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HYPERSTABILITY OF A FUNCTIONAL
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Abstract. The aim of this paper is to prove that the parametric fundamen
tal equation of information is hyperstable on its open as well as on its closed
domain, assuming that the parameter is negative As a corollary of the main re
sult, it is also proved that the system of equations that defines the alpha recursive
information measures is stable

1. Introduction

The stability theory of functional equations mainly deals with the follow
ing question: Is it true that the solution of a given equation differing slightly
from a given one, must necessarily be close to the solution of the equation in
question? In case of a positive answer we say that the equation in question
is stable (see e g Forti [4]) The investigation of the multiplicative Cauchy
equation highlighted a new phenomenon, which is nowadays called super
stability (see e g Moszner [11]) In this case the so called stability inequality
implies that the function in question is either bounded or it is the solution
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of the functional equation itself Furthermore, it can happen that there is no
such alternative, that is, all the solutions of the stability inequality are ex
actly the solutions of the functional equation In this case we speak about
hyperstability (see e g Maksa Pales [10])

In this paper we shall prove that the parametric fundamental equation of
information, that is,

(11) f(m)+(1—m)af<lf$>=f(y)+(1—y>"‘f<1fy>

is hyperstable, provided that the parameter « is negative Equation (1 1)
arises in the characterization problem of the 3 semi symmetric, « recursive
information measures (see Aczél Daroczy [1] and Ebanks Sahoo Sander [3])

Throughout this paper we will use the following notations Let R denote
the set of the real numbers and for each n = 2,3, ... define the sets D,, and

D,, by

D, = {(pl,...pn) ER)pl,...,pn,Zpié]O,l[}.

i=1

and

n
D, = {(pl,-.-pn) € R)phm,pn €0, 1[,) pi < 1},
i=1
respectively B
In the investigations (1 1) is supposed to hold on Dy or on Do The

general solution of equation (1 1) is contained in the following theorem (see
also Maksa [8] and Ebanks Sahoo Sander [3])

THEOREM 11 Leta € R, a# 1 and f: ]0,1] — R be a function Then
the functional equation (1 1) holds for all (xz,y) € Dy if and only if there exist
c,d € R such that

fl@)=cax®+d(1—2)"—d
holds for all z € ]0,1]

In [9] Maksa proved that (1 1) is superstable on Do if 1 # o > 0, but
this method is inappropriate on the set Do as well as if the parameter « is
negative It was conjectured that equation (1 1) is hyperstable but finally
stability could be proved (see [6]) However, this method was appropriate
to prove superstability for the case 1 # « > 0 This unified method can be
found in [5] Recently it turned out that with a different method we can
prove hyperstability for equation (1 1) on Do as well as on Da, if a < 0

The next section will be devoted to this result
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All in all, equation (1 1) is superstable if 1 # « > 0, it is stable, provided
that @ = 0 and it is hyperstable assuming that o < 0 on the set Dy As to the
case a = 1, it was raised by Székelyhidi at the 28th International Symposium
on Functional Equations (see [12]), and it is still open

2. Main result

Our main result is contained in the following theorem

THEOREM 2 1 Let a,e € R, a < 0,20 and f:]0,1] = R be a func
tion Assume that

(21) f<m>+<1—x>af(1ﬁx)—f<y>—<1—y>af(1fy>'ge

holds for all (xz,y) € Da Then, and only then, there exist ¢,d € R such that
(22) f)=cx®*+d(1—2)*—d

for all x €]0,1]

PrROOF Due to Theorem 1 1, in case the function f is given by formula
(2 2), then

F@)+ (1 —2)f <13x> =fly) + 1 —y)f <1fy>

holds for all (z,y) € D2 Thus inequality (2 1) is also satisfied with arbitrary

e 2 0 Therefore it is enough to prove the converse direction
Define the function G : Dy — R by

(23) Glaoy) = F(e)+ (1—2)°f (y) Cfety) ((.y) € D).

11—z
Then inequality (2 1) immediately implies that
(24) |G(z.y) — Gly.x)| Se

for all (z,y) € Do
Let (z,y,2) € D3, then due to the definition of the function G,

z

Ga+y,2)=flz+y)+(1-(@+y)"f <1_(x+y)

)—f(x+y+Z),
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Gy +) = fla) + (-1 (22) = flaty+2
and
(1—33)“G<1fx,1jx>
= (-2 [f(lfxw( —1ﬁx)af<1f§$>—f(§’f;) :
that is

(25)  Glz,y) + Gl +y,2) :G(x,y+z)+(1x)aa<1f$, 1;)

holds on D3, where we used the identity

z 11—z

1—(z+y) 1-:L&

also
In what follows we will show that the function GG is & homogeneous In
deed, interchanging = and y in (2 5), we get

Gy, z)+ Gz +y,z)

x z
1—y' 1—y

:G(y,x—i-z)—i—(l—y)o‘G( ) ((z,y,2) € D).

Furthermore, equation (2 5) with the substitution (z,y,z) = (y, z,x) yields
that

Gy 2)+ Glu+ 2.0) = Glya )+ (1-)°6 (12 12 )

is fulfilled for all (z,y,z) € D3
Thus

(2 6) G(y,z)—(l—x)o‘G< LA )

1—2’1—2z

‘{G<m,y>+G(x+y,z>—G<ff%y+z)_<1‘x>ac’< T >}

1—2’1—=x
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—G(z,y) — Gz +y,2) + Gla,y + 2)

_|_{G(y,x)—i—G(:r—i-y,Z)—G(y7x+z) < >}

+{G(y,z)—f—G(y—l—z,z)—G(yvx+z) < )}
~Gly+22)+ Gy +2) + (1-y)° G<1—y 1fy>

=Gy, z) — G(z,y) + G(z,y +z) — Gy + z,x)

ran (6 (5 75) -6 (2575))

for all (z,y,z) € D3, since the expressions in the curly brackets are zeros
Thus (2 6), (2 4) and the triangle inequality imply that

z

@) |6 - 0-a76 (1

—, 1_33)' <(2+(1-y))e
is fulfilled for all (z,y,2) € D3 Given any ¢ € ]0,1[, (u,v) € Dy, let
r=1—t, y=tu and 2z=to.
Then z,y,z € ]0,1] and
r+y+z=1—-t(l—u—v)€]o,1[,
that is (z,y, z) € D3, and inequality (2 7) implies that
| G(tu, tv) — t*G(u,v)| < (2+ (1 —tu)?)e,

or, after rearranging,

G(tu,tv)
tO[

(24 (1 —tu)®)
— G(u,v)| = o 5

holds for arbitrary ¢ € ]0,1[ and (u,v) € Dy Taking the limit ¢ — 0+ we
obtain that

lim G(tu, tv)

t—0+ to = G(“” U) ((u7 'U) S DQ) ’
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since limg o4 (1 — tu)® = 1 for all w € |0, 1[ and lim; g4 t~% = 0, since a < 0
This implies that the function G is o homogeneous on Do Indeed, for arbi
trary s € ]0,1[ and (u,v) € Do

G(t(su),t(sv))

(2 8) G(su, sv) = tl—i>I(I)1+ o
o G((ts)u, (ts)v) e
=% lim 5" = s*G(u,v).

At this point of the proof we will show that inequality (2 4) and equation
(2 8) together imply the symmetry of the function G Indeed, due to (2 4)

|G(ta, ty) — G(ty, tx)| < e

holds for all (z,y) € D9 and ¢t € ]0,1] Using the o homogeneity of the func
tion GG, we obtain that

[t°G(xz,y) —t°G(y,z)| S e, ((x,y) € Da,t €]0,1])

or, if we rearrange this,

9

‘G(I‘,y) —G(y,l')‘ é ta

holds for all (x,y) € Dy and t € ]0,1[ Taking the limit ¢ — 0+, we get that
G(z,y) = G(y, ) is fulfilled for all (z,y) € Da, since & <0 Therefore the
function G is symmetric Due to definition (2 3) this implies that

T

s+ -0 (F ) = s+ -0 (15) (e Dy,

l1—=x

i e, the function f satisfies the parametric fundamental equation of informa
tion on Do Thus by Theorem 1 1 there exist ¢,d € R such that

f)=cx®*+d(1—2)*—d

holds for all z € ]0, 1] O
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3. Corollaries

The first corollary of this section says that equation (1 1) is hyperstable
not only on Dy but also on Do

THEOREM 3 1 Let a,e € R be fized, « <0, € 20 Then the function
f:[0,1] — R satisfies the inequality (2 1) for all (x,y) € Da if, and only if,
there exist c¢,d € R such that

(31) flx)=Qcx*+d(1—2)"—d, if ©€]0,1]
c—d, if ©=1.

PROOF Let y =0in (21) Then we have that
(A=2)*+1)|f(0)] <& (x€]0,1[)
Since a < 0, this yields that f(0) =0 On the other hand, by Theorem 2 1,
f@)=cx®+d(1—2z)*—d (z€]0,1])

with some ¢,d € R Finally, let x € ]0,1[ and y =1 — 2 in (2 1) Then, again
by Theorem 2 1, there exist ¢,d € R such that

le—d—f()|]z* = (1-2)% Se.

Since av < 0, f(1) = ¢ — d follows

The converse is an eagy computation and it turns out that f defined by
(3 1) is a solution of (1 1) on Dy O

The second corollary concerns a system of equations

For fixed o < 0 and 2 < n € N define the set

n
pi€]0,1[, i=1,...,n, Zpizl},
i=1

and the function HY : I, — R by

ro - {<p1,...,pn>

Hg(pb?pn) = (21—a — 1) -1 . (Zp? _ 1>
=1

The sequence (HY) is called the entropy of degree «, and it was investigated
among others by Daréczy [2|, Havrda Charvat [7] and Tsallis [13], from sev
eral points of view
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About this topic the reader could consult the monograph of Aczél and
Daroczy [1] However, we will use only the following properties

The sequence of functions I, : I'y, = R (n=2,3,...) is called a recur
sive, if

In+1(]917 e >pn+1)

b1 P2
=1 +p2,p3, -, + (p1 + C“I< , )
n(P1 +p2,p3 Pn+1) + (p1 +p2)n P e
holds for all n <2, (p1,...,pps1) €15

Furthermore, the sequence of functions ,, : I';, = R (n =2,3,...) is called
3 semi symmetric, if

I3(p1,p2,p3) = I3(p1,p3, p2)

holds on I'§
It is easy to see that for all a,b € R the sequence of functions

(p1,..-pn) — aHy (p1, ... opn) +0(pF — 1) ((p1,...,pn) €T

is a recursive and 3 semi symmetric Therefore, the second corollary can be
considered as a stability theorem for a system of equations
THEOREM 3 2 Let n 2 2 be a fized positive integer, (I,,) be the sequence

of functions I, : TS — R and suppose that there exist a sequence (,,) of non
negative real numbers and a real number o < 0 such that

(3 2) [n(plu"'apn)_ln—l(pl +p27p37-~7pn)

b1 P2
—p1+P2a12< , >‘§5—1
( ) P1+ D2 p1+ D2 "

holds for allm = 3 and (p1,...,pn) €I, and

(33) | I3(p1, 2, p3) — I3(p1,p3, p2)| S e,

holds on I's  Then there exist a,b € R such that
n—1
(34) Ta(p1, - spn) = (aHS (D1, pn) + 005 = 1)) | £ en
k=2

for all n =2 and (p1,...,pn) €5, where the convention lec:2 e, =0 is
adopted
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PROOF As in Maksa [9], it can be proved that, due to (3 2) and (3 3)

for the function f defined by f(x) = I2(1 — z,z), z € ]0, 1] we get that

s+ -o0rf (75) - 0 - -vef ({5 ) 200 e

for all (x,y) € Dy, ie, (21) holds with € =29 + &1 Therefore, applying
Theorem 2 1, we obtain (2 2) with some ¢,d € R, ie,

L(l—z,2)=cx®+d1-2)"—d (z€]0,1[)

ie, (34)holds for n =2 witha = (2"~ 1)c,b=d —c
We continue the proof by induction on n Suppose that (3 4) holds and,
for the sake of brevity, introduce the notation

Jn(p1 .- n) = aHZ (p1,- .. pp) +b(pF — 1)

for all n =22, (p1,...,pn) €5 It can be easily seen that (32) and (3 3)
hold on T for J,, instead of I, (n = 3) with €, =0 (n = 2) Thus for all
(P1,---Pny1) €T, we get that

In+1(p1, s 7pn+1) - Jn+1(p17 s >pn+1)

- n+1(p17 e 7pn+1) - Jn(pl +p27p37 cee 7pn+1)

p1 D2
— (p1 + p2)*Jo ( ; )
( ) p1+p2 p1+p2

= nJrl(pla s 7pn+1) - In(pl +p2,p3, ... aanrl)

p1 D2
— (p1 +p2)*12 ( ; >
( ) p1+p2 p1+ D2

+ L(p1 +p2, 03, - - -, Pnt1) — In(D1 4+ P2, D35 -, Pnt1)

p1 P2 a p1 P2
+p1+p2af2< ; >—p1+p2 J2< ; )
( ) p1+p2 p1+Dp2 ( ) P1+Dp2 p1+ D2

Therefore (3 4) with n = 2 and the induction hypothesis imply that

n—1 n
| L1 (P1s - -3 Png1) = Jn(pr, - png1)| Sen+ fok; = 251@,
k=2 k=2
that is, (3 4) holds for n + 1 in place of n O
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188 E GSELMANN: HYPERSTABILITY OF A FUNCTIONAL EQUATION

COROLLARY 3 3 Applying Theorem 3.2 with the choice €, =0 for all
n € N, we get the « recursive, 3 semi symmetric information measures
Hence the previous theorem says that the system of a recursive and 3 semi
symmetric information measures is stable

Acknowledgement. The author is grateful to Professor Gyula Maksa
for his helpful comments

References

[1] J Aczél and Z Daroczy, On Measures of Information and their Characterization,
Academic Press (New York San Francisco London, 1975)
[2] Z Daroczy, Generalized information functions, Information and Control, 16 (1970),
36 51
[3] B R Ebanks, P Sahoo and W Sander, Characterizations of Information Measures,
World Scientific Publishing Co , Inc (River Edge, NJ, 1998)
[4] Z L Forti, Hyers Ulam stability of functional equations in several variables, Aequa
tiones Math , 50 (1995), 143 190
[5] E Gselmann, Recent results on the stability of the parametric fundamental equation
of information, to appear in Acta Math Acad Paedagog Nyhdzi
[6] E Gselmann and Gy Maksa, Stability of the parmetric fundamental equation of in
formation for nonpositive parameters, to appear in Aequationes Math
[7] J Havrda and F Charvat, Quantification method of classification processes, concept
of structural « entropy, Kybernetika, 3 (1967), 30 35
[8] Gy Maksa, Solution on the open triangle of the generalized fundamental equation of
information with four unknown functions, Utilitas Math , 21 (1982), 267 282
[9] Gy Maksa, The stability of the entropy of degree alpha, J Math Anal Appl 346
(2008), 17 21
[10] Gy Maksa and Zs Pales, Hyperstability of a class of linear functional equations, Acta
Math Acad Paedagog Nyhdzi, 17 (2001), 107 112
[11] Z Moszner, Sur les définitions différentes de la stabilité des équations fonctionnelles,
Aequationes Math , 68 (2004), 260 274
[12] L Székelyhidi, Problem 38 (in Report of Meeting), Aequationes Math , 41 (1991),
302
[13] C Tsallis, Possible generalization of Boltzmann Gibbs statistics, J of Statistical
Physics, 52 (1988), 479 487

Acta Mathematica Hungarica 124, 2009




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


