Acta Math Hungar, 122 (1 2) (2009), 81 90
DOT: 10 1007/810474 008 7235 2
First published online July 13, 2008

*~EXTREMALLY DISCONNECTED IDEAL
TOPOLOGICAL SPACES

E EKICI! and T NOIRI?

I Department of Mathematics, Canakkale Onsekiz Mart University, Terzioglu Campus,
17020 Canakkale/Turkey
e mail: eekici@comu edu tr

22949 1 Shiokita cho, Hinagu, Yatsushiro shi, Kumomoto ken, 869 5142 Japan
e mail: t noiri@nifty com

(Received December 7, 2007; accepted January 2, 2008)

Abstract. The notion of x extremally disconnected ideal topological spaces
is introduced and studied Many characterizations of the space are obtained

1. Introduction

Extremally disconnected spaces play an important role in set theoretical
topology, studying Stone Cech compactification and the Stone space of
any complete Boolean algebra, the theory of Boolean algebra, axiomatic
set theory, functional analysis, C* algebra, studying the space Seq () etc
[1, 2, 10, 13] On the other hand, the notion of ideal topological spaces was
studied by Kuratowski [11| and Vaidyanathaswamy [14] In 1990, Jankovi¢
and Hamlett [9] investigated further properties of ideal topological spaces In
this paper, the class of x extremally disconnected ideal topological spaces is
introduced and studied Also, properties of x extremally disconnected ideal
topological spaces are discussed
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2. Preliminaries

By a space, we always mean a topological space (X, 7) with no separation
properties assumed For a subset A of a topological space (X, 7), Cl(A) and
Int (A) will denote the closure and interior of A in (X, 7), respectively

An ideal I on a topological space (X, 7) is a nonempty collection of sub
sets of X which satisfies

(1) Ae I and B C A implies B € I,

(2) Ae I and B € I implies AUB €]

Given a topological space (X,7) with an ideal I on X and if P(X) is
the set of all subsets of X, a set operator (.)*: P(X) — P(X), called a local
function [11] of A with respect to 7 and [ is defined as follows: for A C X,
A I,7)={xeX: VNAZI for every V € 7(z)} where 7(z) ={V €7
x € V} A Kuratowski closure operator Cl*(.) for a topology 7*(I, 1), called
the x topology, finer than 7, is defined by ClI*(A) = AU A*(1,7) |9] When
there is no chance for confusion, we will simply write A* for A*(I,7) and
7 or 7*(I) for 7*(I,7) For any ideal space (X, 7,I), the collection {V\J :
Vet and J € I} is a basis for 7* If [ is an ideal on X, then (X, 7,1) is
called an ideal topological space or simply an ideal space

DEFINITION 1 A subset A of an ideal space (X, 7, 1) is called
1) pre I open [4] if A C Int (CI*(A))

2) semi I open [7] if A C CI* (Int (A))
3) strongly 3 I open [8] if A C CI* (Int (Cl*(A)))
4) o I open |7] if A C Int (Cl* (Int (A)))

(5) semi open [12] if A C CI(Int (A))

REMARK 2 |7, 8] The following diagram holds for a subset A of an ideal
space (X, 7,1):

(
(
(
(

open

|

a I open —— pre [ open

| |

semi I open —— strongly 3 I open

3. x-extremally disconnected ideal spaces

DEFINITION 3 An ideal space (X, 7, I) is said to be * extremally discon
nected if the % closure of every open subset A of X is open
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THEOREM 4 For an ideal space (X, T,I), the following properties are
equivalent:

(1) X is % extremally disconnected

(2) Int*(A) is closed for every closed subset A of X

(3) CI" (Int (A)) C Int (CI*(A)) for every subset A of X

(4) Every semi I open set is pre I open

(5) The x closure of every strongly 5 I open subset of X is open

(6) Fvery strongly B I open set is pre I open
(7) For every subset A of X, A is a I open if and only if it is semi [
open

PrOOF (1) = (2) Let A C X be a closed set Then X\A is open By
(1), CI"(X\A) = X\ Int*(A) is open Thus, Int*(A) is closed

(2) = (3) Let A be any set of X Then X\ Int(A) is closed in X and
by (2) Int* (X\Int (A)) is closed in X Therefore, C1* (Int (A)) is open in
X and hence, CI* (Int (4)) C Int (CI*(A))

(3) = (4) Let A be semi I open By (3), we have A C CI* (Int (A))
C Int (Cl*(A)) Thus, A is pre I open

(4) = (5) Let A be a strongly 8 I open set Then CI*(A) is semi [
open By (4), CI*(A) is pre I open Thus, CI*(A) C Int (CI*(A4)) and hence
CI*(A) is open

(5) = (6) Let A be strongly 8 I open By (5), CI*(A) = Int (CI*(A))
Thus, A C CI*(A) = Int (CI*(A4)) and hence A is pre I open

(6) = (7) Let Abeasemi I openset Sinceasemi I open set is strongly
B I open, then by (6) it is pre I open Since A issemi [ open and pre [ open,
Ais a I open

(7) = (1) Let A be an open set of X Then CI*(A) is semi I open and
by (7) CI*(A) is a I open Therefore, CI*(A) C Int (Cl* (Int (Cl*(A)))) =
Int (C1*(A4)) and hence, C1*(A4) = Int (CI*(A)) Hence CI*(A) is open and
X is * extremally disconnected (]

THEOREM 5 The following are equivalent for an ideal space (X,7,1):

(1) X is x extremally disconnected,

(2) CI"(A) N CL(B) = 0 for every open set A and every x open set B with
ANB =0,

(3) CI"(A) N Cl1(B) C C1(AN B) for every open set A and every x open
set B,

(4) CI* (Int (Cl*(A))) NCL(B) =10 for every subset A C X and every
open set B with AN B = ()

PrROOF (2) = (1) Suppose that CI"(A)NCl(B) =0 for every open
set A and every x open set B with ANB =1( Let U be an open subset
of X Since U and X\ CI*(U) are disjoint open and * open sets, respectively,
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then C1*() N C1( X\ CI*(U)) = This implies that CI*(U) C Int (CI*(U))
Thus, CI*(U) is open and hence X is x extremally disconnected

(1) = (3) Let A and B be open and % open sets, respectively Since
CI*(A) is open and B is * open, then

CI"(A)NC1(B) c C1(CI"(A)NB) c C1(CI"(AnB)) c C1(ANB).

Thus, CI*(A) N C1(B) c C1(AN B)
(3) = (2) Let A and B be open and * open sets, respectively with AN B
By (3), we have CI*(A)NCl(B) C C1(ANB) =Cl(0) =0 Thus, CI*(A)

(4) = (2) Let A and B be an open and a x open set, respectively with
ANB=0 By (4), we have CI* (Int (CI*(4))) NC1(B) =0 Since CI*(A)
C CI* (Int (CI*(A))), then CI*(A)NCI(B) =0 O

DEFINITION 6 An ideal space (X, 7,I) is called * normal if for any two
disjoint open and % open sets A and B, respectively, there exist disjoint
closed and closed sets M and N, respectively, such that A C M and B C N

THEOREM 7 The following are equivalent for an ideal space (X,7,1):

(1) X is x normal,

(2) X is % extremally disconnected

Proor (1) = (2) Let (X,7,I) be x normal and A be an open subset
of X Then, A and B = X\ CI*(A) are disjoint open and x open sets, re
spectively This implies that there exist disjoint x closed and closed sets M
and N, respectively, such that A C M and B C N Since CI"(A) C CI*(M)
=M C X\N C X\B=CI*(A), then CI*(A) =M Since BC N C X\M
= B, then B= N Thus, CI"(A) = X\N is open Hence, X is x extremally
disconnected

(2) = (1) Let X be % extremally disconnected TLet A and B be two
disjoint open and * open sets, respectively Then CI*(A) and X\ CI*(A) are

disjoint * closed and closed sets containing A and B, respectively Thus,
(X, 7,I) is * normal O

4. R-I-open sets
DEFINITION 8 A subset A of an ideal space (X, 7, 1) is called

(1) R I open [15] if A = Int (CI*(A))
(2) R I closed [15] if its complement is R I open
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THEOREM 9 For an ideal space (X, T,I), the following properties are
equivalent:

(1) X is x extremally disconnected,

(2) FEvery R I open subset of X is * closed in X,

(3) Every R I closed subset of X is x open in X

ProOOF (1) = (2) Let X be % extremally disconnected Let A be an R
I open subset of X Then A =Int (CI*(4)) Since A is an open set, then
CI*(A) is open Thus, A = Int (CI*(A)) = CI"(A) and hence A is * closed

(2) = (1) Suppose that every R I open subset of X is = closed in X
Let A C X be an open set Since Int (CI*(A)) is R I open, then it is %
closed This implies that C1*(A4) C CI* (Int (Cl*(A))) = Int (CI*(A)) since
A CInt (CI"(A)) Thus, CI*(A) is open and hence X is x extremally discon

nected
(2) < (3) Obvious O

REMARK 10 The following example shows that the union of two R I
open sets need not to be R I open

EXAMPLE 11 Let X = {a,b,¢,d}, 7 ={ X, 0, {a}, {c}, {a,c}} and I =
{0, {a}} The set {a,c} is not R I open but the sets {a} and {c} are R I
open sets

THEOREM 12 If (X, 7,1) is a x extremally disconnected ideal space, then

the following properties hold:
(1) AN B is R I closed for all R I closed subsets A and B of X

(2) AUB is R I open for all R I open subsets A and B of X
PrROOF (1) Let X be % extremally disconnected Let A and B be R I

closed subsets of X Since A and B are closed, by Theorem 4, then Int*(A)
and Int*(B) is closed This implies that
AN B =Cl(Int*(4)) N Cl(Int*(B))
= Int"(A) NInt*(B) = Int*" (AN B) C Cl (Int*(A N B)) )
On the other hand, we have
Cl(Int*(AN B)) = Cl (Int*(A) N Int*(B))
C Cl(Int*(A)) NCl(Int*(B)) = AN B.

Thus, AN Bis R I closed
(2) It follows from (1) O
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THEOREM 13 The following are equivalent for an ideal space (X, T,1):

(1) X is x extremally disconnected

(2) The x closure of every semi I open subset of X is open

(3) The x closure of every pre I open subset of X is open

(4) The x closure of every R I open subset of X is open

PrROOF (1) = (2) and (1) = (3) Let A be a semi I open (pre I open)
set Then A is strongly 5 I open and by Theorem 4, C1*(A) is open in X

(2) = (4) and (3) = (4) Let A be any R I open set of X Then A is
semi [ open and pre I open and hence, CI*(A) is open in X

(4) = (1) Suppose that the = closure of every R I open subset of X
is open Let A C X be an open set This implies that Int (CI*(A4)) is an

R I open set Then CI* (Int (Cl*(A))) is open We have
CI*(A) c CI* (Int (CI*(A))) = Int (CI* (Int (CI*(A)))) = Int (CI*(A)).

Thus, CI*(A) is open and hence X is % extremally disconnected O

5. The §-I-closure

DEFINITION 14 [15] A point z in an ideal space (X, 7,1) is called a §
I cluster point of A if Int (C1*(V)) N A # 0 for each open neighborhood V'
of x The set of all § I cluster points of A is called the § I closure of A and
is denoted by 6 I Cl(A)

DEFINITION 15 [15] A subset A of an ideal space (X, 7,1) is called

(1) 6 I closedif 6 I C1(A) =A

(2) 0 I open if its complement is § I closed

LEMMA 16 If A is a strongly B I open set in an ideal space (X, T,1),
then C1(A) =6 I C1(A)

PROOF Let A be astrongly # I openset Suppose that z ¢ C1(A) There
exists an open set U containing x such that UN A =0 We have U N CI*(A)
= This implies that Int (CI*(U)) N CI* (Int (CI*(A))) =0 Since A is a
strongly 8 I open set, then Int (CI*(U)) N A =0 Thus, ¢ § I Cl1(A) and
Cl(A) D0 I C1(A) On the other hand, we have C1(A) C 6 I C1(A) Hence,
we obtain Cl(A) =4§ I Cl1(A) O

DEFINITION 17 Let (X, 7,I) be an ideal space An ideal I is called a
boundary ideal [9] or a codense ideal [5] if 7N I = {0}

LeMMA 18 [3, Corollary 2| Let (X, 7,I) be an ideal space and I be co
dense Then Cl(A) = CI*(A) for every semi open set A of X
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LEMMA 19 Let (X, 7,I) be an ideal space and I be codense If A is a
strongly B I open set, then C1*(A) = Cl(A) =6 I Cl(A)
PROOF Let A be a strongly 8 I open set of X Then

A CCI* (Int (CI"(A))) and  CI*(A) = CI" (Int (CI*(A)))

and hence, C1*(A) is semi I open Since every semi I open set is semi open,
CI*(A) is semi open and by Lemma 18, C1(CI*(A4)) = CI" (CI*(A)) There
fore, C1(A) C CI(CI*(4)) = CI* (CI*(A4)) = CI*(4) Since 7 C 7, CI*(A)
C CI(A) and hence, CI"(A) = C1(A) It follows from Lemma 16 that C1*(A)
=Cl(A)=01CI(A) O

THEOREM 20 The following are equivalent for a codense ideal space
(X,7,1):

(1) X is % extremally disconnected

(2) The 0 I closure of every semi I open subset of X is open

(3) The 0 I closure of every strongly 5 I open subset of X is open

(4) The 0 I closure of every pre I open subset of X is open

(5) X is extremally disconnected

PROOF (1) = (2) Let X be x extremally disconnected Let A C X be
a semi I open set By Lemma 19, we have Cl1(A) =0 [ C1(A) Since X
is * extremally disconnected, by Theorem 13 and Lemma 19, then CI*(A)
=Cl(A) =01 Cl(A) is open

(2) = (1) Suppose that the § I closure of every semi I open subset of X
is open Let A C X be an open set By Lemma 19, C1(A) =CI"(A) =6 I
Cl(A) Thus, C1*(A) is open and hence X is x extremally disconnected

(1) = (3) Let A be a strongly 8 I open set By Theorem 4, CI*(A) is
open and hence, by Lemma 19 6 I C1(A) is open

(3) = (2) ((3)=(4)) Let A be a semi I open (resp pre I open) set
of X Since every semi I open (resp pre I open) set is strongly 5 I open, by
(3) 6 I C1(A) is open

(2) = (5) ((4) = (5)) Let A be an open set of X Every open set is
semi [ open and pre I open By (2) (resp (4)), d I Cl(A) is open and hence,
by Lemma 19, C1(A) is open Therefore, X is extremally disconnected

(5) = (1) Let A be an open set of X By (5) and Lemma 19, CI*(A)
= Cl(A) is open in X and X is * extremally disconnected O

6. Semi*-/-open sets

DEFINITION 21 [6] A subset A of an ideal space (X, 7, I) is called
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(1) semi* I open if A C Cl(Int*(A))
(2) semi* I closed if its complement is semi* I open

LEMMA 22 A subset A of an ideal space (X, 7,1) is semi* I open if and
only if C1(A) = Cl(Int*(A))

PROOF Let A be semi* I open  We have A C Cl(Int*(A)) and hence
Cl(A) C Cl(Int*(A)) Since Cl (Int*(A)) C C1(A), then

Cl(A) = C1(Int*(A)).

Conversely, since C1(A) = C1(Int*(A)), then A C C1(A) = Cl (Int*(A))
Thus, A is semi* I open g

THEOREM 23 The following are equivalent for an ideal space (X, T,1):

(1) X is % extremally disconnected

(2) If A is strongly B I open and B is semi* I open, then C1*(A)NCl(B)
Cc CI(ANB)

(3) If A is semi I open and B is semi* I open, then CI*(A)NCl(B) C
Cl(ANB)

(4) CI*(A) N CL(B) =0 for every semi I open set A and every semi* I
open set B with AN B = ()

(5) If A is pre I open and B is semi* I open, then CI*(A)NCl(B) C
Cl(ANB)

PrOOF (1) = (2) Let A be strongly 5 I open and B be semi* I open
By Theorem 4, C1*(A) is open We have

CI*(A) N C1(B) = CI*(4) N Cl (Int*(B)) C C1(CI*(A) NInt*(B))
c C1(CI* (AnInt*(B)) C C1(Cl(ANInt*(B))
=Cl(ANInt*(B)) c C1(ANB).

Thus, CI*(4) N C1(B) = CL(AN B)

(2) = (3) It follows from the fact that every semi I open set is strongly
B I open

(3) = (4) Obvious

(4) = (1) Let A be a semi I open set Since A and X\ CI*(A) are
disjoint semi I open and semi* I open, respectively, by (4), we have CI*(A)
NCI(X\CI"(A)) =0 This implies that Cl*(A) C Int (CI*(A))  Thus,
CI*(A) is open Hence, by Theorem 13, X is x extremally disconnected

(2) = (5) It follows from the fact that every pre I open set is strongly
6 I open
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(5) = (1) Let A and B be open and x open, respectively, with AN B
= Since A and B are pre I open and semi* I open, respectively, by (5)
CI*(A)NCl1(B) c C1(ANB) =0 Thus, CI'(A)NCl(B) =0 By Theorem 5,
X is * extremally disconnected U

LEMMA 24 If A is a semi® I open set in an ideal space (X, 7,1), then
Cl(A)=61Cl(A)

PrROOF Let A be a semi* I open set We have C1(A) C § I C1(A) We
shall show that C1(A) D¢ I Cl1(A) Suppose that z ¢ C1(A) There exists an
open set U containing x such that UN A =0 We have U NInt*(A) = () and
hence Int (CI*(U)) NCl (Int*(A)) =0 Since A is a semi* I open set, then
Int (CI*(U)) NA=0 Thus, z ¢ 6 I C1(A) and C1(A) D6 I C1(A) Hence,
Cl(A) =461 Cl(4) O

COROLLARY 25 The following are equivalent for an ideal space (X, 7,1):

(1) X is x extremally disconnected

(2) If A is strongly B I open and B is semi* I open, then CI*(A)Nd I
Cl(B) c C1(ANB)

(3) If Ais semi I open and B is semi* I open, then C1*(A)Nd I Cl(B)
c Cl1(ANB)

(4) CI*(A)Nd I C1(B) =0 for every semi I open set A and every semi*
I open set B with ANB =10

(5) If A is pre I open and B is semi* I open, then CI*(A)Nd I Cl(B)
C CI(ANB)

Proor It follows from Theorem 23 and Lemma 24 O
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