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Abstract. Csédszar introduced the notions of ascending operation, ascend-
ing hull of operation and ascending generalized neighborhood system in [2]. In
this paper, we introduce the notions of interior and closure operators and (3, ’)-
continuity on ascending generalized neighborhood systems. We characterize some
properties of such notions in terms of convergence of p-stacks.

1. Introduction

Csaszar introduced the notions of generalized neighborhood systems and
generalized topological spaces [1]. He also introduced the notions of ascend-
ing operation, ascending hull of operation and ascending generalized neigh-
borhood system [2]. In this paper, we introduce the notions of interior and
closure operators and (1, 1)’)-continuity on ascending generalized neighbor-
hood systems. We characterize some properties of such notions in terms of
convergence of p-stacks. In particular, we show that if f(&y) & £y, then fis
(1, 1")-continuous on ascending generalized neighborhood systems v, ¢’ iff
f(F) ¢'-converges to f(x) whenever a p-stack F 1)-converges to .

2. Preliminaries

We recall some notions and notations defined in [1]. Let X be a nonempty
set and exp (X)) the power set of X. Let ¢ : X — exp (exp (X)) satisfy z € V
for Ve ¢(x). Then V € 9(z) is called a generalized neighborhood of x € X
and v is called a generalized neighborhood system (briefly GNS) on X.
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Let us consider a map 7 : exp X — exp X. In [2], such a map is called an
operation on X . If y is an operation on X, we write yA for v(A). An opera-
tion v is said to be monotonic iff A S B S X implies vA € vB, enlarging iff
A € X implies A € vA and restricting iff YA € A for A € X. Let ¢ and ¢/
be GNS’s on X and Y, respectively. Then a function f: X — Y is said to
be (1, ')-continuous if for x € X and V € ¢/ ( f(z)), there is U € ¢(z) such
that f(U) £ V. Let k be a subset of exp (X). Then & is said to be ascend-
ing [2] (or stack [3]) iff for A € k, and A € B € X implies B € k. A GNS ¢
on X is said to be ascending iff ¢(x) is ascending whenever x € X [2]. For a
subset x of exp (X), the ascending k™ = {B € X: there is A € x such that
A € B} is called the ascending hull of  [2].

An ascending set A of exp (X) is called a p-stack [3] if it satisfies the
condition P,Q € A implies PN Q # (.

3. Results

DEFINITION 3.1. Let X be a nonempty set and ¢ : X — exp (exp (X))
an ascending generalized neighborhood system.

w(A)={zecA: Acy(x)};
Yp(A) ={zeX: ANV #£0, for every V € ¢(z)}.

THEOREM 3.2. Let v be an ascending generalized neighborhood system
on X. Then

(1) yp(X = A) = X —1y(A).

(2) L¢<X — A) =X - 7¢(A).

PROOF. (1) If x € (X — A) then (X — A)NV # 0 for every V € ¢(z),
say ¢ (z) # 0, hence there is no element V' € ¢(x) such that V& A. This
implies A € 1)(x) and so x & 1(A). Hence x € X — 1(A).

For the converse, let ¢ v,(X — A). Then there is an element V' € 1 (z)
such that (X —A)NV =0. So V C A and since ¢(z) is ascending, A € ¢(x
From definition of the operation ¢y, we have x € 1,(A), hence x & X —1(A

(2) It is similar to the proof of (1). O

THEOREM 3.3. Let ¢ be an ascending generalized neighborhood system
on X. Then vy is monotonic and restricting.

ProoF. If A S B and z € 1(A), then A € )(z), since ¢(x) is ascending,
B € 1(x) and so x € 1,,(B). Hence ty is monotonic.

Let « € 1y(A) for AS X. Then A € (x). Since 1 is a generalized neigh-
borhood system, x € A, so that ¢y, is restricting. O

)
)
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THEOREM 3.4. Let v be an ascending generalized neighborhood system
on X. Then vy is monotonic and enlarging.

PrOOF. If A S B and = € y4(A), then from definition of ~,, obviously
Yy 18 monotonic.

Let « & vy (A) for A € X. Then thereis a V € ¢(x) such that VN A = 0.
Since x € V, v ¢ A, so that v, is enlarging. d

For ascending sets £ and A of exp (X), if there are F' € k, G € X such
that G N F = (), we say that x and X\ are disjoint.

LEMMA 3.5. For ascending sets k and \ of exp (X), if k and \ are not
disjoint, then k VA = {FNG: F €k, G € \}" is an ascending set contain-
ing K, A\

DEFINITION 3.6. Let ¢ be an ascending generalized neighborhood system
on X. A p-stack F on X t-converges to x if ¢(x) & F.

THEOREM 3.7. Let X be a nonempty set and 1 : X — exp (exp (X)) an
ascending generalized neighborhood system.

(1) wp(A) ={x € A: Ac F, for every p-stack F 1)-converging to x};

(2) v(A) ={z € X : there is a p-stack F such that F 1-converges to x
and A € F}.

ProOF. (1) If z € ¢,(A) and a p-stack F 1)-converges to z, then A € ()
and (r) &S F,sox € Aand A € F.

For the converse, let ¢)(x) be nonempty for x € X. Then v (x) is a p-stack
and it 1)-converges to x. By hypothesis, A € ¥(x). Hence = € 1(A).

(2) Let « € 44(A). Then VN A # 0 for every V € ¢(x). Put

P {{A}*, if v(z) =0,
W) VAN, () £ 0,

then F is a p-stack such that it ¢-converges to z and A € F.

Suppose there is a p-stack F such that it y-converges to x and A € F.
Since ¥ (x) € F and F is a p-stack, VN A # () for every V € ¢(z), so this
implies x € v4(4). O

DEFINITION 3.8. A function f: (X,9) — (Y,v’) on ascending general-
ized neighborhood systems 1, ¢’ is said to be (¢, ’)-continuous if for x € X
and for each V € ¢/ ( f(z)), f~1(V) € ¥(z).

THEOREM 3.9. Let f: (X,¢) — (Y,9') be a function on ascending gen-
eralized neighborhood systems 1, ¢'. Then the following are equivalent:

(1) f is (¥,9")-continuous.
(2) For x € X and for each V € w’(f(x)) , there is U € ¢(x) such that

fuyev.
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( S e (B)) S wyp(fH(B)) for BEY.
4w (f7HB) Ef° I(W B)) for BEY.
5) f(7(4)) S vy (f(A)) for AC X.

PROOF. (1) = (2). Forz € X, let V € ¢/( f(z)). From (¢,¢’)-continuity
of f, 71 (V) € y(z). Put U= f~4(V); then U € ¢(z) and f(U) S V. Thus
(2) is obtained.

(2) = (3). For BE Y, let & € f~'(1y/(B)). Then f(z) € ty(B) and so
B e ¢/(f(z)). By (2), there is U € ¢(z) such that f(U) € B, since ¢(z) is
ascending, it is f~1(B) € ¢(z). Hence z € vy(f~(B)).

(3)=(1). For z € X, let Vev/(f(z)). Then we know that f(z) €
(V) and so z € f~1 (v (V). It follows z € vy (f71(V)) from (3). This
implies f~1(V) € ¥(x). Hence f is (¢,%')-continuous.

(3) & (4). It is obtained from Theorem 3.2.

(4) & (5). Obvious. O

Let f: X —Y be a function. For an ascending set F of exp (X), let us
define f(F) = {f(K): K e F} "

LEMMA 3.10. Let f: X =Y be a function and F an ascending set of
exp (X). Then U € f(F) iff there exists K € F such that f(K) S U.

Proor. Obvious. [

THEOREM 3.11. Let f: (X,v) — (Y,4') be a function on ascending gen-
eralized neighborhood systems 1, ¢'. Then if f is (1,")-continuous, then
f(F) ¢'-converges to f(x) whenever a p-stack F 1p-converges to x.

PROOF. Suppose f is (1,9’)-continuous and a p-stack F 1)-converges
to z. Let ¢'( f(x)) # 0. Then for each V € ¢/( f(z)), by Theorem 3.9 (2),
there is some U € 9(z) such that f(U) € V. Since F i-converges to x, we
can say that there is U € F such that f(U) £ V. So by Lemma 3.10, V is an
element in the ascending set f(F). Hence f(F) ¢'-converges to f(x). O

In Theorem 3.11, the converse is not always true as shown in the next
example.

EXAMPLE 3.12. Let X = {a,b,c}. Consider two ascending generalized
neighborhood systems v and 1)’ defined as the following:

Pla) =0, ¢(b) ={X}, o) ={X}
V(a) ={X}, ¥'(0)={X}, ¢'(c)={X}.

Let us consider the identity function f : (X,1) — (X,4’). Then for every
x € X, f(F) ¢/-converges to f(x) whenever a p-stack F 1)-converges to z.
But f is not (¢, 4’)-continuous at a.
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Let X be a nonempty set and ¢ : X — exp (exp (X )) an ascending gen-
eralized neighborhood system. Set &, = {33 € X:Y(x)= (7)}.

THEOREM 3.13. Let f : (X, 1) — (Y,4') be a function on ascending gen-
eralized neighborhood systems 1, ' and f(Ey) & Ey. Then f is (¥,¢)-
continuous if and only if f(F) 1'-converges to f(x) whenever a p-stack F
-converges to x.

PROOF. From Theorem 3.11, it is sufficient to show that if f(F) '~
converges to f(z) whenever a p-stack F 1-converges to x, then f is (¢, ¢/)-
continuous. For the proof, suppose w’(f(a:)) #(and V € w’(f(x)) . Then
from f(€y) € &y, we can say (x) # (. Since 9(x) t)-converges to z, by
hypothesis, we have V € ¢/( f(z)) € f(¥(x)). Thus for V € f(4(z)), by
Lemma 3.10, there is U € 9(z) such that f(U) £ V. Hence from Theorem
3.9 (2), fis (¥,¢')-continuous. O

Let g be a collection of subsets of X. Then g is called a generalized
topology [1] on X iff ) € g and G; € g for i € I # () implies G = U;e;G; € g.
The elements of g are called g-open sets and the complements are called g-
closed sets. Let ¢ be a GNS on X and G € gy iff G C X satisfies: if x € G

then there is V' € ¢(x) such that V C G. Let g and ¢’ be generalized topolo-
gies on X and Y, respectively. Then a function f: X — Y is said to be
(9, 9")-continuous [1] if G’ € ¢’ implies that f~1(G’) € g.

THEOREM 3.14. Let f : (X,v¢) — (Y,¢') be a function on ascending gen-
eralized neighborhood systems 1, ¢'. Then if f is (1,v")-continuous, then it
is (gy, gy ) -continuous.

PROOF. If V € gy, then for each z € f~(V), there is U € ¢'( f(z))
such that f(z) € U S V. Since f is (1,1)-continuous, f~1(U) € ¥(x) and
from f~1(U) S f~1(V), we know that f~1(V) € gy. Hence f is (gy, gy )-
continuous. (|

EXAMPLE 3.15. Let X = {a,b,¢,d}. Consider two ascending generalized
neighborhood systems v and 1)’ defined as the following:

Pla) ={X}, ¥(b) ={X}, ¥(c)={X}, ¥(d) =0
V'(a) = {{a,0}, X}, /(b)) ={X}, ¥'(c)={X}, '(d)=0.

Then gy = gy = {@, {a, b, c}}
Let us consider the identity function f: (X,¢) — (X,v’). Then f is
(9, gy )-continuous but not (¢, 1)’)-continuous.
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