Acta Math Hungar, 123 (1 2) (2009), 121 125
DOT: 10 1007/s10474 008 8067 9
First published online September 19, 2008

THE LAW OF THE ITERATED LOGARITHM
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Abstract. For any unbounded sequence {n;} of positive real numbers, there
exists a permutation {ng(k)} such that the discrepancies of {na(k)m} obey the
law of the iterated logarithm exactly in the same way as the uniformii d sequence

{Uk}

1. Introduction

In the theory of uniform distributions, the following two types of discrep
ancies of a sequence {xy} of real numbers are frequently used:

N N
DN{[Ek} = sup Z W N D}kv{l'k} = sup M ,

0Za’<a<1|p 0Za<1|p N

where fur o(7) = Lo q) ((z)) — (a—d), 1(4,q) denotes the indicator function
of [@',a) and () denotes the fractional part x — [z] of the real number z
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We are interested in the asymptotic behavior of discrepancies as N — oo
For uniform iid {Uy}, the law of the iterated logarithm holds (cf [4]):

—  ND{Uy} _ o NDy{Ui} 1

— as

lim ——— = lim —————=
N—oo /2N loglog N N—oo /2N loglog N 2

Assuming the Hadamard’s gap condition ngq/ng > ¢ > 1, Philipp [5, 6]
proved the following asymptotic property and solved the Erdés Gél conjec
ture:

—  NDpy{ngz}

1
— < lim ————==0C
42 N 2NloglogN = *

where () is a constant depending only on ¢ For the special sequence {2k},
the exact law of the iterated logarithm

ae,

.  NDy{2Fz} - N D3 {2Fz} V42
11m = 11m -
N—oco /2NloglogN N—oco y/2NloglogN 9

is proved in [3]

For uniform iid {Ug}, the law of the iterated logarithm for discrepancies
holds for every permutation of {Uy}

Recently, Berkes, Philipp and Tichy [2] made a remark that Philipp’s
asymptotic property above is permutation invariant under Hadamard’s gap
condition, i e , it remains valid if we permute the order of {n;} Relating to
this remark, we show that the values of limsup itself are not permutation
invariant in general

a e

THEOREM For any unbounded sequence {ny} of positive real numbers,
there exists a bijective transformation o on N such that

mw ENDN{” v} _ L

N—oo /2N loglog N N—oo /2N log logN 2

For the sequence {2F} and a = 2,3, ..., there exists a o with

— NDy{2o®a}  ___ ND3{2°®a} 1 [(20 4 1)20(20 —2)

m  — = Il — = — a e
N—o /2N loglogN N—oco /2NloglogN 2 (20 —1)*

In this theorem, {n;} may not be integers nor increasing Informally,
we get the permutation o by considering the sequence {ix} and “scattering”
the terms of the complementary sequence {ji} in this sequence, leaving large
gaps between the consecutive ji’s
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2. LIL for the case of large gap

PROPOSITION For any sequence {ny} of positive real numbers satisfying
Nkt1/ngp — 00, we have

=  NDy{ngz} m NDy{ngz} 1 e

lim = lim =
N—oco /2Nloglog N N—oco /2Nloglog N 2

ProOOF By applying the result of Berkes [1], for any o’ < a, we have

— 1
lim

N—»oom = Hfa’,a||2:\/(a—a’)(l_(a_a/)).

N
> fura(niz)
k=1

Hence we can verify

— 2l 11 1
lim max max

N
Nooo I=1 I'—0 m ;fQ—L[/Q—LI(nkx)

Put

Urrn(x)= sup
0Za<2—L

N
Z fo-rro-rria(ni)
k=1

In the same way as in the proof in Section 3 of 3], which originated from 5],
we can prove

U
hmwgcﬂ/g ae (LeN, I=0,...,2"-1).
N—oo /2N loglog N

On the other hand, we can easily verify the approximation inequality

N N
21 -1 2L—1
sup E far a(npx) — max max g Jo-rpo-rr(npr)| = 2max W, 7 n(z).
0§a1<a<1 =1 I=1 I'=0 =1 I1=0

By combining these and letting L — oo, we have the conclusion As to Dy,
we can prove our result in the same way
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3. Proof of the Theorem

Since {ny} is unbounded, we can take a subsequence {n;, } such that
Ny /Ty, 2 k We make a subsequence {nj, } by removing {n;, } from {ng}
Hence we have divided {n;} into two subsequences {n;, } and {n;,}

Let us define o as follows Put o(ji) =k(k+1)/2 Forl=1,2,... and
k satisfying (I —1)I/2 < k < 1(l+1)/2, put o(ix) = k + [, which varies over
I(l+1)/2+1, ,({(+1)(l+2)/2—1 We can verify that ¢ is a bijective
transformation on N, and that by = #{k | o(jx) < N} = O(VN)

By definition of o, we have

N N—-bx bn
Zfa’,a(na(k)x) = Z fa’,a(nikx) + Zfa/7a(njkx)‘
k=1 k=1 k=1

Since the last term is O(by) = O(\/N) , by definition of Dy, we have
NDN{ng(k)a:} = (N — bN)DN,bN{nikx} + O(\/N) .

This also holds for D}, Since {n;, } satisfies the condition of Proposition, we
have

NDy{niyx}  — NDpy{n;x} 1 "o

lim L2t = Jim =
N—oo /2N loglog N N—oo /2N loglog N 2
Thanks to by = O(\/N) ., we have

N —by ~ N, \/N:0<\/2Nloglog]\7),

V2N loglog N ~ /2(N — by)loglog (N — by),

whence the conclusion
For the binary sequence {2¥}, put i), = ak and define {j.} and o as above

As to the sequence {2%*} (a =2,3,...), we have the LIL

—  NDy{2%z} —  NDi{2%z} 1 [(2¢ +1)20(20 —2)
= = = ac

m ——— = lim —— = =
N—oco /2N loglog N N—oco /2Nloglog N 2 (20 —1)

(cf [3]) Hence we have the conclusion in the same way
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