
Acta Math. Hungar., 132 (4) (2011), 310–315
DOI: 10.1007/s10474-011-0070-x

First published online February 22, 2011

GENERALIZED TOPOLOGIES, GENERALIZED
NEIGHBORHOOD SYSTEMS, AND

GENERALIZED INTERIOR OPERATORS

C. CAO∗, B. WANG and W. WANG†

Department of Mathematics, Taizhou Teachers’ College, Taizhou 225300,
P. R. China

e-mails: ccf85@tom.com, hellowangbp@163.com, jswwq@tom.com

(Received July 23, 2010; accepted September 6, 2010)

Abstract. We give a systematic discussion on the relationship among gen-
eralized topologies, generalized neighborhood systems, and generalized interior
operators. As some applications, we answer a question raised in [7] by Shen, and
characterize generalized continuous maps.

1. Introduction

The theory of generalized topological spaces, which was founded by
Á. Császár, is one of the most important developments of general topology
in recent years. To produce generalized topologies, generalized neighbor-
hood systems and generalized interior operators play an important role in
the theory of generalized topological spaces. In [3], R. Shen discussed the
complete generalized neighborhood systems, and he proved that a general-
ized neighborhood system is complete if and only if it can be generated by
a generalized topology. Also he asked the question: for each strong gen-
eralized interior operator I on a set X , is there a unique GT μ such that
I = Iμ? In the present paper, we give a systematic discussion on the re-
lationship among generalized topologies, generalized neighborhood systems,
and generalized interior operators. As an application, we prove that a gener-
alized interior operator I on a set X is strong if and only if there is a unique
GT μ such that I = Iμ, which answers Shen’s question affirmatively. Also
we apply the main results to characterize generalized continuous maps.
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Let X be a set, and denote exp X the power set of X . We call a class
μ ⊂ exp X a generalized topology (briefly GT) [1] on X if ∅ ∈ μ and any
union of elements of μ belongs to μ. A set with a GT is said to be a general-
ized topological space (briefly GTS) [1]. For a GTS (X,μ), the elements of μ
are called μ-open sets and the complements of μ-open sets are called μ-closed
sets. A map ψ : X → exp (expX) is called a generalized neighborhood system
(briefly GNS) [1] on X if for each x ∈ X , V ∈ ψ(x) implies x ∈ V . A GNS ψ
on X is called ascending [1] if V ∈ ψ(x) implies U ∈ ψ(x) for each x ∈ X and
V ⊂ U . If ψ satisfying that for each x ∈ X and A ∈ ψ(x), there is a set O
such that x ∈ O ⊂ A, and y ∈ O implies the existence of a set B ∈ ψ(y) with
B ⊂ O, then we say ψ is complete [3]. A map I : expX → expX is called a
generalized interior operator [1] if I(A) ⊂ A for all A ⊂ X , and A ⊂ B im-
plies I(A) ⊂ I(B) for all A,B ⊂ X . A GIO I on X is called strong [1] if
I
(
I(A)

)
= I(A) for all A ⊂ X .

2. On GT, GNS and GIO

Given a GT μ on X , we define ψμ(x) = {A : x ∈ M ⊂ A for some M ∈ μ}
(x ∈ X) and Iμ(A) =

⋃{M ⊂ A : M ∈ μ} (A ⊂ X). Then ψμ and Iμ are re-
spectively a GNS and a GIO on X , which we called the GNS and GIO
generated by the GT μ [1]. It is not difficult to check that each GNS (GIO)
generated by a GT is always complete (strong).

Given a GNS ψ on X , let μψ denote the collection of all subsets M ⊂ X
such that x ∈ M implies the existence of a set V ∈ ψ(x) satisfying V ⊂ M .
Then μψ is a GT on X , which we called the GT generated by the GNS
ψ [1]. Define Iψ : expX → exp X as follows: x ∈ Iψ(A) if and only if there
is V ∈ ψ(x) such that V ⊂ A (A ⊂ X). Then Iψ is a GIO on X [2, 3.1] (in
[2], Iψ is written as ιψ), which we called the GIO generated by the GNS ψ.

Given a GIO I on X , let μI =
{
A ⊂ X : A = I(A)

}
(A ⊂ X) and ψI(x)

=
{
A ⊂ X : x ∈ I(A)

}
(x ∈ X). Then μI and ψI are respectively a GT

and a GNS on X [3], which we called the GT and GNS generated by the
GT μ [3].

The above relationship among them can be presented in the following
diagram.

GT
ψ

I

GNS

I

μ

GIO

μ

ψ

Diagram I
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Is Diagram I commutative? We now give a systematic discussion on this
question.

Theorem 2.1. For each GT μ on a set X , we have
(1) μ = μIμ

.
(2) μ = μψμ

.
(3) Iμ = Iψμ

.
(4) ψμ = ψIμ

.
(5) μ = μIψμ

.
(6) μ = μψIμ

.

Proof. (1) If A ∈ μ, then Iμ(A) =
⋃{M ∈ μ : M ⊂ A} = A. Thus

A ∈ μIμ
. Conversely, if A ∈ μIμ

, then Iμ(A) = A. By the definition of Iμ(A),
A ∈ μ. So μ = μIμ

.
(2) See [1, 2.3].
(3) For each A ⊂ X , Iμ(A) =

⋃{M ⊂ A : M ∈ μ}. Then x ∈ Iμ(A) if
and only if there is a M ∈ μ such x ∈ M ∈ A. By the definition of ψμ, this
is equivalent to the condition that there is an M ∈ ψμ(x) such that M ⊂ A.
So x ∈ Iμ(A) if and only if x ∈ Iψμ(A), and then Iμ = Iψμ

.
(4) For each x ∈ A, A ∈ ψμ(x) ⇔ there is a M ∈ μ, such that x ∈ M ⊂ A

⇔ x ∈ Iμ(A) ⇔ A ∈ ψIμ
(x). So ψμ(x) = ψIμ

(x).
(1) and (3) imply (5). (2) and (4) imply (6). �

Lemma 2.2 [3, 3.5]. For a GIO I on a set x, we have
(1) I = IψI

,
(2) μI = μψI

.

For each GT μ on X , we have proved μ = μIμ
, and then each GT on

X can be generated by some GIO on X . However, we can see from the
following example that for a GIO I on a set X , I = IμI

does not always
hold.

Example 2.3. Let X = {a, b, c}, I
(

{a, b, c}
)

= {a, b, c}, I(a) = I(b) =
I(c) = I(∅) = ∅, I

(
{a, b}

)
= a, I

(
{a, c}

)
= c, I

(
{b, c}

)
= b. Clearly μI ={

∅, {a, b, c}
}
, whence IμI

(
{b, c}

)
= IμI

(
{a, c}

)
= IμI

(
{a, b}

)
= ∅. Therefore

I �= IμI
.

Remark 2.4. For the GIO I on X defined in the above example, there
is no GT μ on X such that I is generated by μ. Otherwise, if I = Iμ for
some GT μ, then IμI

= IμIμ
= Iμ = I by Theorem 2.1, a contradiction. So,

it is natural to study when a GIO on X can be generated by some GT. In [3],
Shen asked the question: for each strong generalized interior operator I on
a set X , is there a unique GT μ such that I = Iμ? Corollary 2.6 below will
give an affirmative answer to this question.
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Theorem 2.5. For a GIO I on a set X , the following conditions are
equivalent:

(1) I is strong.
(2) ψI is complete.
(3) ψI = ψμ for some GT μ on X .
(4) ψI = ψμI

.
(5) ψI = ψμψI

.
(6) I = IμI

.
(7) I = IμψI

.
(8) I = IψμI

.

Proof. (1) ⇔ (2) ⇒ (4) is proved in [3, 3.5]. (4) ⇒ (3) ⇒ (2) is obvious.
(4) ⇔ (5) comes from Lemma 2.2.

(1) ⇒ (6). For each set A ⊂ X ,

IμI
(A) =

⋃
{M ∈ μI : M ⊂ A} =

⋃ {
M ⊂ A : I(M) = M

}
⊂ I(A).

Conversely, since I is strong, then I
(
I(A)

)
= I(A) ⊂ A, so I(A) ∈

{
M ⊂ A :

I(M) = M
}
. By the definition of IμI

(A), IμI
(A) ⊃ I(A). Therefore I = IμI

.
(6) ⇒ (1). For each A ⊂ X , I

(
I(A)

)
⊂ I(A) is obvious. Conversely, if

x ∈ I(A) = IμI
(A) =

⋃{M ∈ μI : M ⊂ A}, then there is a set M ∈ μI such
that x ∈ M ⊂ A. Since I(M) = M , so x ∈ I

(
I(M)

)
⊂ I

(
I(A)

)
. Therefore

I
(
I(A)

)
⊃ I(A).

(6) ⇔ (7) comes from Lemma 2.2 (2).
(4) ⇒ (8) comes from Lemma 2.2 (1).
(8) ⇒ (1). Since μI is a GT, then ψμI

is complete. By [3, 3.3], I = IψμI

is strong. �

Corollary 2.6. For each strong GIO I on a set X , there is a unique
GT μ such that I = Iμ.

Proof. The existence of μ comes from Theorem 2.5(6). It suffices to
show such μ is unique. In fact, if I = Iμ = Iμ′ for strong GIO I and I ′, by
Theorem 2.1, μ = μIμ

= μIμ′ = μ′. �
Some of the following results are known, we list here for completeness.

Theorem 2.7. For an ascending GNS ψ on a set X , we have
(1) ψ = ψIψ

.
(2) μψ = μIψ

.

Proof. (1) is proved in [3, 3.5].
(2) If M ∈ μψ, then for each x ∈ M , there is a set A ∈ ψ(x) such that

A ⊂ M . Iψ(M) =
{
x ∈ M : there is a set V ∈ ψ(x) such that V ⊂ M

}
.
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Then Iψ(M) = M . So M ∈ μIψ
. Therefore μψ ⊂ μIψ

. Conversely, if
M ∈ μIψ

, we know M = Iψ(M). That is to say for each x ∈ M , there is
a set V ∈ ψ(x) such that V ⊂ M . So M ∈ μψ. Therefore μψ ⊃ μIψ

. �

Theorem 2.8. For an ascending GNS ψ on a set X , the following con-
ditions are equivalent.

(1) ψ is complete.
(2) Iψ is strong.
(3) Iψ = Iμ for some GT μ on X .
(4) Iψ = Iμψ

.
(5) Iψ = IμIψ

.
(6) ψ = ψμψ

.
(7) ψ = ψIμψ

.
(8) ψ = ψμIψ

.

Proof. The equivalence of (1)–(4) is given in [3, 3.3]. By Theorem
2.7(2), we have (4) ⇔ (5) and (6) ⇔ (8). (1) ⇔ (6) comes from [3, 2.4].
(4) ⇒ (7) comes from Theorem 2.7(1).

(7) ⇒ (1). Since μψ is a GT, then Iμψ
is strong. By Theorem 2.5(2),

ψ = ψIμψ
is complete. �

Now we can summarize the relationship among generalized topologies,
generalized neighborhood systems, and generalized interior operators as the
following theorem.

Theorem 2.9. The following Diagram II commutes, where CGNS means
complete generalized neighborhood system and SGIO means strong general-
ized interior operator.

GT
ψ

I

CGNS

I

μ

SGIO

μ

ψ

Diagram II

3. On generalized continuous maps

Let us consider a GNS ψ, a GIO I and a GT μ on a set X , a
GNS ψ′, a GIO I ′ and a GT μ′ on a set X ′. A map f : X → X ′ is
called (μ, μ′)-continuous if U ∈ μ′ implies that f −1(U) ∈ μ. f : X → X ′ is
called (ψ,ψ′)-continuous if x ∈ X and V ∈ ψ′(f(x)

)
imply f −1(V ) ∈ ψ(x).
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f : X → X ′ is called (I, I ′)-continuous if each M ⊂ X ′ implies that f −1
(
I ′(B)

)

⊂ I
(
f −1(B)

)
.

Theorem 3.1 [3]. For a GNS ψ on a set X , and a complete GNS ψ′ on
a set X ′, f : X → X ′, the following are equivalent.

(1) f is (ψ,ψ′)-continuous.
(2) f is (μψ, μψ′ )-continuous.
(3) f is (Iψ, Iψ′ )-continuous.

Theorem 3.2. For a GIO I on a set X , and a strong GIO I ′ on a
set X ′, f : X → X ′, the following are equivalent.

(1) f is (I, I ′)-continuous.
(2) f is (μI , μI′ )-continuous.
(3) f is (ψI , ψI′ )-continuous.

Proof. (1) ⇒ (2). If M ∈ μI′ , then I(M) = M . Since f is (I, I ′)-
continuous, f −1(M) = f −1

(
I ′(M)

)
⊂ I(f −1(M) ⊂ f −1(M). Thus f −1(M)

= I(f −1(M). Therefore f −1(M) ∈ μI . So f is (μI , μI′ )-continuous.
(2) ⇒ (3). Suppose that x ∈ X and V ∈ ψI′

(
f(x)

)
. Then f(x) ∈ I ′(V ).

Since I ′ is strong, I ′(V ) ∈ μI′ . By (2), f −1
(
I ′(V )

)
∈ μI . That is to

say f −1
(
I ′(V )

)
= I(f −1

(
I ′(V )

)
). Then x ∈ f −1

(
I ′(V )

)
= I(f −1

(
I ′(V )

)
)

⊂ I
(
f −1(V )

)
, so f −1(V ) ∈ ψI(x). f is (ψI , ψI′ )-continuous.

(1) ⇔ (3) comes from Lemma 2.2(1), Theorem 2.5(2) and Theorem 3.1
(1) ⇔ (3). �

Theorem 3.3. For a GT μ on a set X , and a GT μ′ on a set X ′,
f : X → X ′, the following are equivalent.

(1) f is (μ, μ′)-continuous.
(2) f is (ψμ, ψμ′ )-continuous.
(3) f is (Iμ, Iμ′ )-continuous.

Proof. (1) ⇔ (2) comes from Theorem 2.1(2) and Theorem 3.1
(1) ⇔ (2).

(1) ⇔ (3) comes from Theorem 2.1(1) and Theorem 3.3 (1) ⇔ (2). �
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