
1 2

1

2

N

N = p3
1 + · · · + p3

9

∣∣pj − 3
√

N/9
∣∣ � U = N

1
3− 1

198+ε,

pj

5 24

©



N

N = p2
1 + p2

2 + p2
3 + p2

4 + p2
5,

∣∣∣∣pj −
√

N

5

∣∣∣∣ � N
1
2
−Δ+ε

Δ = 1
20

Δ > 0

Δ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
50 , 1

46
19
850
1
35
9

280
1
28
1
20

N = p3
1 + · · · + p3

9,

∣∣∣∣pj − 3

√
N

9

∣∣∣∣ � U,

U = N
1
3
− 1

198
+ε

U = N
1
3
− 1

495
+ε

U = N
1
3
− 2

555
+ε



N

U = N
1
3
− 1

198
+ε.

U{
P = N64/555, P0 = N32/3+48εU−32,

Q0 = U37N−34/3−37ε = N161/198, Q = N13/15+ε.

α ∈ [1/Q,1+1/Q)

α = a/q + λ, |λ| � 1/(qQ)

a, q 1 � a � q � Q (a, q) = 1 M(a, q)
α M

M =
⋃
q�P

q⋃
a=1

(a,q)=1

M(a, q).

α ∈ [1/Q, 1 + 1/Q) \M
α = a/q + λ (a, q) = 1 1 � a � q � Q0 |λ| � 1/(qQ0)

C(M) α ∈ [1/Q, 1 + 1/Q) \M
α = a/q + λ (a, q) = 1

P0 � q � Q0, |λ| � 1/(qQ0).

R M C(M)
[1/Q, 1 + 1/Q)

[1/Q, 1 + 1/Q) = M
⋃

C(M)
⋃

R.

α ∈ R
q � P, 1/(qQ) < |λ| � 1/(qQ0)



P < q � P0, |λ| � 1/(qQ0).

R1 R2

N

r(N) =
∑

N=p3
1+···+p3

9

|pj− 3
√

N/9 |�U

(log p1) · · · (log p9),

U = N
1
3
− 1

198
+ε

N1 = 3
√

N/9 − U, N2 = 3
√

N/9 + U,

S(α) =
∑

N1<p�N2

(log p)e(p3α).

r(N) =
∫ 1

0
S9(α)e(−Nα) dα =

∫
M

+
∫
R

+
∫

C(M)
.

max
α∈C(M)

∣∣S(α)
∣∣ � U1+ε

(
P

−1/16
0 +

N1/96

U1/16
+

N1/15

U1/4
+

Q
1/16
0 N1/24

U5/16

)
.

A > 0∫
C(M)

�
{

max
α∈C(M)

∣∣S(α)
∣∣} ∫ 1

0

∣∣S(α)
∣∣8 dα

� U3N−2/3−ε

∫ 1

0

∣∣S(α)
∣∣8 dα � U8N−2/3L−A.

R



α = a/q + λ (a, q) = 1

T3(α) =
∑
p�N

(log p)e(p3α)

� N ε

⎧⎨
⎩N

1
6

√
q
(
1 + N |λ|) + N

4
15 +

N
1
3√

q
(
1 + N |λ|)

⎫⎬
⎭ .

R1

N
2
15

−ε < q
(
1 + N |λ|) � N

37
198 α ∈ R1.

N
64
555 < q

(
1 + N |λ|) � N

37
198 α ∈ R2.

max
α∈R

∣∣S(α)
∣∣ � U3N−2/3−2ε

∫
R

S9(α)e(−Nα) dα � U8N−2/3L−A.

M P Q
A > 0∫

M
S9(α)e(−Nα) dα =

1
39

M0

∑
q�P

A(N, q) + O
(
U8N−2/3L−A

)
,

U8N−2/3 � M0 =
∑

m1+···+m9=N
N3

1 <mj�N3
2

(m1m2 · · ·m9)
− 2

3 � U8N−2/3

∑
q�P A(N, q)

c



χ mod q

C(χ, a) =
q∑

h=1

χ̄(h)e
(

ah3

q

)
, C(q, a) = C(χ0, a).

χ1, χ2, . . . , χ9 mod q

B(N, q, χ1, . . . , χ9) =
q∑

a=1
(a,q)=1

e

(
−aN

q

)
C(χ1, a)C(χ2, a) · · ·C(χ9, a),

B(N, q) = B(N, q, χ0, . . . , χ0), A(N, q) =
B(N, q)
ϕ9(q)

.

χj mod rj j = 1, . . . ,9 r0 =
[r1, . . . , r9] χ0 mod q∑

q�x
r0|q

1
ϕ9(q)

∣∣B(n, q, χ1χ
0, χ2χ

0, . . . , χ9χ
0)
∣∣ � r

−7/2+ε
0 logc x.

N1 N2

V (λ) =
∑

N1<m�N2

e(m3λ),

W (χ, λ) =
∑

N1<p�N2

(log p)χ(p)e(p3λ) − δχ

∑
N1<m�N2

e(m3λ),

δχ = 1 χ

J(g) =
∑
r�P

[g, r]−7/2+ε
∑∗

χ mod r

max
|λ|�1/(rQ0)

∣∣W (χ, λ)
∣∣ ,

K(g) =
∑
r�P

[g, r]−7/2+ε
∑∗

χ mod r

(∫ 1/(rQ)

−1/(rQ)

∣∣W (χ, λ)
∣∣2 dλ

)1/2

,

∑
χ mod r

∗

mod r



P Q

J(g) � g−7/2+εULc.

P Q g = 1 3.2

J(1) � UL−A,

A > 0
P Q

K(g) � g−7/2+εU1/2N−1/3Lc.

q � P N1 < p � N2 (q, p) = 1
S(α)

S

(
a

q
+ λ

)
=

C(q, a)
ϕ(q)

V (λ) +
1

ϕ(q)

∑
χ mod q

C(χ, a)W (χ, λ),

V (λ) W (χ, λ)

∫
M

S9(α)e(−Nα) dα =
9∑

j=0

Cj
9Ij ,

Ij =
∑
q�P

1
ϕ9(q)

q∑
a=1

(a,q)=1

C9−j(q, a)e
(
−aN

q

)∫ 1/(qQ)

−1/(qQ)
V 9−j(λ)

×
{ ∑

χ mod q

C(χ, a)W (χ, λ)

}j

e(−Nλ) dλ.

I0 I1, I2, . . . , I9



I0

I0 =
1
39

M0

∑
q�P

B(N, q)
ϕ9(q)

+ O(U8N−2/3L−A).

I9

I9

|I9| �
∑

r1�P

· · ·
∑

r9�P

∑∗

χ1 mod r1

· · ·
∑∗

χ9 mod r9

∫ 1/(r0Q)

−1/(r0Q)

∣∣W (χ1, λ)
∣∣ · · · ∣∣W (χ9, λ)

∣∣ dλ

×
∑
q�P
r0|q

∣∣B(N, q, χ1χ
0, . . . , χ9χ

0)
∣∣

ϕ9(q)

� Lc
∑

r1�P

· · ·
∑

r9�P

r
−7/2+ε
0

∑∗

χ1 mod r1

· · ·
∑∗

χ9 mod r9

×
∫ 1/(r0Q)

−1/(r0Q)

∣∣W (χ1, λ)
∣∣ · · · ∣∣W (χ9, λ)

∣∣ dλ.

χi i = 1, . . . , 7

|I9| � Lc
∑

r1�P

∑∗

χ1 mod r1

max
|λ|�1/(r1Q)

∣∣W (χ1, λ)
∣∣ · · ·

×
∑

r7�P

∑∗

χ3 mod r7

max
|λ|�1/(r7Q)

∣∣W (χ7, λ)
∣∣

×
∑

r8�P

∑∗

χ8 mod r8

(∫ 1/(r8Q)

−1/(r8Q)

∣∣W (χ8, λ)
∣∣2 dλ

)1/2

×
∑

r9�P

r
−7/2+ε
0

∑∗

χ9 mod r9

(∫ 1/(r9Q)

−1/(r9Q)

∣∣W (χ9, λ)
∣∣2 dλ

)1/2

.

r9, . . . , r1 r9



r0 = [r1, . . . , r9] =
[
[r1, . . . , r8], r9

]
r9

=
∑

r9�P

[
[r1, . . . , r8], r9

]−7/2+ε
∑∗

χ9 mod r9

(∫ 1/(r9Q)

−1/(r9Q)

∣∣W (χ9, λ)
∣∣2 dλ

)1/2

= K
(
[r1, . . . , r8]

) � [r1, . . . , r8]
−7/2+εU1/2N−1/3Lc.

r8

� U1/2N−1/3Lc
∑

r8�P

[r1, . . . , r8]
−7/2+ε

×
∑∗

χ8 mod r8

(∫ 1/(r8Q)

−1/(r8Q)

∣∣W (χ8, λ)
∣∣2 dλ

)1/2

= U1/2N−1/3LcK
(
[r1, . . . , r7]

) � [r1, . . . , r7]
−7/2+εUN−2/3Lc,

r7

� UN−2/3Lc
∑

r7�P

[r1, . . . , r7]
−7/2+ε

∑∗

χ7 mod r7

max
|λ|�1/(r7Q)

∣∣W (χ7, λ)
∣∣

� UN−2/3LcJ
(
[r1, . . . , r6]

) � U2N−2/3Lc[r1, . . . , r6]
−7/2+ε.

r6, . . . , r2

r1

|I9| � U6N−2/3Lc
∑

r1�P

∑∗

χ1 mod r1

max
|λ|�1/(r1Q)

∣∣W (χ1, λ)
∣∣J(r1)

� U7N−2/3LcJ(1) � U8N−2/3L−A.

I8, . . . , I1 K
J

max
|λ|�1/Q

∣∣V (λ)
∣∣ � U

(∫ 1/Q

−1/Q

∣∣V (λ)
∣∣2 dλ

)1/2

� U1/2N−1/3.

�



K(g)

Y � X M1, . . . , M10

2−10Y � M1 · · ·M10 < X and 2M6, . . . , 2M10 � X1/5.

j = 1, . . . , 10

aj(m) =

⎧⎪⎨
⎪⎩

log m, j = 1,

1, j = 2, . . . , 5,

μ(m), j = 6, . . . , 10,

μ(n)

fj(s, χ) =
∑

m∼Mj

aj(m)χ(m)
ms

F (s, χ) = f1(s, χ) · · · f10(s, χ),

χ s
|F |

F (s, χ) 1 � R � X2

T > 0

∑
r∼R
d|r

∑∗

χ mod r

∫ 2T

T

∣∣∣∣F
(

1
2

+ it, χ

)∣∣∣∣ dt

�
{

R2

d
T +

R

d1/2
T 1/2X3/10 + X1/2

}
logc X.

Ŵ (χ, λ) =
∑

N1<m�N2

(
Λ(m)χ(m) − δχ

)
e(m3λ).

W (χ, λ) − Ŵ (χ, λ) � N1/6.



(∫ 1/(rQ)

−1/(rQ)

∣∣W (χ, λ)
∣∣2 dλ

) 1
2

�
(∫ 1/(rQ)

−1/(rQ)
(
∣∣Ŵ (χ, λ)

∣∣2 + |W − Ŵ |2) dλ

) 1
2

�
(∫ 1/(rQ)

−1/(rQ)

∣∣Ŵ (χ, λ)
∣∣2 dλ

) 1
2

+
(∫ 1/(rQ)

−1/(rQ)

∣∣W − Ŵ
∣∣2 dλ

) 1
2

.

� N1/6
∑
r�P

[g, r]−7/2+ε r1/2

Q1/2
� g−7/2+εN1/6Q−1/2

∑
r�P

(
r

(g, r)

)−3/4+ε

r1/2

� g−7/2+εN1/6Q−1/2
∑
d|g

d�P

d3/4−ε
∑
r�P
d|r

r−1/4+ε � g−7/2+εN1/6P 3/4+εQ−1/2

� g−7/2+εU1/2N−1/3Lc,

[g, r](g, r) = gr

∑
r∼R

[g, r]−7/2+ε
∑∗

χ mod r

(∫ 1/(rQ)

−1/(rQ)

∣∣Ŵ (χ, λ)
∣∣2 dλ

)1/2

� g−7/2+εU1/2N−1/3Lc

R � P

∫ 1/(rQ)

−1/(rQ)

∣∣Ŵ (χ, λ)
∣∣2 dλ �

(
1

RQ

)2 ∫ ∞

−∞

∣∣∣∣ ∑
v<m3�v+rQ

N3
1 <m3�N3

2

(
Λ(m)χ(m) − δχ

)∣∣∣∣
2

dv

�
(

1
RQ

)2 ∫ N3
2

N3
1−rQ

∣∣∣∣ ∑
v<m3�v+rQ

N3
1 <m3�N3

2

(
Λ(m)χ(m) − δχ

)∣∣∣∣
2

dv

�
(

1
RQ

)2 ∫ N3
2

N3
1−rQ

∣∣∣∣ ∑
Y <m�X

(
Λ(m)χ(m) − δχ

)∣∣∣∣
2

dv,



Y = max (v1/3, N1), X = min
(
(v + rQ)1/3, N2

)
.

O(L10)

Σ(u;M) :=
1
2π

∫ T

−T
F

(
1
2

+ it, χ

)
X1/2+it − Y 1/2+it

1/2 + it
dt + O

(
N1/3L2

T

)
,

T 2 � T � N1/3

X1/2+it − Y 1/2+it

1/2 + it
=

1
2

∫ X3

Y 3

u−5/6+it/3 du =
1
3

∫ X3

Y 3

u−5/6e

(
t

6π
log u

)
du.

� X1/2 − Y 1/2 � (v + rQ)1/6 − v1/6

� v1/6
{

(1 + rQ/v)1/6 − 1
} � N−5/6RQ.

X1/2+it − Y 1/2+it

1/2 + it
� X1/2

|t| � N
1/2
2

|t| � N1/6

|t| .

X1/2+it − Y 1/2+it

1/2 + it
� min

(
RQ

N5/6
,
N1/6

|t|

)
.

T = N1/3 T0 = 12πN/(QR)

Σ(u;M) � RQ

N5/6

∫
|t|�T0

∣∣∣∣F
(

1
2

+ it, χ

)∣∣∣∣ dt

+ N1/6

∫
T0<|t|�T

∣∣∣∣F
(

1
2

+ it, χ

)∣∣∣∣ dt

|t| + O(L2).

∫ 1/(rQ)

−1/(rQ)

∣∣Ŵ (χ, λ)
∣∣2 dλ � UN−1L20 max

M

(∫
|t|�T0

∣∣∣∣F
(

1
2

+ it, χ

)∣∣∣∣ dt

)2



+
NUL20

(QR)2
max
M

(∫
T0<|t|�T

∣∣∣∣F
(

1
2

+ it, χ

)∣∣∣∣ dt

|t|

)2

+
N2/3UL24

(QR)2
,

N3
2 − N3

1 � N2/3U

�
∑
r∼R

r−7/2+ε
∑

χ mod r

(N2/3U)
1/2

L12

RQ

� g−7/2+ε N1/3U1/2L12

Q

∑
r∼R

(
r

(g, r)

)−7/2+ε

� g−7/2+εPU1/2N1/3Q−1L12 � g−7/2+εU1/2N−1/3Lc,

� U1/2N−1/2L10 max
M

∑
r∼R

[g, r]−7/2+ε
∑∗

χ mod r

∫
|t|�T0

∣∣∣∣F
(

1
2

+ it, χ

)∣∣∣∣ dt

+
N1/2U1/2L10

RQ
max
M

∑
r∼R

[g, r]−7/2+ε
∑∗

χ mod r

∫
T0<|t|�T

∣∣∣∣F
(

1
2

+ it, χ

)∣∣∣∣ dt

|t|

+ g−7/2+εU1/2N−1/3Lc.

∑
r∼R

[g, r]−7/2+ε
∑∗

χ mod r

∫ 2T1

T1

∣∣∣∣F
(

1
2

+ it, χ

)∣∣∣∣ dt � g−7/2+εN1/6Lc

R � P 0 < T1 � T0

∑
r∼R

[g, r]−7/2+ε
∑∗

χ mod r

∫ 2T2

T2

∣∣∣∣F
(

1
2

+ it, χ

)∣∣∣∣ dt � g−7/2+ε(RQ)N−5/6T2L
c

R � P T0 < T2 � T
[g, r](g, r) = gr

� g−7/2+ε
∑
d|g

d�R

(
R

d

)−7/2+ε ∑
r∼R
d|r

∑∗

χ mod r

∫ 2T1

T1

∣∣∣∣F
(

1
2

+ it, χ

)∣∣∣∣ dt



� g−7/2+ε
∑
d|g

d�R

(
R

d

)−1+ε ∑
r∼R
d|r

∑∗

χ mod r

∫ 2T1

T1

∣∣∣∣F
(

1
2

+ it, χ

)∣∣∣∣ dt.

� g7/2+ε
∑
d|g

d�R

(
R

d

)−1+ε (R2

d
T1 +

R

d1/2
T

1/2
1 N1/10 + N1/6

)
Lc

� g−7/2+ετ(g)
{

R1+εT1 + R1/2+εT
1/2
1 N1/10 + N1/6

}
Lc � g−7/2+εN1/6Lc,

R � P = N
64
555

T = T2 �

J(g) J(1)

W (χ, λ) − Ŵ (χ, λ) � N1/6

� N1/6
∑
r�P

[g, r]−7/2+εr � g−7/2+εN1/6
∑
r�P

(
r

(g, r)

)−7/2+ε

r

� g−7/2+εN1/6
∑
r�P

(
r

(g, r)

)−1+ε

r � g−7/2+εN1/6
∑
d|g

d�P

d1−ε
∑
r�P
d|r

rε

� g−7/2+εN1/6P 1+ε � g−7/2+εULc,

[g, r](g, r) = gr

∑
r∼R

[g, r]−7/2+ε
∑∗

χ mod r

max
|λ|�1/(rQ)

∣∣Ŵ (χ, λ)
∣∣ � g−7/2+εULc,

R � P c > 0
r = 1 r = 1

� g−7/2+ε
∑

N1<m�N2

log m � g−7/2+εUL,



r > 1
δχ = 0 χ mod r

∣∣Ŵ (χ, λ)
∣∣ � L10 max

M

∣∣∣∣∣
∫ T

−T
F

(
1
2

+ it, χ

)

×
∫ N3

2

N3
1

v−5/6e

(
t

6π
log v + λv

)
dv dt

∣∣∣∣∣+ UN−εP−2,

M = (M1,M2, . . . , M10)

T = N1/3+2εU−1P 2
(
1 + |λ|N)

.

d

dv

(
t

6π
log v + λv

)
=

t

6πv
+ λ,

d2

dv2

(
t

6π
log v + λv

)
= − t

6πv2
,

� N−5/6 min

⎧⎨
⎩UN2/3,

N( |t| + 1
)1/2

,
N

minN3
1 <v�N3

2
|t + 6πλv|

⎫⎬
⎭

T0 = N2/3U−2 T̂0 = 12πN/(RQ).

T̂0 |t + 6πλv| > |t|/2 |t| > T̂0

R � P
0 < T1 � T0

∑
r∼R

[g, r]−7/2+ε
∑∗

χ mod r

∫ 2T1

T1

∣∣∣∣F
(

1
2

+ it, χ

)∣∣∣∣ dt � g−7/2+εN1/6Lc;

R � P T0 < T2 � T̂0

∑
r∼R

[g, r]−7/2+ε
∑∗

χ mod r

∫ 2T2

T2

∣∣∣∣F
(

1
2

+ it, χ

)∣∣∣∣ dt � g−7/2+εUN−1/6T
1/2
2 Lc,



R � P T̂0 < T3 � T

∑
r∼R

[g, r]−7/2+ε
∑∗

χ mod r

∫ 2T3

T3

∣∣∣∣F
(

1
2

+ it, χ

)∣∣∣∣ dt � g−7/2+εUN−1/6T3L
c.

T = T1 T2 T3

L−A

LB < R � P R � LB B
A

B LB < R � P

g−7/2+εULc g−7/2+εUL−A

R � LB

∑
m�u

Λ(m)χ(m) = δχu −
∑
|γ|�T

uρ

ρ
+ O

{( u

T
+ 1

)
log2(ruT )

}

ρ = β + iγ L(s,χ) 2 � T � u

T = N69/500 Ŵ (χ,λ)

Ŵ (χ, λ) =
∫ N2

N1

e(u3λ)d
{∑

n�u

(
Λ(m)χ(m) − δχ

)}

=
∫ N2

N1

e(u3λ)
∑

|γ|�N69/500

uρ−1 du + O(N293/1500
(
1 + |λ|N2/3U

)
L2)

� U
∑

|γ|�N69/500

N (β−1)/3 + O
(
N431/500UQ−1L2

)

� U
∑

|γ|�N69/500

N (β−1)/3 + O(UN−ε),



η(T ) = c2 log−4/5 T
∏

χ mod r L(s, χ)
σ � 1 − η(T ) |t| � T

r ∼ R � LB

L∑
r∼R

∑∗

χ mod r

∑
|γ|�N69/500

N (β−1)/3

� Lc

∫ 1−η(N69/500)

0

(
N69/500

)12(1−α)/5
N (α−1)/3 dα

� LcN−0.002η(N69/500) � exp (−c3L
1/5).

∑
r∼R

∑∗

χ mod r

max
|λ|�1/(rQ)

∣∣Ŵ (χ, λ)
∣∣ � UL−A,

A > 0

σ = 1
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