 and p =2. By Theorem 8, Theorem 9 and Theo-
rem 10, we get (23), (24) and (25). O

REMARKS. (1) Theorems 8, 9 and 10 give sufficient conditions for the
rate convergence of Baum—Katz type in terms of Petrov’s conditions for some
non-decreasing function ¢ € U, ") ¢ ¥, without any identical distribution
assumption.

(2) Corollary 1 shows that Petrov’s condition (4) is sufficient not only
for almost sure convergence in the strong law of large numbers but it is
also sufficient for complete convergence for the three types of dependence
considered above provided the function v belongs to the set v .2,

Acknowledgement. The author is very grateful to the referee for valu-
able comments which allowed her to improve this work.
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