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Abstract. We sharpen Hua’s result by proving that each sufficiently large
odd integer N can be written as

N=pl4--+p} with |p,— YN/9| SU=Ns mste

where p; are primes. This result is as good as what was previously derived from
the Generalized Riemann Hypothesis.

1. Introduction

In the additive theory of prime numbers, one studies the representation

of positive integers by powers of primes. Hua [6] proved the following two
classical theorems in this realm.

THEOREM A. Fach sufficiently large integer congruent to 5 modulo 24

can be written as the sum of five squares of primes.

THEOREM B. FEach sufficiently large odd integer can be written as the

sum of nine cubes of primes.
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Since then, problems in which the prime variables are restricted in vari-
ous ways have provided a number of extensions of Hua’s theorems (see [13]
and [24] for example). Obviously these results give deep insights into Hua’s
results.

Under the Generalized Riemann Hypothesis (GRH), Liu and Zhan [13]
sharpened Theorem A by showing that each sufficiently large integer N con-

gruent to 5 modulo 24 can be written as
N 1
=y = | S NaAtE
pj 5 ‘ =

with A = . Later Bauer [1| used the Deuring—Heilbronn phenomenon to
deal with the rather large major arcs in the circle method, and showed un-
conditionally that (1.1) holds with a small constant A > 0, which is not
determined numerically. An approach to treat the large major arcs with-
out the application of the Deuring—Heilbronn phenomenon was introduced in
[14], and the method is cultivated in a series of papers. In this direction, the
following results have been achieved:

(1.1) N = pi + p3 + p3 + pi + P2,

(=5, 45 in Liu and Zhan [14], [15] respectively;
g5 in Bauer [2];

+ in Lii [16];

725 in Bauer and Wang [3];

5% in Lii [17];

% in Liu, Lii and Zhan [11].

As a generalization of Theorem B, Meng [19] first proved that under GRH
each sufficiently large odd integer can be written as the sum of nine almost

equal prime cubes, i.e.,
N
pj — \3/ 9 ‘ = U,

where U = N3~ 157, Later Meng [20] improved this result by showing
that (1.2) holds unconditionally for U = N3~ 5. Recently Lii [18] fur-

ther showed that (1.2) holds unconditionally for U = N ER AL

In this paper, we modify the iterative idea of Liu [9] to treat the equation
(1.2) in conjunction with the new result on nonlinear exponential sums over
prime variables in Ren [22], and are able to prove unconditionally Meng’s
previous result under GRH.

(1.2) N =p}+-+ps,
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THEOREM 1. Each sufficiently large odd integer N can be written as (1.2)
with

(1.3) U=N3tsste,

2. Outline of the method

In this section we give an outline of the proof of Theorem 1. In order to
apply the circle method, for U as in (1.3) we set

P = ]\]64/5557 Py = N32/3+48€U_32,
(2.1) Qo = USTN—34/3-37= — [161/198 O = N13/15+<

By Dirichlet’s lemma on rational approximation, each « € [1/Q,141/Q) may
be written in the form

(2.2) a=a/g+A  A=1/(¢Q)

for some integers a,q with 1 £ a < ¢ £ @ and (a,q) = 1. Denote by M(a,q)
the set of «a satisfying (2.2), and define the major arcs M as follows

q
(2.3) M = U U M(a, q).
qSP  a=1
= (a9)=1

Also by Dirichlet’s lemma, each real number o € [1/Q,1+1/Q) \ M can be

written as « = a/q+ A, (a,q) =1 with 1 £ a < q £ Qo, [N = 1/(¢Qo).
Define the minor arcs C(M) to be the set of a € [1/Q,1+1/Q)\ M

satisfying @ = a/q + A, (a,q) = 1 such that

(2.4) Posq=Qo,  [A=1/(qQo).

Let the intermediate arcs R be the complement of M and C(M) in
[1/Q,1+ 1/Q). Thus

[1/Q,1+1/Q) = M| JC(M)|JR.
For a € R, we have either

(2.5) g P 1/(qQ) < [A =1/(¢Q0)
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312 G.S. LU and Y. F. XU
or
(2.6) P<qg=PF, [|A=1/(¢Qo).

Denote the sets satisfying (2.5) and (2.6) by R1 and R» respectively.
Let N be a sufficiently large odd integer. Let

r(N) = > (logpi)--- (logpo),
N=p}+-+p]
pi—/N/9|SU
where U = N3~ 18 <. For
(2.7) Ny ={/N/9-U,  Ny=N/9+U,
define

(2.8) S@)= Y (logpep’a).

N1<pEN»

Then we have

(2.9) r(N) :/01 $°(a)e(—Na) da:/M—i—/R—i—/C(M).

To estimate the contribution from the minor arcs, we quote the following
result:

LeMMA 2.1 (Meng [20]). Suppose

B N1/96  N1/15 1/16 pr1/24
(2.10) max ‘S(a)‘ < Utte <P0 116 + + Qo .

aeC(M) Ul/16 U1/4 [/5/16

Then we have for any A > 0,

1
8
(2.11) /C(M)<< {ag%ﬁ)\S(a)\}/o |S(0)|” da
1
< U3N‘2/3‘5/ |S(e)|® do < USN23L A,
0

We can easily estimate the integral on R, if we quote the new estimates
of the exponential sums over primes from Ren [22].
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LEMMA 2.2. Let a« = a/q + X subject to (a,q) = 1. Then

T3(a) = ) (logp)e(p’a)

pEN

1
< N°¢ N%,/q(1+N|>\|) L Nis +L
,/q(l—i—N])\D

On recalling the definition of Ry, it is easy to see that
N5 <q(1+NJ\) SNiws  for aeRy.
We also have
N5 < q(1+ NJA|) = N1 for o€ Ry

Thus from Lemma 2.2 we have max |S(a)| < U3N~2/3=22 Therefore we
ac
obtain

(2.12) / S%(@)e(—Na)da < USN~23L=4,
R

Now in order to prove Theorem 1, it suffices to prove the following theo-
rem.

THEOREM 2. Let M be as above with P, Q) determined by (2.1). Then
we have for any A > 0,

1

(2.13) / S%(a)e(~Na)da = -5 My Y A(N,q) + O(USN*PL~4),

M 3 =

qSP
where
(214) UN P <My= > (mamgy- ‘mg)”3 < UBN~2/3
my+--+mg=N
N3<m;<N3

and the value of the singular series »_ <p A(N,q) is larger than a certain
positive constant c.
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3. Preliminaries for Theorem 2

For x mod ¢, define

q ah?
B Chea =3 xme (). Claa)=Chla)

h=1 q

If x1,x2,--.,X9 are characters mod ¢, then write

32) BV = 3 e =) o)+ Clw.a),

a=1
(a,9)=1
and
B(N,q
(3.3) B(N,q) = B(N,q,x°,....x"), A(N,q) = (9 )
©%(q)
The following lemma is important for proving Theorem 2.
LEMMA 3.1. Let x; mod rj with j = 1,...,9 be primitive characters, ro =
[71,...,79], and X° the principal character mod q. Then
1 —7/2
> 1 Bnaxax® x2x’ - xox?)| < g [ 10gc a.
— ¢"(q)
qSx
Tolq

PROOF. It is similar to that of Lemma 7 in [8], so we omit the details.
Recall Ny, Ny as in (2.7), and define

(3.4) V= > e(m?)),
N1 <m<N»
WA = Y (ogp)x(e®@)) =5, > em?)),
N1<p<Ny N1<mZNo

where 0, = 1 or 0 according as x is principal or not. Define further

(3.5) J(g) =" [g.r] P 3T max el

’I"§P XmOdT'A‘il/(TQO
and
e~ (V09 2\
36 Kg)=Ylg Y ( [ weo) dA) |
e oo Ny

where the sum Zx mod r denotes summation for all primitive characters

mod 7. Our Theorem 2 depends on the following three lemmas, which will
be proved in Sections 5 and 6.
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NINE ALMOST EQUAL PRIME VARIABLES 315
LEMMA 3.2. For P, Q satisfying (2.1), we have
(3.7) J(g) < g "*euULe.

LEMMA 3.3. Let P, Q be as in (2.1). For g =1, Lemma 3.2 can be
improved to

(3.8) J(1) <« UL™4,

where A > 0 s arbitrary.
LeEMMA 3.4. For P, Q as in (2.1), we have

(3.9) K(g) < g /#eut N3 Le,

4. Proof of Theorem 2

With Lemmas 3.2.-3.4 known, we can use the iterative idea to prove
Theorem 2.

PROOF OF THEOREM 2. For ¢ < P and N1 < p < Ny, we have (¢,p) = 1.
Therefore we can rewrite the exponential sum S(«) as

s (“ + )\> _C@a) gy So(lq) Y. ChGaW(x\),

q (q) Ny

where V(A) and W (x, \) are as in (3.4). Thus,

9

(4.1) / S%(a)e(—Na) da = ZCng,
where
1 a N 1/(qQ)
H=Y g 3 ae(<20) [ v
a<p? () ( a:)l q —1/(q@Q)
- a,q)=1

J
x{ > C(X,a)W(X,/\)} e(—=NX) dA.

x mod g

We will prove that Iy gives the main term, and Iy, Io, ..., Ig the error terms.
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The computation of I is standard, and therefore we give the result di-
rectly

(4.2) O(USN~2BL=4).

A similar computation can be found in [10].

To bound the contributions of the other terms, we begin with Ig, the most
complicated one. Reducing the characters in Iy into primitive characters, we
have by Lemma 3.1

1/(roQ)

ED I DIED DEESD D B L (s VR LRV

<P r9<P x1modri x9modrg 1/( TOQ)

0 0
% Z ‘B(N7Q7X1X yee s X9X )‘

9
= ¥(a)
rolq
_ * *
SLDIEIDIEND SIS
r <P ro<P x1 modry  xg modrg

1/(roQ)
x/ W (x1, A)| -+ | W (xo, A)| dA.
~1/(r0Q)

In the last integral, we take it for x; with ¢ = 1,...,7, and then use Cauchy’s
inequality, to get

(4.3) Io] < L° ) Z max W(Xl,A)\
= N1/
r1 <P x1 mod 7y

<y 37 N | W (x7, M)

r7<P x3 mod r7

<X X (f 1/(T8Q)\W<x8,x>}2dk>l/2

rg<P xs mod g 1/(rs@)

% 1/(ro@Q) 1/2
% Z —7/2+e Z (/ ’ |W(X9,)\)‘2d)\> .

ro<P xo mod rg N "1/ (r9Q)

Now we introduce an iterative procedure to bound the above sums over
r9,...,71 consecutively. We first estimate the above sum over rg in (4.3)
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via Lemma 3.4. Since rg = [ry,...,r9] = [[7"1, . ,'rg],rg] , the sum over rg in
(4.3) is
N X 1/(reQ) 1/2
= Z [[Tl,...,rg],rg] /2t Z </ ’W(X97)\)|2d)\)
—1/(r9Q)

r9SP X9 mod rg
=K([r1,...,r8]) < [r1,... ,7’8]77/2*5U1/2N—1/3Lc'

This contributes to the sum over rg of (4.3) in the amount of

< U1/2N_1/3LC Z [’I"l, ey 7‘8]_7/2+6
rg<P

y Z* </1/(r8Q) \W(xg,)\)|2d>\>l/2

o mod s N/ =1/(r5Q)
= UYANTVBLK ([, ... 17)) < [, re] PHEUNT2BLe

where we have used Lemma 3.4 again.
Inserting this last bound into (4.3), we can bound the sum over r7 as

CUNBLEN [y 74 370 max [Wir, M)

AZ1
= o ot WEL/(7Q)

S UNBLET([ry,.. . ,me]) < UPNT2BLry, . ) T/2F°

Similarly we can use Lemma 3.3 to bound the sums over rg, . .., 72 and Lemma
3.2 to treat the sum over r; consecutively and find that
(4.4) L] < USN=23Le S § T e | W (x1, )| J(r1)

1

r1<P x1 mod ry
< U'N2BLej1) <« USN72BL74,

The other terms of Ig,...,[; can be estimated similarly in terms of K
and J in Lemmas 3.2, 3.3, and 3.4. The only difference in bounding these
terms is that we need two elementary estimates

1/Q 5 1/2 ‘
max |V(\)| < U and </ V(N dA) < UYANTIS,
IAI=1/Q -1/Q

In fact the first estimate is trivial and the second estimate can be easily
obtained by partial summation and an elementary estimate for exponential
sums. O
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5. Estimation of K(g)
Let Y = X and My, ..., Mjo be positive integers such that
(5.1) 270y <My Myg< X and  2Mg,...,2My < X5,
For j =1,...,10 define

logm, if j=1,
(5.2) aj(m) =<1, if j=2,...,5,
w(im), if 7=6,...,10,

where p(n) is the Mébius function. Then define the functions
aj(m)x(m)
filsx) = Y ot
m
mn~M;

and
(53) F(S7X):f1(57X)"'f10(S7X)7
where y is a Dirichlet character, and s is a complex variable.

The following hybrid estimate for |F| is one of the key ingredients in
carrying out the iterative procedure.

LEMMA 5.1. Let F(s,x) be as in (5.3). Then for any 1 < R < X2 and
T >0,
.

. 2T
(5.4) >y /T
2
< {RT + A e X1/2} log® X.

r~R mod 7
d|r X
d dl/2

PROOF. See Liu [9] for details.
Proor or LEMMA 3.4. Let

W(X, A) = Z (A(m)x(m) — (5X) e(mg)\).
N1<mZN2

Then
(5.5) W A) = W(xA) < NS,

Acta Mathematica Hungarica 116, 2007



NINE ALMOST EQUAL PRIME VARIABLES 319

Note that
1/(rQ) s\ 2 erQ) ) .2 2
</ W (x, N d>\> < (/ (WG| + W =W )d>\>
~1/(rQ) ~1/(rQ)

1/0Q) | 5\ 2 1/(rQ) o \2
< (/ W (x, M| dA) +</ W —Ww| d/\> :
~1/(rQ) ~1/(rQ)

Thus (5.5) contributes to (3.6) in the amount of

B 7172 B 8 - r —3/4+e
< N6 Z g, 7] 7/2+an/2 <g 7/2+ Nl/GQ 1/2 Z <( r)) r1/2
Tgp <p 9

< g TIPrENI6Q1/2 Z J3/4—= Z p1/Ate g =T/24e N1/6 p3/ate)—1/2
dlg r<pP
d<P d|r
< g_7/2+6U1/2N_1/3LC,

where we have used [g,7](g,7) = gr, (2.1), and (1.3).
Hence to establish Lemma 3.4, it suffices to show that

(5.6)

—7/2+e * Ve 2 2 =7/2+er1/2n7—1/37¢C
> g7l > (WA 7dr ) <g UVRNTIBL
r~R x mod r -1/(rQ)

holds for R < P. By Gallagher’s lemma (see |5], Lemma 1), we have
(5.7)

X5 < |54 /
—1/(rQ) RQ) )«

(r0) Jo

<L | ==

RQ N1377“Q

1\2 [

“(sa) |

RQ N—rQ

v<m3 Sv4rQ
N3<m3<N3
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where
Y:max(vl/?’,Nl), X:min((v+rQ)1/3,Ng).

We argue exactly as in the proof of Lemma 5.1 in [9] and see that the

inner sum in (5.7) is a linear combination of O(L'?) terms, each of which has
the form

1 T 1 X 1/2+it _ y1/2+it N1/372
X(u;M) (= — F -+t dt
(u; M) 27r/T <2+l’x> 1/2 + it O\ )

where T is a parameter satisfying 2 < T < N'/3. One easily sees that

3

1/24it _ y1/2+it X3 X
X 1/2+i y /2+i _ 1/ W 5/8Fi/3 gy — 1/ w6 ilogu du.
1/2 +Zt 2 Y3 3 Y3 67T

The integral can be easily estimated as
< XYV?2_yl? « (U—H“Q)l/G — /6
<o/ (14 rQ )V —1} < NTI/ORQ.
On the other hand, one has trivially

X 1/2+it _ y1/2+it - x1/2 - N2/ N1/6
1/2 + it |t] |t] |t]

Collecting the two upper bounds, we get

X 1/2+it _ y1/2+it i RQ N/
min |\ —m_=, 7 .
1/2 +it N5/67 |t

Taking T = NV3 Ty = 127N/(QR), we see that

RQ 1
Y(uM) <€ —= - +it, dt
(M) < N7 [t1<T0 (2 X>‘
1 dt
+N1/6/ F(—I—it,X)‘—I—O(LQ).
To<[|t|IET 2 ’t’

Consequently (5.7) becomes

10Q) )
/ | W(x,\)|” dA < UN~'L* max /
~1/(rQ) M\t

()]
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2
NUL? 1 dt N2/3U L
+ ——— max Fls+it,x)| o | +————
(QR)” M\ Jry<psr| \2 g (QR)
where we have used Nj — NP < N2/3U.

The last term above contributes to the left-hand side of (5.6) in the
amount of

1/2 119
_ (N2/3U)""L
< ZT 7/24¢ Z
r~R x mod 7 RQ
—7/2+
o« e NPT < r ) fare
Q (9,7)

< 9—7/2+5PU1/2N1/3Q—1L12 < g_7/2+8U1/2N_1/3LC,

(b

and therefore the left-hand side of (5.6) is

< UV2ZN—12L10 maxz g,r T/t Z /

r~R x mod r t=To
N1/2U1/2L10 dt
R Mex Z g,r —T/2He Z / < + it X) —
r~R y mod r Y To<[t|ET i

+ 977/2+EU1/2N71/3LC‘

Thus, to prove (5.6) it suffices to show that the estimate

(5.8) 297 7/2+€Z/

r~R x mod r

( + it, x)‘ dt < g~ 7/*teNY/oLe

holds for R < P and 0 < T1 < Tp, and

(5.9) ~
2
Z g) —T7/24¢ Z / ( + it X>‘ dt < 977/2+€(RQ)N*5/6T2LC
r~R x mod r

holds for RS P and Ty < To S T.
To get the estimate (5.8), we note that [g,7](g,7) = gr. Then the left-

hand side of (5.8) is
R —7/2+5 2T
(5.10) < g AN <d> D / < +it x)’ dt
Acta Mathematica Hungarica 116, 2007
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<y (M) s

dlg r~R x mod r
d<R dlr

< + it X>‘ dt.

By Lemma 5.1, the above quantity can be estimated as

R —14¢ R2 R
< g7/2+€ Z <d> (dTl i meNl/lo N1/6> Ic
dlg
d<R

< 977/2+€T(g){R1+5T1 + R1/2+5T11/2N1/10 + N1/6}LC < 977/2+5N1/6Lc’

provided that RS P =N 555. This establishes (5.8). Similarly we can prove
(5.9) by taking T'=T5 in Lemma 5.1. Lemma 3.4 now follows. [

6. Estimation of J(g) and J(1)

PROOF OF LEMMA 3.2. Recall that W(x,\) — W(x,\) < N'/6. This
contributes to (3.5) in the amount of

—T7/24¢
< N1/6 Z [g7r]—7/2+57, < g77/2+5N1/6 Z <(g7"r)> ”

r<P r<P
—1+e
< g—7/2+sN1/6 Z ( > r < g—7/2+€N1/6 Z di—: Z re
d<P d|r

<<g—7/2+EN1/6P1+£ < g_7/2+8ULC,

where we have used [g,7](g,7) = gr and (2.1). Thus Lemma 3.2 is a conse-
quence of the estimate

(6.1) Z [g,r] /%t Z* max ‘W(X, V| < g ey,

<
=, o NEL/Q)

where R < P and ¢ > 0 is some constant.

It is easy to establish (6.1) for » = 1. In fact for » = 1 the left-hand side
of (6.1) is

< g—7/2+6 Z logm < 9_7/2+6UL,
N1<m<Ny
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which is obviously acceptable. It therefore remains to show (6.1) in the case
r > 1.
In this case we have d,, = 0 for all x mod r. Thus arguing similarly as in

the previous section, we find that
. T
|[W(x,\)| < L' max / F < + it,x)
M -7 2

N3 "
X / v=%/0¢ (logv—l—)m) dvdt| + UN—¢ P72,
N13 6m
where the maximum is taken over all M = (M, My, ..., Mjy) and
(6.2) T = N3 2U=1p2(1 4 |A\|N).

Since
d ([t t [t ¢
A Dogorao) = n o Logurae) =
dv <67r ogv+ U) Gro dv? <67T gy + U) 6rv2’

by Lemmas 4.4 and 4.3 in [23|, the inner integral above can be estimated as

N N

6.3) < N 5/Smin{ UN?3, ,—
v (’t’ + 1) 12 I NS < < N3 |t + 67|

Take
(6.4) To = N?>3U~2 Ty = 12xN/(RQ).
Here the choice of Tj is to ensure that |t + 67 \v| > [t|/2 whenever |t| > Tp.

Thus in order to prove Lemma 3.2 it is enough to show that for R < P and
0< Tl g T07

65 oY /

r~R x mod r .

2T

1
F (2 + Zt, X> ‘ dt < 9—7/2+€N1/6LC;

for RE Pand Ty < Th < Ty,

(6.6)
Crjage [P L. —T/24erra—1/6701/2 1 ¢
> lg.7] > P (g ity | dr < UN-VST} e,
r~R x mod r ' *2
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while for RS P and Ty < T3 < T,

(6.7)

Crjpre N~ [P Tj2tery /6 re
> lg.7] 3 F(5+itx)|dt < g UNT DL
r~R x mod r T3

Following the same procedure that used to prove (5.8) and (5.9), we can es-
tablish these estimates by taking 7' = T}, 15, 15 in Lemma 5.1 respectively.
Thus Lemma 3.2 follows.

Proor or LEMMA 3.3. The proof of Lemma 3.3 is the same as that
of Lemma 3.2 except for L= on the right hand side. In order to save this
factor, we have to distinguish two cases L® < R < P and R < L” where B is
a constant depending on A. The proof of the first case is the same as that of

Lemma 3.2. Here for a certain sufficiently large B, L? < R < P guarantees

that the term ¢~ 7/2T€U L€ can be replaced by ¢~ 7/2t¢UL~4. So we omit the
details.

Now we prove the second case R < LP. We use the well-known explicit
formula

(6.8) S A(m)x(m) = su— 3 Yo { (% + 1) 1og2(ru:r)}

m<u N

where p = 3417 is a non-trivial zero of the function L(s,x),and2 < T < wis

a parameter. Taking T' = N%9/500 i (6.8), and then inserting it into W (x, A),
we get,

W(x,\) = /N2 e(u3)\)d{ Z (A(m)x(m) — &) }

M n<u

Ny
= / e(w®) D wldut O(N0(1 4 |N\NPRU) L?)
N |y| EN69/500

< U Z NB-D/3 4 O(N431/500UQ’1L2)
[y|SN69/500

<U Y NODBLOWNT),

|| SN69/500
where we have used (2.1).

Acta Mathematica Hungarica 116, 2007



NINE ALMOST EQUAL PRIME VARIABLES 325

Now let n(T) = ¢z log™*/® T. By Prachar [21], [T moa r L(s:X) is zerofree
in the region o =2 1 —n(T), |t| =T except for the possible Siegel zero. But
by Siegel’s theorem (see [4], Section 21), the Siegel zero does not exist in
the present situation, since r ~ R < LP. Thus by the large-sieve type zero-
density estimates for Dirichlet L-functions (see |7]),

SOy e

r~R x modr |y|<N69/500

(N69/500)
< Lc/ (N69/500) 12(1=0) /5 nr(a=1)/3 do
0

(N69/500)

< LEN0002m < exp (—esL'P).

Consequently

—A
Z Z |A\211%(Q W(X,)\)‘<<UL ,

r~R x modr
where A > 0 is arbitrary. This proves Lemma 3.3 in the second case.
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