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Abstract We study equations in divergence form with piecewise C* coefficients. The do-
mains contain corners and the discontinuity surfaces are attached to the edges of the corners.
We obtain piecewise C™® estimates across the discontinuity surfaces and provide an example
to illustrate the issue regarding the regularity at the corners.
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1 Introduction

We consider the elliptic problem
9i(a9;u) = h+9;g" in Q, (1.1)
u=q on 0%, (1.2)

where (2 is a bounded domain in R™ with a closed (n — 1)-surface as its boundary, a® € L®°(),

and the following uniform ellipticity condition is satisfied
MEP < a()&&; <AIEP, vxeQ, &= (&, &) €R™ (1.3)

Here A, A are two positive constants.

Without the assumption on the continuity of coefficients a/, we can only obtain the Holder
continuity of the solution by De Giogi-Nash estimates (cf. [7, Theorem 8.24]). Here arises the
question: if the coefficients are piecewise Holder continuous, can we obtain piecewise Holder
estimates for the gradient of the solution? In [9], Li and Vogelius studied the problems arising
from models concerned with materials of fiber-reinforced composite. They showed that under
the assumption that the coefficients are piecewise C'®, the solution is piecewise C1'® for some
a € (0, m), and their estimates are independent of the distance between the discontinuity
surfaces. Hence, they can deal with the case for two touching discontinuity surfaces.
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In this paper, we are interested in elliptic problems from conservation laws in aerodynamics.
For example, when contact discontinuities happen in a subsonic flow described by steady com-
pressible Euler equations, elliptic equations in divergence form with discontinuous coefficients
across the contact discontinuity surfaces or lines can be derived from the Euler system (cf. [1, 4—
6, 8]). Very often, there is only one contact discontinuity surface in the domain, which makes
the structure of the subdomains simpler than that in [9]. On the other hand, the equations
from the conservation laws are, in general, nonlinear. One needs to linearize the equations and
design iteration schemes to solve the nonlinear problems. Hence, in each iteration step when
solving the linearized equation, loss of regularity as in [9] is not allowed in order to close the
iteration arguments; that is, if the coefficients are piecewise C* and the discontinuity surface
is C1, piecewise O estimates are needed, rather than piecewise C1'® estimates with @ < a.
Furthermore, when we study Mach reflection (cf. [5, 6]) or airfoils with vortex lines (cf. [4]),
the contact discontinuity lines are attached to the corners of the domain boundaries (see Figure
1 and Figure 2). This is a different situation from that of [2] and [9], in which discontinuity
surfaces neither stretch to the boundary, nor cross with corners. In [2], Bonnetier and Vogelius
gave an example of discontinuity surfaces crossing with corners. In their example, the solution
is not even W1°°, thus illustrating so called “corner effect”.

\\Q / —

Figure 1 A vortex line attached to an airfoil. Figure 2 A Mach configuration.
This paper tries to understand how the intersection between the boundary and discontinuity
surface affects the regularity of solutions near the boundary corners. We will study bounded
domains with corners described as follows:

\

Figure 3 Domain €.

Suppose that domain Q is divided by an (n — 1)-surface T into two disjoint open sets, Ot and
Q™ (see Figure 3), i.e.,
QFNOQ~ =0, QTuruUQ" =Q, (1.4)
rnoR =0, QFNO =90+ NaQ~ =T. '
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Denote the upper and lower parts of boundary 89 by
(O == 00\, (09Q)” :=9Q-\I'
and the intersection of (9Q)T and (99Q)~
E:= ()T N (o)~ = ar;

this is called the edge of domain € and is assumed to be a closed (n — 2)-surface.
Let (r,0,x') := (1,0, 3, - ,x,) be cylindrical coordinates. Assume that _ <0 < 6,0, —
0_ < 2m. We call

W={xeR":r>0,0_<0<6;} (1.5)
a wedge, and set that
t={xeR":0<0<6,}, W ={xeR":0_<0<0}. (1.6)

Definition 1.1 (Wedge condition) We say that the edge & satisfies the wedge condition if,
for any x € &, there exist r > 0, a wedge W, a neighborhood U of 0 and a C''*® homeomorphism
X : Br(x) = U such that

XQNB.(x)=WnU, x(nNB.(x)=W'nU, I=+,-.

Since the loss of regularity of solutions near the edge happens very often, it is convenient
to introduce the following weighted Holder norms: suppose that D is an open domain in R"

with a given boundary portion £ C dD. For any x,y in D, define that
0x = min(dist(x, £), 1), 0x,y := min(dx, dy).

Let @ € (0,1), 7 € R and k be a nonnegative integer. Let k = (kq,--- , ky) be an integer-valued
vector, where k; > 0,4 =1,--- ,n, |k| = k; +---+k,, and let D¥ = 87;; . --8;/?:. We define that
E max T
5 = sup (60" OD* ()1 (1.7)
[k|=
mE max T |Dkf(x)_Dkfy
[f]l(c al)) — sup ((5x,y) (k+a+T,0) — ()l 7 (1.8)
x,y€D x -yl
XAy
[k|=k
k
T FE T FE T F
(, ;) = Z[f]E,O,D) + [f]l(c,a;%' (19)
i=0

Denote that

Cy (D) = {f | FITE < oo}

Theorem 1.2 Assume that (1.4) holds, and that 9Q%,9Q~, T are CH* surfaces of n — 1
dimension and edge £ is a C™® surface of n — 2 dimensions, satisfying the wedge condition
(1.5). Suppose that a* satisfies the uniform ellipticity condition (1.3), a¥/,g* € C*(Q+) N
C*(Q7),h € L>®(Q) and p € CH*(QF)NCH*(Q~)NC(Q). Then there exist positive constants
£ and C, depending on n, a, A, A, Q such that there exists a unique solution u € C1 s, 5)(Q+) N

C’(_B_g)( ~)NCP(Q) to elliptic problem (1.1) (1.2) with the following estimate:

). (1.10)

(=5;€)
max [l 25 < CCmax o + Al + | mas
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Remark 1.3 When n = 3, the surface I' is two dimensional with a closed curve as its

edge &; in the case when n = 2, T is a closed curve with two ends points as the edge &.

The organization of the paper is as follows: in Section 2, we establish the Schauder interior
estimates across the discontinuity surface through Lemma 2.2. In Section 3, we obtain corner
estimates in Lemma 3.1, which, combined with the interior estimates in Section 2, give rise
to the global estimates. In Section 4, we provide an example to show that different boundary
shapes and data can render solutions with different regularity, such as C7 or C*® smoothness

at the corners.

2 Interior Estimates

To obtain the interior estimates, we need a proposition which is a simplified version of
Proposition 3.2 in [9]. In order to state the proposition, we first introduce the following weighted

L? norm in a given domain D for any s > 0 and p € (1, c0):

. 1/p
= sup r° P .
oy = sup 7 (£ 1517)

Let B,.(x) be the open ball centered at x with radius r, and let B, be the open ball centered
at the origin 0 with radius r and

D, := B, N {z, = 0}, B = B,.N{x, > 0}, B, := B, N{z, < 0}.

Proposition 2.1 Suppose that ¢*/ and a@* satisfy the uniform ellipticity condition (1.3),
and that @, G', H are constants in both B; and B; . Suppose that g € LI(By), h € LY/?(B,)
for some ¢ > n. Let @ € (0,1) and u € H'(By) be a solution to

&»(aijaju) = h—f—@igi (2.1)
in By with
lullLe(my < 1. (2.2)

Then there exist constants ¢g > 0 and C' > 0, depending on n, q,&,, A, A, such that, it holds
that

) _mlax Ha"] — d’ij||Y1+a‘q(B4) < ep, (23)
i,j=1,--,n

,max lg" = G lyr+aa(sy) + 1h = Hllyaarzs, < <o, (2.4)
oax |G [l (By) + 1 H | LBy < 1, (2.5)

then there exists a function p, continuous in B; and piecewise linear in Bf‘ UB7 , with coefficients
bounded by C' and which satisfies that

0,(@0;p) = H+ ;G in By,
and
lu(x) — p(x)| < C|x|**T*, x € By. (2.6)
We refer to [9] for details of the proof.
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Lemma 2.2 Suppose that o™/ satisfies the uniform ellipticity condition (1.3) and that
a, gt € CY(BS)NC*(By),h € L>(By) and
max Haij”O,oz;Bé < A7

I=+,—i,j=1,--,n

where A is the same constant as in condition (1.3). Let u € H'(Bz) be a solution to (2.1).

Then there exists a constant C', depending on n, o, A, A, such that

ax [Jull ot < Clluloois, + lleqmn + | max | lg'llompy)  (27)

[ )ni -
Proof We will first obtain a C1® estimate for u restricted on the interface D 3.

For any given point xq € D% , consider Byg,(xg), where dy is sufficiently small and to be
determined later. Set that

Co := l[ullo,o;, + Ml Le=(B2) + joq . max lg'

1, mil=+, 0,a;B - (2.8)

We rescale domain Byg, (X0) to By by coordinate transformation y = (x — x¢)/dp and set that
a(y) = u(xo + doy)/Co, i (y) = a” (xo + doy), (2.9)
§'(y) = dog' (0 + doy)/Co, h(y) = dgh(xo + doy)/Co. (2.10)
Then 4 satisfies that
9;(aY9;0) = h + ;5" in By. (2.11)
Define that
@ (x) = a7 (0+) = a¥ (xo£), H(x)=0, G (x)=4'(0+) (2.12)

for x € Bf. We will verify, by choosing dy sufficiently small, that conditions (2.2)—(2.5) in
Proposition 2.1 are satisfied, where u = @,a” = a¥,¢* = §*, h = fz, a = a.

By the definitions (2.8)-(2.10) of Cy, @, ¢* and h, it is obvious that conditions (2.2) and
(2.5) hold, provided that dy < 1.

Then we verify condition (2.3) as follows: since a*/ is C® in each half ball Bf with C®

norms bounded by A, we have, for x € Bf,
|6 (x) — a" (x)| = |a" (xg + dox) — a” (xo%)| < Aldox|*,

leading to

1/q
o = @y vy = sup r~ ( f a7~ )
0<r<1 Thy

1/q
< sup r"‘( Aqdoxaqu>

0<r<1 |B4T| By

< Adg.

Hence, condition (2.3) holds for sufficiently small dy, depending on A, e, 9. The same arguments
apply to the estimates leading to condition (2.4).
Since the estimates above are independent of ¢, we may choose that ¢ = 2n. Thus, by

Proposition 2.1, there exists a positive constant C, depending on n,«a, A, A, and a continuous,
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piecewise linear function p(x), which is linear in both By and B, and whose coefficients are

uniformly bounded by C, satisfying that
8:(a"9,p) = B;G' in B,
with the estimate
la(x) — p(x)| < C|x|'T*, Vx € By. (2.13)

Estimate (2.13) directly implies that

a(0) = p(0), (2.14)
Du(0+) = Dp(0+), Da(0—) = Dp(0—), (2.15)
|Du(0+)] < C, |Du(0—-)| < C. (2.16)

We will obtain C1® estimates for u up to the interface D; in each subdomain By and Bj .
In order to achieve this, we will first consider domain By and obtain the C1'® estimates for
u(x,0+) on D3, where X = (#1,-++ ,2n—1). Denoting that

v(x) := u(x) — u(xg) — Du(x0+) - (x — xp),
we know that v satisfies that
9i(a9;v) = h+0;g° in B, (2.17)
where
7' =4g' — dju(xo+)a”.

For any point xg € Ds,x € B;O (x0), let

X = X + dpy.-
Then y € By and estimates (2.13)—(2.16) imply that the following holds
~ « CC «
[v(x)] = Coli(y) — p(y)| < CColy["** = —5x = x| . (2.18)
0

Suppose another point yg € D 3 with

1
d := dist (x0,¥0) < Zdo'
Set that
X:X0+(Oa 7Oa2d)7 Ql :Bd(i)? QQ :BQd(i)

By combining the interior Holder estimate for solutions of Poisson’s equations (see [7, Theorem
4.15 and estimate (4.45)]) and a standard perturbation argument (see the proof in [7, Theorem

6.2]), we obtain the following Schauder interior estimate:

ol <€ (Ioloocs + @lhlos, +4 max 19~ g'ablbaq, ) (219
Here the || - ||’ norm is defined as follows: let D be a domain and let u be a function defined in
D, d = diam D,

k
lullfop = d’[ulj0:p,
=0
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ullk acp = lullip + d**[ul,ai-
Obviously, Q2 C Bi(xp), and so estimates (2.16), (2.18) and (2.19) imply that
|Dv(X)| = |Du(X) — Du(x0+)| < CCod®. (2.20)
The same argument can be applied to yo. That is, set that
d(x) == u(x) — u(yo) — Du(yo+) - (x = yo)-
A similar Schauder interior estimate to (2.19) gives rise to
|Do(X)| = |Du(X) — Du(yo+)| < CCod”. (2.21)
Estimates (2.20) and (2.21) lead to
|Du(x0+) — Du(yo+)| < CCod® = CCy|xg — yo|*. (2.22)

Set that ¢(X) = u(%,0+4)|p,. Then estimate (2.22) implies the estimate for the boundary data
¢:
|¢|1,o¢;D% < CCy. (2.23)

Then we have the following boundary estimate:

ol g <€ (Il + 1ol + 1l + 332 ol )
< 0. (2.24)

Applying the same argument to the lower domain B; and combining with estimate (2.24)
gives the interior estimate (2.7). O

3 Boundary and Global Estimates

Let
W, =W N B,, w!=w'nB,,
T, = dW N B,, T = oW n BI,
E={xeR":r=0}, & =&NB,
where I = +, — and W, W* are defined by (1.5) and (1.6).

Lemma 3.1 Suppose that a* satisfy the uniform ellipticity condition (1.3), a¥, ¢* €
CWH NO*¥(Wy ), h € L®(Ws), ¢ € CH(T,N) U CH(Ty )N C(Ty). Let u € HY(W>) be a
solution to

ai(aijaju) =h+0;g" in Wa, (3.1)
ulr, = @. (3.2)
Then there exist constants 5 € (0,1) and C > 0, depending on n, A, A, 6, 6_, such that
(—B;€7)
e ffuly oz
< Olllullogiw, + o Nollary +Iblzeimy +_ mox lglomg). (33
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Proof Denote that

C* = ||l

00w, + max (ol ary + |l +, | max 19" llo,csmw -

It is easy to see that ¢ is Lipschitz on T with the following estimate:
|1,o¢;T21 . (34)

Here C' is a constant depending on 6;,6_. Hence, by the boundary estimates of De Giogi-
Nash ([7, Theorem 8.29]), there exists S € (0,1), depending on n,a, A\, A,0;,60_, such that
ueCh (W3) and

lellor < nglff(_ e

lello,gswy < Clllullo.ows + lelloms + ollews) +, max lg'|z2nqws)) < CC7 0 (3.5)

where C is a constant depending on n, A, A, 04,60_. Denote that
¢ (x') = pleo = ¢(0,0,x").
Since ¢ is C1 up to boundary £ on ﬁ, it follows that ¢* is C1* on {x’ : |x'| < 2}. Set that
v(x) = u(x) — 9" (x),

and then v satisfies that

&(aijajv) =h+ 3i§i, in W27

U|T2 =Y - QO*v
where g’ := g — a79;¢*. In particular, v|g = 0, and by estimate (3.5), we have that

[0(x)| = |v(r,0,%")| < |[ullo,;my ¥ < CC*r? (3.6)
2

for any x € W% . Then we use the Schauder interior and boundary estimates, together with
interior estimate (2.7) across the discontinuity surface, to obtain weighted Schauder estimates

up to the corner as follows: set that
1
0" := A min{f,,—60_}.

We divide W into three domains to suit different types of estimates. Any point xg = (rg, 6o, Xj) €
W falls into one of the following three cases:

Case 1 —0* <6y <0

Case 2 0" <6y <0y —0" or 0_+0* <6y <-6%

Case3 0, —0"<6y<0p or 0_<0y<6_+0"

Let

d := 2r¢ sin 0*.
In Case 1, let x be the projection point of xg onto Dy, i.e.,
x = (rg cos b, 0, %)
in cylindrical coordinates. Obviously, xg € By(x). By coordinate transformation
X =X+ dy,
we rescale By(X) into By. Set that
o(y) = v(x+dy), a”(y)=a"(x+dy), (3.7)
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§'(y) = dg'(x +dy), h(y) = d*h(x +dy). (3:8)
Then ¢ satisfies that
0,(a"0;0) = h+ 0,5
in By. Hence, estimate (2.7) in Lemma 2.2 leads to

Joax [|9lly,0;57 < C(I0ll0,0i5; + [Ihllze(ps) +_ | ma

~1
i=1, n;l=+,— ”g ||07Q?B§)'

I_
Scaling domain By back to Bg(%X) and setting that
Qr :BT(X)v Q£:B7{(f{), I'=+,—r>0,
we obtain that
fnax 0]} 0qr <€ <|U||0,0;Q2 + d?[|hllo,0:0. + d_, max 9i||6,a;62§> :
Therefore, by estimate (3.6) and the definition of ¢, we have that
max [ollf g < CC™d”. (3.9)

In Case 2, set that QL = B,(xo), where I=+,—, if B,(xo) C W*, and use the same

arguments as for estimate (2.19). We then obtain the following Schauder interior estimate:

191 g < € (Wllonag + bl gqq +4, mox 5T 0p) <O, (310

In Case 3, we project xo onto the boundary W and denote the projection point by x. Set
that

QI =B.x)nwW!, TI=B.x)now!, I=+, -
The Schauder boundary estimates give rise to
[0l g < Clellosay + Il izy + lleop + d_max llgillauqy)
< ocrds. (3.11)

We will use estimates (3.9)—(3.11) above to obtain the corner estimate (3.3). The definitions
of 8" and d above imply that

d < 1o = 0y, < Cd.

We first estimate [v] g_f‘)/v+ as follows: for any x¢ = (7o, 09, %}),x = (r1,01,%’) in W,", assuming
, QG VYV

that rg < rq, we have that
d S 5xo,x =170 S Cd.

Thus, estimates (3.9)—(3.11) imply that

(=8) _ 5 max(14+a—4,0) |DU(X> - DU(X0)|
[U]l,a;wj x’xi‘él‘)/v;r (( x,%0) Ix — x|
XF#X(Q
_g|D - D
=  sup <Té+a 5 |Dv(x) Z(XON)
x,x0EW;" x — x|
0<|x—x0|<d
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_|D -D
b (rgresI2ete = Dutol
x7erW1Jr |X - XO‘
|[x—xo|>d
: -8B / 1-8
<C sup (dP[olly , qp +d' 71 D0l o))
XoEWl
<ccr.
Similarly, we have the estimate in Wy :
(=5 *
[v]l’a;wl_ <CccCr.
It is easy to obtain the estimates for [v}(_ﬁ) and [v}(_ﬁ) :
Y 0,0;W/] Low{’

[Vloawy + [0l gy < CC

These lead to the corner estimate (3.3). O
We now use the interior (Lemma 2.2) and corner estimates (Lemma 3.1) to obtain the

global estimate in Theorem 1.2.
Proof of Theorem 1.2 Denote that

C:= Iglf’{ ||<P||1,a;QI + ||h||L°°(Q) + ¢:1,--~H,173¥:+,7 9"l 0,a;Q1 -

By the wedge condition (1.5) at &, there exists a constant 7* > 0 such that, for any x¢ € &,
Iy € CH*(B,+(x¢)), which is an isomorphism from B,-(xg) to x(B,«(xo)) satisfying Wy C
X(By+(x0) N Q). Let r, > 0 be the radius such that B, (xq) N C x 1(W).

For any x € Q, if dist (x,&) < 7, we can find some point xg € & such that |x — xo| =
dist (x,&). Then x(B,,(x¢) N Q) C Wy, and corner estimate (3.3) gives rise to

(—=B;€)
s IS s < Cllulos, o+ ool

1,05B,.x (x0)N(092) T

+ ||h||L°°(BT* (%0)) +i m%X:Jr _ ”gi”O,a;Br* (xo)n(OQ)I)

=1 il
< C([lullo,o;2 + Q).
By the weak maximum principle (cf. [7, Theorem 8.16]), we know that
[ullo,0:0 < CC.
Therefore, we conclude that

1,0;Br, (x0)NQ!

max [|u] (") <cC. (3.12)
I=+,—
If dist (x,€) > 7, and dist (x,I') < 74, := 17, sin6,, we can find xo € I such that ||x — x| =
dist (x,T"). We apply the interior estimate (2.7) to obtain that
woynat < CC. (3.13)

Iril-%?{— ||u||1,a;B

—

For the rest of x, the classical Schauder interior and boundary estimates apply, and we have
that

[ull1,0:8, . 2ene < CC. (3.14)

Estimates (3.12), (3.13) and (3.14) combined together give rise to the global estimate (1.10).
Thus we have completed the proof of Theorem 1.2. O
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4 An Example to Illustrate the Corner Issue

We obtained the C? estimate up to the edge in the proof of Theorem 1.2. For the purpose of
application to nonlinear problems, sometimes we do need the C1'* estimates up to the corners.
In this section, we will provide a simple example to show that even the coefficients are piecewise
constant; the regularity at the corner is a complicated issue depending on the boundary shape
and the jump of the coefficients.

In general, the regularity of the solution up to the corner depends on both the boundary
shape near the corner and the coefficients of the elliptic equations. We do not elaborate the
general situation and only focus on the equation with a simple jump on coefficients. We will
investigate how the angles between the boundary and discontinuity surface affect the regularity
of the solutions near the corners.

Let

Q=WnhB, Qt=wnBf, Q =WnhBy, (4.1)

where W is defined in (1.5) and the angles between the boundary and discontinuity line are
0., 0_; this will affect the regularity of solutions at the corner O.

Consider the elliptic equation

div (a(x)Vu) =0 in €, (4.2)
where
, X €QF,
a(x) _ ap, X
1, xeQ™,

and where ag is a positive constant to be determined later.

Remark 4.1 The equations with this type of coefficient were studied in [2]. Caffarelli
and his collaborators studied interface transmission problems in [3]; these have essentially the
same type of coefficient as described above. In [1, 4-6], the background states are also solutions

to the elliptic equations with piecewise constant coefficients.

We construct solution u to (4.2) in the following form:

ut(x) =r7(Asinvf + Beosl), xe€Qt,
u(x) = (4.3)
u” (x) =r7(Csinyf + Dcos~l), xe€Q.
Here ~, A, B, C, D are constants and v > 0. Obviously, u satisfies that
Au=0

in each subdomain QF or Q~. To be a weak solution to (4.2) in the whole domain £, two
conditions should be satisfied on the discontinuity line {(r,0) : » > 0,0 = 0}: one is the
continuity of u across the discontinuity line; the other is the jump condition Dut-n = Du™ -n

on the discontinuity line, where n is the normal direction on the line. Thus we have that

u"lg=0 = u” |o=o, (4.4)

5‘9u+|9:0 = 89u7|9:0. (45)
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Conditions (4.4) and (4.5) imply that
B =D, apA =C.
Without loss of generality, we may take that
B=D=1.

We want 4 = 0 on the boundary {6 =6, } and {# = 0_}, so we solve that

ut(r,0y) =0,
u (r,0_) =0
for A, ag, and obtain that
_ cosqfy _ sinyf, cosy0_

siny0, "’ %0 = os vy siny0_"
Now we take that
4 3 1

= = -, 0_ = -
Then the wedge wall becomes a straight segment on which v = 0. This shows that even if both
the boundary and the boundary data are smooth, we still have a non-smooth solution, due to
the discontinuity of the coefficient a(x). In this example the solution is C 3 up to the corner 0.

Proposition 4.2 Suppose that domain € is defined by (4.1), 64 € (0,%),0- € (—5,0)
and u|3WmB{/2 e Che(ow n Bf/g), where I = +,— and « € (0,1) depends on 0,,0_,ag. Then
the solution is u € Cl7a(Bfr/2) N CI*Q(BI/Q).

Proof Denote the tangential directions at 0 along the upper and lower boundaries as

77 = (cosf,,sinf;), T = (cosf_,sinfh_).

We will find a piecewise linear function p as a solution to (4.2) such that the tangential deriva-

tives of p and u are equal at 0. Set that
¢t =D,+u(0,0), ¢ = D,-u(0,0),
and
pt(x) =a*z; +btas, x € O,
p(x) =
pT(x) =a'z; +b 20, x €N,
Then we have that
D ip(x) =cosfra* +sinf bt =c", (4.6)
D, -p(x) =cosf_a* +sinf_b~ =c". (4.7)

Since p is a solution to (4.2), the following jump condition on the discontinuity line should be
satisfied:

00, pT (X) — Opyp” (X) = agh™ — b~ = 0. (4.8)
It is obvious that the linear system (4.6)—(4.8) is uniquely solvable for a*, ™, b~ if and only if

cosf1 sinf_ag — sinf4 cosf_ # 0.
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Thus the assumptions ag > 0,04 € (0,%),0_ € (—=%,0) guarantee the solvability of a*,b™,b™.
Let

v(x) = u(x) — u(0,0) — p(x). (4.9)
Then v is also a solution to (4.2) and
lv(x)lowns, | < Crite.
Define a barrier function w by
w(x) = Cr'T cos((1 + a + 19)6), (4.10)

where

0<a,m<l, 1+04+T0<min{22—+7—22—_}.

By the comparison principle, we conclude that
lu(x)| < Crite. (4.11)

Use similar scaling to that in the proof of Lemma 3.1, estimate (4.11) and interior estimate
(2.7) lead to C1* regularity up to corner 0. O

Remark 4.3 In the proof of Proposition 4.2, the construction of the barrier function w
is crucial to the C'™® regularity at 0. We can choose proper « to obtain the barrier function w,
due to the assumption that 6, € (0,%),0_ € (—F,0). For other coefficients, the angle ranges
may vary in order to obtain C'® regularity. Therefore, it becomes a case by case investigation,

and it is difficult to provide a universal criterion to guarantee C1® regularity at corners.
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