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Abstract. The main result of this paper is a fixed point theorem of self
mappings in Menger spaces which satisfy certain inequality This inequality in
volves a class of real functions which we call ® functions As a corollary we obtain
a result in the corresponding metric spaces The result is supported by an ex
ample The class of real functions we have used is the conceptual extension of
altering distance functions used in metric fixed point theory

1. Introduction

The study of fixed point results in probabilistic metric spaces has been
extensively done in the last quarter of the twentieth century and is being con
tinued in the present time One of the earliest works in this line of research
is due to Sehgal and Bharucha Reid [21] where they have introduced prob
abilistic ¢ contraction and proved a corresponding unique fixed point result
After that several types of contractions and associated fixed point theorems
have been established in probabilistic metric spaces, especially in Menger
spaces which is a special type of probabilistic metric spaces Various aspects
of this theory have been elaborately discussed in the book due to Hadzic and
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Pap [9] Some other recent references are noted in |2], [4], [8], [10], [13], [14],
[15] and [22]

A new class of fixed point problems in metric spaces was addressed by
Khan, Swaleh and Sessa in [12] They introduced a control function called al
tering distance function which alters the distance between any two points in
a given metric space They proved fixed point theorems for mappings satisfy
ing certain inequalities involving this altering distance function Afterwards a
number of works have appeared in which altering distance functions and their
generalizations have been used in metric spaces for obtaining fixed point re
sults We note some of these in references [1], [3], [5], [11], [16], [17], [18] and
[19] In [6] altering distances have also been used in the case of multi valued
and fuzzy mappings

With a view to extending this idea of altering distances to probabilistic
metric spaces in 7] a new contraction has been introduced in Menger spaces
This contraction involves a class of real functions which we call ® functions
and generalizes the ¢ contraction introduced by Sehgal and Bharucha Reid
[21] The purpose of the present work is to define new contractive inequalities
with the help of ® functions and then to establish that any self mapping of a
complete Menger space with continuous ¢ norm satisfying this inequality will
have a unique fixed point

We now state some definitions which are needed for the discussion of the
present topic

DEFINITION 1 1 (altering distance function [12]) The control function
¥ [0,00) — [0,00) is called altering distance function if it has the following
properties

(i) v is monotone increasing and continuous,

(ii) ¥(t) =0 if and only if t =0

DEFINITION 1 2 A mapping F: R — RT is called a distribution func
tion if it is non decreasing and left continuous with inf;cr F'(t) =0 and
sup,cp F(t) = 1, where R™ denotes the set of non negative real numbers

DEFINITION 1 3 (probabilistic metric space [20]) A probabilistic metric
space (PM space) is an ordered pair (S, F'), where S is a non empty set and
F is a function defined on S x S to the set of distribution functions which
satisfies the following conditions:

(i) Fry(0) =0,

(ii) Fpy(t) =1foralt>0iff z =y,

(ili) Fiy(t) = Fyz(t) for all t € R,
(iv) Fpy(t1) =1 and Fy.(t2) = 1, imply F,.(t1 +t2) =1

DEFINITION 14 (¢ norm [20]) A ¢ norm is a function 7" : [0, 1] x [0, 1]
— [0, 1] which satisfies the following:

(i) T'(1,a) = a, T(0,0) = 0,

(ii) T(a,b) = T(b,a),
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(iii) T(¢,d) = T'(a,b) whenever ¢ =2 a and d = b,
(iv) T(T(a,b),c) =T (a,T(b,c))

DEFINITION 15 (Menger space [20]) A Menger space is a triplet
(S,F,T), where S is a non empty set, F' is a function defined on S x S
to the set of distribution functions and 7" is a ¢ norm such that the following
are satisfied:

(i) Fyzy(0) =0 for all z,y € S,

(ii) Fpy(s) =1forall s > 0iff x =y,

(ili) Fry(s) = Fyz(s) for all z,y € S,
(iv) Foy(u+v) 2 T(Fpz(u), Fay(v)) for all u,v 20 and z,y,2 € S

Menger spaces are generalizations of metric spaces through an introduc

tion of a probabilistic metric F'in place of deterministic metric The following
are sonie definitions and concepts associated with Menger space

DEFINITION 1 6 A sequence {x,} C S is said to converge to some point
x € S if given € > 0, A > 0 we can find a positive integer IV, ) such that for
all n > Nz, Fioa(e) >1— A

DEFINITION 1 7 A sequence {x,} is said to be a Cauchy sequence in S
if given € > 0, A > 0 there exists a positive integer N. y, such that Fy, ., (€)
>1— A for all m,n > N )

DEFINITION 1 8 A Menger space (S, F,T) is said to be complete if every
Cauchy sequence in it is convergent

DEFINITION 1 9 If (S, F,T) is a Menger space with continuous ¢ norm
then the topology induced by the family {U.x(p): p€ S, >0, A >0} is
called the (¢ — \) topology, where Uz x(p) = { ¢ € S : Fpq(g) > 1— A} is called
the (¢ — A) neighborhood of p

The following category of functions was introduced in [7]

DEFINITION 1 10 (@ function [7]) A function ¢ : [0,00) — [0, 00) is said
to be a ® function if it satisfies the following conditions:
(i) ¢(t) =0 if and only if t = 0,
(ii) o(t) is strictly monotone increasing and ¢(t) — oo as t — 00,
(ili) ¢ is left continuous in (0, 00),

(iv) ¢ is continuous at 0

DerFINITION 1 11 [7] Let (S,F,T) be a Menger space A self map

f: S — S issaid to be ¢ contractive if

(1 Frap60) 2 Fay (1 (£)))

where 0 < c < 1, x,y € S and t > 0 and the function ¢ is a ® function

) ®
) ®
) ®

The following result was proved in [7]
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THEOREM 1 1 |7| Let (S, F,Tar) be a complete Menger space with t
norm Tyr given by Th(a,b) = min (a,b) If f: S — S is ¢ contractive then
f has a unique fized point

It may be seen that the inequality (1 1) reduces to Sehgal’s ¢ contraction
when ¢ is assumed to be the identity function It has also been shown in [7]
that Theorem 1 1 implies a result established in [12] In fact the ® function
plays the role of altering distance function (Definition 1 1) in probabilistic
metric spaces [7]

The purpose of the present work is to establish a fixed point theorem
in Menger spaces by use of ® functions We also deduce a result in metric
spaces as a corollary of our main theorem Lastly we have supported our
theorem by an example

2. Main results

THEOREM 2 1 Let (S, F,T) be a complete Menger space with continuous
t norm T and let f: S — S satisfy the following inequality:

21

Bt 2o {5 (o () o (- (2)) 7 (- ()

where a, b, ¢ are positive numbers such that 0 < a+b+c <1, ty,ta,t3 >0,
ti+to+ts =t and ¢ is a ® function (Definition 1.10) Then f has a unique
fized point

PROOF Let zp € S We construct a sequence x,, in S as follows:

Tpt1 = fxn, n=0,1,2,3,....

We have 0 < a+ b+ ¢ < 1, hence we can take ¢’ > 0 such that a + b+ ¢+ 3¢’
=1 Lett; = (a+e&)t,ta=(b+e)tand t3 = (c+¢&')t Thent;+ta+t3=t1
We next prove that Fy, ., (s) — 1 asn — oo forall s >0

(22) Foiran (30(75)) = Ffo, o, (@(t))

i (2 (5D o, (o (50,
(- (252}

— min {Fxnlxn (cp (M)) i (‘p (b/(i)tJrfs’)>> ’
P (¢ (753)) |
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Now we have -4 < 1, -2, < 1, =%, < 1, hence we can choose k such that

a+e’ ? bte’ 7 e’
0<k<1and
ma; a b ¢ <k
X .
a+e’b+ec+e

Therefore

t t t t
23 > —.
(23) a/(a+¢e) b/(b+e) ¢/(c+e) ™ k

Hence, we have from (2 2) and (2 3) for all ¢ > 0,

(24) an+1xn(90(t))

it (2(0)) P (2(2)) P (o ()

[since ¢ is monotone increasing)]

i (o (2(£)) P (o (1))

Now we claim that

@5) win{Fer s (2(£)) B ((2))} = s ((2))

for all £ > 0 If otherwise, there exists s > 0 such that

00 B (6(2) > B (o))

By (24) and (2 6)
(27 Fippen(@(s)) 2 min {an,l (w (%)) Py (90 (%))}
=F

revien (2 () 2 minFrvs (2 (52)) P (2 (32)) )

If

it {Fare s (5 (25))  Favron (#(35)) } = Fruncs (2 (5))
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then by (2 6) and (2 7) we have

Frurns (9 (7)) > Frusen (2 () 2 B (2 (2))

which is a contradiction
Therefore

V2]
N———
N———

vV
;j
b
x

8
3

/N
©
N
Tl
N———
N———

28) e

Hence from (2 7) we have

0 e (p(2)) 2 B (4 (2))

Further from (2 4) we get,

210) Fovvsen (2 (7)) 200 {Frunaes (¢ (55) ) P (2 (35)) -
Tf

min { s (¢ (5)) - Fovvomn (2 (7))} = Fromncs (4 (35)

then by (2 8) and (2 10) we get

Fraeoes (¢ (52)) > Fruns (2 (35))

which is a contradiction Hence
. S S S
win {Foa s (9 (5))  Frvinn (2 (55)) } = Foneren (2 (55))
which implies
F

S OTES) BT E))

Therefore from (2 9) we have

F

rovien (# (1) 2 Fravsns (¢ (52)) 2 P (2 (55))-
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Continuing in this way we obtain

S t
an+1ﬂcn (SO <E)) z F$n+1$n ((p <kp,>> — 1 as p/ — 00

that is, Fi, . a, (go(%)) =1 But by our assumption (2 6), Fy, 5, l(go(%))
> an+1zn( ( )) that is, Fxnxn,l(ﬁp(g)) > 1, which is impossible
Therefore (2 5) holds
Then from (2 4) we have for all ¢t > 0,

2 1) Favosn, (900) 2 Fauns (4 (1))

Applying successively,

oo (9(0) 2 Foe (cp (2)) SR (w (;)) 5.

as n — oo Thus we have proved that for all ¢t > 0, an+1xn(<,0(t)) — 1 as
n — oo

By property of ¢, given s > 0 there exists ¢ > 0 such that s > (), so
that
(212) F

mn+1zn(8) —1 as n—oo forall s>0.

We now claim that {x,} is a Cauchy sequence If not, then there exist
e >0 and A > 0 and subsequences {xm(k)} and {mn(k)} such that m(k) <
n(k) and

(213) Fryonn () < 1=,

(2 14) Frpomn 1 (E) Z 1= A

Since

(215) {o: Fp(e) 21-X} S{z: Fple) 21 -1}

forall pe S, A >0 and 0 < &” < ¢, it follows that whenever the above con
struction is possible for € > 0, A > 0, it is also possible to construct {xm(k)}

Acta Mathematica Hungarica 122, 2009



210 B S CHOUDHURY, K DAS and P N DUTTA

an € satisiyin an corresponding to " > > (U when
d {@n ) } satisfying (2 13) and (2 14) ponding to €” > 0, A > 0 wh

ever e’ < e

Again ¢ is continuous at the origin and strictly monotone increasing with
©(0) = 0, so it is possible to obtain £1 > 0 such that p(e1) < ¢

Then by the above argument it is possible to obtain increasing sequences
of integers m(k) and n(k) with m(k) < n(k) such that

(2 ]‘6) me(k)mn(k) (SO(EI)) < 1 - )\’
and
(217) BTy -1 (90(81)) =1-A

As a < 1 it is possible to find a v > 0 such that a +v < 1 It is also possible
to choose 71 > 0, 72 > 0 such that

€ € +
1 1 >771 7727

> , — —
a+v€1 et a a—+v a
(2 18)
6‘ — —_
71_771+772> £1 ’ 2 S| Sl U
a a a—+v a a—+v

Also we can choose 17 > 0 such that

0<n<w<€1>—w@)

a-+v

(since @ is strictly increasing), that is,

(2 19) w( )—n>w@ﬁ

a-+v

By (2 12) for A\; < A < 11it is possible to find a positive integer N7 such that
for all £ > Ny

m

(2 20) Fftm(k)wm(k)—l (SO (?)) Z1-\,
2

(221) Fapyonr 1 (¢ (2)) 2 1= .

Again by (2 17) (2 19),

€1 —Mm — 12
(2 22) Fl’m(k)mn(k)—l <<,0 ( a ) - 77)
> F

€1
Fr# o2 <SO <a + v)) =) Z Frpgwag (9(E1) 2 1=
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Now,

E1L—T — "2
(2 23) Fmrn(k)flxn(k)fl (SD < a >>
€1 =M — 12
2T {Fl"m(k)_ﬂm(k) (77)7 me(k>$n(k)—1 <90 <a> - 77) } :

Let 0 < A2 < 1 be arbitrary Then by (2 12) there exists a positive integer
N3 such that for all £ > Ny,

(2 24) F

T (k)—1Tm(k)

(n) 21— X

Using (2 22) and (2 24), we have from (2 23) for all £ > max {Ny, N2},

€1 =T — N2
Fx'm(k)71$n(k)71 (90 <a>> = T{1— Xy, 1 — A}

As Ag is arbitrary and T being continuous, we have

E1 =11 — 172
(2 25) me(k)—lzn(k)—l (Lp <a>) = T(l, 1-— )\) =1-\

Using (2 1), (2 16), (2 20), (2 21) and (2 25) we have

I=A> Fﬂfm(k)rn(k) (90(51»

_ E1— T — 2 m
= min {Fxm(k)_1wn(k)—1 <90 (a)) » Fop ) 12man) (4,0 (3)) ’
F.

PR (gD (@)) } >min{l —A1—A,1—A}=1-\

c

which is a contradiction Hence {z,} is a Cauchy sequence As (S, F,T) is
complete, we have x, — z as n — oo for some z € §

We now show that z is a fixed point of f, that is, fz =2 Let 2 >0
be arbitrary As ¢ is strictly monotone increasing, we can take a positive
number e3 and k such that ¢ <k <1, e3 <&z and 2 < = Now 1’ > 0 is
chosen in such a way that

. €3 €2
(2 26) 1’ < min {w(az) — p(e3), ¢ (;) — (?)} :
(The choice is possible since ¢ is strictly monotone increasing )
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By virtue of left continuity of ¢, we can choose positive numbers ay, as,
a3 in such a way that

(2 27)

as €3 a1 + g €3
a;+ag+az=¢e3 and ¢(C>:¢(C_ ; >>SO(C>_77/'

Again by (2 26) we have (%) —n' > (%)), and by (2 1), (2 27) and (2 26),
Fop.(p(e2)) Z T{Fea, (), Fapz((e2)) —1'}
2 T{F.0, (), Fr,p:(0(e3)) } = T{ Fea, (W), Fa,_,s-(0(c3)) }
(2 28)

2 T ey (), min { Frose (2 (1)) P (2 () P (2 ()}

(229) 2 T(Fu, O min {2 (¢ (2)) Foin, (0 ()

a

oo (2 1))}
2 tiE i (Fose (5 () P (o (5) o (5 ()

As T is continuous, taking limit as n — oo, using (2 12) and the fact that
T, — 2z, we have

Fup(p(e2)) 2T (1, min {1, 1,F.. <cp (%)) }>
1 (1 () - ()

Since €2 > 0 is arbitrary, we successively apply the above inequality and we

obtain
Fop:(¢(e2)) 2 Faps (90 (%2)) 2 Fep (‘P (%))

2 (o (2))

as ¢ — oo By properties (i) and (ii) of ¢, given s; > 0 we can have r1 > 0
such that ¢(r1) < s1 Therefore, F.r.(s1) > Foz.(¢(r1)) =1 for all 51 >0
Hence z = fz Therefore z is a fixed point of f

1\
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Next we prove the uniqueness of fixed point Let z and z; be two fixed
point of f that is fz = z and fz; = z; Then for any t > 0,

Fooy (0(t)) = Fraps (0(1))

o (o (2)) o (o () 2 ()

where t1 +to+tg=tand 0<a-+b+c<1
We take v in such a way that a+b+c+3v =1 Let t; = (a+v)t, to =
(b+v)t and t3 = (c+v)t Then t; +ta +t3 =t Thus

Fona (9(0)) = Fyapar ((t)) 2 min {F (90 <(a Zv)t» |
o (o)) b o (1))
s () = () = (- (2)
() (3)

t
=F,, (cp <>> where 0<p= <1.
1! a-+v

Applying successively the above inequality

2 P (0 () ) 1

as n — oo By properties (i) and (ii) of ¢, given ¢t > 0, we can have r > 0
such that ¢(r) <t Therefore, F.., (t) 2 F.., (¢(r)) =1forallt >0 Hence

z = z1 This proves the uniqueness of fixed point
It is well known that any metric space may be considered as a Menger

space if we assume Fyy(t) = H(t —d(z,y)), where H is the Heaviside func

tion given by
1, if s>0,
H(s) = {

F...(o(t) =

o

0, if s<0

Acta Mathematica Hungarica 122, 2009



214 B S CHOUDHURY, K DAS and P N DUTTA

and T'(a,b) = Th(a,b) = min {a, b}

If we take (S,d) as a complete metric space then the corresponding
Menger space (S, F,Tyr), where Ty is the minimum ¢ norm, is also com
plete

If ¢ is an altering distance function as in Definition 1 1 with the addi

tional property 1 () — 00, as t — oo then it is easily verified that the function
defined by

inf{a: (o) 2t}), fort>0,
p(t) = { }
0, fort=0

is a ® function (Definition 1 10)
We next show that the inequality (2 1) in this case implies

Y(d(fz, fy)) < ap(d(z,y)) + b (d(z, fz)) +c(d(y, fy))

in a metric space
Inequality (2 1) will be violated if there exists t > 0, t; + t2 + t3 =t and

t1,to,t3 > 0 such that fofy(gp(t)) =0 and all of ny(go(%)), Fxfx(cp(%)),

Fyfy(go(%”)) are equal to 1 Now F,r, (¢(t)) = 0 implies

H((o(t) = d(fz, fy)) =0, (t) —d(fz, fy)) S0
p(t) = d(fz, fy), inf{a: ()2t} Sd(fz, fy),

that is, by virtue of continuity of 1
(2 30) Y(d(fx, fy)) 2 t.

Again t = t1 + ty + t3 Therefore w(d(fx, fy)) 2t +to + 13
Also ny(cp(%)) = 1 implies

H<s0<>—dxy <>—d(xy) >0, s0<2>>d(x,y)7

whence inf {ﬂ P(B) 2 ;1} > d(z,y) By continuity of ¢, d(x,y) & {5 :
Y(B) = tl} that is, w(d(l’ y)) <2 which implies

(2 31) t1 > ay(d(z,y)).
Similarly, from mex(w(%)) =1 and Fyfy( (—3)) = 1 we have respectively

(232) ty > by (d(z, f)),
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(2 33) ts > cp(d(y, fy))-
Thus we have
(234)  Y(d(fz, fy)) > ap(d(z,y)) + by (d(z, fx)) + e (d(y, fy))-

Hence we can say that inequality (2 1) implies

D(d(fz, fy)) < ap(d(@,y)) + by (d(z, fz)) +c(d(y, fy))

in the corresponding metric space
We have then the following result

COROLLARY 2 1 Let (S,d) be a complete metric space, f be a self map
on S and Y be an altering distance function with the additional property
P(t) — 0o ast — oo If f satisfies the inequality

(235)  Y(d(fz, fy)) < ab(d(z,y)) + b (d(z, fz)) +cb(d(y, fy))

for all x,y € S with x #y and 0 < a+b+c <1, then f has a unique fized
point
If we take b = c in Corollary 2 1 we obtain a result in [12]

NoTE In Corollary 2 1 the additional requirement on the altering dis
tance function ¥ (t) — oo as t — oo can be omitted if we modify the definition
of the ® function by making these into extended real valued functions and
thus allowing these functions to assume +oo Then an altering distance func
tion generates a ® function in the same way, that is

inf{a: ¢Y(a)2t}, fort>0,
p(t) = { }
0, for t = 0.

All our results are valid under such modification and also the proofs remain
identical

ExaMpPLE 2 1 Let (S, F,T) be a complete Menger space with continuous

t norm T, where S = [2,4], Fy(t) = m and let f: S — S be defined as
follows:
4
fr= + ZC, 2 < x < 4.
3
If o(t) =12 a= %, b= %, c= % then it satisfies all the conditions of

Theorem 2 1 It is seen that x = 2 is the fixed point of f
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