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Abstract.We discuss and complement the knowledge about generalized Or-
licz classes X̃Φ and Orlicz spaces XΦ obtained by replacing the space L1 in the
classical construction by an arbitrary Banach function spaceX. Our main aim
is to focus on the task to study inequalities in such spaces. We prove a number
of new inequalities and also natural generalizations of some classical ones (e.g.,
Minkowski's, Hölder's and Young's inequalities). Moreover, a number of other
basic facts for further study of inequalities and function spaces are included.

1. Introduction

The Orlicz classes L̃Φ and the Orlicz spaces LΦ are genuine generaliza-
tions of the usual Lp-spaces, see, e.g., [2], [5], [11] and references therein.
Another type of generalization of theLp-spaces, namely the Xp-spaces (X is
a Banach function space), has been used and studied, e.g., in [6], [8], [9]. In
this paper, we study a uni�cation of these generalizations, namely, the gen-
eralized Orlicz classes X̃Φ and generalized Orlicz spacesXΦ. This is done by
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replacing the space L1 in the classical construction by an arbitrary Banach
function space X.

Some preliminary studies of generalized Orlicz classesX̃Φ and generalized
Orlicz spaces XΦ can be found already in the early research report [10] by
L. E. Persson. In this paper, we will improve these preliminary results in
various ways and put them into a more general frame. Moreover, we will
prove a number of results, which are particularly important for the study
of inequalities in these spaces. In particular, we will prove both some new
inequalities and also some natural generalization of the classical ones (e.g.,
Minkowski's inequality, Hölder's inequality and Young's inequality).

The paper is organized as follows: In order not to disturb our discus-
sions later on, some preliminaries are collected in Section 2. In Section 3,
we discuss the generalized Orlicz class X̃Φ and prove some of its basic facts
and related inequalities. The corresponding questions concerning the gener-
alized Orlicz space XΦ is handled in Section 4. In Section 5, we equip the
space XΦ with the natural generalization of the famous Luxemburg norm and
prove some inequalities and other basic facts of importance for further stud-
ies in the theory of function spaces and inequalities. Moreover, in Section 6,
we discuss some inequalities we obtained so far and also prove an important
comparison result (Proposition 6.1) and a new generalized form of Hölder's
inequality (Theorem 6.2).

2. Preliminaries

Let (Ω, Σ, µ) be a complete σ-�nite measure space with µ(Ω) > 0. We
denote by L0(Ω) the space of all equivalence classes of measurable real val-
ued functions de�ned and �nite a.e. onΩ. A real normed linear space X ={

u ∈ L0(Ω) : ‖u‖X < ∞}
is called a Banach function space (written shortly

as BFS) if in addition to the usual norm axioms,‖u‖X satis�es the following
conditions:
(P1) ‖u‖X is de�ned for every measurable function u on Ω and u ∈ X if

and only if ‖u‖X < ∞; ‖u‖X = 0 if and only if, u = 0 a.e.;
(P2) 0 5 u 5 v a.e. ⇒ ‖u‖X 5 ‖v‖X ;
(P3) 0 < un ↑ u a.e. ⇒ ‖un‖X ↑ ‖u‖X ;
(P4) µ(E) < ∞⇒ ‖χE‖X < ∞;
(P5) µ(E) < ∞⇒ ∫

E u(x)dx 5 CE‖u‖X ,
where E ⊂ Ω, χE denotes the characteristic function ofE and CE is a con-
stant depending only on E. For various properties concerning Banach func-
tion spaces see, e.g., [1].

Examples of Banach function spaces are the classical Lebesgue spacesLp,
1 5 p 5 ∞, the Orlicz spaces LΦ, the classical Lorentz spaces Lp,q, 1 5 p, q
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5 ∞, the generalized Lorentz spaces Λφ and the Marcinkiewicz spaces Mφ

(see, e.g. [3]).
A function Φ : [0,∞) → [0,∞] is called a Young function if

Φ(s) =
∫ s

0
φ(t) dt,

where φ : [0,∞) → [0,∞], φ(0) = 0 is an increasing, left continuous function
which is neither identically zero nor identically in�nite on (0,∞). A Young
function Φ is continuous, convex, increasing and satis�es

Φ(0) = 0, lim
s→∞Φ(s) = ∞.

Moreover, a Young function Φ satis�es the following useful inequalities: for
s = 0, we have

(2.1)
{

Φ(αs) < α Φ(s), if 0 5 α < 1

Φ(αs) = α Φ(s), if α = 1.

We call a Young function anN -function if it satis�es the limit conditions

lim
s→∞

Φ(s)
s

= ∞ and lim
s→0

Φ(s)
s

= 0.

Let Φ be a Young function generated by the functionφ, i.e.,

Φ(s) =
∫ s

0
φ(t) dt.

Then the function Ψ generated by the function ψ, i.e.,

Ψ(s) =
∫ s

0
ψ(t) dt,

where ψ(s) = supφ(t)5s t is called the complementary function to Φ. It is
known that Ψ is a Young function and that Φ is complementary to Ψ. The
pair of complementary Young functionsΦ, Ψ satis�es the Young inequality

(2.2) u · v 5 Φ(u) + Ψ(v), u, v ∈ [0,∞).

Equality in (2.2) holds if and only if

(2.3) v = Φ(u) or u = Ψ(v).

A Young function Φ is said to satisfy the ∆2-condition, written Φ ∈ ∆2,
if there exist k > 0 and T = 0 such that Φ(2t) 5 kΦ(t) for all t = T .
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3. The generalized Orlicz classes X̃Φ

Let X be a BFS and denote Φ a non-negative function on [0,∞). The
generalized Orlicz class X̃Φ consists of all functions u ∈ L0(Ω) such that

ρX(u; Φ) = ‖Φ
( |u|)‖

X
< ∞.

For the case Φ(t) = tp, 0 < p < ∞, X̃Φ coincides algebraically with the space
Xp endowed with the quasi-norm ‖u‖Xp =

∥∥ |u|p∥∥
1
p

X . The Xp spaces have
been studied and used, e.g., in [4], [8] and [9].

We begin with the following inequality:
Proposition 3.1. Let X be a BFS and Φ be a Young function. Then

the inequality
(3.1) ρX(αu + (1− α)v) 5 αρX(u) + (1− α)ρX(v)

holds for 0 5 α 5 1 and all u, v ∈ X̃Φ, i.e. X̃Φ is a convex set and X̃Φ ⊂ X
for µ(Ω) < ∞.

Proof. Let 0 5 α 5 1. According to the convexity and monotonicity
properties of Φ we have

Φ(
∣∣αu + (1− α)v

∣∣) 5 α Φ
( |u|) + (1− α)Φ

( |v|) .

Therefore, by the de�nition of a BFS, we obtain

‖Φ
(∣∣αu + (1− α)v

∣∣)‖
X

5 ‖α Φ
( |u|) + (1− α)Φ

( |v|)‖
X

5 α‖Φ
( |u|)‖

X
+ (1− α)‖Φ

( |v|)‖
X

,

i.e., (3.1) holds.
Further, property (2.1) of a Young function Φ implies that there exists

c > 0 such that if u = u(t),
∣∣u(t)

∣∣ > c, then

Φ
( |u|)

|u| > 1, i.e., Φ
( |u|) > |u|.

Let u = u(t) ∈ X̃Φ and E = {t ∈ Ω :
∣∣u(t)

∣∣ > c}. Then the last estimate
gives ∥∥ |u|χE

∥∥
X

5 ‖Φ
( |u|)‖

X
< ∞.

Moreover,
∥∥ |u|χΩ\E

∥∥
X

5 c‖χΩ‖X < ∞ and, consequently,
∥∥ |u|∥∥

X
=

∥∥ |u|χΩ\e + |u|χe

∥∥ 5 c‖χΩ‖X + ‖Φ
( |u|)‖

X
< ∞,

i.e., u ∈ X, and also the inclusion X̃Φ ⊂ X is proved. ¤
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We say that the BFS X has the L-property if there exists a positive con-
stant a such that the inequality

∥∥∥∥
∞∑

n=1

un

∥∥∥∥
X

= a
∞∑

n=1

‖un‖X

holds for every sequence {un}, un = un(t) > 0 with

suppun ∩ suppum = ∅, n 6= m.

Proposition 3.2. Let µ(Ω) < ∞ and assume that X is a BFS satisfying
the L-property. Then, for u ∈ X, there exists a Young function Φ such that
u ∈ X̃Φ(Ω).

Proof. Denote

Ωn = {x ∈ Ω : n− 1 5
∣∣u(x)

∣∣ < n}.

Let u ∈ X. Then

∞ > ‖∣∣u(x)
∣∣‖

X
=

∥∥∥∥
∞∑

n=1

∣∣u(x)
∣∣χΩn

∥∥∥∥
X

= a

∞∑

n=1

‖(∣∣u(x)
∣∣)χΩn‖X

= a
∞∑

n=1

(n− 1)‖χΩn‖X = a
∞∑

n=1

n‖χΩn‖X − a
∞∑

n=1

‖χΩn‖X

= a
∞∑

n=1

n‖χΩn‖X − ‖χΩ‖X .

Since µ(Ω) <∞, we have that ‖χΩ‖X <∞ and conclude that∑∞
n=1 n‖χΩn‖X

converges. Now choose a non-decreasing sequence{αn} such that

(3.2) αn > 1, lim
n→∞αn = ∞ and

∞∑

n=1

nαn‖χΩn‖ < ∞.

Moreover, de�ne

φ(t) =

{
t, for t ∈ [0, 1)

αn, for t ∈ [n, n + 1), n = 1, 2, 3, . . . ,

then

(3.3) Φ(t) =
∫ t

0
φ(s)ds
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is a Young function and Φ(n) 5 nαn for n = 1, 2, . . . . Hence we have

‖Φ
(∣∣u(x)

∣∣)‖
X

=
∥∥∥∥
∞∑

n=1

Φ(
∣∣u(x)

∣∣)χΩn

∥∥∥∥
X

5
∞∑

n=1

Φ(n)‖χΩn‖X 5
∞∑

n=1

nαn‖χΩn‖X < ∞

and also the assertion that u ∈ X̃Φ is proved with Φ de�ned by (3.3). ¤
Remark 3.3. In fact, our proof shows that the function Φ de�ned by

(3.3) satis�es the inequality

ρX(u; Φ) 5
∞∑

n=1

nαn‖χΩn‖X

with {αn} satisfying (3.2).
Remark 3.4. In view of Propositions 3.1 and 3.2 we see that ifµ(Ω) < ∞

and the BFS X satis�es the L-property, then the representation formula

X =
⋃

Φ

X̃Φ

holds, where the union is taken over all Young functionsΦ.
Next, we study the inclusion between two generalized Orlicz classes. Note

that for two Young functions Φ1 and Φ2 satisfying

(3.4) Φ1(t) 5 Φ2(t) for all t = 0,

we clearly have

(3.5) X̃Φ2 ⊂ X̃Φ1 .

However, if µ(Ω) < ∞, then the condition (3.4) can be weakened. More
precisely, we prove the following:

Proposition 3.5. Let µ(Ω) < ∞ and Φ1, Φ2 be two Young functions. If
there exists c > 0 and T = 0 such that

(3.6) Φ1(t) 5 c Φ2(t) for all t = T

then the inclusion (3.5) holds.
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Proof. By (P4) since µ(Ω) < ∞, we have ‖XΩ‖X < ∞. Let u ∈ X̃2(Ω)
and put Ω1 = {x ∈ Ω :

∣∣u(x)
∣∣ 5 T}. Then (3.6) and the properties of the

BFS X ensure that

‖Φ1

(∣∣u(x)
∣∣)‖

X
5 ‖χΩ1Φ1

(∣∣u(x)
∣∣)‖

X
+ ‖χΩ\Ω1

Φ1

(∣∣u(x)
∣∣)‖

X

5 Φ1(T )‖χΩ‖X + c ρX(u; Φ2) < ∞

and the assertion follows. ¤
In general, X̃Φ need not be a linear set. However, the following holds:
Proposition 3.6. Let Φ be a Young function satisfying the∆2-condition

(with T = 0 if µ(Ω) = ∞). Then X̃Φ is a linear set.
Proof. Assume �rst that µ(Ω) < ∞. For any α = 0, there exists n ∈ N

such that α 5 2n. The monotonicity ofΦ together with the fact thatΦ ∈ ∆2

gives that there exist k > 0 and T = 0 such that

Φ(αt) 5 Φ(2nt) 5 knΦ(t), t = T.

TakingΦ1(t) = Φ(αt), Φ2(t) = Φ(t) and applying Proposition 3.5, we getX̃Φ2

⊂ X̃Φ1 . Hence, if u ∈ X̃Φ ≡ X̃Φ2 , then u ∈ X̃Φ1 which immediately yields that
αu ∈ X̃Φ.

Further, let u, v ∈ X̃Φ. Then 2u, 2v ∈ X̃Φ. Moreover, the convexity and
monotonicity properties of Φ give

Φ(
∣∣u(x) + v(x)

∣∣) 5 Φ
(

1
2

∣∣2u(x)
∣∣ +

1
2

∣∣2v(x)
∣∣
)

5 1
2
Φ(

∣∣2u(x)
∣∣) +

1
2
Φ(

∣∣2v(x)
∣∣),

which implies

‖Φ
(∣∣u(x) + v(x)

∣∣)‖
X

5 1
2‖Φ

(∣∣2u(x)
∣∣)‖

X
+

1
2‖Φ

(∣∣2v(x)
∣∣)‖

X
< ∞,

i.e., u + v ∈ X̃Φ and consequently X̃Φ is a linear set.
For µ(Ω) = ∞, we have Φ(T ) = Φ(0) = 0 as well as Φ(αT ) = Φ(0) = 0.

Now repeating the arguments above, we get the assertion also in this case.
¤
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4. The generalized Orlicz spaces XΦ

We begin by de�ning the generalized Orlicz spaceXΦ.
Definition 4.1. Let X be a BFS and Φ, Ψ be a pair of complementary

Young functions. The generalized Orlicz space, denoted byXΦ, is the set of
all u ∈ L0(Ω) such that

‖u‖Φ := sup
v

∥∥ |u · v|∥∥
X

,(4.1)

where the supremum is taken over all v ∈ X̃Ψ for which ρX(v; Ψ) 5 1.
It can be seen that for a given Young functionΦ, the generalized Orlicz

space XΦ contains the generalized Orlicz class X̃Φ. Indeed, if Ψ is the Young
function complementary to Φ, then, in view of the Young's inequality (2.2),
we obtain that for u ∈ X̃Φ, v ∈ X̃Ψ

∥∥ |u · v|∥∥
X

5 ‖Φ
( |u|)‖

X
+ ‖Ψ

( |v|)‖
X

= ρX(u; Φ) + ρX(v; Ψ),(4.2)

which implies that ‖u‖Φ 5 ρX(u; Φ) + 1 < ∞ whenever ρX(v; Ψ) 5 1 and,
hence, X̃Φ ⊂ XΦ.

Remark 4.2. The inequality (4.2) may obviously be regarded as a nat-
ural generalization of the Young inequality in an Orlicz frame. In particular,
we �nd that if Φ, Ψ is a pair of complementary Young functions andu ∈ X̃Φ,
v ∈ X̃Ψ, then u · v ∈ X.

Theorem 4.3. Let X be a BFS and Φ be a Young function. Then the
space XΦ is a BFS, with the norm de�ned by (4.1).

Proof. Let u, v ∈ XΦ(Ω) and w ∈ X̃Ψ, ρX(w, Ψ) 5 1. By (3.1) and the
fact that X is a BFS, we have

‖u + v‖Φ = sup
w

∥∥ |u + v| · |w|∥∥
X

5 sup
w

∥∥ |u · w|+ |v · w|∥∥
X

(4.3)

5 sup
w

∥∥ |u · w|∥∥
X

+ sup
w

∥∥ |v · w|∥∥
X

= ‖u‖Φ + ‖v‖Φ.

Moreover, De�nition 4.1 implies that‖au‖Φ = |a| ‖u‖Φ for any complex num-
ber a. Obviously, u = 0 a.e. implies that ‖u‖Φ = 0. Further, let E ⊂ Ω be
an arbitrary set such that 0 < µ(E) < ∞. Since lim

t→0
Ψ(t) = 0, for k = 1

‖χE‖X
,

there exists k1, 0 < k1 < ∞ such that Ψ(k1) 5 1
‖χE‖X

. De�ne

v(x) =

{
k1 for x ∈ E

0 for x ∈ Ω \ E
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and note that
ρX(v; Ψ) = ‖Ψ

(∣∣v(x)
∣∣)‖

X
=

∥∥Ψ(k1)χE

∥∥
X

= Ψ(k1)‖χE‖X 5 1.

Consequently,

‖u‖Φ = ‖u · v‖X = ‖u · k1χE‖X = k1‖u · χE‖X .

We conclude that if ‖u‖Φ = 0, then u = 0 a.e. in E. Since E ⊂ Ω was
arbitrary, u = 0 for almost all x ∈ Ω and (P1) is proved.

The properties (P2) and (P3) are obvious. As regards (P4), letµ(E) < ∞,
and note that we have by the generalized Young's inequality (4.2)

∥∥χE · |w|
∥∥

X
5

∥∥φ(χE)
∥∥

X
+ ‖Ψ

( |w|)‖
X

= Φ(1)‖χE‖X + ρX(w; Ψ).

Now, since X is a BFS, we have that ‖χE‖X < ∞. Consequently, taking
the supremum in the last estimate over allw for which ρX(w; Ψ) 5 1, we get
‖χE‖Φ < ∞, and (P4) is proved.

Finally, let E ⊂ Ω be such that 0 < µ(E) < ∞. Then according to (4.2),
we have for u ∈ XΦ, that u ·χE ∈ X. Moreover, by using (P5) applied on the
BFS X we get that ∫

E
u · χEdµ 5 CE‖u · χE‖X

and, since ρX(χE ; Ψ) 5 C ′
E ,

∫

E
udµ 5 CE‖u · χE‖X 5 C ′′

E‖u‖Φ.

The last estimate proves (P5) for the space XΦ and, hence, XΦ is a BFS.
¤

5. The generalized Luxemburg norm

We generalize the de�nition of the famous Luxemburg norm (see e.g. [7])
in the following way:

(5.1) ‖u‖′Φ = inf
{

k > 0 : ρX

( |u|
k

, Φ
)

5 1
}

.

Theorem 5.1. The quantity de�ned by (5.1) is a norm in XΦ and

(5.2) ‖u‖Φ 5 2‖u‖′Φ, u ∈ XΦ.
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Proof. In view of (5.1), we �nd that
∥∥∥∥Φ

( |u|
k

)∥∥∥∥
X

5 1 if k = ‖u‖′Φ.

Now, let u, v ∈ XΦ, ‖u‖′Φ + ‖v‖′Φ = a 6= 0, λ0 = ‖u‖′Φ
a and λ1 = 1− λ0. We

use the monotonicity and convexity properties ofΦ and obtain

Φ
( |u + v|

a

)
5 Φ

( |u|+ |v|
a

)
5 λ0Φ

( |u|
aλ0

)
+ λ1Φ

( |v|
aλ1

)

which, by using (5.2), gives that

ρX

( |u + v|
a

, Φ
)

=
∥∥∥∥Φ

( |u + v|
a

)∥∥∥∥
X

5 λ0 · 1 + λ1 · 1 = 1

and we conclude that ‖u + v‖′Φ 5 a, i.e.,

(5.3) ‖u + v‖′Φ 5 ‖u‖′Φ + ‖v‖′Φ.

The other norm properties of ‖ · ‖′Φ are obvious.
According to (4.2), for the pair of complementary Young functionsΦ, Ψ,

we have

‖u.v‖X 5 ρX(u; Φ) + ρX(v; Ψ), u ∈ XΦ, v ∈ XΨ

which, in view of (4.1), implies that

(5.4) ‖u‖Φ 5 ρX(u; Φ) + 1.

If we consider w = |u|
‖u‖′Φ

, we note from (4.2) that ρX(w; Φ) 5 1 and hence,
according to (5.3), ‖w‖Φ 5 2 and the assertion follows. ¤

We have de�ned two norms on the generalized Orlicz spaceXΦ, namely
(4.1) and (5.1). With respect to the norm (4.1),XΦ is a BFS (see Theorem
4.3). We will now prove a similar result for the generalized Luxemburg norm
yielding, in particular, that the two norms are equivalent.

Theorem 5.2. If X is a BFS, then XΦ is a BFS with the generalized
Luxemburg norm de�ned by (5.1).
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Proof. Properties (P1) and (P5) follow in view of Theorem 5.1 while
(P2) and (P3) are obvious. We only prove (P4).

First we note that the equality

∥∥∥∥Φ
( |u|

k0

)∥∥∥∥
X

= 1

always implies that k0 = ‖u‖′Φ. Let E ⊂ Ω be such that 0 < µ(E) < ∞. Since
X is a BFS, we have that 0 < ‖χE‖X < ∞. We see that

∥∥∥∥Φ
[
Φ−1

(
1

‖χE‖X

)
· χE

]∥∥∥∥
X

=
∥∥∥∥

1
‖χE‖X

· χE

∥∥∥∥
X

= 1

and consequently (5.4) gives

‖χE‖′Φ =
1

Φ−1
(

1
‖χE‖X

) ,

which proves (P4). ¤
Remark 5.3. The space

(
XΦ, ‖ · ‖′Φ

)
can also be regarded as a Calderon

space ϕ(X). More exactly, ϕ(X) ≡ (
XΦ, ‖ · ‖′Φ

)
, where ϕ(t) is the inverse of

Φ(t). Indeed, if u ∈ (
XΦ; ‖ · ‖′Φ

)
, then, according to (2.1) and the de�nition

(5.1) of the Luxemburg norm, we have

∥∥∥∥∥Φ

(
|u|∥∥ |u|∥∥

Φ

)∥∥∥∥∥
X

5 1

and, thus, the representation

|u| = ‖u‖′Φϕ

(
Φ

( |u|
‖u‖′Φ

))

gives us that u ∈ ϕ(X) and ‖u‖ϕ(X) 5 ‖u‖′Φ. The proof in the opposite di-
rection is similar.
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6. More on inequalities

In particular, we have so far pointed out a number of inequalities in this
connection. In this �nal section, we will focus our interest more on this aspect
by deriving some new inequalities, summing up what we have done so far and
also raise a question for further research (see Remark 6.5).

First, we prove the following elementary but useful inequalities for com-
paring the quantities ρX(u,Φ) and ‖u‖′Φ:

Proposition 6.1. Let u ∈ XΦ. Then

(6.1) ρX(u; Φ) 5 ‖u‖′Φ if ‖u‖′Φ 5 1

and

(6.2) ρX(u; Φ) = ‖u‖′Φ if ‖u‖′Φ > 1.

Proof. By property (P2), (5.2) and (2.1) withα = ‖u‖′Φ and u replaced
by u(t)

α , we obtain that if ‖u‖′Φ 5 1, then

ρX(u; Φ) =
∥∥Φ(u)

∥∥
X

=
∥∥∥Φ

(
α

u

α

)∥∥∥
X

5 α
∥∥∥Φ

(u

α

)∥∥∥
X

= ‖u‖′Φ
∥∥∥∥Φ

( |u|
‖u‖′Φ

)∥∥∥∥
X

5 ‖u‖′Φ,

and (6.1) is proved.
Now, let ‖u‖′Φ > 1. Then, clearly, for every ε, 0 < ε < ‖u‖′Φ,

(6.3)
∥∥∥∥Φ

( |u|
k

)∥∥∥∥
X

> 1 if k = ‖u‖′Φ − ε.

By using (P2), (6.1) and (2.1) with α = 1
‖u‖′Φ−ε

, we �nd as above that

ρX(u; Φ) =
(‖u‖′Φ − ε

) ∥∥∥∥Φ
( |u|
‖u‖′ − ε

)∥∥∥∥
X

= ‖u‖′Φ − ε.

The proof of (6.2) follows if we let ε → 0. ¤
We are now ready to prove the following generalized version of Hölder's

inequality:
Theorem 6.2. Let u ∈ XΦ and v ∈ XΨ, where Φ and Ψ are Young func-

tions complementary to each other. Thenu ·v ∈ X and ‖u · v‖X 5 ‖u‖Φ‖v‖′Ψ.
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Proof. First we note that Proposition 6.1 guarantees thatρX(w; Ψ) 5 1
if and only if ‖w‖′Ψ 5 1. Therefore ‖u‖Φ = supw ‖u · w‖X , where the supre-
mum now is taken over all functionsw satisfying ‖w‖′Ψ 5 1. In particular, if
w = v

‖v‖′Ψ
, ‖v‖′Ψ 6= 0, then ‖w‖′Φ < 1 and thus

‖u‖Φ =
∥∥∥∥u

v

‖v‖′Ψ

∥∥∥∥
Φ

=
1

‖v‖′Ψ
‖u · v‖

and the statement follows. ¤
We now summarize some generalized forms of classical inequalities we

have obtained (as usual Φ and Ψ denote Young functions complementary to
each other):

(H) Hölder's inequality (see Theorem 6.2):

‖u · v‖X 5 ‖u‖Φ‖v‖′Ψ.

Another Hölder type inequality is the following: IfρX(v, Ψ) = 1, then

‖u · v‖X 5 ‖u‖Φ ρX(v, Ψ).

This inequality follows directly from the de�nition (3.1) because (2.1) yields
that ρX( v

ρX(v,Ψ)) 5 1. (for the case ρX(v,Ψ) 5 1, we only have that ‖u · v‖X

5 ‖u‖Φ.)
(M) Minkowski's inequality (two forms, see (4.3) and (5.3)):

‖u + v‖Φ 5 ‖u‖Φ + ‖v‖Φ, ‖u + v‖′Φ 5 ‖u‖′Φ + ‖v‖′Φ.

(Y) Young's inequality (see (4.2)):

‖u · v‖X 5 ρX(v, Φ) + ρX(v, Ψ).

Remark 6.3. For the case when Φ(u) = |u|p, p = 1 the following special
cases of (H), (M) and (Y) in Xp-spaces hold, respectively:

‖u · v‖X 5 ‖u‖Xp‖v‖Xq ,
1
p

+
1
q

= 1, p > 1,

‖u + v‖Xp 5 ‖u‖Xp + ‖v‖Xp , p > 1

and
‖u · v‖X 5 ‖u‖p

Xp

p
+
‖v‖q

Xq

q
,

1
p

+
1
q

= 1, p > 1.
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Remark 6.4. We have also found a number of other inequalities dur-
ing this presentation, e.g., the important estimate (5.2) in Theorem 5.1 and
(6.1)�(6.2) in Proposition 6.2.

Remark 6.5. In the classical caseX = L1, it is well-known that by using
(H), (M) and (Y) it is possible to derive a number of other inequalities. In
a similar way our versions of (H), (M) and (Y) together with Remarks 6.3�
6.4 can be a good starting point to derive a theory for inequalities for the
generalized Orlicz classes and spaces discussed in this paper.
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