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PRODUCT OF GENERALIZED TOPOLOGIES
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Abstract. The definition of the product of topologies is generalized in such
a way that topologies are replaced by generalized topologies in the sense of [3]

0. Introduction

Let X = [[,cx X& be a nonempty set A well known construction in gen
eral topology is the following: given a topology 7 on X, a topology 7 on X,
called the product of the topologies 7y, is constructed (see e g [1])

A generalization of the concept of topology is that of generalized topol
ogy; according to [3], a generalized topology (briefly GT) on X is a subset p
of the power set exp X such that () € p and every union of some elements of
u belongs to p Of course every topology is a GT

The purpose of the present paper is to show how the definition of the
product of topologies can be modified in order to define the product of GT’s
We also consider some properties of the product GT and present some appli
cations
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1. Preliminaries

Let u be a GT on a set X # () Observe that X € p must not hold; if all
the same X € p then we say that the GT p is strong (see [5]) In general, let
M,, denote the union of all elements of u; of course, M, € p1, and M, = X iff
W is a strong GT

We call v : exp X — exp X an operation (see [7]) iff it is monotonic (ie
A C B C X implies yA C vB; for an operation 7 we write vA instead of
v(A)) If both v and «/ are operations, we write simply 74/ instead of v o0~/

Let pbea GT on X We say that M C X is p open it M € p; N C X is

w closed iff X — N € If AC X then i, A denotes the union of all p open
sets contained in A and ¢, A is the intersection of all 4 closed sets containing
A (see |6]) Both i, and ¢, are idempotent operations (where the operation
is said to be idempotent iff yyA = ~vA for A C X)) (see [6]) According to [9]
for AC X and z € X, we have z € ¢, A iff x € M € p implies M N A # ()

Let B C exp X satisfy ) € B Then all unions of some elements of 9B
constitute a GT p(B), and B is said to be a base for u(B) (see [8])

Let 4 be a GT on X and ¢/ a GT on X', moreover f: X — X' We say
that the map f is (u, 1) continuous iff M’ € p/ implies f~1(M') € u (see [3]),
and (p, 1) open iff M € p implies f(M) € p/ (cf [4]) If f is bijective and
(i, i) continuous, moreover f~!is (u/, ) continuous, then it is natural to
say that fis a (u, n') homeomorphism

Y

2. Product of GT’s

Now let K # () be an index set, X # 0 for k € K, and X = [[; cp Xi
the Cartesian product of the sets X; We denote by pi the projection py :
X — X,

Suppose that, for k € K, pg is a given GT on Xy Let us consider all
sets of the form [],.cx My where M}, € p, and, with the exception of a finite
number of indices k, M}, = Z;, = M, We denote by B the collection of all
these sets Clearly () € B so that we can define a GT p = p(B) having B for
base We call u the product of the GT’s pg and denote it by Preg ik

If each py is a topology then clearly p is the product topology of the
factors g (see [1])

Let us write i = i, ¢ = ¢y, ip = iy, Ck = Cy,

Consider in the following Ay C Xj, A = [[cx Ak, v € X and z = pi(x)

PROPOSITION 2 1 A C [[cx kA

PrOOF If x € iA then there is M € p such that x € M C A Then there
are sets My € iy, such that o € [[,cp My C M C A For pyp(x) = xp, we

Acta Mathematica Hungarica 128, 2009



PRODUCT OF GENERALIZED TOPOLOGIES 129

have x3, € My so that My # () and therefore []; . My C [],cx A implies
M, C Ay for each k Thus zp € My C Aj shows that xp € i Ayg O
The converse is valid if K is finite:

PROPOSITION 2 2 If K is finite then iA = [],cx in Ak

PROOF x € [[;cx ik Ax implies xy, € i Ay, for 3, = pr(x) Hence there are
sets My, € py, satisfying xp € My, C Ay involving = € [[pcx My C [[1ex Ak
= A and, K being finite, [[,cx My € p Hence x €A By this we have
proved D and C follows from 2 1 Il

PROPOSITION 2 3 cA = []cx ek

ProoOF Assume z € cA Fix | € K and choose x; € M; € iy For k € K,
k#1,let My, = Z;, Thenx € [[;cp My € B implies [ [, o M N A # (), hence
M;N A; # () This being valid for each M; € p; such that x; € M; € u;, we
have x; € A for each [ € K Finally = € [[;cx x4

Assume now = € [[;cpcxdr and x € M € p Then o € [[ oo My C M
for a suitable set erK My, € 9B so that xp € My, € uy for each k € K As
My, € py, we have M N A #0 for k€ K and [[cpx Mie N Tpex Ak # 0,
hence M NA#) Thus x € cA O

PROPOSITION 2 4 The projection py, is (u, pui) open

PROOF It suffices to show that py (M) € pg if M € B It M =[], p My
and My, € uy for each k then pp(M) = M), shows the statement O

In general, pg need not be (u, ux) continuous:

ExampLe 25 Let X =X x Xo, p=Pgyu, X1=1{ab}, m=
{0, X1}, Xo={c,d}, po=1{0,{c}} Then X; € py and p; ' (X1) =X ¢
since B = {0, X1 x {c}}

For a statement in the opposite direction, we need a lemma:

LEMMA 26 M, = [[1cx Zk

ProOOF If M € p then p(M) € py, by 24 Hence M C [],cppu(M) C
[lick Zr € m as [[er Zr €B C o Therefore [[cx Zk is the largest set
in p

Now we can say:

PROPOSITION 2 7 If every ug is strong then p is strong and py is (@, jix)
continuous for k € K

Now Zp = X for each k M} € ui implies pgl(Mk) = [[;cx M1 where
Ny, = My, and N; = X; for [ # k Hence [[;c,e N1 €B C p O
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3. Associativity of the product of GT’s

Consider Xj for index sets j € J and k € K; with pairwise disjoint
sets K;  We construct first X; = erKj Xji and then X =[], X; We
also consider K = (J;c; Kj and Y = [[;,cx Xjx  We obtain the projections
pj: X — X, pjp: Xj — Xjp and gji 0 Y — Xj Clearly there is a bijec
tive map h: X — Y satisfying pjx o pj = gj o h for each j € J and k € Kj:
when z € X, y = h(z), then pjr(pj(z)) = ¢jr(y) = yji determines y, and
conversely y determines y;j; = ¢jx(y) and hence p;i(p;j(2)). so pj(z) and =

Assume that a GT g, is given on Xy, for j € J, k € K; Then we can
construct vj = Prex;pjr as a GT on Xj;, v =Pjeyv; as a GT on X and
= Pjrerjr as a GT on' Y We can prove with the above hypotheses:

THEOREM 3 1 The map h is a (v, u) homeomorphism

ProOF For the (i, ) continuity of ™! it suffices to show that h(N) € u
whenever N belongs to the base for v So let N = HjeJ N; and N; € vj,
moreover N; = Z; = M, with the exception of a finite number of indices j
According to 2 6, Z; = erKj Zj, where Zj, = M,,,,
nite number of indices j, N; is the union of sets of the form erKj My,

For the remaining fi

with My, € pjr and Mj, = Zj, with the exception of a finite number of in
dices k for each j We can assume that N; is itself of this form Then
N = HjeJ erKj My, with My, € pji, and My, = Zjj, except a finite num
ber of pairs jk Thus h(N) = [];;cx Mjx belongs to the base for
Conversely we must show that M € p implies h= (M) € v We can as
sume that M belongs to the base for p,ie M = ijeK My, and My, = Zjy,

with the exception of a finite number of pairs jk Necessarily, with the ex
ception of a finite number of indices j, this equality is valid for all k € K},

and then [[,cx, Mjr = Zj by 26, so that [[,cx, Mji € vj for these j For
the remaining indices j, Mj, = Zj with the exception of a finite number of
indices k and therefore erKj M, € v; Finally erKj My, € v; for every

j € Jand erKj M;y, = Z; with the exception of a finite number of indices j
Hence lfl(M):HjeJerKj Mj, e v O

4. Products of semi-open, preopen, a-open, S-open, (-open sets

Consider an operation v on the set X We say that A C X is v open
iff AC A (see [2]) A large literature is devoted to vy open sets if p is a
GT on X and v = c,i, (semi open sets), v = i,c, (preopen sets), v = i,cu1,

Acta Mathematica Hungarica 128, 2009



PRODUCT OF GENERALIZED TOPOLOGIES 131

(a open sets), v = cuiyc, (B open sets) or YA = cpiyAUduc, A (C open sets)
(see [6]) The collection of the corresponding sets is denoted by o(u), m(p),

oa(,u), ﬁ(u)a C(M)v respectively
In the following, we assume that X = [[, cx X, px is a given GT on X,

p = Prex g, and examine the question whether A = [, cx Ax belongs to
v(p) (where v = o, 7, a, (3, ¢) provided each Ay is y(u) open We use again
the notations i, ¢, ig, ci

THEOREM 4 1 If K is finite and every Ay € o(ux) then A € o(u)

PROOF By 22 iA =[], cx ixAr and by 23 cA =[], cx ckAr Conse
quently Ax C cgip Ay implies

CctA = C( H ZkAk) = H CripAr D H A=A O

keK keK keK

Similar calculations show:

THEOREM 4 2 If K is finite and Ay € w(ug) for k € K then A € w(u)
THEOREM 4 3 If K is finite and Ay € a(uy) for k € K then A € a(u)
THEOREM 4 4 If K is finite and Ay € B(ux) for k € K then A € 5(u)

A similar statement is not valid for ¢ instead of o:

ExampLE 45 Let X; = X9 =R and both p; and p2 denote the Fu
clidean topology Hence pu is the Euclidean topology on the plane X Define
A1 =(0,1)NQ, Az = [0, 1] with Q denoting the set of all rational numbers

Now c1 41 = [0, 1], 1101 A1 = (0, 1) D Ay and A7 € C(ul), further i9 Ay =
(0, 1), coin Ay = [0, 1} D A and Ay € C(uz)

However, A = A; x Asg is the union of all closed intervals [0, 1] located on
the vertical line with abscissa r € Q for 0 <r <1 Hence iA =), ciA =10,
cA=10,1] x [0,1], icA = (0,1) x (0,1) and, for a = (1/2,0), we have a € A
but a & ciAUicA so that A & ((u)

We also can easily prove the converses of the statements 4 1 to 4 4:

THEOREM 4 6 If K is finite and A€ o(p) (Aen(u), Acan), Ac

B(w)) then either A =0 or Ay, € o(ug) (Ar € ©(pk), Ak € a(pr), Ak € B(pr))
forke K

ProOOF We consider the statement for o

If A#0, then A C ciA = c( [Liex ikAk) = [1ex ckivAr  This implies
Ap C cpip Ay as Ak#QforkEK O

If K is infinite, the statements 4 1 to 4 4 need not be valid:

ExaMPLE 4 7 Let K =N, X; =R and u; denote the Euclidean topol
ogy for every k Consider Ay = (—1/k,1/k) for k € K so that A € p
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So Ap € y(ux) for v = o,m,a,3,( (see [6]) However, if A =[], cx Ax then
A ¢ B(p) for p = Pregpr In fact, by 23

cA= [T erdr = J][-1/k 1/K]

keK keK

and icA = () as M C cAis impossible if M € u, M # () because M of this kind
cannot contain any subset of the form [], o, M}, where M}, is nonempty, 1,

open and M}, = X}, for at least one &k Thus cicA = () as p is a strong GT by
2 7 involving that () is p closed Consequently A & o (), 7(p), (), (), ¢ (1)

(see [6])
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