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Abstract. In order to approximate functions defined on (0, +00), the authors
consider suitable Lagrange polynomials and show their convergence in weighted
LP? spaces

1. Introduction

This paper deals with the approximation of functions defined on the
unbounded interval RT := (0, +00), by means of Lagrange polynomials, in
weighted LP spaces We consider functions having singularities in the ori
gin and increasing exponentially for x — 400 and, therefore, we study the
convergence of an interpolation process in L, 1 < p < oo, with the weight

il 1 1

u(z) =x"e T, ’y>—5, ﬁ>§.

At first let us observe that bounded projectors from L%(0,+400) onto
the space of algebraic polynomials P, do not exist for every value of p
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250 C LAURITA and G MASTROIANNI

For instance the Fourier projector S,,(w, f) related to the Laguerre weight
w(x) = 2% %, a > —1, is bounded in L%, under suitable conditions on the
weights u and w, only for 3 < p <4 [1] (see also [12])

In order to overcome this problem, in [12] the authors, in the special case
B =1, proposed to interpolate a “finite section” of the function estimating
the LY norm in a suitable finite interval of Rt

Here, in a more general context, (w(x) = e a>-1,3> 3 and u(x)

= ;U"/e_é, v > —%), we consider a Lagrange polynomial based on the zeros

of pm(w) and a special additional point, following an idea of J Szabados
To be more precise, let {pm(w)}m be the sequence of the orthonormal

polynomials related to the weight w(z) having positive leading coefficient and

“ C
”2L§x1m<x2m<...<xmm§am<1_2)
m 2

(cf [6]) be the zeros of pp,(w)

Here and in the sequel C denotes a positive constant which may assume
different values in different formulae We write C # C(a,b,...) if C is indepen
dent of the parameters a,b,... If A, B = 0 are quantities depending on some
parameters, we write A ~ B if there exists a positive constant C independent
of the parameters of A and B such that % <A<(CB

If f is a locally continuous function in R*, let
m
Lin(w, £;2) = Ik () f (2 m),
k=1

with {g(z) = lgm(x) = % and T = Tgm, and

(1 1) :n—l—l(wa fax) = Z l;;(l')f(lbk), Tm+1 = am

with

Qm — X .

lk(l')? k=1,...,m, and m—',—l(x) _ M

li(x) = ,
k( ) Qm — Tk pm(wa am)

the fundamental Lagrange polynomials based on the nodes z1,x2, ..., Tn,
Tmt1, where an, = ap(w) ~ an(w)Q ~ml/f and aom (W) is the Mhaskar
Rakhmanov Saff number with respect to the generalized Freud weight w(x)

= |zt e (cf [10]) Obviously {l1,...,ln} is a basis for the set Pp,_;
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of all algebraic polynomials of degree at most m — 1 and {l{, ol l;“nH}
is a basis for P,

Now let m be sufficiently large (say m > my) and the integer j = j(m)
be defined by

(12) Tj = Tj(m) = 152771{“;’“ D xp Z Oam},

where 6 € (0,1) is fixed Define

m

P = {P €Py1: P(x)=qj_1(z) H (r —z;), gj—1 € Pj—l} CPh
i=j+1
and
R;:{Pepmzpw)=%_wwwm—x)II(x_“%Qflepfi}CPm
i=j+1

Then {l1,...,0;} and {[f,..., l;} are bases for P,,—1 and P}, respectively,
and it is easy to verify that one has the unique representations

J
Gm—1(7) = ZQm—l(ﬂﬁi)li(m) V gm—1 € Pm—1
i=1

and
J
@) =Y (@)l (x) Y gm € P,
=1

Then we can introduce the following interpolation processes:

j
k=1
and
(13) m(w, fi2) = i) far),  f € CORY)
k=1

which define two projectors from CO(R*) into P,,_1 and P, respectively
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Let us consider now the two norms HIN/m(w,f)qu and HL:‘TTH(w,f)qu

(see the definition in Section 2) with

N
w(z)=(1+z)z%e T, A>0, 1<p< .

The first norm does not have a “good” behavior for certain values of p; for
instance it is not hard to verify that, for p = oo, it results

sup Him(w,f)uHoo > Cm
[l full oo =1

for any «,7, A Let us note that the polynomial L, (w, f) has a good behavior
in [0, 0a,,], with 0 < 6 < 1, as it was shown in [12] for # =1 For the second
norm, it was proved in [7] that supj s, _—1 | Lz iy (w, f)ul| -, = Clogm under
certain assumptions on the parameters «, v, A The order logm cannot be
improved |16]

In this paper we study the behavior of L} ;(w, f) in (0,+00) and we
implicitly show that there exist sequences of polynomials of P}, convergent
to f in L, p € (1,00), under suitable conditions on the parameters of the
weights v and w These results can be used in the projection methods in
order to approximate the solution of some functional equations

2. Preliminaries

For 1 < p < +o0, X £ [0,+00), let LP(X) be defined in the usual way
With the weight

P 1 1
(21) u(x)=a2"e 2, y>-——, B>§, x>0,
p

let LL(X) be the collection of all measurable functions f such that fu €
LP(X) Consequently the norm in L(X) is defined by

1Al = < [ irute) d:r)p.

When p = 400, we define the spaces

B, := {f [0,+00) = R : Zlg))‘(fu)(x)‘ <+oo}
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and

L= C,y = {f € C°((0,4+00)) : lim (fu)(x) = 0}

Tr—00

both equipped with the norm
Il = 1, = sup | (fu)(@)]

For 1 < p < 400 and X = [0,400), we shall write L ([0, +00)) = Li and
1l ey = (1l z = I full, Moreover, for 1 < p < +oo, let WP (u) denote
the weighted Sobolev type space of order r € N, r = 1, defined by

WP (u) = {f € L% ([0,400)) : A= AC((0,+00)), Hf(r)tprqu < —i—oo},
with ¢(z) = \/x, and equipped with the norm
1wz = Ifull, + [ O] .
Let us also consider Zygmund type spaces defined as
28(u) = {f € L5([0,40)) : fll g <00} s E€R, 530
where

£l = Il +supL, ..

and

QL(f )y = sup | Ahso U’HLP R)’
<h<t

with o(x) =/, L, = [8(rh)2,Ch*] . C arbitrary fixed constant, h* = —%
p28-1

and
Ko fe) = Y (-1 <Z>f (4 (5 - ) nva)

(cf [11]) Sometimes we will omit the index r from || f| ;v ). writing simply
1l zpuy Let

En(fup = Juf [(f = Puf,

the error of LP weighted approximation by algebraic polynomials of degree
<m
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254 C LAURITA and G MASTROIANNI

In |11] the following estimates were proved:

29) Enl(f)uy < C (F> 1%l
for all f € WF(u), and

s Q(f 1),
23) B, SC[ 7 SR cACfm), r<m
7 0
with @, = am(u) the Mhaskar Rakhmanov Saff number with respect to the

B
weight u(z) = 27e™ =

3. Main results

Now we can establish the main results
TueEOREM 3 1 Let 1 <p <400, v7(z) =27, ¢(z) = vz and ¢ = ;55
8
If the weights w(z) = vo‘(x)e_zﬁ and u(z) =vY(x)e” 2= satisfy the conditions

B o
(31) \/ZT@ € L7(0,1) and —V;}f € L9(0,1),

then, for all functions f € By, we have

RS

(32) | 2izatw pel, < ¢ 3 Anlsul@).

k=1

where Axy = x4 —xp, k=1,...,m, and C # C(m, f)
PROPOSITION 3 2 Let be 1 < p < +oo For any function f such that

Qro(.ﬂt)up 1

(3 3) ?%7 cL
we have
(34)
. v Vam \ 7 [ (1)
P p < am P m ) 9 u,p
(;Amm #0))" e\ Wl + (G2) [ 7 2T

with C # C(m, f)
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Let us note that (3 3) implies the continuity of f in (0, +00)

Theorem 3 1 and Proposition 3 2 are similar to Theorem 2 6 and Lemma
27 in [12] Let us show now some interesting consequences of the previous
statements

THEOREM 3 3 Under the hypotheses of Theorem 3.1, for any polynomial
P e P} the following Marcinkievicz type equivalence holds:

J
P
(35) Pl ~ (30 APl (a)
k=1
where the constant in ~ is independent of m and P
We observe also that (3 5) generally is not true for P € P, (see, for in
stance, [12, pp 313 314))

THEOREM 3 4 Under the hypotheses of Theorem 3.1, for any function f
with (3 3) we have

(36)

Vvam
p [T Q0(f, 1),
() [ B D gy o .
0

H[f_L;krerl(w’f)]qugC m A+t

with C # C(m, f) and A # A(m, f) (|12, p 314])

In particular the following corollary holds true

COROLLARY 35 Let 1 <p < 4oo Under the assumptions of Theorem
3.4, for any f € ZE(u), s > %, we have

(37 107 - Zizatw N)ull, <€ (L) Uflpe

and, for any f € WE(u), r=1,2,...

(39 07 = Zitato.nlall, <€ (L) 1o hwp

with C # C(m, f)
From (3 7) and (3 8) it follows that, in ZL(u) and W/ (u), the polynomials
{L;‘;{H(w, f)} behave as the polynomials of best approximation
In the next theorem we estimate the norm of L* | (w, f) in the weighted
B
space Ll with u(z) = (1 +2)*27¢~T, A >0 Such kind of result can be

applied to estimate the norm of some integral operators The norms involved
in the following statement are defined as in Section 2, replacing the weight u
by u
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o8
THEOREM 3 6 If the weights w(z) = 2%¢™* and u(z) = (1 + ) ale™ T
are such that the parameters o, v and X\ satisfy the conditions

1 1 1
(3 9) S<ASL and max(o,§+4><fy<a; :
then, for each f € L°, we have
(310) N2 S el (o).

with C # C(m, f) and j defined as in (1 2) Consequently, under the condi
tions (39), for each f € W>°(u) we have

e - ma ] e () Wl

with C # C(m, f)

4. Proofs

Before proving some results about the interpolating polynomials

LY (w, f;x), we recall some basic facts on the orthonormal polynomials

m+1
{pm(w)}, which can be deduced from some results in [4, p 14 17]
Namely, the zeros x1,xo, ..., Ty of py(w) satisfy
Va 1

(41) Amk:xkﬂ—ka mm\/l'k I L, k:1,2,...,m—1
a 2
m ms

and

1 1
(4 2) ~ YamxiAzy 1——+ k=1,...,m,

| (w, ) /w () | Um i

with constants involved in ~ independent of m and k& Moreover, the follow
ing estimate holds:

(43) [P, 2)v/w(@)| £

C
Vamz ¢f|1— Z| + %

with €2 < 2 < Cay (1+m73), C # C(m, x)
Let us state the following Remez type inequality which we will use in the
following (see [11, p 107])
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LEMMA 41 Let A>0, A, = [A%,am(l - %)] and 1 < p < +oo
m3
Then, for any polynomial P, € P, there exists a constant C = C(A) inde
pendent of m, p and Py, such that

(44) (/;00 Pl (z) dx>‘17 < c(/Am PP (2) dx);.

Another useful result is the following
LEMMA 42 Ifzx€ [(2rh)2,h*} with h >0, r a positive integer, h* =

——, 5> 3,y € [z —rhy/Z,z+71h\/T] and the weight u is defined by (2 1),
h2B-1
then there exists a constant C independent of x and h such that

u(y)

u(x

A
A

C

Q-

holds
PRrOOF Since h < g,

Xz
x§y+W—M§y+ﬂw@§y+§

and
ySatly—alSo4rhviia+s

hold Then we get

A
<
A
(Y
8

(45) %x

Moreover, since & < h*, for £ € I(z,y) (I(z,y) being the interval having x
and y as endpoints) one has

_1
|27 — | = |o — yIBE°" < Brin/ae® 1 < Bra(h*)?E = B
and, therefore,

=
(4 6) ez Ze

Br
2

Combining (4 5) and (4 6), the lemma follows O
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LEMMA 43 Let 1 Sp < +oo, v7(x) =2 € LP, x; = min{zy, = a,,}
and 0 < 0 <1 fized Then, there exists 61 € (0,1) such that for an arbitrary
polynomial P € Py, (with | a fized integer), we have

(47) (kémkrpmpm)); <c(f em PoPa) o) g

where Az, = 11 — Tk, C 18 a positive constant independent of m, P and p

PrROOF Let P € Py, (I a fixed integer) The following identities hold
true:

Az P(xy) = /Ik+1 P(z)dx — /xk+1(:ck+1 — z)P'(x) dx

Tk k

for 1 £ k< jand

Ax;P(z;) = / ]

j—1

By applying Hélder inequality and
v (xg—1) ~ 07 (x) ~ 07 (L), T € [T—1,Tk)],

(see (4 5)), one can easily obtain

Azy| P(ay)v?(zx)|” = C

/m jk“ | P(2)? ()| de

@y [P @) d:c] ,

Tk

for 1 £ k< jand

Az P(x;)v” (z;)|" €

/23‘ }P(x)v”(az)‘pd:z:

+ (Azy)” / r yp'(x)vo(x)ypdx] .
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LP? CONVERGENCE OF LAGRANGE INTERPOLATION ON THE SEMTAXIS 259

Recalling that for k < j, Axy, ~ @,/xk ~ @\/E, T € [z, Trt] (see (4 1)),

we have
J
Z Axy|Pv?|P(xy)
k=1

gc[/;j o () dar + ({?)p/ \(P’vff)(x)\/ﬂpdx].

1 1

Now we estimate the second term on the right hand side Let us choose
Then, by proceeding as in [12, proof of

0 < 01 <1 such that z; < O1ay,
Lemma 2 5] we can show

TP a de < e (2 ’ alamyp(x 7| da.
/ () /.

xr1

In conclusion
1

(Zj:Axk|Pv”|p(xk)>;§C</zflam‘P(a:)x”|pdx ’. 0

k=1
REMARK 4 4 Let us observe that, by using Lemma 4.2, a result analo
gous to Lemma 4.3 can be proved if one replaces the weight function v by

B
2
Te™ 2

the more general one v%e
PrROOF OF THEOREM 3 1 By (4 4) we have

H m+1 w f UH < CH m+1 w7f)uHLp(a:1,am)
/ = (w, f,2)ulz)g(e) de
1

(w, f,x)g(x)u(x) dz, then

=C sup
lgll,=1

am L**

with%+%:1 Set A(g) = [, Liniq

J
Ju(zg) / “m (@ — x)pm(w, )
,; o Cwn) (am — o) a(wn) pr— g(x)u(z) de.
Since
! g T YamAxy,

[Pl (w0, 2 )uze)]
Acta Mathematica Hungarica 120, 2008
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(see (4 2)) and ——

< C
oz = a one has

3 J L
A(g) < Can? Z f(xk)u(l‘k)AkaZ+Z_’y
k=1
Oam am o w.
X {/m +/§am }( m . EP:Z( ) )g(x)u(x) dx =: C[Al(g) +A2(g)]

where § € (0,1) We shall specify the choice of § later At this moment we
assume that fa,, > x; Let us estimate A;(g) To this end, for a fixed I € N
we consider the polynomial 7(t) € P 1),, defined by

T

[P (am — @) (w, ) () — (am — E)pm (w,D)g(t) g(z)u(x)
w)= [ p— @

where ¢(z) is an arbitrary polynomial of degree Im Then

3 J a1
‘Al(g)’ < ap? Z ‘f(xk)‘u(:pk)Axkxlj+4 W‘T((Sﬂk)‘
k=1

o
=

< am

[§A$k| (fu)(ﬂck)’p] : {gﬁxk‘fﬂg%_%(ﬂ?k))q]

with % + % =1 By using Lemma 4 3,

|
Q=

_ J a1 _3
B:=an [ZA%’%§+4 'Yﬂ(xk)‘q} < Cam! ‘
k=1

1
v%JrZ*Vﬂ‘

Lq(ml,elam)

with 0 < 61 <1 and v*(z) = 2P
Now let 6 < 6; < 6 Hence

_3 fam
B < Cant /
1

Oam
/.
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By

A

C

Ay — T

‘pm(w,x) w(x):):%

(see (4 3)), we may choose a polynomial ¢(z) such that ¢(z) ~ u(x) in [z1, an]
It follows
q
dt]

éam gam _
B < Ca;ﬁ [/ tghl;v/ (am — 2)pm(w, z)g(z)u(z) .

Q|

x—t

th] :
< Capl [ / B = O, Hg(t)u(t)| dt] é
g(t)u(?)

/:“’" q(t)

where we used the boundedness of the Hilbert transform in LC{/W

VY

1 1

/%m g(x)u(z) dx

. q(x) x—t

+

. 1
at| < cllgl, =c

(0,1) (cf

[14]) and ||g||, =1 It remains to estimate

1

As(g) = am Zf(xk)u(a:k)Aa:kxk%Jr“ K /gam (am = x)pm(w’x)g(w)u(x) dzx.

r — X
=1 k

e

am
Now, since © — z = (6 — 61)a,, and

3
1

| (am — 2)pm (w, z)u(z)| < Clam —x)ia?”

we get, by applying Hélder inequality,

|[42(9)] = C[Zlﬁxk} <fu><xk>\”] : [gAmgw—ﬂ

X ERVA azvfgfﬂg(x)‘ dx.
A, 0

Q=

The last two factors of this product are dominated by (see Lemma 4 3)

1 1
1 O1am UaSO q q Am ,U’y p p
d d <cC,
- [ L @) | [ ] @l <
under our assumptions In conclusion one has (3 2) O

Acta Mathematica Hungarica 120, 2008
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PROOF OF PROPOSITION 3 2 We start by recalling the following inequa
lity (see [3]):

1 1 f7
(48) 8 max| f(a)]| < c(HfHLP(X) vah [ Hdt)

t1+p

that holds for any continuous function f in X = [a,a + 6], with 1 < p < 400,
C #C(f,6) and w" the r th ordinary modulus of continuity By applying (4 8)
with X = I}, = [z, xk11], 0 = Axy, and recalling that u(z) ~ u(xy) for x € I
(see Lemma 4 2), we can write

1 1 Axy, , »
(Al'k)g‘f(l.k)‘u(xk) é C<||fu”Lp(Ik) + (Aaj‘k); /0 M dt)

At
1
where w"(f, 1) 1r(1,) = SuPn< ( Avg—rh | AT f( (x)‘pdx)”, with A} the r

th forward difference Making the change of varlable t — /x,7T and taking
into account relation (4 1), we have

(Azg) 7| £ (e) | u(ay)

Amk% éf:* (f’rT)LP(I
gc(umupaﬁ(\@)/o o

<C v/ Am % @wr(f7\/ﬁ7_)l/2(]k)d

T 'p

Now, let g be an absolutely continuous function in R™ (g € AC(R™)) such
that Hg(r)gorqu < 00, p(x) =+/x Proceeding as in [12, Proof of Lemma

2 7], since \/T) ~ /x, for x € I}, we can write

W (f, VarT) () = C(H (f = 9>“HLp(@) + TTHg(T)(‘OTuHLP(Ik)> = An(7),

from which it follows

Vam
m m A p
Amk| f(xk)U(xk)‘p é ze Hquip(Ik) - \/TC:L7 </0 7'1;5‘71;7) dT) ] .

Acta Mathematica Hungarica 120, 2008
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Then, by Minkowski inequality,

< ; Az f(xr)u(z)| p) :

D=

iy [0 ?;le(Am))p)’l’dT

<cC HfU”LP(acl,ﬂch) + < m 0 H

B =

Now we have

<Z (Ak(T))p> ; = C[H (= g>u”“’($1@j+1) T TT‘|g(T)90TU

k=1

‘L”(mvzjﬂ)} ’

C I,y = [C(2rh)?,Ch*], with h* = —4— for

and for 0 < h =7, (z1,2541) &
h2FT

some constant C Therefore we have

7 1
<Z(A’“(T))p>p =¢ SUET{“(f_g)“”LP(Irh)*hTHg(T)‘Pr“ |LP<IM>}

k=1 0<h
and, finally, taking the infimum on ¢~ € AC(R™),

(L) et {0,

k=1 0<h<t glr=DeAC(

+ hng(r)(’DT“HLP(IM)} ~ Qe (f )

where we used a result proved in [11, Theorem 3 1] O
ProOOF OF THEOREM 3 3 The inequality

j 1
|Pul, £C < > Axk|Pu\p(xk))

k=1

trivially follows from (3 2), since L’* ;(w), as we have already observed, is

a projector into P;,  To prove the inverse inequality, taking into account
Remark 4 4, we can write

<EJ: A$k|Pu‘p(xk)> % =¢ ( /emm [Pul"(x) d:):) %

k=1 1

< c(/ooo Pul?(z) dx);. 0

Acta Mathematica Hungarica 120, 2008
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Let us introduce and recall some notations useful for our aims Let
0 € (0,1) fixed and m a positive sufficiently large integer Let j = j(m) be
the corresponding integer defined as in Section 1 and ®;(z) be the character
istic function of the interval [0, ;] For any continuous function f on [0, 400),
define the function f;(x) = f(x)®;(x) Since, by definitions, f; = f in [0, z;]
and f; =0 in (z;,+00), one has

;::—‘,-l(waf) = L:n—&-l(w?fj)a

according to (11) and (13) Finally, let M = [(%)ﬁm] Obviously,
M ~m
Now we recall a lemma (see [11]) which we will use later

LeEMMA 45 Let 1 <p<+4o0 and f € LY Then, for any sufficiently
large m, we have

1(f = f)ull, £ CLEM(),, +e ™ full,],

with constants C and A positive and independent of m and f
PrOOF OF THEOREM 3 4 We use the following decomposition with (P),
= Pd;:
J

f_L;k7j+1(w7f) :f_L;kn+l(w7fj)
=(f=f)+(fi—=P);) +((P); = P) + (P~ Ly 1w, f;))

where, for a fixed 0 <0 <1, M= [(L)Bm], P =Py € Py is a poly

0+1
nomial of “quasi best approximation”, ie H (f - P)qu < CEM(f)u,p By

Minkowski’s inequality we have
1[f = Lavea Cw, A} ull, < [1f = Silull, + |15 = (P),]u],
+{I[®); = Plull, + [ [Zasa(w, P = f)] ]l
From the previous lemma it follows
11F = filull, < C[Em(f)yy + e full,]
I[(P); = Plul| < e ™| Pull, < Ce=™|| ful

being C and A positive constants independent of f and m Moreover, by
definitions,

10 = Pl < 117 = Plul, < CB (1),

Acta Mathematica Hungarica 120, 2008
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It remains to estimate H (L;, 1 (w, P — fj)] qu We have
(B, P — £l
= ([[Lona (0, (P = D)) Jull, + [[[L5n2 (w0, P = (P);) Ju|

By Theorem 3 1 and Proposition 3 2 we deduce

I (o, (P = £);)

1 Vam
m QU(f— P,t)
<clE Vam ”/ oM T Vup |
_C M(f)u,p+< m > 0 t1+% dt

Since
Q:;(f - P7 t)q/,,p g Q;(fv t)u7p + QZ)(P7 t)u7p

and |11, Theorem 4 5|

O <P,m> §C<m>r|‘P(r)cp’"u
u,p

©p

[

m m
we get
—N\b [ (f,1),
(o (P 5l St = (Y2 )7 [ 2o

am " r), T
ACON

m

Furthermore, following, with some small changes, the proof in [2|, Theorem
831, pp 98 100, we can also get

1

r Vam  ~p
(5 ol e () [ 7 hra
P 0

m m Aty

from which we finally deduce

[z (P_f)j)]“Hp

1

P @ Q; b
<cC EM(f)u,pJF(\/r?) /0 wiil)wjdt]
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1 vam
se(r) [T
m 0 t1+;
obtained by applying also (2 3)
At the end we have to estimate H [Linﬂ (w, P— (P)j) ]u”p Applying the
Remez type inequality (4 4) we have

s (= @)]ull, S [ 2 (0P = (Pie)utw)|ds )

1

1
< C(am — x1)» [sup ] |Lyyi1 (w, P = (P)j;x) u(z)|
TE[T1,am
1 m+1 I* L
< Caﬁlm% sup wp(%)u(%) (;;)p
k k

Z‘E[Iham] k=j+1

1 m+1 I* ~
< Clamm®) 7| Pul o (g0, o)) 50D [me]

xe [331 7a7n]

1
= Clamm®)* | Pul oo gan oo | Einsr () ¢, e,

v+

~ 1 1 _B
where @(z) = u(x)xr =x' " re” 2

Now in [7] it was proved the following

25
PROPOSITION 4 6 Let w(z) = 2%, u(z) = 27(1+2) e~ 2 and as
sume
axd0, 24l <@ 0 o<y
max<0,—+-p Sy —+ - SAS L
A==y T=0=

Then, for every f € Cy, we have

with C # C(f, m)
By recalling the hypotheses on a and ~y, we can apply Proposition 4 6
with A =0 and v+ }D in place of v to get

H [L;knJrl(waP - (P)j)]qu = C(amm2)%(logm)HPuHLW([Qam,oo))‘

Combining the previous inequalities, using Lemma (4 5) and the Nikolski
inequality (see [11])

2
m P
lgmul < C <F> lgmull
m
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with 1 < p < 400, ¢ € Py, and C # C(m, p, ¢p,), we can write

[Zar (w0, P — (P),) ], < Cafum’ (logm) | Pull o (o, oo
) (1)

1
< Ca,%m%(log m)e A" Pul| < Cmp (log m)e*AmHPqu

< Ce ™ [Bar(f), + 1 full,] < Ce ™ ful, O

PROOF OF COROLLARY 3 5 By using (3 6) we get

05 = it ] s (Y22)7 [ Blh e

m r

s QU (f,t w m ’
<¢ (ﬁn> ap 22 D < ¢ (W> Hlzzco
mo ) o ot " 5

and (3 7) is proved If f € WF(u), since (see [11])
() S CE || F I ]|

one has

ST o -
/ wd%c(\ﬁ) 17O%rul] .
0 m

t1+P

and, finally, using (3 6) again, we get

17 - Eitatw )l S (L) 1 0pn), e (Vo

) 1l

2B
PROOF OF THEOREM 3 6 Set o(z) = Z’((:f)) = "’“"a(;’;)f By the Remez

ie 38) O

type inequality (4 4), we can write

|1 E5a e, Dolly = | Lonpa(w. o]y = € Lga (o, fi)o |y

_ 3 ) “ (a — )P (W, T)
_Czlp e )/ P fa)o(@) da

m — Lk
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Cgp a?n — )
{/9am /9 } JI:_p;;;(w x)f(;r)g(;g) de =: C[A1(f) + Aa(f)]

with f = sgn (Lfn+1(w,fj)) and 6 € (0,1), where fa,,, < z; < fa;,
Now we estimate A;(f) By using (4 2), we have

+31-7
K /amAmkxk *a

| AL(f)] §C||fﬂ||Loo[%x]] m 2 1tz | ()],
where
[P (@ — 2)pim(w, 2)q(2) — (am — B)pm(w, t)q(t) f(z)o ()
n<t)_/m L 2

and ¢ is an arbitrary polynomial of degree Im (I fixed) Then m € Py;,4, and,
by using a Marcinkievicz type inequality (see [12] and Lemma (4 3)), we have

1/q 2+4 -
" Ytz 7 | w(t)] dt

()] Sl [ L

where 0 < 07 < 11is such that 61a,, > z; Now we can specify the parameter
0 by setting 01 < < 1 and then xj < 010, < Ot < am
With F(2) := (am — ) Yampm(w, z) f(z)o(x), we have

Oram 4 tg-i-l—’y Oram thrlf’y Oam F
! [t = et [T @) 4
x1 (1—|—t> 1 (1—|—t) 2 T—1
fa 3
m o(x)f(x)
= Yam(an ~ Opm(w.a(®) [ T o,
o @) (z—1)
from which
Oam, S+i—Y Oam,
[ga;f/ (t) 1+t Meta / F@) 1l at
- 1+t z Tt
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The integrals are in the sense of principal value
Now we recall the following inequality (cf [14, p 440]):

(49) /OOO <1it> (1+1)° /OOO Z*fxt) da

0o R
1+/0 <t> (1+t)S|F*(t)](1+log+]F*(t)]+log+t)dt].

dt

<C
- 1+t

Herer > -1, R<0, 72 R,5<0,82> 1,5 <85, logt 2 = logmax (1,z) and
C #C(f) In order to apply (4 9) to I1, we observe that, by hypothesis, 4 + 1
<y < %—&-%,fromwhich —% < %+%—’y<0and, obviously, 0 > —A+ 5 +
% — Then by using (4 9) with R = § + i —~and S = —\since —\ = —1,

we obtain
Oa g+l*’y
mo /ot \27d 1
I £ Ca,} 1+/ <> | F ()]
RN (1+1)
x (141log™ |F(t)| +1log™ t) dt|.
By (4 3)
51—
|F(t)| £ Cam—=
(1+1)

whence, by the assumptions on «, 7, A, we have

oo 12y t%+%—’7
-1 +
a —I—/ — 1+1lo dt| =C.

8
Now we estimate Iy To this end we choose q(z) ~27e” 2 (see [5,

pp 485 493|, [13, pp 200 208], [15, p 335]) We have

LC

|(am — )P (w, £)q(t) Yam| < Capt? =377

whence

ban o (z)f(x)
/ml (@)@

éa’m 1
hee [ L
o (1+1)
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By using (4 9) withr=R=0and s =5 =—-A(= —1)

fa -~
moq Y e
I =C 1+/ <1+log —
’ o 1+ 1+ qt) q(t)

1
00 ta—2'y ta—l—l—'y
501+/2A 1+ log™ < | dt| =C,
0 (1+1) (1+1)

)
recalling that q(z) ~ x7e” 2, v < D‘TH and 2\ + 2y —a > 1 Then by using

the previous inequalities we obtain
Ai(f) = Cllfjull -
To complete the proof we have to estimate As(f) By estimate (4 2) we have
| Az (f)]
o(2) dx.

J x,?ri_v G Gy, — X
< C||full .. Ya ZAﬂfk/ ———— | pm(w, x
= || J ||oo mk:1 (1+$k)>\ Ban am—l'k‘ m( ) )‘ T — zp

Now recall that we chose 6 such that fa,, < z; < bram, < Oa,, < a, Then,
<l,z—ap Zx—xj = (0 —0)a,, whence by

> Am —T
for x > x; = xj, we have h—

(43)

‘pm(w, x)a(w)| < C<1 "

Hence we obtain

g_l_,Y
/am A — T ’p (w x)‘ o(x) de < C g 1 /am dz
m Y = =
fay, Adm — Tk T — Tk (1 + a:k))‘am(G — 9) Oam VAm — T
5-177
~ k
(1 —i—xk))‘(‘/am

from which it follows
J 1:0472“{
Z kiw\Axk = CHfjaHoo-

< Y
| Aa2(f)] = Cllfyull 1+ 20

k=1
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The proof of estimate (3 10) is complete

The proof of (3 11) is similar to that of (3 6) At first let us observe that
for f € Cy, taking into account the assumptions on the parameters v and A,
one has

(4 10) |72], <tsan [ [;"(S’;ﬁ dr <) fall,

Now let M = [(%)6771], P = Py € Py the best approximation polynomial

of fin Cy and (P); = P®;, with ®; the characteristic function of the interval
[0,z;] By Minkowski's inequality we have

|0 = Lo ) 2] = |17 = Lo 5] 2|
<[lvr =z + s - @) 7]
+[1e) =P Z], [ (Zto P50 T,
In virtue of (4 10), Lemma 4 5 and (2 3), we have
[ir=r1%|| <clltr = slall < LB +e I all]
<0 (22 ) Wiy
i~ 212, i #12], <l - Pl
<0 (22 ) Wy
and
|[p), = P12 =cl[(P), - Plal| , < ce||Pall, < e full

It remains to estimate the last term || [L: 1 (w, P = f)] %Hl At first
we apply Minkowski’s inequality and write

w
1w 20121,

< s Co. = N, [ (P = 21
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then estimate both terms on the right hand side
For the first one we use (3 10) and get

|(Eraatw. P )] 2| Sl (P =)l £ CBu ()

gc(”w>nﬂmﬂw

m

To estimate the second term, proceeding as in the proof of (3 6), we obtain

w(x) dx

Il ;;H(w,P(Pb)]?”léc/:m@%l(w?f’<P>a*”““>‘a<m>

<C sup |L;§m+1(w7p_(P)j;x)a(w)‘/:cam%dm

z€[z1,am]

m+1 ‘l*(x)}ﬂ(fﬂ)
< _ DR A
S Py 20 | D

.,
N ~ _ ~ Va
< Clogme™ ™| Pal|, < Clogme ™| fal, £C <mm> [fllwee@- O
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