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Abstract In this study, we derive the sharp bounds of certain Toeplitz determinants whose
entries are the coefficients of holomorphic functions belonging to a class defined on the unit
disk U. Furthermore, these results are extended to a class of holomorphic functions on the
unit ball in a complex Banach space and on the unit polydisc in C™. The obtained results
provide the bounds of Toeplitz determinants in higher dimensions for various subclasses of
normalized univalent functions.
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1 Introduction

Coefficient problems play a significant role in the growth of Geometric function theory.
In fact, Bieberbach conjecture, which deals with the bounds of the coefficients of normalized
analytic univalent functions defined on the unit disk, took 68 years to prove. While solving
the conjecture, various new concepts were developed. Koebe one-quarter theorem illustrates
an application of the coefficient problem, as it is proved using the second coefficient bound.
However, Cartan [4] stated that Bieberbach conjecture does not hold in case of several complex
variables. There are counterexamples, which show that many results in the Geometric function
theory of one complex variable are not applicable for several complex variables (see [6]). We
use the following notations for functions of one complex variable:

Let S be the class of analytic univalent functions in the unit disk U = {z € C : |z| < 1},

having the series expansion of the form g(z) = z + Z bpz™. Let 8*, S*(a) and SS™(v)

respectively denote the subclasses of S, which contain starhke functions, starlike functions of
order a (0 < o < 1) and strongly starlike functions of order v (0 < v < 1). For more details
about these classes, we refer [9].

For the class S and its subclasses, various coefficient problems are studied. In particular,
Ali et al. [2] obtained the sharp bounds of Toeplitz determinants, when the entries of the

Toeplitz matrix are the coeflicients of function g € S and certain of its subclasses.
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o0
For the coefficients {by};~, of the function g(2) = z + _ b,2", the Toeplitz matrix is

defined by e
by, busr - bngm—1
Toalg)= |
brtm—1 bntm—2 -+ by
Thus, the second order Toeplitz determinant is
det T 2(g) = b3 — b3 (1.1)
and the third order Toeplitz determinant is given by
1 by bs
det T51(g) = |by 1 by| = 2b3bs — 2b5 — b3 + 1. (1.2)
bs by 1

Ye and Lim [24] showed that any n x n matrix over C generically can be written as the product
of some Toeplitz matrices or Hankel matrices. Toeplitz matrices and Toeplitz determinants
have numerous applications in the field of pure as well as applied mathematics. They arise
in partial differential equations, algebra, signal processing and time series analysis. For more
applications of Toeplitz matrices and Toeplitz determinants, we refer [24] and the references
cited therein.

In 2017, Ali et al. [2] determined the bound of | det T 2(g)| and | det T3 1(g)|, when entries
of T),.n(g) are the coefficients of starlike functions. Recently, Ahuja et al. [1] obtained the

bounds for various subclasses of starlike functions.

Theorem A ([2]) If g € S*, then the following sharp bounds hold:
|det T2 2(g)] < 13 and |det T51(g)| < 24.
Theorem B ([1]) If g € S*(«), then
|det Th2(g)| < (1 — a)?(4a® — 12a + 13).
For « € [0,2/3], the following inequality holds:
|det T3.1(g)| < 12a* — 52a° 4+ 91a? — Tda + 24.

All these estimations are sharp.

Theorem C ([1]) Let g € S*[D, EJ, then the following sharp estimations hold:
(i) If [D — 2E| > 1, then
(D — E)?(D*+4E? — 4ADE + 4)

|det T 5(g)| < . .

(ii) If E < min{(D —1)/2,(3D —1)/2}, then
|detT31(g)| <1+ 2(D — E)?>+ (3D? — 5DFE + 2E?)(D? — 3DFE + 2E?) /4.
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The class S*[D, E|] denotes the class of Janowski starlike functions [14], where —1 < E <
D <1.

Coefficient problems are also studied in the case of several variables. For instance, Xu
and Liu [18] solved the Fekete-Szego problem for a subclass of normalized starlike mappings
on the unit ball of a complex Banach space. Xu et al. [23] obtained the bound of the same
for a subclass of normalized quasi-convex mappings of type B on the unit ball of complex
Banach space. Generalizing this work, Hamada et al. [12, 23] also determined the bound of
Feketo-Szegd type inequality. Contrary to Feketo-Szego inequality for various subclasses of S,
very few results are known for the inequalities of homogeneous expansions for subclasses of
biholomorphic mappings in several complex variables [8, 10, 11, 21]. Numerous best-possible
results concerning the coefficient estimates for subclasses of holomorphic mappings in higher
dimensions are obtained in [3, 5, 7, 15, 17, 19, 20].

In higher dimensions, the following notations are used throughout the paper. Let X be
a complex Banach space with respect to a norm || - || and C™ denote the space of n complex
variables z = (21,22, -+, 2,)". Also, let B = {z € X : ||z]| < 1} be the unit ball in X and B"
be the Euclidean unit ball in C". Further, the boundary and distinguished boundary of U™ is
denoted by 0U™ and 9yU", respectively.

For each z € X \ {0}, consider the set

T, ={l. € L(X,C) : I.(2) = ||z[|, ||| = 1},

where L(X,Y’) denotes the set of continuous linear operators from X into a complex Banach
space Y. Let I denote the identity in L(X, X). This set is non-empty according to the Hahn-
Banach theorem.

Let H(2) denote the set of all holomorphic mappings from € into X. If g € H(B), then for

each k =1,2,---, there is a bounded symmetric linear mapping
k
DFg(z) : HX - X,
j=1

called the k-th order Fréchet derivative of g at z such that

1

g(w) = 3 1 Dg(a)((w — 2)")
k=0

for all w in some neighborhood of z. It is understood that

D(z)((w — 2)°) = g(z),

and for k > 1,
DFg(2)((w = 2)*) = D¥g(2) (w — z,w — 2, yw = 2).

k-times
We say that ¢ is normalized if g(0) = 0 and Dg(0) = I. A holomorphic mapping g : Q@ — X is

L exists and

said to be biholomorphic on the domain 2 if g(£2) is a domain in X and the inverse g~
is holomorphic on g(2). If for each z € Q, Dg(z) has a bounded inverse, the mapping g is said to
be locally biholomorphic. As in the finite dimensional case, let S(B) denote the set of normalized
biholomorphic mappings from B into X. The class S(B) of normalized biholomorphic mappings

is not a normal family on the unit ball in C™.
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On a bounded circular domain 2 C C™, the first and the m-th Fréchet derivative of a

m—1

holomorphic mapping g : Q2 — X are written by Dg(z) and D™g(z)(a™ !, ), respectively. The

matrix representations are

g,
Dy(z) = | ==~
9(2) <8zk>1§j,k§n,
_ - 9™ g;(2)
Do) = e 7
Z 1 0z 0zp, -+ 02p,, P ! 1<j,k<n

P1,P2," s Pm—1=

where g(z) = (91(2)792(2)7 T ,gn(Z))/,CL = ((11, az,--- 70%)/ eCm.
The following class was defined by Hamada et al. [13].

Definition 1.1 Let g : B — X be a normalized locally biholomorphic mapping and
€ (0,1). We say that g is starlike of order « if

1

‘”i”zzaDg(z)wg(z)) L

1
~ % < —, VzeB\{0}, I, € T(2).

2

In case of X = C™ and B = U™, the above condition is equivalent to

a(z) 1
2k 2a

1
—, V U™\ {0
<2a, z € \ {0},

where
a(z) = (q1(2), @2(2), -+, an(2)) = (D(g(2))) " 'g(2)
is a column vector in C™ and k satisfies

ol =l = e {1251}

For B =U and X = C, the relation is equivalent to

Re 29 (2)

9(2)

Let SZ(B) denote the class of starlike mappings of order « on B. When X = C and B = U, the
class 8*(U) is denoted by S*(«).

Definition 1.2 ([16]) Let g : B — X be a normalized locally biholomorphic mapping and

>a, zel.

v € (0,1]. We say that f is strongly starlike mapping of order -~ if

’arg lZ([Dg(z)]_lg(z))‘ < g% Vz e B\ {0}, I, € T(z).

In case of B = U" and X = C", the above condition is equivalent to
i(z

‘ arg g;(2)

J

< g% 2 e U\ {o).

where
9(2) = (01(2),42(2), -+, an(2))" = (D(9(2))) " 9(2)
is a column vector in C™ and j satisfies

51 = el = max {lze]}
In case of B = U and X = C, the relation is equivalent to

2g'(2)
")

™
< —=v, zel.
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Let SS7(B) denote the class of starlike mappings of order v on B. When X = C and B = U,
the class SS”(U) is denoted by SS™(v).

For a biholomorphic function ® : U — C, which satisfies ®(0) = 1 and Re ®(z) > 0, Kohr

B) such that Dp(0) = I and

€ R and define the following;:

[15] introduced the class Mg containing the functions p € H
IzIl/1.(p(2)) € ®(U). Here, we additionally take ®'(0) > 0, (0

Definition 1.3 Let ® : U — C be a biholomorphic function such that ®(0) = 1, Re ®(z) >
0, ®(0) > 0 and ®”(0) € R. We define Mg to be the class of mappings given by

~

2]l
L (p(2))

For B =U" and X = C", the above relation is equivalent to

Mg = {p e H(B) : p(0) = 0, D(p(0)) = I, € ®(U),z B\ {0}, . T(z)} .

Ma = {p € H(U) : p0) =0.D((0)) = I, 2 c 8(0). 2 € U 0} |
where p(2) = (p1(2),p2(2), -+ ,pn(2)) is a column vector in C™ and k satisfies
4l = 121l = max {121
For B = U and X = C, the relation is equivalent to
Mo = {p € H(U) : p(0) =0,p'(0) = 1,1% € d(U),z € U}.

Also, note that, if ¢ € H(B) and D(g(z)) 'g(z2) € Mg, then suitable choices of ® in
Definition 1.3 provide different subclasses of holomorphic mappings. For instance, when ®(z) =
(142)/(1—2),P(2) =1+ (1—-2a)z)/(1 —2) and ®(2) = ((1+ 2)/(1 — 2))7, we easily obtain
that g € S*(B), g € S;(B) and g € SS7(B), respectively.

In this paper, we obtain the sharp bounds of |det T3 2(g)| and | det T51(g)| for a class of
holomorphic functions in the unit disk, which contain the above results as special cases. Further,

these results are generalized in higher dimensions.

2 Main Results

First, we find the bounds of | det T2 2(g)| and |det T5,1(g)| for a class of holomorphic map-
pings defined on U.
Theorem 2.1 Let g(z) = 2z + byz? + b32® + -+ € ®(U), where ® is same as given in
Definition 1.3 and satisfy
|®"(0) + 2(®'(0))?| > 28’(0) > 0.

If g(2)/¢'(z) € Mg, then

’ 2 " 2
Taao)] < & 510)) GZ((S)) +<I>’(0)> +(2'(0))*.

The bound is sharp.

Proof Since g(2)/¢'(z) € Ms, therefore we have

G(z) = Zgggz) € o(U),
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which yields G < ®. For g(z) = 2z + baz? + b32® + - - -, the Taylor series expansion of G(z) is
given by
G(2) =1+byz+ (2b3 — b3)2* +--- .

Xu et al. [22] proved that

o'(0)] 1 ©"(0)
_ gl < 2O 1|z 1—2)\)9 : 2.1
|bs — Ab3| < 5 maxy1 o 3(0) +( A)@(0)]p, AeC (2.1)

Thus, whenever |®”(0) + 2(®’(0))?| > 2@/(0), the equation (2.1) yields
¥(0) [1870)

< - P . 2.2
pl < 42 S G + O (22)

Further, using the bound |G’(0)| < ®’(0), we obtain
ba] < (0). (23

From (1.1), we have
| det Ty 2(g)| = |05 — 3| < |bs|” + [ba/*.

Clearly, the required bound follows directly from the above relation together with the bounds
of |bs| and |bs| given in (2.2) and (2.3), respectively.
To see the sharpness of the bound, consider the function g¢ : U — C given by

2 (@(it) — 1 . 1 d”(0
go(z) = zexp/0 %dt =1+4+i9'(0)z — 5 ((<I>'(0))2 + 2()>22 +oee (2.4)
It can be easily seen that go(2)/95(2) € Mg and
1 3"(0)\”
det Toatan)| = (@02 + 212 )+ @O,
which shows that the bound is sharp and completes the proof. O

Theorem 2.2 Let g(z) = 2 4 baz? + b32® + -+ € ®(U), where ® is same as given in
Definition 1.3 and satisfy

207(0) — 2(9'(0))? < ”(0) < 6(P'(0))? — 29(0).
If g(2)/¢'(z) € Mo, then

et Ty1(g)] < 14 2(2'(0)) + % (3@’(0) - ;IZD((%))) (;I’@((%)) + @'(0)).

The bound is sharp.

Proof Since ®”(0) + 2(®/(0))2 > 29'(0), by (2.2), we obtain
o'(0

il < 52 (S + 7)) (25)
Also, 6(®(0))2 — ®”(0) > 24’(0) holds, hence (2.1) gives
lbs — 262| < @'2(‘” <3q>/(o) _ ;‘Z((g))), (2.6)

From (1.2), we have
|det T3,1(g)| = |2b3b3 — 2b3 — b3 + 1|
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< 14 2[ba|* + |bs||bs — 203].

Using the estimates for the second and third coefficients given in (2.5) and (2.2) together with
the bound of |b3 — 2b2| given in (2.6), required bound follows.

o0
The estimate is sharp for the function go(2) = 2+ Y b,2" given by (2.4). For this function,
n=2

we have
o2 Cop2) ran2 o (@07 (o @7(0) (27(0) |
1 —2b5 — bs(bs — 2b3) = 1+ 2(9'(0)) + 1 39'(0) 2%/ (0) 25/(0) + @'(0) ),
which proves the sharpness of the bound. O

Remark 2.3 By taking ®(z) = (1+ 2)/(1 — 2), ®(2) = (1 + (1 — 2a)z)/(1 — 2z) and
®(z) = (14 Dz)/(1 4+ Ez), Theorems 2.1 and 2.2 can be deduced to Theorem A, Theorem B
and Theorem C, respectively.

The bounds for other classes can also be obtained by changing the corresponding function
®. For ®(z) = ((14 2)/(1 — 2))?, the following result follows for the class SS* (7).

Corollary 2.4 If g € S§%(v), then for v € [1/3, 1], the followings sharp inequalities hold:
|det T272(g)| < 9’}/4 + 4’}/2 and |det Tgﬁl(g)‘ < 15’74 + 8")/2 + 1.

Next, we extend the above results on the unit ball B and on the unit polydisc U™.

Theorem 2.5 Let g € H(B,C) with g(0) = 1 and suppose that G(z) = zg(z). If
(DG(2))7'G(2) € Mg such that ® satisfy

|2"(0) +2(2'(0))*] > 2¢'(0),

then

() - ()

+ <I>’(0)> + (@(0))2.

(¢'(0))* (1 2"(0)
=y (2@/(0)

The bound is sharp.

Proof Xu et al. [22, Theorem 3.2] proved that

LIDPGO)) | (LDCO)()?
ZIEE A( CIEE )

, , (2.7)
< |(I)2<O)max{1, B‘g((g)) (- 2/\)<I>’(0)’} . AeC,zeB\ {0}
Since |®”(0) + 2(®'(0))?| > 2®’(0), the above inequality gives
L(D*G(0)(z%) | _ @'(0) [12"(0)
b |2 [ O] 2

On the other hand, applying a similar method as in [9, Theorem 7.1.14] (also see [22, Theorem

3.2]), we obtain
z2Dg(z)

1
oyt = L (1 HEL Y

Therefore

(DG(2))"C(z) = Z<g(z)ig(;)g(z)z)’ 2 €B,
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which directly gives
&l Dg(z)z

DGR GE) T ee) 2
For fix z € X \ {0} and 25 = > define the function A : U — C such that
¢
ho) = | LG 16 <7
1, ¢=0.
Then h € H(U) and h(0) = 1 = ®(0). Moreover, since (DG(z))"1G(z) € Mg, we find that
h(C) = : - ‘
((DG(C20))~1G(C20)) 12 (DG (C20)) 1 G(C20))
¢z cd(U), (el

" 1o (DG(C20)) TG (C20))

Taking (2.9) into consideration, we obtain

B I¢zol  Dg(ca)Co
MO = T alca) 9D T alca)

In view of the Taylor series expansions of h({) and g(Czo), the above equation gives

hll2(())42+...)<1+pg(0)(20)c+ W<2+...)

%4@ + > (Dg(O)(zO)C + D%g(0)(22)¢% + - - )

Comparison of homogeneous expansions yield that h4’'(0) = Dg(0)(z). That is
W(0)|lzll = Dg(0)(2). (2.11)

(2.10)

(1 + W (0)C +

= (1 + Dg(0)(20)¢ +

Since G(z) = zg(z), therefore, we have
D?G(0)(2%)
2!
Moreover, from (2.12), we conclude that
1:(D*G(0)(2?))
2!

Thus, equation (2.13) together with (2.11) gives
1:(D*G(0)(z?))
2!

Since h < ®, therefore |h'(0)| < ®'(0). Consequently, we obtain
1:(D*G(0)(%))
21|=1?

Using the bounds given in (2.14) and (2.8) together with
LIDPGOEN N (LDCOEDN] LD COE)
2!|=1? 3![=]1? 3![=[1°

the required bound follows.

= Dg(0)(2)z. (2.12)

= Dg(0)(2)]|z]l- (2.13)

’ = |Dg(0) ()12l = [A'(O)]|=]]?-

< @'(0). (2.14)

2 2

L(D*G(0)(%))
PIEE

To see the sharpness, consider the mapping GG given by

lu(z) it) —
G(z) = zexp/ @)~ 1)

dt, ze€B, |ju|=1. (2.15)
0 t
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It is a simple exercise to see that (DG(z))"'G(z) € Mg and a quick calculation reveals that

2 52 3 3 "

% — i(I)/(O)lu(Z)Z and % — _% <(I)2(O) + (@/(0))2) (lu(z))Qz
In view of the above equations, we have

EDCOED _ g oy, (2) 2|
and
3 232 "
Setting z = ru (0 < r < 1), we get
2 52 (D3 23 ! 1O))2
LGOI o) ana EZCOC) L (YO @rge). g

Thus for the mapping G, we have
LID*GO)(Z))\*  (L(D*GO)E) N _ (@0)2 (1270) oo\ L a2
(5 EIEE TR A
which proves the sharpness of the bound. O
Theorem 2.6 Let g € H(B,C) with g(0) = 1 and suppose that G(z) = zg(z). If
(DG(2))"'G(z) € Mg such that ® satisfy

2¢'(0) — 2(2'(0))* < @"(0) < 6(2'(0))* — 29'(0),

then
|2b3b3 — b3 — 2b5 + 1| < 1+ 2(9'(0))? + (@/(40)) (3@’(0) - 2‘1’;,((%))) ( ;D q:((%)) + @’(o)),
where
_ L(DPG(0)(2*)) _ L(D*G(0)(%))
= T 7 ER

The bound is sharp.

Proof Since 28/(0) < ®”(0) + 2(®’(0))?, from (2.7), we have

lz(DSG(O)(Z3)) cp’(o) 1(1)//(0) )
31][(P3 ’S 2 (2 OB (0>>~ (2.17)

And, since 29'(0) + ®”(0) < 6(®’(0))?, the inequality (2.7) directly gives

1:(D°G(0)(2%)) L(DG(0)(z*)\?| _ 2'(0) (s, 1 97(0)
—2 < 30/(0) — = . 2.18
P IR =2 PO 55 (218)
Also, we have
|2b2b3 — b2 — 2b3 + 1| < 1+ 2|ba|* + |bs]|bs — 2b3]. (2.19)

The required bound is derived by using the estimates given in (2.14) and (2.17), and the bound
given by (2.18) in the above inequality.
The equality case holds for the mapping G(z) defined by (2.15). It follows from (2.16) that
for this mapping, we have by = i®'(0), b3 = —(®”(0) + 2(®’(0))?)/4 and hence
/ 2 " "
1~ by(by — 22) — 22 = 1+ 2/(0)) + 2 (40)) <3<1>’(0) - ;%) ( fq),((%)) 4 @’(0)),
which shows the sharpness of the bound. O
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Theorem 2.7 Let g € H(U",C) with g(0) = 1 and suppose that G(z) = zg(z). If
(DG(2))7'G(z) € Mg such that ® satisfies

|"(0) +2(2'(0))| > 2¢"(0),

then
D3G(0 1 D?G(0)(22
limon(2) . 2o
OD221° (1270)  wron N o v n
< 4 (2 5(0) +® (0)) +(2(0)" |21, 2z e U™ (2.20)
The bound is sharp.
Proof For z € U™\ {0}, let zp = ey~ Define hy : U — C such that
G2k
— T 0,
hie(€) = { Pr(Cz0) |20 <7 (2.21)
L ¢=0,
where p(z) = (DG(z))"'G(z) and k satisfies |z;| = ||2]| = max {|zj]}. Since (D(G(2)))"'G(z) €
Mg, we have h(¢) € ®(U). Furthermore, using (2.10), we have
Dyg(¢z0)Cz0
h - ZIG20)520

or equivalently,

hi(¢)g(C20) = g(C20) + Dg(C20)¢20-

A comparison of homogeneous expansions obtained by the Taylor series expansions of g and hy,

about ¢ gives
hl/(o)

7 (0) = Dg(0)(z0),  =5,= = D*g(0)(25) — (Dg(0)(20))”. (2.22)

Also, using G(zo) = 209(20), we have

3 Z3 2 2,2 > 2 2
In view of (2.22) and (2.23), we get
[5:0°610) (20, 2PN EL 1D )0, D 0) o)) L
= [psorcog e
Do) L D012 >”””
= [(Dg(0)(20))*|-
Since Dg(0)(z9) = h},(0) and |k} (0)] < ®'(0), therefore
‘;DQGk(O) (207 ) G(Q?)(ZO)) % = |Dg(0)(z0)|* < (2(0))*. (2.25)

If z9 € 9U™, then
1
21

D2G(0)(25)
2!

DG4 (0 )<z0, )‘ < (9'(0))*.
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Moreover, since

1 2 2
mDQGk(O)(ZO>‘DCJ(2(|)>(Z()))7 k:1727...,n

are holomorphic functions on U", by virtue of the maximum modulus theorem of holomorphic

functions on the unit polydisc, we obtain
1 D2G(0)(2?)

aule 2,)\ < @OP* k=12 (2.26)
Using the same arguments as in (2.24), we get
5 D3G(0)(ZS’))||Z|

31D3G k(0 )< 05 3 - :KDQQ(QO')(Z%))

According to the result established by Xu et al. [22, Theorem 3.3], we have
3 3 D2 2
DGO _ \L i, 0, ZWEDEL)

3! 2k 2! Zk
[2"(0)] 1 27(0) /

< 1, = 1-2X0)®'(0 .

< 5 max g 1, 2@,(0)+( )®'(0)

Since |®”(0) + 2(®'(0))?| > 29'(0), therefore from (2.23) and (2.28) it follows that

D?G(0)(=) lI21l| _ | P?9(0)(=5) | _ |<I>’ )1 2"(0
3! Zr 2! 2 9/(0

2 (2.27)

(2.28)

+ @’(0)‘. (2.29)

Thus, from (2.27) and (2.29), we obtain
D*G(0)(x5) > JIEd

3! Zk

< WP (L0 @’(0))2.

1 3 2

For zy € 9yU™, we get

e (3 2P < 0P (120 )

Again, since
D3G(0
gDSGk( )(Oé')()>’ k:1,2,’n

are holomorphic functions on U", therefore the maximum modulus principle on the unit polydisc

1 D3G(0)(23 &'(0))2||2]|° /1 " (0 R
?)!DSGk(O)<22’ (3!)( ))‘ < ()Z [Edl <2 (I)/((O))Jr@(o)) . (2.30)

yields

Now, using the bounds given in (2.26) and (2.30), we obtain

%D?’Gk(()) (22, DSG(O)(23)> - %DQGk(O) <z DZG(OWQ))'

3! 2!
’ 24|15 7 2

for k =1,2,--- ,n. Therefore,
L0 D3G<0><z3>> Loy (- ZOWED)|

3! 2! 2!
/ 2| 5|3 " 2
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which is the required bound.

To prove the sharpness, consider the mapping

G(z) = zexp /Z1 %dt, z e Um (2.31)
0
It is a simple exercise to check that D(G(2))"!G(z) € Mg. From the above relation, we deduce
A o)) DIGO)(=) 1 /8"(0)
— L =i®'(0)z12, —— > = —— ( + (@’(0))2) (21)%z.
2! 3! 2 2
By taking z = (r,0,--- ,0), the equality in (2.20) holds. O

Remark 2.8 (i) When B = U and X = C, Theorem 2.5 and Theorem 2.7 are equivalent
to Theorem 2.1.
(ii) In case of B = U and X = C, Theorem 2.6 is equivalent to Theorem 2.2.

3 Applications for Various Subclasses

If we take ®(2) = (142)/(1—2), ®(2) = (14+(1—2a)z)/(1—=2) and ®(2) = ((1+2)/(1—2))",
Theorems 2.5-2.7 give the following bounds (the branch of the power function is taken such
that (1 +2)/(1 —2))Y =1 at z =0).

Corollary 3.1 Let g € H(B,C) with g(0) = 1 and G(z) = zg(z) € S*(B). Then the
following holds:

1,(D2G(0)(22))\2 1.(D3G(0)(23))\2
( ( 2!|i||)2( ))) - : 3!|i||)3( ))) <13, zeB\(0} e
If B=TU" and X = C", then

[5p°em( =4 - gotao

All the estimates are sharp.
Corollary 3.2 Let g € H(B,C) with g(0) = 1 and G(z) = zg(z) € S:(B). Then the
following holds:

L(D*G(0)(2)\?  (L(D*G(0)(z*))\? Y
‘(W) B (W) ‘ <(1-a)*(4a® —12a+13), z € B\ {0}.

If B=0U" and X = C", then

D%G(0
DGO | <ol + g, =eum,

[gpen (= ZERE) - e (- PEPE)|
< (1= a)*((3 —20)%l2]° + 4ll2[°), zeU™
All the estimates are sharp.
Corollary 3.3 Let g € H(B,C) with g(0) = 1 and G(z) = 29(z) € SS;(B). Then for
v € [1/3,1], the following holds:

(55 - () o o semvioner.

If B=U" and X = C", then

H?"D?’G )( 2,%) EDQG(O)(,Z,%)H <O|l21P9* + 42242, = € U™

All the estimates are sharp.
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Corollary 3.4 Let g € H(B,C) with ¢(0) = 1 and G(z) = zg(z) € S*(B). Then the

following holds:

|2b2b3 — b3 — 2b3 + 1| < 24,

where

The

_ LID’G(0)(=*)

b _ L(D2G(0)(2%))
° Mzl

by = . LeT,.
21]]|[?

estimate is sharp.

Corollary 3.5 Let g € H(B,C) with ¢(0) = 1 and G(z) = zg(2) € Si(B). Then for

a € 10,2/3], the following holds:
|2b2b3 — b3 — 2b3 + 1| < 12a* — 520 + 91a? — Tda + 24,
where
L(DG(0)(2°)) 1:(D*G(0)(2%))
by = ————%—= and by = ——>—=, [, €T..
ST T T e ©
The estimate is sharp.

Corollary 3.6 Let g € H(B,C) with g(0) = 1 and G(z) = z9(z) € SS;(B). Then for

v € [1/3,1], the following holds:
|2b2b3 — b3 — 2b2 4 1| < 159* + 8% 4 1,
where
L(D*G(0)(=*)) L(D2G(0)(%))
by = ————%—= and bp = ——55——=, [, €T,
TSR T T e 0 S
The estimate is sharp.
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