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Abstract This paper is concerned with the Cauchy problem for a 3D fluid-particle inter-
action model in the so-called flowing regime in R*. Under the smallness assumption on both
the external potential and the initial perturbation of the stationary solution in some Sobolev
spaces, the existence and uniqueness of global smooth solutions in H> of the system are
established by using the careful energy method.
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1 Introduction

In this paper, we consider a fluid-particle interaction model, the so-called flowing regime
[1], which is in the whole spatial domain R? as follows

pt + V- (pu) =0, (1.1)
((p+ B nu) +div((p+ B *nu@u) +V(pr +1) — pAu—AV(V-u) = —(af’p+n)Ve, (1.2)
n+ V- (nu) =0. (1.3)

Here p : (0,00) x R® — R, is the density of the fluid, u is the fluid velocity field, and the density
of the particles in the mixture 7 : (0,00) x R® — R, is related to the probability distribution

function f(¢,x, ) in the macroscopic description through the relation

) = [ a0
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The time independent external potential ® = ®(z) : R — R represents the effects of grav-
ity and buoyancy, pg is the pressure function, «, 8 are some related dimensionless parameters

[1], and A and p are constant viscosity coefficients satisfying the physical condition
2
u>0,)\+§u20. (1.4)

Without loss of generality (the case of general constants « and 8 can be done similarly),

we let a, 8 be 1 and rewrite the equations (1.1)—(1.3) as
pr+V-(pu) =0, ze€R3t>0, (1.5)
(p+n)us + (p+n)u-Vu+V(pr +1) — ulu—AV(V-u) = —(p+n)V®, z € R3¢t >0, (1.6)
N+ V-(qu)=0, zcR3t>0, (1.7)

with the initial data
(p,u,n)|i=0 = (po,uo,m0), =€R? (1.8)

satisfying that
(PO7U0>770) — <p0070’7700> as |LL" — 0

for some constant vector (p>,0,n°°) with p> > 0,7 > 0. Here, the function pr = pr(p)
denotes the pressure of the fluid, and pr(p) is smooth in a neighborhood of p> with pr(p>) > 0
and pr(p™) > 0.

The fluid-particle interaction model plays an important role in the sedimentation analysis of
disperse suspensions of particles in fluids, which has in many practical applications in biotech-
nology, medicine, chemical engineering and mineral processes [2-4]. In addition, such interaction
systems are also used in combustion theory to model diesel engines and rocket propulsors [5, 6].
The system was derived formally from the Kinetic-Fluid model in fluid-particle transport by
Carrilo and Goudon [1]. There are two different scaling limits for the coupling system between
the kinetic and the fluid equations: the so-called bubbling and flowing regimes. They corre-
spond to the diffusive approximation of the kinetic equation for the bubbling regime [2, 7] and
the strong drag force and strong Brownain motion for the flowing regime. There has been a lot
of work on the bubbling regime [7-14], but on the flowing regime there have been few studies.

Because of the structure of the equations (1.5) and (1.7), similar to the statement about
the stationary solutions of Navier-Stokes equations in [15] and Navier-Stokes-Smoluchowski
equations in [13], there exists a stationary solution (p.,u.,n.)(x) in a small neighborhood of
(p>,0,1n>) such that

Pe
/,,m cpi(szo +@=0, uz)=0, n(z)=n~, (1.9)
and that
lpe = s < Cll @l < ¢ (1.10)
for some positive constants C' and €. In this paper, we consider the global stability in time of
this kind of the steady state. We should point out that there exists another kind of steady state
(s, s, M) () = (ps(2), 0,mx(2)), with non-constant functions p,(x) and n.(z), and the similar

stability results will be discussed in the future.
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2 Preliminary and Main Results

First, we give a reformulation of (1.5)-(1.8), by denoting that

7 B+ A
H1 = 5 H2 = 5 F X = \/Pr(p™),

ﬁ(l’,t) :p(x,t)—p*(x), ﬂ({E,) :u(xat)v n=n-n>,
and

p=rp«(x)—p
Then the initial value problem (1.5)—(1.8) is reformulated as

pi +p=V i =5, (2.1)
/ o0 .
i — i pvdivi+ L) g5y L gy, (2.2)
P>+ P> 41
i+ 0V - i = S, (2.3)
(ﬁvﬂvﬁ”t:O = (PO = Px; U0, 70 — 7700) - (07030) as |"T| — 00, (2'4)
where S; = —V - [(p + p)il,
& - ~ 1% - .~
Sy == -Vi+ (-2 — 1) AU+ (- — o) Vdiva
(p+p*+77+7700 ) P+ psx+1+n>
PP+ ps) 3 1 5
P px +1+1 (6+p.) p+px +1+1
/ o0
Mv~ - Vi-V9,
Sy = =V - (7j1)
To simplify the computations in the proof, we let p°>° = n°>° and denote that
~ P+ N> 1 _
o(z,t) = p(x,t), Ulx,t) = ——u(x,t), z=———=1(z,1).
Pr(p™) Pr(p™)
Then, by (1.9), (2.1)—(2.4) can be rewritten as
ot +xV-U =5, (2.5)
Uy — 1 AU — paVdivU + Vz + xVo = Ss, (2.6)
%+ V-U=Ss, (2.7)
00 4 oo 00
(.U, 2)li=0 = (po — pur teug, =) 5 (0,0,0) as |z| > oo,  (28)
VPE(P>) Pr(p™)
where
§i = =52 divl(e+p)U) (2.9)
kX _ _ .
SQ = — TU -VU — Mlh(@, P, Z)AU - /J’2h’(Qa P Z)VdIVU
1t o.M _ p _
= ——g1(0,0,2)Vp — ——g2(0.p,2)Vo + —h(e,p, %)V, (2.10)
Hix Hix 2
S5 = X qiv (20), (2.11)
1
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and
hop.z) = — 2 FPHVPR(PX)z 40
0+ P+ P>+ /PR(p)z + 1
/ = ! (A oo
gl(gvﬁ7z): — pF(g+/p) - —pF(poo—i—p 20’

0+ P+ p> +\Pp(p®)z+n> P+ pT+0

/ = (o] / o0

2(0.5.7) = Pr(e+p+p>) _ (™)

o+ P+ p= + PRp(pX)z e pX

Our main purpose in this paper is to study the global existence of the smooth solution
(p,u,n) in a small perturbation of the stationary solution (p.,0,n°°), i.e., the global existence
of the perturbed solution (g, U, z). In what follows, we state our main results.

Theorem 2.1 Let (0o, Up,20) € H?>(R3) and ® € H*(R®). Suppose that the potential
function ®(x) satisfies that

1@ rs + (1 + [2)) V| L2nLs <,

(2.12)
l|(00, Uo, 20)|| s < €

for some small constant € > 0. Then the Cauchy problem (2.5)-(2.8) admits a unique global
smooth solution (g,U, 2) € (C°(0, 00; H3(R?)))3.

3 Global Existence: The Proof of Theorem 2.1

Proposition 3.1 Suppose that the initial data satisfies (09, U, 20) € H3(R?) and (2.12).
Then there exists a positive constant T; > 0 depending on (gg, Uy, 20) such that the initial value
problem (2.5)—(2.8) has a unique solution (g, U, z) which satisfies that

0,2 € C°(0,Ty; H*(R?)) N CH (0, Ty; H*(R?))
U e C°(0,Ty; H*(R?)) N CH(0, T1; HY(R?))
Vo,Vz € L?(0,Ty; H*(R?)), VU € L*(0,Ty; H3(R?))

and

sup [|(e,U, 2)|IHs < Cll(e0, Uo, 20) I35
0<t<Ty

Remark 3.2 Proposition 3.1 is a special case of Theorem 1 in [16], so we omit it here.

In what follows, we will establish some a priori estimates of the solutions globally in time.
With the help of the local existence theory and those estimates, the global existence of solutions
will be obtained by employing the standard continuity argument. To begin with, we make a
priori assumption that

oS, (e, U, 2)llgs <6 (3.1)

for some T € (0, T*), where T* represents the maximal time of the existence of the solutions,
and the constant ¢ is sufficiently small. Using the Sobolev imbedding inequality, we are able to
obtain that

|h(9,ﬁ,2)|, |gl(9aﬁaz)| = |Q|a |92(97ﬁ72)| = |Q|+|ﬁ|a (32)
@ Springer
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and
000502, 1050507g1,1050507g2] < € with  |a| +[8] + || > 1. (3.3)

Here - < - represents that - < C- for some known constant C' > 0.
With the a priori assumption (3.1), we obtain the following estimates, which can ensure
the global existence of the solution:

Lemma 3.3 Under the assumptions of Proposition 3.1 and (3.1), it holds that
d
T, 272+ CillVU[72 2 C@ +e)([VollZ2 + VU F + [[V2]72), (3.4)

where C7 and C are constants.

Proof Multiplying (2.3),(2.4),(2.5) by o,U and z, respectively, and then integrating by
parts over R3, we have, from the sum of the resulting equalities, that
1d
il
To estimate the three terms on the right-hand side of (3.5), we use the Holder’s inequality,
Lemma 4.3 in [13], (1.9), (2.12), and Young’s inequality, to get that

o, U7Z)||%2 + MIHVUH%? + IUQHdiVU”%Q = <Q7 Sl> + <U7 S2> + <Zv SS> (3'5)

(0,51) =2 lellLsIVell2[UllLs + llellzs lell s VU || 2

_ U _
+ llollzs[I(X + |x‘)Vp||L3||r|x‘”L2 + llellzs[lpl s [ VU] 2

= (0+e)(IVelZ +IVUIZ2), (3.6)

where we have also used the Hardy inequality

U
— |2 2 ||VU]|| 2.

Similarly, we get that

(U,82) 2 (0 +¢)(IVell7z + VU7 +[IVz[l72) (3.7)
(U, 83) 2 (6 +e)(IVUI72 + [[V2]72)- (3.8)
Thus, we have completed the proof of Lemma 3.3. O

Lemma 3.4 Under the assumptions of Proposition 3.1 and (3.1), it holds that
d
71V (@ U 27 + Gl VUF
< CO+e)(IVFels + IVUlZ: + V2T + Vel + [IVF2]72). (3.9)
Proof Multiplying V¥(2.3), V¥(2.4), V¥(2.5) by V¥, V*U and V*z, respectively, and
then integrating by parts over R3, we have, from the sum of the resulting equalities, that
1d
2dt
= (VF0,V*S)) + (VFU, V¥ S5) + (VF2, V*S5) (3.10)

IV* (0, U, 2) 172 + pa [VEFHU 2 + ol [V divU [

We are going to estimate the terms on the right hand side of the above equality. For the first
term on the right hand side of (3.10), we get that

(Vko, VFS)) < 3Vk(gdivU)ngdx+ 3Vk(Vg-U)V’“de
R R
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+ g VF (pdivU) V¥ oda + g VE(Vp-U)VFodx
=L +1L+ I3+ 1, (3.11)
From Holder’s inequality, (3.1) and Lemma 4.5 in [13], we have that
L < 8(|V¥al3: + [ VEdivU[32), (3.12)
I, < 5(|V 0ll3s + IVFU20), (3.13)
I < (V032 + CcSoci<il VU 32), (3.14)
L < (V%032 + CcSicizi [V'U[32). (3.15)
For the second term on the right hand side of (3.10), we obtain that
(VFU,VES,y) < /RS vE(U - v)U] - VFUdz + /Rs VE(hAU) - VFUdz
+ [ VEVAivU) - VFUdz + | V*(hV2) - VFUdz
R3 R3 ]
+ g V(g1 Vp) - VFUdz + /R V¥(g2Ve) - VFUdz = > M. (3.16)

i=1

For My, from Holder’s inequality, the Sobolev inequality, the Gagliardo-Nirenberg inequality

and (3.1), we have that
M, < §|VFFIU|2,.

Similarly to (3.17), we get
My ~ / VFL(hAU) - VFHUdz
R3
= (V" hll s [AU s + ([Pl o VU 22) V41U 2
< (6 +)(IVFalta + IVF2)122 + VU3 + [VFH1U[72),

and
Mz = (6+¢e)(IV¥ell7z + IV*2lI72 + IV?U 3 + IVFHU|172).

Similarly, we have
My = (0 +€)(IVFellz> + IV 2ll7e + VU7 + [VETU172),
Ms = (8 +e)(IV¥elZ- + [IV*F1U1Z2),
Ms = (8 +)(IV¥ellZ- + IV*T1U|1Z2).

This completes the proof of Lemma 3.4.

(3.17)

(3.18)

(3.19)

(3.20)
(3.21)

(3.22)

Lemma 3.5 Under the assumptions of Proposition 3.1 and (3.1), it holds that

d

5 (ViVe®), VM) + Co|[ V*oll7: < (IVF2U72 + [ VEF 2] 72)

+ 0 +e)(IV?UIT + IV UG + V230 + VU3 + Vel )

for k=0,1,2.
@ Springer
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Proof Applying V¥ to (2.6) and then taking the L? inner product with VV*po, we have
that
x/ [VVF¥g|?da < —/ VFOU - VVFoda + C||V 20U || 12| VFH 0| 2
R3 R3

-/ VVFE2 - VV*oda + || VFSa |2 | VE ]| L2 (3.24)
R

With (2.5), the first term on the right hand side of (3.24) is estimated as follows:

d
7/ VEQ,U - VVFpda = T VRU - VV¥odz + x| VFdivU |32
R3 R3

+% VrdivU - Vdiv|(o + p)U]dz. (3.25)
R3

Using Holder’s inequality, (1.10), (2.12), (3.1) and Lemma 4.5 in [13], we have that

X[ vl - VEdiv](o + p)U)da
B JRrs
< (@ +e)(IVF ol Ze + (VU + VU 7). (3.26)
The second term and the third term on the right hand side of (3.24) can be estimated as

C
IV 2U |1V el 2 < ellVH*elfe + VUL, (3.27)

and c
— | VV*2.VVFedz < | VF |2, + ;||vv’“z||§2. (3.28)

R3

The fourth term of the right hand side of (3.24) can be estimated as follows:

V¥ - )U)z2 = 8| VU e, (3-29)
and
IV*(RAU) |2 + [V (hVAiVU) | 2
< @+ )V ellre + IV 2 2 + IV 2U 22 + (IV2U [ 111), (3.30)
and
IV*(RV2)ll 2 + IV* (91 VD) |22 + [ VE(92V o) 12
< @+ UIVF* ollre + IV 2l 2 + V2l + I Vellan). (3.31)
Thus, we have completed the proof of Lemma 3.5. g

Lemma 3.6 Under the assumptions of Proposition 3.1 and (3.1), it holds that

%ka»’«'(t)’vkw + G| V2|2 2 (IVEP2U 122 + IVEF2]122)
+ (@ +e)(IV? Uz + IV U + V2l + VU + Vel F) (3.32)
for k=0,1,2.
Proof Applying V¥ to (2.6) and then taking the L? inner product with VV*z, we have
that

/ |VVF22de < — | V*O,U - VV*2da + O V20U || 2 | VEF 2| L2
R3 R3
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—x [ VVFo-VV*zda + |V*Ss |2 | VF 2| L2 (3.33)
R3
With (2.7), the first term on the right hand side of (3.33) is estimated as follows:
d
—/ VROU - VYV 2de = — — [ VU -VVF2dz+ | VFivU - VIV - Ude
R3 dt R3 R3
H1X k1 ko1
+ T VidivU - V¥div(zU)dz. (3.34)
R3
Using the Holder’s inequality, (1.10), (2.12), (3.1) and Lemma 4.5 in [13], we have that
% VEdivD - Vrdiv(zU)de < 6(|VH 22, + VU2, + [VU|120). (3.35)
R3

The second term and the third term on the right hand side of (3.33) can be estimated as

V5202 [V 2l g2 < V2l + S IV, (3.36)
and c
. VVFz . VVFoda < || VFH |12, + ;||vv’“z||§2. (3.37)
V%S| L2 on the fourth term of the right hand side of (3.33) can be estimated as follows:
IV*U - V) U2 < 8]V U e, (3.38)
and
IV*(RAU) |2 + IV* (AW divU) | 2
< (8 +e) (V" ol e + IVEF 2]l 2 + [ VEF2U |2 + [ V2U a0, (3.39)
and
IV*(RV2)ll 2 + IV*(91V D) |22 + I VF(92V o) 22
= (0 + )V ollze + [V ellzz + [Vl + I Vella)- (3.40)
This completes the proof of Lemma 3.6. g

Now we are in a position to close the a priori assumption (3.1). From the Lemmas 3.3-3.6,

for a fixed small constant €; > 0, we have that

d
= > VR Ui +e Y, <VVo VAU >+ Y < VYL VU >

0<k<3 0<k<2 0<k<2

+ D IV v YO VM llZe e Y IV

0<k<3 0<k<2 0<k<2
< (0 +e)(IVelzz + V272 + IVU[I70)
+C(0+2e) Y (IVFallfz + IVl + I Vellfn + VU2 + [V*2]172)

1<k<3
+Cer Y [0+ (IVellzn + IV2l3n + VU5 + VU l2)
0<k<2
+O(IVFHU |22 + (IVF2)172)] (3.41)

With (3.41) and the smallness of € and §, we have that

d
7A@ + el Vellze + e1llValip + VUl
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<C Z (6 + &)1 || V2| + e |[VFF 2|22, (3.42)
0<k<3
where
Ay = D IVHU.2)@0)lF- +21 > (VEVe, VFU) +21 ) (VFV2, VD)

0<k<3 0<k<2 0<k<2
O(ll(e, U, 2)(t)II375)-
From (3.42), we have that

t
12, U, )77 +/0 (1l Vellze +e1lVzlIF + [VUFs)ds < Cll(eo, Uo, z0) 75 < Ce®. (3.43)

Here we choose that § > %\/55 Then

20
3 )
which is the desired estimate for proving the maximal time for the existence of T*. The proof

(e, U, 2)|| = < (3.44)

of Theorem 2.1 is completed.
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