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Abstract. We discuss and complement the knowledge about generalized Or-

licz classes Xo and Orlicz spaces Xs obtained by replacing the space L' in the
classical construction by an arbitrary Banach function space X. Our main aim
is to focus on the task to study inequalities in such spaces. We prove a number
of new inequalities and also natural generalizations of some classical ones (e.g.,
Minkowski’s, Holder’s and Young’s inequalities). Moreover, a number of other
basic facts for further study of inequalities and function spaces are included.

1. Introduction

The Orlicz classes Ly and the Orlicz spaces Lg are genuine generaliza-
tions of the usual LP-spaces, see, e.g., [2], [5], [11] and references therein.
Another type of generalization of the LP-spaces, namely the XP-spaces (X is
a Banach function space), has been used and studied, e.g., in [6], [8], [9]. In
this paper, we study a unification of these generalizations, namely, the gen-

eralized Orlicz classes X¢ and generalized Orlicz spaces X¢. This is done by
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replacing the space L' in the classical construction by an arbitrary Banach
function space X.

Some preliminary studies of generalized Orlicz classes X¢ and generalized
Orlicz spaces X¢ can be found already in the early research report [10] by
L. E. Persson. In this paper, we will improve these preliminary results in
various ways and put them into a more general frame. Moreover, we will
prove a number of results, which are particularly important for the study
of inequalities in these spaces. In particular, we will prove both some new
inequalities and also some natural generalization of the classical ones (e.g.,
Minkowski’s inequality, Holder’s inequality and Young’s inequality).

The paper is organized as follows: In order not to disturb our discus-
sions later on, some preliminaries are collected in Section 2. In Section 3,
we discuss the generalized Orlicz class X¢ and prove some of its basic facts
and related inequalities. The corresponding questions concerning the gener-
alized Orlicz space Xg is handled in Section 4. In Section 5, we equip the
space X¢ with the natural generalization of the famous Luxemburg norm and
prove some inequalities and other basic facts of importance for further stud-
ies in the theory of function spaces and inequalities. Moreover, in Section 6,
we discuss some inequalities we obtained so far and also prove an important
comparison result (Proposition 6.1) and a new generalized form of Holder’s
inequality (Theorem 6.2).

2. Preliminaries

Let (©,%, 1) be a complete o-finite measure space with p(2) > 0. We
denote by L°(€2) the space of all equivalence classes of measurable real val-
ued functions defined and finite a.e. on ). A real normed linear space X =
{ue L%Q) : |lullx < oo} is called a Banach function space (written shortly
as BFS) if in addition to the usual norm axioms, ||u|| y satisfies the following
conditions:

(P1) |lu||x is defined for every measurable function v on 2 and v € X if
and only if ||u||y < oo; ||ul|y =0 if and only if, u =0 a.e;;

(P2) 0=uZvae = [luly < [lolx:

(P3) 0< un 1 uae. = Junllx 1 llullx:

(P4) w(E) <oo=|lxpllx < oo

(P5) w(E) < o= [pu(z)dr < Cgllully,
where E C (), xg denotes the characteristic function of £ and Cg is a con-
stant depending only on E. For various properties concerning Banach func-
tion spaces see, e.g., [1].

Examples of Banach function spaces are the classical Lebesgue spacesL?,
1 < p < o0, the Orlicz spaces Lo, the classical Lorentz spaces L, 4, 1 < p,q
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< o0, the generalized Lorentz spaces Ay and the Marcinkiewicz spaces My

(see, e.g. [3]).
A function ® : [0,00) — [0,00] is called a Young function if

B(s) = /0 o) dt,

where ¢ : [0,00) — [0,00], ¢(0) = 0 is an increasing, left continuous function
which is neither identically zero nor identically infinite on (0,00). A Young
function ® is continuous, convex, increasing and satisfies

®(0) =0, lim ®(s) = oo.

§—0Q

Moreover, a Young function ® satisfies the following useful inequalities: for
s 2 0, we have

2.1) {‘P(%) <ad(s), if 0Sa<1

P(as) 2 ad(s), if a=1.
We call a Young function an N-function if it satisfies the limit conditions

d P
lim (8) =00 and lim (S)
s—oo 8 s—0 S

=0.

Let ® be a Young function generated by the function ¢, i.e.,

B(s) = /0 T o(t) dt.

Then the function ¥ generated by the function v, i.e.,

W(s) = /0 C(t) dr,

where 9(s) = supg ()<, t is called the complementary function to ®. Tt is

known that ¥ is a Young function and that ® is complementary to . The
pair of complementary Young functions ®, ¥ satisfies the Young inequality

(2.2) u-v < P(u) + U(v), u,v € [0, 00).
Equality in (2.2) holds if and only if
(2.3) v=(u) or u=Y(v).
A Young function @ is said to satisfy the Ag-condition, written ® € Ag,
if there exist k > 0 and T = 0 such that ®(2t) < k®(¢) for all t =2 T.
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3. The generalized Orlicz classes Xo

Let X be a BFS and denote ® a non-negative function on [0,00). The
generalized Orlicz class X¢ consists of all functions u € L(€2) such that

px (u; @) = || ([ul]) ||, < oo
For the case ®(t) =P, 0 < p < o0, Xo coincides algebraically with the space
1

X? endowed with the quasi-norm |ju||x, = || ]u\pH)E( The XP? spaces have
been studied and used, e.g., in [4], [8] and [9].
We begin with the following inequality:

PRrROPOSITION 3.1. Let X be a BFS and ® be a Young function. Then
the inequality

(3.1) px(au+ (1 —a)v) = apx(u) + (1 — a)px(v)
holds for 0 < a <1 and all u,v € X@, i.e. Xo is a convez set and Xo C X
for p(2) < 0.

PROOF. Let 0 < o« < 1. According to the convexity and monotonicity
properties of ® we have

@(‘au%— (1-— a)v‘) Sa®(|ul) +(1—a)®([v]).
Therefore, by the definition of a BFS, we obtain
[@(au+ (1 =a)]) | = [lae(lul) + 1@ -a)2(l]) ||

< af|@(ful) || + (1= a)||@(lo]) ||

i.e., (3.1) holds.
Further, property (2.1) of a Young function ® implies that there exists
¢ > 0 such that if u = u(t), |u(t)| > ¢, then

(Jul)

|ul

>1, ie, @(|u]) > |ul.

Let u = u(t) € X and E = {t € Q: |u(t)] > c}. Then the last estimate
gives
Hulxell x = @ (ul) || < oc.
Moreover, H \u|XQ\EHX < c|lxallx < oo and, consequently,

[ulll x = [[Tulxare + lulxe|| < ellxallx + || (lul) || < oo,

i.e., u € X, and also the inclusion Xo C X is proved. O
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We say that the BFS X has the L-property if there exists a positive con-
stant a such that the inequality

o0 [e.9]
Zun Z GZHUNHX
n=1 X n=1

holds for every sequence {uy,}, u, = un(t) > 0 with
supp U, N supp ty, = 0, n#m.

PROPOSITION 3.2. Let u(2) < oo and assume that X is a BFS satisfying
the L-property. Then, foru € X, there exists a Young function ® such that

u € Xo(Q).
PROOF. Denote

Qn:{er:n—lgm(:p)‘ <n}.

Let uw € X. Then

0o > [[[u(@)] || = (@)|xan

[e.e]
23 (u@) .l
X n=1
[e.e]
203 (0= Dihalx = aZnnm I - aZ Il

oo
> a3 nlxa.lly - lIxallx-

n=1

Since £(2) < oo, we have that ||xql| y < oo and conclude that >~ 2 nllxa. |l x
converges. Now choose a non-decreasing sequence {«,} such that

(3.2) anp>1, lim o, =00 and ZnanHXQnH < 0.
n—oo —

Moreover, define

t, fortel0,1)
o(t) =
ap, forten,n+1), n=1,2,3,...,

then

(3.3) @@:A¢@m
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is a Young function and ®(n) < nay, for n =1,2,... . Hence we have

le(|ut)])|l = iwumumn

X

[e.e]

%)
<Y em)lxaullx £ D nanlxa,llx < oo
n=1

n=1

and also the assertion that u € Xg is proved with @ defined by (3.3). [

REMARK 3.3. In fact, our proof shows that the function ® defined by
(3.3) satisfies the inequality

(o0}
px (@) £ nallva, lx

n=1

with {a, } satisfying (3.2).

REMARK 3.4. In view of Propositions 3.1 and 3.2 we see that ifu(2) < oo
and the BFS X satisfies the L-property, then the representation formula

X:U)?@
[0)]

holds, where the union is taken over all Young functions ®.

Next, we study the inclusion between two generalized Orlicz classes. Note
that for two Young functions ®; and ®9 satisfying

(3.4) Q1(t) £ Po(t) forall t=0,
we clearly have
(3.5) Xo, C Xo,.

However, if u(€2) < oo, then the condition (3.4) can be weakened. More
precisely, we prove the following:

PROPOSITION 3.5. Let u(2) < oo and @1, P9 be two Young functions. If
there exists ¢ > 0 and T = 0 such that

(3.6) Dy(t) S cPo(t) forall t=T

then the inclusion (3.5) holds.
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ProOF. By (P4) since p(£2) < oo, we have || Xqlly < co. Let u € X5(0)
and put Q; = {a: €Q:u(z)| < T}. Then (3.6) and the properties of the
BFS X ensure that

[1([u@)]) || = [[xa@1([u@)]) || + [[xore 1 (|u@)]) ||
S ©1(T)lIxellx + ¢ px (u; P2) < oo

and the assertion follows. [
In general, Xo need not be a linear set. However, the following holds:
PROPOSITION 3.6. Let ® be a Young function satisfying the As-condition
(with T =0 if u(Q) =o00). Then Xg is a linear set.
PROOF. Assume first that ©(Q) < co. For any a = 0, there exists n € N

such that o < 2". The monotonicity of ® together with the fact that ® € Ao
gives that there exist k > 0 and 7" 2 0 such that

B(at) < D(2") < k"D(1), =T

Taking ®1(t) = ®(at), ®2(t) = ®(t) and applying Proposition 3.5, we get Xo,
C Xg,. Hence, ifu € X¢ = Xg,, then u € Xg, which immediately yields that
au € Xg.

Further, let u,v € )~(q>. Then 2u,2v € )N(q,. Moreover, the convexity and
monotonicity properties of ® give

&(|u(x) + v()|) < @ (;‘Qu(w)‘ + ;}21;(35)\)

1

A
|

@(‘QU(QU)}) + %@(‘22}(%’)

)

which implies
(| ute) +v@)]) | < 5 le(26@)]) || + 2|2 (|20@)]) | < .

le,u+tveE Xo and consequently Xo is a linear set.

For () = 0o, we have ®(T') = ®(0) = 0 as well as ®(aT") = ¢(0) = 0.
Now repeating the arguments above, we get the assertion also in this case.
O
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4. The generalized Orlicz spaces Xg

We begin by defining the generalized Orlicz space Xg.

DEFINITION 4.1. Let X be a BFS and ®, ¥ be a pair of complementary
Young functions. The generalized Orlicz space, denoted by Xg, is the set of
all u € LY(Q) such that

(4.1) lullg = sup || Ju-vl|| -

where the supremum is taken over allv € Xy for which px(v;¥) < 1.
It can be seen that for a given Young function ®, the generalized Orlicz

space Xo contains the generalized Orlicz class X¢. Indeed, if ¥ is the Young
function complementary to @, then, in view of the Young’s inequality (2.2),

we obtain that for u € )~(q>, v E )N(q,
(42)  lu-olf x = H(I)(M) ||X - H\IJ(M) ||X = px(u; @) + px (v; ¥),

which implies that [|u|ls < px(u; @) +1 < co whenever px(v; ¥) <1 and,
hence, )~(q> C Xo.

REMARK 4.2. The inequality (4.2) may obviously be regarded as a nat-
ural generalization of the Young inequality in an Orlicz frame. In particular,

we find that if ®, ¥ is a pair of complementary Young functions andu € Xg,
ve)?qj,thenu'veX.

THEOREM 4.3. Let X be o BFS and ® be o Young function. Then the
space X is a BFS, with the norm defined by (4.1).

PROOF. Let u,v € Xo(2) and w € Xy, px(w, ¥) < 1. By (3.1) and the
fact that X is a BFS, we have

(4.3) lu+vle = sup |+ ] - |w]|| < sup - w| + |v-wl||
< sup | |u-wif| x +sup|[lo-wll| ¢ = llulle + [v]e-
w w

Moreover, Definition 4.1 implies that ||au|| = |a| |||l for any complex num-
ber a. Obviously, u = 0 a.e. implies that ||u|s = 0. Further, let £ C Q be
an arbitrary set such that 0 < u(E) < oco. Since }in% U(t) =0, for k =

1
Ixelly’
there exists k1, 0 < k1 < oo such that ¥(k) < Hx% Define

Ix
ki forzeFE
v(z) =
0 forzeQ\FE
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and note that
px () = ||¥([o@)]) | = [[T)xe] x = CE)Ixelx = 1.
Consequently,
lullg 2 llu- vllx = llu- kaxelx = killu- xallx-

We conclude that if ||ul|s =0, then u =0 a.e. in E. Since £ C Q was
arbitrary, u = 0 for almost all z € Q and (P1) is proved.

The properties (P2) and (P3) are obvious. Asregards (P4), letu(E) < oo,
and note that we have by the generalized Young’s inequality (4.2)

Ixe - wll] ¢ < [|eteo)] x + [|Z(Iw)) ||, = 2W)lxelx + px (w; ©).

Now, since X is a BFS, we have that ||xg|y < co. Consequently, taking
the supremum in the last estimate over allw for which px (w; ¥) < 1, we get
IxXEll < 0o, and (P4) is proved.

Finally, let E C Q be such that 0 < u(E) < co. Then according to (4.2),
we have for u € Xg, that u- xg € X. Moreover, by using (P5) applied on the
BFS X we get that

/ u-xpdp = Cgllu- xelx
E
and, since px (xg; V) < C/E7
/E udp < Crllu- x5l < Chllullg.

The last estimate proves (P5) for the space X¢ and, hence, Xg is a BFS.
|

5. The generalized Luxemburg norm

We generalize the definition of the famous Luxemburg norm (see e.g. [7])
in the following way:
1

THEOREM 5.1. The quantity defined by (5.1) is a norm in X¢ and

A

(5.1) |||y = inf {k >0:py (’Z‘,(I))

(5.2) lullg < 2lully, € Xo.
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PRrROOF. In view of (5.1), we find that

H¢<MUH <1 it k= |ullg.
k X

Now, let u,v € Xa, |ulls + ||[v||e = a OAOZ%and)\lzl—)\o. We
) ) P (] ) a
use the monotonicity and convexity properties of ® and obtain

(225) 2o (22) an (1) el )
a a aMo aM

which, by using (5.2), gives that

(550 o (55 s n e
a a X

and we conclude that ||u + v|p < a, i.e.,

(5.3) lu+vlle < llulle + [lv]e-

The other norm properties of || - || are obvious.

According to (4.2), for the pair of complementary Young functions®, ¥,
we have

luv|ly = px(u; ®) + px(v; ), u€ Xop, ve Xy
which, in view of (4.1), implies that
(5.4 lullg < pic(us ®) + 1.

If we consider w = ﬁ, we note from (4.2) that px(w;®) <1 and hence,
D
according to (5.3), [[w| s < 2 and the assertion follows. O
We have defined two norms on the generalized Orlicz space X¢, namely
(4.1) and (5.1). With respect to the norm (4.1), X¢ is a BFS (see Theorem
4.3). We will now prove a similar result for the generalized Luxemburg norm
yielding, in particular, that the two norms are equivalent.

THEOREM 5.2. If X is a BFS, then X¢ is a BFS with the generalized
Luzemburg norm defined by (5.1).

Acta Mathematica Hungarica 117, 2007



SOME GENERALIZED ORLICZ CLASSES AND SPACES 171

ProOOF. Properties (P1) and (P5) follow in view of Theorem 5.1 while
(P2) and (P3) are obvious. We only prove (P4).
First we note that the equality

o)l
oy =1
H (ko X

always implies that kg = |Jul|p. Let £ C Q be such that 0 < u(E) < co. Since
X is a BFS, we have that 0 < ||xg||y < co. We see that

_ 1 1
o2 () el = Doy ], -
||XE”X X HXEHX X

and consequently (5.4) gives

1

Ixele = —F——
v (o)
Txelx

which proves (P4). O

REMARK 5.3. The space (X, || - |[3) can also be regarded as a Calderon
space ¢(X). More exactly, p(X) = (Xo, | - [|3), where ¢(t) is the inverse of
®(t). Indeed, if u € (Xo;| - |), then, according to (2.1) and the definition
(5.1) of the Luxemburg norm, we have

(i)

and, thus, the representation

ol =l (2 (Hlff,'@»

gives us that u € p(X) and ||ull,y) = |ullg- The proof in the opposite di-

<1
X

rection is similar.
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6. More on inequalities

In particular, we have so far pointed out a number of inequalities in this
connection. In this final section, we will focus our interest more on this aspect
by deriving some new inequalities, summing up what we have done so far and
also raise a question for further research (see Remark 6.5).

First, we prove the following elementary but useful inequalities for com-
paring the quantities px (u, ®) and ||ul|:

PROPOSITION 6.1. Let u € X¢. Then

(6.1) px(u; @) < ully  if fullg 1
and
(6.2) px(u; @) 2 |lully i lully > 1.

PROOF. By property (P2), (5.2) and (2.1) with @ = ||u||} and u replaced
by “t) e obtain that if ullp < 1, then

o

px (u; @) = H(I)(“)HX - H(I) (ag)Hx =a H(I) (g) HX

|ul
o ()| <l
ullg /1l x
and (6.1) is proved.

Now, let ||ul|p > 1. Then, clearly, for every e, 0 < € < ||u||p,

= ||ullg

(6.3) H@ <‘Z|> HX >1 if k=|ullp —e.

By using (P2), (6.1) and (2.1) witha = , we find as above that

1
7
llullp—e

Feo )l 2
<I>< > Jully — =.
' falr =< )l = e

The proof of (6.2) follows if we lete — 0. O

We are now ready to prove the following generalized version of Holder’s
inequality:

THEOREM 6.2. Let u € X and v € Xy, where @ and VU are Young func-
tions complementary to each other. Thenu-v € X and |ju- vy < ||ullglv|y-

px (u; @) 2 (HUHZD - 5)
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PROOF. First we note that Proposition 6.1 guarantees that px (w; ¥) < 1
if and only if |Jw||y < 1. Therefore |ju|y = sup,, ||u - w||y, where the supre-
mum now is taken over all functions w satisfying ||w||y, < 1. In particular, if
w = m, vy # O, then |lw||y < 1 and thus

v 1

u
ol

7|l -]

lullg = H -
TS

and the statement follows. O

We now summarize some generalized forms of classical inequalities we
have obtained (as usual ® and ¥ denote Young functions complementary to
each other):

(H) Hélder’s inequality (see Theorem 6.2):

lu-vllx = llullg o]l
Another Hélder type inequality is the following: If px (v, ¥) = 1, then
[u-vllx = [lullg px (v, ¥).

This inequality follows directly from the definition (3.1) because (2.1) yields

v

that px(m) < 1. (for the case px (v, ¥) < 1, we only have that ||u - v||
< Jlullg-)
(M) Minkowski’s inequality (two forms, see (4.3) and (5.3)):

lutolle < lule +llvlle, llutolly < llule + lvle-

(Y) Young’s inequality (see (4.2)):
Ju-vllx < px(o,®) + px (v, ).

REMARK 6.3. For the case when ®(u) = |ul’, p = 1 the following special
cases of (H), (M) and (Y) in XP-spaces hold, respectively:

1 1
lu-vllx = llullxellvll xq, *+§=17 p>1,
lu+vllxe = ullxe + Vlxe, P>1
and
p q 1 1
lu- vl < lull’r N Hvqu7 Lol e
b q b q
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REMARK 6.4. We have also found a number of other inequalities dur-
ing this presentation, e.g., the important estimate (5.2) in Theorem 5.1 and
(6.1)—(6.2) in Proposition 6.2.

REMARK 6.5. In the classical case X = L!, it is well-known that by using
(H), (M) and (Y) it is possible to derive a number of other inequalities. In
a similar way our versions of (H), (M) and (Y) together with Remarks 6.3—
6.4 can be a good starting point to derive a theory for inequalities for the
generalized Orlicz classes and spaces discussed in this paper.

Acknowledgement. The first author acknowledges with thanks
CSIR (India) for the partial support through the research grant no.
25(5913) /NS/03/EMRILI.

References

[1] C. Bennett and R. Sharpley, Interpolation of Operators, Academic Press (London,
1988).
[2] M. A. Krasnosel’skii and J. B. Rutickii, Convez Functions and Orlicz Spaces, Noord-
hoff Ltd. (Groningen, 1961).
[3] S. G. Krein, Ju. I. Petunin and E. M. Semenov, Interpolation of Linear Operators,
AM.S. (Providence, 1982).
[4] S. G. Krein, Ju. I. Petunin and E. M. Semenov, Scales of Banach lattices of measurable
functions, Trudy Moskov Mat. Obsc., 17 (1967), 293-322 (in Russian).
[5] A. Kufner, J. Oldrich and F. Svatopluk, Function Spaces, Noordhoff International
Publishing (Leydon, 1977).
[6] G. Ju. Lozanovskii, On reflexive KB-spaces, Dokl. Akad. Nauk SSSR, 158 (1964),
516-519 (in Russian).
[7] W. A. J. Luxemburg, Banach Function Spaces, Ph.D. Thesis, Technische Hogeschool
te Delft (1955).
[8] L. Maligranda and L. E. Persson, Generalized duality of some Banach function spaces,
Proc. Konin. Nederlands Akad. Wet., 92 (1989), 323-338.
[9] L. E. Persson, Some elementary inequalities in connection with X?-spaces, in: Con-
structive Theory of Functions (1987), pp. 367-376.
[10] L. E. Persson, On some generalized Orlicz classes and spaces,Research Report 1988-3,
Department of Mathematics, Luled University of Technology (1988).
[11] M. M. Rao and Z. D. Ren, Theory of Orlicz Spaces, Marcel Dekker Inc. (New York,
Basel, Hong Kong, 1991).

Acta Mathematica Hungarica 117, 2007



