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ON GENERALIZED NEIGHBOURHOOD
SYSTEMS
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Abstract. It is shown in the paper [1] that every generalized topology can
be generated by a generalized neighbourhood system Following the paper [3], we
discuss some questions related to this construction

0. Introduction

Let X be a non empty set with power set exp X According to [1], a gen
eralized topology (briefly GT) p on X is a subset of exp X such that ) € p
and every union of elements of u belongs to p It is described in [1] that a GT
1 can always be obtained by a construction starting from a so called gener
alized neighbourhood system In [3], some questions concerning generalized
neighbourhood systems are discussed in the case when the obtained GT is
in fact a topology The purpose of the present paper is to show that a great
part of these questions can be considered in the more general case when they
are related with a GT more general than a topology
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1. Preliminaries

For a given set X, let us consider a subset « of exp X We say that x is
ascending iff Aec k, AC BC X imply Berx

LEMMA 11 If K Cexp X then k™ = {B C X : there is A € k such that
A C B} is the smallest ascending set containing k

PrOOF If B € k™ and B C C C X then thereis A € x such that A C B
Then A C C as well, so that C' € k™ and T is ascending

Clearly k C k™ TFinally if A D & is ascending and B € k™ then there is
A € K such that A C B Since A € A and ) is ascending, clearly B € A So
kT CA O

For a given k C exp X, x" is called the ascending hull of x

Consider now a map ¢ : X — exp(exp X) such that z € X, V € ¢(x)
imply x € V' According to [1], a map 1 satisfying these conditions is called
a generalized neighbourhood system (briefly GNS) on X 1If ¢ is a GNS on X,
let puy, denote the collection of all subsets M C X such that z € M implies
the existence of a set V' € ¢(x) satisfying V-C M By [1], 12, then p is a
GT on X, generated by the GNS ¢

The generation of a GT by a GNS is a sufficiently general construction
since, by [1], 13, we have u = p, for an arbitrary GT p and the GNS 7
satisfying Y(z) ={M e p: z € M} (x € X)

If pis a GT on X, then the operations i, and ¢, are considered in [2|;
here i,A is the largest subset of A belonging to p and c,A is the smallest
superset of A having a complement belonging to p

Let us now consider a map w : exp X — exp X According to [2], such
a map is called an operation on X If w is an operation on X, we write
wA for w(A) (AC X) An operation w is said to be monotonic ifft A C B
C X implies wA C wB, enlarging iff A C X implies A C wA and restricting
iffuvAC Afor AC X

E g the above defined operation * is clearly monotonic and enlarging

Let us now consider amap f: X =Y, aGT pon X, aGT ronY, a
GNS ¢ on X and a GNS ¢ on Y According to [1], the map f is said to
be (p,v) continuous iff N € v implies f~1(N) € p and (¥, ¢) continuous iff
z€X,U € ¢(f(zx)) imply the existence of V € ¢(x) such that f(V) C U

2. Generating of a GT by a GNS

It is easy to see that several GNS’s can generate the same GT

EXAMPLE 2 1 Let X = {a,b,c}, ¢¥(a) = {{a,b}}, ¥(b) = {{b,c}}, ¥(c)
= {{a, c}} Then v is a GNS on X and clearly o = p1y, = {0, X} Similarly if
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o(a) = {{a,c}}, o(b) = {{a,b}}, o(c) = {{b, c}} then py = p again How
ever, V¥ #£ ¢ O

In fact, it would be sufficient to consider ascending GNS’s, where a GNS
1 on X is said to be ascending iff 1(z) is ascending whenever x € X For
an arbitrary GNS ¢ on X, let us write ¢* for the map ™ such that ™ (x)

= (¢()) TforzeX
LEMMA 2 2 ¥T is a GNS on X whenever ¢ is a GNS on X

ProOF V € ¢t (z) iff there is U € ¢(z) such that U CV Now z € U
implies x € V O

PROPOSITION 2 3 If v 4s a GNS on X then py+ = py

PrOOF If M € py and « € M then there is V € ¥(x) such that V' C M
¥(z) CY(x)" clearly implies V € T (z) = ¢(x)" so that M € py+

Conversely if M € juy+ and x € M then there is V € ¢T(z) such that
V CM By ¢t (z)=1(x)", there is U € ¢(z) such that U €V  Then
U C M for U € 9(x) so that M € puy O

Eg if X,1,¢ are taken from 11 then 9" (a) = {{a,b},X}, Ppr(b) =

{{b,c}, X}, vt (c) = {{a,c},X} Similarly ¢*(2) = ¢(z) U{X} for z € X
Hence 9" # ¢T so that distinct ascending GNS’s can generate the same GT

It is easy to see that there can exist more GNS’s ¢ on X having the same
GNS ¢t

EXAMPLE 24 Let X =R and, for x € X, V;, = (—o0,z) Let ¢(x) be
composed of all sets V,. such that x € V,. and r is rational Similarly, let ¢(x)
be composed of all sets V; such that x € V; and i is irrational Clearly both ¢
and ¢ are GNS’s and 1(z) # ¢(z) whenever x € X However ¢ (z) = ¢™ (x)
is composed of all sets U such that V}, C U for some y >z O

3. The operations 1y, and -y,

Now consider a GNS 9 on X We define two operations ¢y, and 7y, on X
by, for A C X, x € 1(A) iff there is V € ¢(z) such that V C A, z € v, (A)
iff Ve () impliess VNA#D (Cf [1])

PROPOSITION 3 1 The operation iy is monotonic and restricting

Proor If AC BC X and z € 1A then there is V € ¢(x) such that
V. C A Then V C B shows x € 1y, B Thus ¢y is monotonic If x € 1A then
there is V' € 9 (x) satisfying V C A, hence x € V' C A showing that 1y, A C A
and ¢y is restricting ]

PROPOSITION 3 2 7y, 4s monotonic and enlarging
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PrOOF If 2 € yyA and A C B C X then V € ¢(z) implies VN A # 0,
consequently VN B #() Ifz € Aand V € ¢(x) thenxz € VN A £ O

PROPOSITION 3 3 (X — A) = X — A for each A C X

PrOOF If z € 1y(X — A) then there is V € 9(x) such that V C X — A,
hence VNA=0and z € ypA, x € X —yy3A Conversely if z € X —~,A then
there is V € ¢(z) such that VN A=0,s0 VC X — A and z € 14(X — A)
O

Cf [1],14

As a converse of 3 1, we can say:

PRrROPOSITION 3 4 If the operation w on X is monotonic and restricting,
then there is a GNS v on X satisfying w = vy

PROOF Assume w : exp X — exp X is monotonic and restricting Define,
forre Xand V C X,V ey(x)iff x € wV

YisaGNSasz € X,V € Y(zx) imply z € V because z € wV C V

If x € 1y A for some A C X then thereis V € ¥(x) such that V .C A Then
x € wV by the definition of 1(z) so that € wA as w is monotonic Hence
LA CwA

If v € wA then A € ¥(z) so that (taking V = A), there is V € ¢(x) sat
isfying V' C A, so x € 1y A Consequently wA C 1y A Thus w = 1y O

Analogously:

PROPOSITION 3 5 If the operation w' is monotonic and enlarging then
there is a GNS v such that w' =~y

PrROOF Define wA =X —w'(X — A) Then A C B C X implies X — B
CX—-Ahence (X —B)Cuw(X—-A), X - (X—-A4) CX—-u(X-B),
wA C wB Therefore w is monotonic Moreover, since X — A C /(X — A),
necessarily wA =X — (X — A) C X — (X — A) = A and w is restricting

By 34, there is a GNS ¢ on X satisfying w =+, Hence, for A C X,
YpA=X —1p(X —A) =X —w(X —A) =w'A (cf 33) O

The definition of ¢, can be formulated with the help of ¢

THEOREM 3 6 If v is a GNS on X, v € X and A C X, then x € 1,A
iff Aeyt(z)

PROOF = € 1, A iff there is V € (z) such that V C A iff A € ¢(x)" iff
A eyt (x) O

We can use the operation ¢y in the construction of the GT -

THEOREM 3 7 For a GNS ¢ on X and M C X, we have M € jy iff
LwM =M

Proor If M € py then, for each point x € M, there is a set V € ¢ (x)
such that V' C M and then x € 1y, M Hence M C ty,M Also t,M C M by
3 1, hence M € p,, implies 1y, M = M
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Conversely if vy, M = M then x € M implies the existence of V € ¢(x)
such that V' C M, hence M € piy g

The operations ¢y and v, have some relations with i, and ¢,

PROPOSITION 38 If ¢ is a GNS on X and A C X then iy, A C 1A,
’)/wA C C,uwA

Proor If z €y, A then M =i, A € piy so that there is V € ¢(x) such
that V' C M, hence V C A since M C A Therefore x € 1A

The other inclusion can be deduced from the former one using v, A =
X —1y(X = A) (cf 33)and cpyA =X —iy, (X —A) (cf 2], (16)) O

Cf [1],14

The following corollary is similar to 3 4:

COROLLARY 39 If the operation w is monotonic and restricting then
there exists a GT p such that A € p iff wA=A

Proor By 3 4 there exists a GNS v such that w =+, Let u = iy, Then
Acpiff Ae pyiff tyA=A(cf 37)iffwA=A O

4. Questions on continuity

Let ¢» be a GNSon X, ¢ a GNSon Y and f: X - Y We show that
the (1, ¢) continuity of f can be characterized by properties of ¢, and ¢4:

PROPOSITION 4 1 The mapping [ is (1, ¢) continuous iff B C'Y implies
fﬁl(b(z)B) C Ld}(fil(B)) .

PrROOF First let f be (¥, ¢) continuous If z € f~1(14(B) ie f(x) €
ts(B) then there is U € ¢( f(z)) such that U C B We have some V € (x)
satisfying f(V) c U, V C f~1(U) C f~1(B) implying = € ¢, (f~(B))

Now suppose [ (15(B) Cty(f~1(B)) for BCY If z€ X and U €
¢(f(x)) then f(z) € sU and z € f~(15(U)) so that z € vy(fHU))
Therefore there is V € 1)(z) satisfying V C f~1(U), ie f(V)CU Hence
fis (¢, ¢) continuous O

This is similar to [1], 25 By [1], 2 1, the (¥, ¢) continuity of f implies
its (py, 1) continuity The example [1], 2 2 shows that the converse is not
true in general
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