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Abstract This paper is the sequel to our study of heat kernel on Ricci shrinkers [29]. In this
paper, we improve many estimates in [29] and extend the recent progress of Bamler [2]. In
particular, we drop the compactness and curvature boundedness assumptions and show that

the theory of F-convergence holds naturally on any Ricci flows induced by Ricci shrinkers.
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1 Introduction

A Ricci shrinker (M™, g, f) is a complete Riemannian manifold (M™,g) coupled with a
smooth function f satisfying

1
Re + Hess f = 39 (1.1)

where the potential function f is normalized so that
R+|Vf*=f. (1.2)

The study of shrinkers is an essential component of analyzing the singularity formation
of solutions to the Ricci flow. For a Ricci flow with type-I curvature bound, it was proven
by Enders-Miiller-Topping [20] that any proper blow-up sequence converges smoothly to a
nontrivial Ricci shrinker. For general compact Ricci flows, it was proven by Bamler [4] that the
finite-time singularities are modeled on Ricci shrinkers containing a singular set by using the
theory of F-convergence developed in [2-4].

In dimension 2 or 3, all Ricci shrinkers are completely classified (cf. [8, 22, 32, 34], etc.).
We know that R2?, S%,R3, 53,52 x R and their quotients form the complete list. In particular,
all low-dimensional Ricci shrinkers have bounded and nonnegative sectional curvature.

In higher dimensions, the complete classification of Ricci shrinkers seems out of reach.

Subject to an additional curvature assumption, some partial classifications are also known (cf.
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[18, 26, 27, 30, 32, 33]). In general, it is still unclear if there exists any Ricci shrinker with
unbounded sectional curvature.

On the one hand, Ricci shrinkers can be regarded as critical metrics which generalize the
classical positive Einstein manifolds. On the other hand, for any Ricci shrinker, there exists an
associated self-similar solution to the Ricci flow (cf. Section 2). As a special class of Ricci flows,
Ricei shrinkers have many known important properties of compact Ricci flows. In [29], many
fundamental analytic tools, including the maximum principle, optimal log-Sobolev constant
estimate, the no-local-collapsing theorems, etc., were established for Ricci flows associated with
Ricci shrinkers. Many heat kernel estimates including the differential Harnack inequality and
the pseudolocality theorem were also shown in [29].

In this paper, we continue to focus on Ricci flows associated with Ricci shrinkers without
any curvature assumption. Based on the techniques and results in [29] and [2], we obtain further
results, including a Gaussian bound on the heat kernel, no-local-collapsing and non-expanding
estimates, an e-regularity theorem, etc.. All of these results are stronger than their counterparts
in [29]. It is important to notice that we have no assumption of curvature at all. If we assume
bounded curvature on non-compact manifolds, then many results are already known (cf. [5, 10]).

The pointed Nash entropy (cf. Definition 3.18) plays an important role in [2], which first
appeared in [35, Section 5] and was systematically studied in [24]. In [29], we use Perelmam’s en-
tropy w (see (2.1)) to characterize the optimal log-Sobolev constant and the local non-collapsing.
The pointed Nash entropy, which is always bounded below by p, has the advantage of being
local in the spacetime of Ricci flows. In [24], it was proven that the Nash entropy is Lipschitz.
Moreover, the oscillation of the Nash entropy in the spacetime was established in [2]. We gen-
eralize the Nash entropy and its fundamental estimates to the Ricci flows associated with Ricci
shrinkers; see Theorem 3.23 and Corollary 4.19.

Theorem 1.1 Let (M™, g(t)):<1 be the Ricci flow associated with a Ricci shrinker. Then
for any s <t < 1, the Nash entopy N7 (,t) := Nz 1) (t —s) is smooth and satisfies the following
estimates on M x (s, 1):

VNH < /- and - <ON*<O0. (1.3)
2(t — s) 2(t — s)

The proof of (1.3) is based on an integral estimate of the heat kernel (cf. Theorem 3.16),
which was initially obtained in [2] for compact Ricci flows. A key application of Theorem 1.1
is to estimate the local oscillation of the Nash entropy (cf. Corollary 3.25). Using the Nash
entropy properties and the heat kernel estimates, we obtain the improved no-local-collapsing
and non-expanding result (cf. Theorem 4.2 and Theorem 4.7).

Theorem 1.2 (No-local-collapsing and non-expanding) Let (M™, g(t)):<1 be the Ricci
flow associated with a Ricci shrinker. For any v € M and t < 1,

|Bi(2,7)]; < C(n) exp (M) (r?)) 7",
and if R <r~2 on By(z,r), then
|B(z, )|t > c(n)exp (N(m}t)(TQ)) r".

Note that N, 1 (r?) <0 (cf. Corollary 3.22), it is clear that Theorem 1.2 provides a uniform

volume ratio upper bound, independent of base point and radius. This clearly improves the
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known volume upper bounds (cf. [9, 23, 25]). On the other hand, as p < N, 4)(r?), the
non-collapsing estimate in Theorem 1.2 also improves the one in [29].

An important concept introduced in [2] is the H-center (cf. Definition 3.11). Roughly
speaking, an H-center is a point around which the conjugate heat kernel is concentrated (cf.
Proposition 3.13). In addition, for any two conjugate heat kernels, the W;-Wasserstein distance
between them can be roughly measured by the distance between two H-centers. We prove the
existence of an H,-center, where H,, = (n — 1)72/2 + 4, for any conjugate heat kernel, by
generalizing the monotonicity of the variance obtained in [2] to our setting (cf. Proposition
3.10, Proposition 3.12). By using these concepts and related techniques, we have the following
heat kernel estimates (cf. Theorem 4.9, Theorem 4.15, Theorem 4.16).

Theorem 1.3 (Heat kernel estimates) Let (M™, g(t))t<1 be the Ricci flow associated with
a Ricci shrinker satisfying g > —A. Then the following properties hold:
(i) There exists a constant C' = C(n, A,0) > 1 such that
c! < d3(z, y)

c d(z,y)
e (o) et S e (<Ge) 0o

for any =671 < s <t <1-6 and d¢(p,z) < 6~ 1. Here, the point p is a minimum point of f,
regarded as Ricci shrinker’s base point.
(ii) For any € > 0, there exists a constant C' = C(n, €) > 0 such that

oty <GP (Nant=5) ( di(zy)
Hz by s) < (t— )% p( <4+e><t—s>>

(1.5)

for any s < ¢t < 1 and any H,-center (z,s) of (z,1).

The Gaussian estimate (1.5) was previously proven in [2] for compact Ricci flows, with
4 + e replaced by 84 €. Our proof uses an iteration argument by showing that if (1.5) fails, one
can find a new spacetime point (2’,t') with an H,-center (2',s) such that H(z',t',y, s) has a
worse bound than (1.5). Eventually, we will arrive at a contradiction if ¢’ is sufficiently close
to s. The proof in our case is more involved since we do not have a global heat kernel bound
as (1.5) when ¢ is close to s, which is always available for compact Ricci flows. Therefore, in
the iteration process, we must carefully choose the sequence of spacetime points so that they
all fall into a compact set. Then the contradiction comes from the local heat kernel estimate
(cf. Corollary 4.12), since the scalar curvature is locally bounded.

Once we have the estimate (1.5), the upper bound in (1.4) follows since the distance between
(z,s) and (z, s) can be well-controlled. Moreover, the lower bound in (1.4) is already contained
in [29] in a different guise. We also obtain the gradient estimate of the heat kernel; see Theorem
4.6.

By the monotonicity of the W;-Wasserstein distance between two conjugate heat kernels (cf.
Proposition 3.7), it is natural to consider new P*-parabolic neighborhoods in the spacetime of
the Ricci flow, as pointed out in [2] (cf. Definition 5.1, (5.1), (5.2)). Comparing the P*-parabolic
neighborhoods with the conventional ones, we have the following result (cf. Proposition 5.7,
Proposition 5.9, Proposition 5.10, Proposition 5.13).

Theorem 1.4 Let (M™, g(t))t<1 be the Ricci flow associated with a Ricci shrinker satis-
fying > —A. Then the following properties hold:
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(i) Given 6 € (0,1), to € (—00,1), T* > 0 and S > 0, there exists a constant C' =
C(n, A,d) > 1 such that

P*(pa tO;Sa _T_7T+) - Q(pa th \/5‘9 + Ca _T_7T+) C P*(p7 t07 \/ES + 20) _T_aT+)7

provided that to — T~ > —§~ L.
(ii) There exists a constant p = p(n, A) € (0,1) satisfying the following property: given
(wo,tg) € M x (—00,1) and r > 0, suppose that R < r~2 on P(x,to;r, —(pr)?, (pr)?). Then

P(xo,to; pr) C P*(zo, to;r, —(pr)?, (pr)®) and  P*(xo,to; pr) C P(xo,to;r, —(pr)?, (pr)?).

The proof of Theorem 1.4 involves the distance distortion estimates globally with respect to
p and locally under the scalar curvature control. Moreover, one needs to locate the H,,-center of
(p,to) or (xo, tg). Notice that, if to+T+ < 1, Theorem 1.4 implies that any P*(p, to; S, —T~,T7)
is precompact, i.e., its closure is compact. By using the estimates of the Nash entropy and P*-
neighborhoods, one has the following e-regularity theorem (cf. Theorem 5.15), which was proven
in [2] for compact Ricci flows. Here, rry, is the spacetime curvature radius, whose definition
can be found in Definition 5.14.

Theorem 1.5 (e-regularity theorem) There exists a small constant € = €(n) > 0 satisfying
the following property.

Let (M™,g(t))t<1 be the Ricci flow associated with a Ricci shrinker. Given (z,t) € M x
(—00,1) and 7 > 0, suppose that NV, ;) (r?) > —¢, then rgm(z,t) > er.

Based on the results and techniques generalized (or slightly improved) from [2], we can gen-
eralize the theory about metric flows and F-convergence in [3] and [4] from compact Ricci flows
to the setting of Ricci flows associated with or induced by Ricci shrinkers (cf. Definition 2.2).
In particular, a pointed Ricci flow induced by a Ricci shrinker can be regarded as a metric
flow pair in the sense of [3, Definition 5.1]. Therefore, any sequence of pointed Ricci shrinkers
induced by Ricci shrinkers with g > —A, by taking a subsequence, will F-converge to a limit
metric flow admitting concrete structure theorems (cf. Theorem 6.10, Theorem 6.12). As an
application of the theory of F-convergence, we have the following two-sided pseudolocality the-
orem. Notice that the forward pseudolocality theorem was proven in [29, Theorem 24]. Thus,
to obtain a two-sided pseudolocality, it suffices to obtain a backward pseudolocality, which is

proven in Theorem 6.21.

Theorem 1.6 (Two-sided pseudolocality theorem) For any « > 0, there is an e(n, ) > 0
such that the following holds.

Let (M™,g(t))t<1 be a Ricci flow associated with a Ricci shrinker. Given (zg,tg) € M X
(—o0,1) and r > 0, if

| By, (z0,7)| > ar™, |Rm| < (ar)_2 on By, (zo,7),
then

|Rm| < (67")72 on P(xg,to; (1 —a)r, f(er)z, (er)z).

Another application of the F-converge is the following integral estimate of curvature, which
originates from the estimate of Cheeger-Naber [12]. For more details, see Theorem 6.23 and
Corollary 6.24.
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Theorem 1.7 Let (M", g, f,p) be a Ricci shrinker in M(A). Then

/ |an|276 dv S/ rﬁfn"'ze dV < Crnt2e2)
d(p,")<r d(p,")<r

[Rm[*~ e
/d(p,')ZI dnt2e=2(p, ) v = /i(p,~)21 dnt2e=2(p, ) wv=c
for any € > 0 and r > 1, where rgu(-) = rrm(+,0) and C = C(n, A, ¢).

This rest of the paper is organized as follows. Section 2 discusses some properties of
Ricci flows associated with Ricci shrinkers, including the existence of cutoff functions and
maximum principles. In Section 3, we prove some estimates and properties regarding the
variance, H-centers and the Nash entropy. Section 4 focuses on various estimates of the heat
kernel. In Section 5, we prove the theorems about the parabolic neighborhoods and the e-
regularity theorem. In the last section, we generalize the theory of F-convergence in our setting

and prove some applications in Ricci shrinkers.

2 Preliminaries

For any Ricci shrinker (M™, g, f), the scalar curvature R > 0 from [14, Corollary 2.5] and
R > 0 unless (M™,g) is isometric to the Gaussian soliton (R", gg), by the strong maximum
principle.
With the normalization (1.2), the entropy is defined as
e f
p = p(g) = log/w dv. (2.1)
Notice that e* is uniformly comparable to the volume of the unit ball B(p,1) (cf. [25,
Lemma 2.5]). It was proven in [29, Theorem 1] that p is the optimal log-Sobolev constant for

all scales. Following [28], we have

Definition 2.1 Let M(A) be the family of Ricci shrinkers (M", g, f) satisfying

p(g) = —A. (2.2)
Recall that any Ricci shrinker (M™, g, f) can be considered a self-similar solution to the
Ricci flow. Let 1)t : M — M be a family of diffeomorphisms generated by %_tV f and ¥ =id.

In other words, we have

9 4 1 t
a%/f (z) = ﬁvf (1/J (55)) (2.3)

It is well known that the rescaled pull-back metric g(t) := (1 — t)(¢*)*g satisfies the Ricci flow

equation for any —oo < t < 1,
0:g = —2Rcyy and g(0) = g. (2.4)

Sometimes we encounter Ricci flow obtained from the above Ricci flow through time-shifting
and rescaling. We emphasize the possible extra time-shifting and rescaling by the following
definition.

Definition 2.2 For any Ricci shrinker, the Ricci flow defined in (2.4) is called the asso-
ciated Ricci flow. Any Ricci flow obtained from the associated Ricci flow via time-shifting and

rescaling is called the Ricci flow induced by a Ricci shrinker.
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Clearly, a Ricci flow associated with a Ricci shrinker must be a Ricci flow induced by a
Ricci shrinker, but the reverse is generally not true. In this article, if not mentioned explicitly,
the associated Ricci flow is the default.

Next, we recall the function F(z,t) := 7f(x,t), where 7 := 1 —t and f(z,t) := (V)*f,

satisfies the following identities (see [29, Section 2] for proofs):

of=|VFP (2.5)
O F = —7R, (2.6)
FR+ AF = g (2.7)
PR+ |VF?=F, (2.8)
OF = —g. (2.9)

Here, we define [0 := d; — A; and drop the subscript ¢(t) or ¢ if there is no confusion. Based

on these identities, we have the following estimates of F'.

Lemma 2.3 (Lemma 1 of [29]) There exists a point p € M where F' attains its infimum

and F satisfies the quadratic growth estimate

i (dy(2,p) — 507 — 4)2 < F(x,1) < (dt(x,p) n %)2 (2.10)

1
4
for all z € M and ¢ < 1, where ay = max{0,a}.
Thanks to (2.10), F(z,t) grows like d7(z, p)/4, and hence one can obtain a family of cutoff
functions by composing F with a cutoff function on R. More precisely, we fix a function
n € C*([0,00)) such that 0 < np <1, n =1 on [0,1] and = 0 on [2,00). Furthermore,
—C <1n//nz <0 and || < C for a universal constant C' > 0. For each r > 1, we define
. F
— () . (2.11)
T
Then ¢" is a smooth function on M x (—o0,1). The following estimates of ¢” were proven in
[29, Lemma 3]:

(") Ve P < Crt, (2.12)
lgy| < C771, (2.13)

|A¢T| < C(F 7Y, (2.14)

|0¢"| < Crt, (2.15)

where the constant C' depends only on the dimension n.

For later applications, we recall the following volume estimate proven in [29, Lemma 2].
Lemma 2.4 There exists a constant C = C(n) > 0 such that for any Ricci shrinker
(M™, g, f) with p € M a minimum point of f,
|Bi(p,7)|e < Cr™.
Next, we recall the following version of the maximum principle on Ricci shrinkers, which
was proven in [29, Theorem 6] and will be frequently used.

Theorem 2.5 (Maximum principle on Ricci shrinkers I) Let (M, g(t))t<1 be the Ricci

flow associated with a Ricci shrinker. Given any closed interval [a, b] C (—o0, 1) and a function
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u which satisfies Ou < 0 on M X [a, b], suppose that

//u+xt —2@H Qv (x)dt < oo. (2.16)

If u(-,a) < ¢, then u(,b) <c.

We also need the following version of the maximum principle, which was proven in [19,
Theorem 12.14] for Ricci flows with bounded curvature. Notice that if X = 0, Theorem 2.6
follows from Theorem 2.5.

Theorem 2.6 (Maximum principle on Ricci shrinkers IT) Let (M, g(t))i<1 be the Ricci
flow associated with a Ricci shrinker. Given any closed interval [a,b] C (—o0, 1) and a function

u which satisfies
Lu:=0u— (Vu, X(t)) <0

on M X [a,b], suppose that X (¢) is a bounded vector field on M X [a,b] and
u(x,t) < Kekf (@t (2.17)

on M x [a,b] for some constants K > 0 and k < 1. If u(-,a) < ¢, then u(-,b) < ec.
Proof We first construct a barrier function

P(x,t) = KePt-a)+(=af(@.0)

where 1 — € > k and B is a constant determined later.
Claim There exists a constant B > 0 such that

Lo > ¢. (2.18)
Proof of Claim By direct computations, we have
Lop=¢(B+(1—e)fi—(1—e?|Vf?—(1—eAf —(1—e)(Vf X))

=9 (1_€)+(1—6)R—(1—6)<Vf,X>)

B+e(l—e)|Vf?— F:

(
¢(B+e1—e|w|2 01|Vf|—’;8j8),

where we have used (2.6), (2.7) and the assumption that |X| < C;. Therefore, (2.18) holds if

we choose o2 n(l— o)

- 46(11—6) Toa oy T

We assume ¢ = 0 by considering u — ¢ instead of u. To complete the proof, we only need

to verify that for any § > 0, u < d¢ on M X [a,b]. Otherwise, there exists (z/,t') € M X [a, b]

such that (u — d¢) (¢/,¢') > 0. Due to the estimate (2.17) and our definition of ¢, we know

that (u— 0¢) (z,t) — —o0 as di(x,p) —> +oo uniformly in ¢, i.e., u — d¢ < 0 for dy(x,p)

large enough independent of ¢. Moreover, (u — §¢) (z,a) < 0 for all x € M. Consequently,

there exists (z,t"”) € M X (a,t') such that (u — d¢) (z,t) < 0 for all (z,t) € M x [a,t”] and
(u—0¢) (2", t") =0. At (2”,t"), we compute

0<L(u—§d¢p) <—d¢p <0,
which is a contradiction. In sum, our proof is complete. O
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3 Variance, H-center and Nash Entropy

Let (M™, g(t))i<1 be the Ricci flow associated with a Ricci shrinker. It was proven in
[29, Theorem 7] that there exists a positive heat kernel function H(z,t,y,s) for z,y € M and
s <t < 1. More precisely,

DH('v'vyvs) =0, %iénH(',t,y,s) :59

and
D*H(m,t,-,-)ZO, 1i;r%H(x,t,~,s)=5w
where 0 := 0; — A and O* := —0; — A + R. Furthermore, the heat kernel H satisfies the

semigroup property
H(zx,t,y,s) z/ H(x,t,z,p)H(z,p,y,5)dV,(2), Va,ye M, pe(st)C(—o0,1), (3.1)
M
and the following integral relationships:

/ H(x,t,y,s)dVi(z) < 1, (3.2)
M

/ Hizt,y,5)dVi(y) = 1. (3.3)
M

For any (z,t) € M x (—o0,1), we define the conjugate heat kernel measure vy ;s by
dvg 1.s(y) = H(z,t,y,s)dVs(y). It follows immediately from (3.3) that v, ;s is a probabili-
ty measure on M. In particular, vg ¢y = d5.

With the help of the heat kernel, one can solve the (conjugate) heat solution from the given

initial condition. More precisely, it follows from [29, Lemma 5, Lemma 6] that

Theorem 3.1 Suppose that [a,b] C (—o0, 1) and u, is a bounded function on the time
slice (M, g(a)). Then

u(z,t) := MH(x,t,y,a)ua(y)dVa(y), vitelab] (3-4)

is the unique bounded heat solution with the initial value u,. Similarly, suppose that wy is an
integrable function on the time slice (M, g(b)). Then

wly)i= [ H(w b,y swnle) Vi) (35)
M
is the unique conjugate heat solution with initial value wy; such that

sup /|w|dVS < o0. (3.6)
s€la,b]

Next, we recall the following gradient estimate, which slightly strengthens [29, Corollary
1].

Lemma 3.2 Let u be a bounded heat solution on M X [a, b] such that S]l\l}) [Vu(-,a)] < co.
Then,

(i) we have

sup [ Vu(-,b)| < sup|Val-,a)l. (3.7)
M M
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(ii) assuming that w is a nonnegative conjugate heat solution on M x [a, b] such that

sup / wdV; < o0, (3.8)
tela,b] J M

then we have

b a
2/ / |Hess u|?w dV;dt = / |Vul2wdV| < oo. (3.9)

a JM M b

Proof (i) From Ou = 0 and direct computation, we have
O|Vu|? = —2|Hess u|* < 0. (3.10)
Therefore, (3.7) follows from Theorem 2.5, provided that
b
/ / Ve dVidt < oo. (3.11)
a JM

Now, we fix 7 > 1 and multiply both sides of Ou = 0 by u(¢")%e~2/. By integrating on
M x [a,b], we obtain

3 [ ety

//u¢’"¢7 _Zdetdt—s—// (¢")2 fre=2/ AVidt + = // 2(¢")2Re~ 2/ dV,dt

=/ / {=IV(ue")|* + Vo' |*u® + (Vu?, Vf)(¢")* } e > dVidt
a M

b

b
- / / [V )2 + V672 + @VFP — AfJ(@) — 2267 (V67 V )} e V.
a M

Since R > 0 and f; = |V f|? by (2.5), we have

’ 1
/ / |V(U¢T)|2e_2fd‘/;dt+ 7/ (br 2 —2f dv
a JM 2 M .
b
S/ /M {IV&2u? + (IVS[2 = AfP(67)? + 127 (6] — 2V, V) } e dVid
b
:/ / {W’T'Z“? * % (f - ﬁ) u?(¢")? + uPe" (o] — 2<V¢T,Vf>)} e~ avdt,
a M —t 2

where we have used the identity Af — |V f|?> = 771(f — n/2) from (2.7) and (2.8).
Since u is bounded on M x [a,b] and |Vf|? < f/(1 —b), it follows from (2.12), (2.13),
Lemma 2.3 and Lemma 2.4 that, by letting » — +o0,

b 1
// IVul2e~2f dV;dt < f/ ‘zde // ) 202 qV;dt < oo,
o 2 1—t

and hence (3.11) holds.
(ii) Fix 7 > 1 and € < 1. We calculate

at/ |Vu|2¢rde:/ {O(Vul*¢")w — (|Vul?¢") D" w} dV
M M

:/ {IVul?O¢" + ¢"0|Vul> — 2(V|Vul>, Vo) } wdV
M

b
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< / {IVul?O¢" — 2[Hess u|*¢" + 4|Hess u||Vu||V¢" |} wdV
M

< [ VP00 - (2 - ) Hessul?e” + 42 TuPIVor P pua:
M
(3.12)
Since |Vu| is uniformly bounded by (3.7), it follows from (3.12), (2.12) and (2.15) that

b
2/ / |Hessu\2dedt§/ |Vu|?w dV
a JM M

if we let 7 — 400 and € — 0. The other inequality can be proven similarly, and hence (3.9)
holds. 0

Next, we prove

a
b

Proposition 3.3 For any [a,b] C (—o0, 1), suppose that u and w are two smooth functions
on M X [a,b] satisfying Ou = O0*w = 0. Then, the identity

/udea:/ uw dVy (3.13)
M M

holds under one of the following additional assumptions:

(i) sup [y, [wuldV; + f; Joy [0l Vu] dVidt < oo.
t€la,b]

(ii) sup [, [wuldV; + f: Jos lul|[Vw| dVidt < oc.
tela,b]

Proof (i) We take r > 1 and calculate
Oy /M wug" dV = /M {wO(u¢") — (ug")O*w} dV
= / w{ude" + ¢"Ou — 2(Vu, V¢ } dV
M
= / w{ube¢" — 2(Vu, V¢")} dV.
M

By using (2.12) and (2.15), we conclude

b
/ wu"dV
M

By taking r — oo, we arrive at (3.13).

b
<ce ) [ [ Jul(ul + vul) viae
a M

a

(ii) Similarly, we have
O /M uwe” dV = /M {({Ow)we" — ul* (we")} dV
_ / u{—(O*w)¢" + (A" + ¢) +2(Vaw, Vo')} AV
M
:/ u{w(Ad" + ¢7) + 2(Vw, Vg)} dV.
M

Therefore, by (2.12), (2.13) and (2.14), we have

b
/ wup"dV
M a

where K, := {r < F(z,r) < 2r, a <t < b}. Consequently, by our assumption, (3.13) holds if
T — 00. O

<ce b @=0) [[ ful(ul+ Vo)) aviae,
K,
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Remark 3.4 Suppose Ou = O*w = 0.
(i) If sup |[Vu(-,a)|+ sup |u|+ sup fM |w|dV; < oo, then assumption (i) holds by (3.7).
M t€la,

x[a;b]

If sup |ul+ sup [, |w|dV; < oo and u is positive, then |Vu| < C/+/t —a by [29, Lemma
M x[a,b] t€la,b]

18]. Therefore, (3.13) also holds by taking the limit for ¢ \ a.

(ii) If sup |ul+ sup [,, |w|dV; < co and w(-,b) is a nonnegative function with compact
M x [a,b] t€la,b]

support, then assumption (ii) holds. Indeed, it follows from [29, Lemma 9] that

b 2
/ / Nl qviat < oo,
a M w
and hence

b > LAY 3
//|u\|Vw|dV}dt§C sup |ul) <// Vol dV;dt) (/ / detdt> < .
a JM M x[a,b] a JM

For later applications, we prove the following estimate of the heat kernel.

Lemma 3.5 For any y € M and s <t < 1, we set u(z,t) := H(z,t,y,s) and w(z,t) :=
(4n7)~Fe~ @1 Then

/ (e, )z, £) AV (z) = B(y, 5). (3.14)
M

Proof It is clear from the definition of @ that O0*@ = 0; see [29, Equation (28)]. Moreover,
for any [a,b] C (s, 1], the assumption (ii) of Proposition 3.3 holds since

//u|Vw|thdt</ / uw(l + |V f|) dVidt

<(an(1-b)% / [ ut+a=n e aviar
<C’/ab/uthdt< Clb—a),

where we have used (2.8) and (3.2) and the constant C' depends only on n and b.
By choosing b =t and letting a s, the proof of Proposition 3.3 yields

/ uwe” dV; — w(y, s)¢" (y,s) = o(r),
M

where o(r) — 0 as r — oo. Therefore, we immediately obtain (3.14) by letting r — co. 0
Next, we recall the definition of W;-Wasserstein distance.

Definition 3.6 Let (X, d) be a complete metric space and pi1, i two probability measures
on X. Then the W;-Wasserstein distance between pq and po is defined by

d = du, — [ £d
wy (1, pi2) St}p</f 1 /f u2>,

where the supremum is taken for all bounded 1-Lipschitz functions f. We also use d%,Vl to

denote the Wi-distance with respect to g(t).
We prove the following monotonicity of the Wasserstein distance as [2, Lemma 2.7].

Proposition 3.7 Let (M", g(t)):<1 be a Ricci flow associated with a Ricci shrinker. For

[a,b] C (—00,1), let wy,wy € C°(M X [a,b]) be two nonnegative conjugate heat solutions such
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that fM w; dV; = 1 for any ¢ € [a,b] and i = 1,2. We define the probability measures with
duiﬂg = wi(-, t) d‘/;g, 1= 1, 2. Then
diy, (1,25 pi2,t)

is increasing for ¢ € [a,b]. In particular, if #; < ¢ < 1, then for any 1,20 € M and ¢ < t;,
d%/vl (Ul'l 1ty U(EQ,tQ;t)
is increasing and
iy, (Vay 13t Vag tost) < dy, (21, 32).

Proof Let t; < to, t1,t2 € [a,b] and consider a bounded function u; € C(M) with
sup |Vui (-, t1)| < 1. Suppose that u is the unique bounded heat solution on M X [t1, o] starting
M

from uy. Then it follows from Lemma 3.2 (i) that

sup |Vu(-,t)| <1
M
for any t € [t1,t2]. Clearly, we have

/U@m*/U@m:/U@MMWMN%m*/U@mW@MN%@
M M M

M

:/ u(x,tz)wl(x,tg)thQ(m)—/ u(zx, to)wa(x,ta) dVi, ()
M M

:/ U’d:U’Lb _/ udu2,t2 < d%/%/l (/jfl,tw;u'Z,tQ)'
M M

Here, we have used [29, Proposition 1] for the second equality. By taking the supremum over

all such uy, one obtains

d%/l (ﬂl,t1 ) /1'2,t1) < d%l (,Ul,t27 :u2,t2)'

Next, we recall the following definition from [2, Definition 3.1].

Definition 3.8 (Variance) The variance between two probability measures uq, g on a

Riemannian manifold (M, g) is defined as

Var(p1, pio) := /M /M d? (1, 29)dpy (1) dpa ().

In the case 1 = ps = p, we write

Var() = Var(e) = [ [ e a)dn(en)dutan).

We also define Var; as the variance with respect to the metric g(t).

For some basic properties of the variance, we refer the readers to [2, Lemma 3.2]. Next,
we prove some results which originate from [2, Corollary 3.7, Corollary 3.8]. Before that, we
first prove the following maximum principle on the product manifold (cf. [1, 7] for the related
survey).

Theorem 3.9 (Maximum principle on the product) Let (M™, g(¢))i<1 be a Ricci flow
associated with a Ricci shrinker. Given any closed interval [a,b] C (—o0,1) and a function u
on M x M x [a,b] such that

(0 — Ay — Ay)u(z,y,t) <O0. (3.15)
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Suppose that

b
/ / u? (z,y,t)e” 2 @720 qV, (2)dV; (y)dt < co. (3.16)
a M x M

If u(-, a) < ¢, then u(-,b) < c.
Proof The proof follows almost verbatim from [29, Theorem 6], except that we multiply

(3.15) by uy (z,y,t)(¢" (2)¢" (y))2e~2/ @D =2fW:t) and do the integration. Since no other new
ingredient is needed, we omit the details here. d

Proposition 3.10 Under the same assumptions as in Proposition 3.7, if we further assume

w1 (-, b) and wa(+,b) have compact supports, then
Vary (p1 ¢, pa,e) + Hnt
is increasing for ¢ € [a, b], where H,, := (n — 1)7%/2 + 4. Moreover, for any 1, x5 € M,
Vary (g, bit Vas,bst) + Hit
is increasing for ¢t < b. In particular,
Vary(Va, bit, Vs bit) < d%(ﬂj'l,l'g) +H,(b—t) and Vari(vgpe) < Hy(b—1).

Proof For any [c,d] C [a,b], we set that u € CO°(M x M x [c,b]) N C*°(M x M x (c,b])
is the solution to the heat equation

(O — Ay — AYu=—H,, u(-c)=d.
Indeed, by the existence of the heat kernel, one may define
u(z,y,t) := / / H(z,t,z,¢)H(y, t,w,c)d*(z,w) dV,(2)dVe(w) — H,(t — ¢). (3.17)
MJM

We first show that (3.17) is well-defined. In fact, it is clear that

[ ] #tz 0w 0 w) avi@aviw)
M JM

<[ Hetnolenwo s [ Haeddenww). )

and the convergence of the last two integrals follows from [29, Corollary 5].
On the other hand, it follows from [2, Theorem 3.5] that

(0r — Ay — A (2, y) > —H,. (3.19)

Combining (3.17) and (3.19), we claim that u(z,y,t) < d?(z,y) for any t € [c,b]. Indeed,
this follows from the maximum principle Theorem 3.9 as long as the condition (3.16) is satisfied.
First, notice that

b
/ / df (z, y)e 21 @D=21WD qV, (2)dV; (y)dt
c M x M

b
§8/ / (d} (2, p) + d}(y,p)) e 2/ @D =21WD qV, (2)dV, (y)dt. (3.20)
c M x M

From Lemmas 2.3 and 2.4, it is clear that (3.20) is bounded. In addition, it follows from
(3.18) that

b
/ / () + Ho(t — )2 @000 Qv (2)dVi (y)dt
c M x M
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b 2
<8 / / ( / H(x,t,z,c)d?(zm)dvc(z)) e 2 @D =2F W) qV () AV (y)dt
c M x M M
b 2
s/ ( / H(y,t,w,cmi(w,p)dvc(w)) =2 E0=200) 4V )V (y)dt
c M x M M
b
<8 / / / H(z,t,z,c)d(z,p)e 2/ @D=2IW0 QU (2)dV; (z)dVi(y)de
c MxM JM

b
8 [ [ [ et et e @000 AV, )V @V, (320
c MxM JM

where we have used the Cauchy-Schwarz inequality for the last inequality. From Lemma 3.5,

we obtain

b
/ / / H(z,t, 2, ) (2, p)e=2 @D =200 4V ()dV; (2)dVi (y)dt
c MxM JM
b
S////H(m,t,z,c)d‘cl(z7p)e_f(”’t)_”(y’t)th(x)ch(z)th(y)dt
c MJIMJM

b g
< / / / (1 t) d4(z, po! G20 WD QU (2)dVi (y)dt
e JmJu \1—c¢ i

b
S/ / / di(z,p)eF &2 WD qV,(2)dV; (y)dt < oo,
c JMJM

by Lemmas 2.3 and 2.4. Similarly, the second term in (3.21) is also bounded. Therefore, we

have proven that u(x,y,t) < d?(x,y) for any t € [c, b].
By our assumption, wy (-, b) and ws(-,b) have compact supports. Then it follows from [29,

Lemma 8, Lemma 9] that

wi(z,t) < Cw(z,t) (3.22)
for any ¢ <t < b and
b |2
/ / Vil gv,ae < ¢ (3.23)
c JmM Wi

for some constant C' > 0.
Next, we set wy = w1 (z,t), we = wa(y,t), ¢ = ¢"(x) and ¢;, = ¢"(y). Then we compute

O /M /M uwiwa ¢y ¢y, dVi(z)dVi(y)
- / / (8 — Ay — D) (udl g yunws AV (2)dVi(y)
M JM
_ /M /M (—Hod06] — u(Aal 6] + Ay 61)) wiws AV, (2)dVi (y)

9 / / (Dl + (VT Tun)udTwn + (Aydl + (V6] Vaoa) gt wi dVi(x)dVi(y).
M JM
(3.24)

From (3.23), we have

b 2
(/ / / |V¢>;|Vw1|u|¢;w2dv;<x)dv;(y)dt>
c M JM
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< < / b /M /M|V¢;|2u2<¢;)2w1w2 d%(x)d%(y)dt) ( / b /M 'V;‘TP d%dt)

b
<C / /M /M|v¢;|2u2w1w2 dV; (z)dV;(y)dt. (3.25)

Similarly, we have
b 2
( / / / |v¢;|Vw2|u|¢;w1dv;<x>dv;<y>dt>

<c / | [ e unuavieaia (3.26)

Combining (3.22), (3.24), (3.25), (3.26) and the fact that —H,(t — ¢) < u < d?(x,y), we
conclude, by letting r — oo, that

/ / wwrws AVa(z)dVa(y / / wwyws AV(2)dVa(y) = —Hy(d — ). (3.27)

Since u < d?(z,y), it follows from (3.27) and the definition of the variance that

Varg(p1,d, pr2,a) + Hnd > Vare(ji1,c, pi2,c) + Hpc.

Now, we assume w; = H(x;,b,-,-) for i = 1,2. Then it follows from [29, Lemma 23] that

b—e 2
/ / Voil” var < Cloge . (3.28)
a M W

Therefore, one can use the same arguments as above, thanks to (3.28) and [29, Corollary 5], to
conclude that (3.27) still holds if [¢,d] C [a,b — €]. Since € is arbitrary, we immediately show
that

Vart (’le,b;t7 'U:r27b;t) + Hnt

is increasing for any ¢ < b. O

Next, we recall the definition of H-center, where the conjugate heat kernel measure is
concentrated.

Definition 3.11 (H-center) Given a constant H > 0, a point (z,t) € M x (—o0,1) is
called an H-center of (zg,%0) € M x (—o0,1) if t <t and
Vart(dz,vmmto;t) S H(t() — t)

In particular, we have

by (82, Vag 10) < V/H(to —1). (3.29)

From Proposition 3.10, the following result is immediate; see [2, Proposition 3.12].

Proposition 3.12 Let (M™,g(t)):<1 be the Ricci flow associated with a Ricci shrinker.
Given (zo,t9) € M x (—o0,1) and ¢ < tg, there is at least one point z € M such that (z,¢) is an
H,,-center of (x¢, ty) and for any two such points z1, zo € M, we have d(z1, 22) < 24/ Hp(to — t).

The following result ensures that the conjugate heat kernel measure is concentrated around
an H-center; see [2, Proposition 3.13].
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Proposition 3.13 If (z,t) is an H-center of (z,t0), then for any L > 0,

1
Vantast (Biles VIH (G = 1)) 21— 7. (3.30)

Combining the above Proposition with [29, Theorem 14], we obtain the following integral
bound for the conjugate heat kernel; see also [2, Theorem 3.14].

Proposition 3.14 If (z,t) is an H,-center of (zg,tg), then for all » > 0 and € > 0 we
have

ot O\ Bule) < €l 9o (= g )

Proof We apply [29, Theorem 14] for A = M \ Bi(z,r), B = Bi(z,\/2H,(to — t)) and
o = €/8 to obtain

(r — /2H,(to — t))i)

Vzg,tost (M \ Bt(z7 ’I")) S’U;o?to;t (Bt(za 2Hn(t0 - t))) exp <_ (4 + 6/2)(t0 — t)

2
<C -
where we have used (3.30) for L =2 and H = H,,. O

In order to obtain the estimates on the Nash entropy, we first generalize the improved
gradient estimate [2, Theorem 4.1] to our setting. We define the following antiderivative of the
1-dimensional heat kernel:

x
d(z) = / (4m) /2" /4qt. (3.31)
Notice that ®,(z) := ®(t~'/2z) is a solution to the l1-dimensional heat equation with initial

condition X[o,c0)-

Theorem 3.15 Let (M", g(t)):<1 be the Ricci flow associated with a Ricci shrinker.
Given [a,b] C (—o0,1) and a solution u € C*°(M X [a,b]) to the heat equation Ou = 0 and a
constant T > 0, suppose that u only takes values in (0,1) and |V(®;! (u(-,a)))| < 1if T > 0.
Then |V(®71,_,(u(-,1)))| <1 for all t € [a,b].

Proof We may assume that u takes values in (¢, 1—¢). Indeed, we can consider (1—2¢)u+e
instead and let € N\, 0. With the extra assumption, it follows from [29, Lemma 18] that

Cy
Vt—a
on M x (a,b]. Tt is clear from the definition of ®, that sup |[V(®5' (u(-,a + €)))| — 0 if T\, 0.
Therefore, we only need to prove the case for T > 0 andj\ghen let T\, 0 and € \, 0.
Now, we set u(x,t) = ®pii_q 0 h(x,t). It follows from the definition of ®; that

|Vu| < (3.32)

h| < Co (3.33)
on M x [a,b]. Moreover, since |Vh(-,a)| < 1, it follows from (3.33) and Lemma 3.2(i) that
|Vh| < Cs (3.34)

on M X [a,b]. By direct computation, see [2, Theorem 4.1] for details, we have

1 1

Tt _ g4 - (1- 2 2
T+t-a ST ri—a) L~ IVAIVAE.  (335)

O|Vh|?> = —2[Hess h|* — (Vh? V|Vh|?) +
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Therefore, if we set v = (|[Vh|? — 1), then it follows from (3.35) that

Oov + ﬁ(VhQ, Vu) <0.

Since |VA?| and v are uniformly bounded on M x [a,b] by (3.33) and (3.34), it follows from
Theorem 2.6 that v < 0 on M X [a,b]. In other words, |[Vh| <1 on M X [a,b]. Thus the proof
is complete. O

With the help of Theorem 3.15, one can follow verbatim as [2, Proposition 4.2] and [31
Proposition 3.4] to obtain the following estimate.

Theorem 3.16 Let (M"™,g(t))i<1 be the Ricci flow associated with a Ricci shrinker and
[s,t] C (—00,1). Then, for any © € M, 1 < p < 0o and measurable subset X C M, we have

where dv = H(z,t, -, s) dV; is the conjugate heat kernel measure. Moreover, for any x € M and
w € T, M with |w|; = 1, it holds that

OwH (x,t,-,8) 2 1
t— — 77 dv < =. .
( S)»/I\/I< H(a:,t,-,s) > v 2 (336)
V. H(z,t,- n
(t—s A d < -. .
/ ’ a5 <3 (3.37)

Another application of Theorem 3.15 is the followmg LP-Poincaré inequality; see [2, Theo-
rem 11.1].

(NS}

In particular, we have

Theorem 3.17 (LP-Poincaré inequality) Let (M™,¢(t))i<1 be a Ricci flow associated
with a Ricci shrinker. Then, for p > 1 and any [s,t] C (—o0, 1), we have

/ WPdv, < Cp)(t — )3 / Vuldo,,
M M

for any u € W'?(M,dv,) with [, udv, = 0. Here, dvs(y) = H(z,t,y,s)dVs(y). One may
choose C(1) = /7 and C(2) =

Proof The proof for p # 2 follows verbatim from [2, Theorem 11.1]. Only the last
statement for p = 2 needs to be proven. It follows from [29, Theorem 13] that the probability

measure dvg satisfies the log-Sobolev inequality with the constant It is a standard fact

1
that the log-Sobolev condition implies the Poincaré inequality; see 2[i(’ffii,sz[‘heorem 22.17]. O
Next, we recall the definitions of the Nash entropy and W-entropy based at (zg,to).
Definition 3.18 Given a Ricci flow (M™, g(t)):<1 associated with a Ricci shrinker and a
point (xg,tg) € M X (—o0,1), let
dv = dvgy 4.6 (x) = (477) e 2@ AV, = H(xo, to, z,t) AV},
where 7 = ¢y — ¢t. Then Perelman’s W-entropy and the Nash entropy based at (zg,tg) are,

respectively, defined as

Wizo,t0)(T) = / (T(2Ab — |Vb? + R)+b— n) dv, (3.38)
M
n
Mo o) (T) = / bdv — 3. (3.39)
M
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Now we prove some basic properties of A/ and W.

Proposition 3.19 The following properties hold with Definition 3.18.
(a) W(zo,to)(o) =0, and for any 79 > 0,

T0 2
Wiz to)(T0) = —2/ 7'/ ‘Rc + Hess b — g dvdr. (3.40)
’ 0 M 2

T

In particular, Wz, +,)(7) is nonpositive and decreasing.
(b) Nizg,t9)(0) = 0, and for any 75 > 0,

1 70
Nzt (T0) = 770/0 Wizo.to) (T) AT = Wiz 46)(70)- (3.41)

(¢) For any 0 < 71 < 79,

n T
'A[(lo,to)(’rl) - 5 log (7_?) < 'A/'(loyto)(TQ) < '/\/-(xo»to)(,rl)' (342)

Proof Given (x,1) and 7, we first prove that Nz 1,)(7) and W, 1,)(7) are well-defined.
In what follows, all constants C; > 1 depend on (xq, %), 7 and the given Ricci shrinker.
It follows from [29, Theorem 19| that for any r > 1,

2
/ do(z) < Cre™ 5. (3.43)
di(wo,x)>1/T
Therefore, there exists Cy > 1 such that

2
/ do(z) < Cae™ 2 (3.44)
di(p,z) 27

if r > Cs. In addition, it follows from [29, Theorem 15, Formula (203)] that

d? (zo,x) 4T
< bz, t) < —3 0 F(z, to). 3.45
From (3.45) and Lemma 2.3, there exists C's > 1 such that
—C5 < b(z,t) < C3(1 + F(x,tp)). (3.46)

Since F' is decreasing with respect to t by (2.6), it follows from (3.46) and Lemma 2.3 that
b(x,t) < C3(1+ F(x,t)) < Cy(1+ di(p, )
for some C4 > C3. Consequently, we obtain
b(w, )| < Ca(1 + d3(p, x)). (3.47)

Combining (3.44) and (3.47), we can estimate

/ bz, £)|dvs(z) <Ca + Ci / & (p, )y (x)
M M

—Cy+Cy / d2(p, x)dvy (x)
di(p,x)<C>

T / 43 (p, x)dvy ()
b1 Y 2871 C2<di(p,x) <28 C
<Ci+ i3 +C 2(2;@02)2026_2%7202 < 0. (3.48)
k=1
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Therefore, it follows from the definition (3.39) that N, .,)(7) is finite. Now, the fact that
Wi to)(T) is well-defined follows from Perelman’s differential Harnack inequality [29, Theorem
21].

(a) The identity (3.40) follows from [29, Remark 6]. Notice that the integral in (3.40) is
always finite by [29, Lemma 30]. In particular, Wz, +,)(0) = lim 0 W(z.4,)(7) = 0.

(b) We fix r > 1 and compute

o, ( / b¢rdv> -
/ bo" dv —T/ O(b™)dv — g

= [ (r(28b = [V + B)g" + 6" + 146" — 20(Vb, V4") -
M

|3

g(l + ¢>T)) dv,  (3.49)

where we have used the fact that 0b = —2Ab+ [Vb|? — R+ g-. For 79 > 0, we integrate (3.49)
from 0 to 7y and obtain

- </M b dv — Z)

_ / K / (7220 = |VB2 + R)¢" + bg" + rbOI6" — 27(Vb, V") — £(1+ ")) dvdr. (3.50)
M

On the one hand, it follows from (2.15), (3.43) and (3.47) that

hm/ /T|b||D¢’|dvdT—0 (3.51)

On the other hand, we estimate

To L1 To 2
/ /T|Vb|\v¢r|dvdfgcr*wg (/ /TQVb2dUdT> . (3.52)
0 M 0 M

Since the last integral is finite by [29, Lemma 25], it follows from (3.52) that

To
Jim / / 7|Vb|| V6" |dvdr = 0. (3.53)
0 M

r—00

Combining (3.50), (3.51) and (3.53), if we let r — oo, then

70 (/ bdv—n>:/ / (T(2Ab — |Vb|* + R) + b — n) dvdr,
M 2 o Jum

which is exactly (3.41). Notice that the last inequality in (3.41) follows from the fact that
Wiz, to)(T) is decreasing. Moreover, it follows from (3.41) and W, +,)(0) = 0 that N5, +,)(0) =
0.

(c) The inequality (3.42) follows in exactly the same way as in [2, Proposition 5.2 (5.7)], so
we omit the proof. O

Corollary 3.20 Under the same assumptions, we have

/M(|Vb|2 + R)dv < % (3.54)

/ (b = Nigg ) (7) — 3)2 dv < n. (3.55)
M
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Proof From the fact that N, 10)(T) > Wia,,t0)(T), we conclude that

lim | (2Ab—|Vb])¢" + Rdv < —, (3.56)
M 2T

r—00

where we have used the differential Harnack inequality [29, Theorem 21]. From integration by

parts, we have

/ (2Ab — |Vb|*)p"dv = / |Vb|2¢" — 2(Vb, V" )dv. (3.57)
M M
In addition, we can estimate
r 2, VO
2 [ VbV |dv < [ €|Vb["¢" + e ———dv. (3.58)
M M ¢
Therefore, it follows from (2.12), (3.56), (3.57) and (3.58) that
n
1—¢)|Vb> + Rdv < —.
| a=arwek+ Rav< -
By letting € N\, 0, we obtain (3.54).
Now, it follows from the Poincaré inequality Theorem 3.17 and (3.54) that
A 2
/ (b — Nz ,t0)(T) — f) dv < 27'/ |Vb|*dv < n,
M 2
and (3.55) is proven. O

Remark 3.21 From the proof of (3.54), W can be rewritten as
Wiz to)(T) = / (T(\Vb|2 + R) +b—n)dv,
M

which agrees with the original definition of Perelman [35, Formula (3.1)].
Corollary 3.22 Let (M™, g(t))t<1 be the Ricci flow associated with a Ricci shrinker
(M", g, f) € M(A), then
0 Z j\[(xo,to)(T) Z W(xo,to)(T) Z I’l‘ Z 7A (359)
for any (xo,t9) € M X (—o0,1) and 7 > 0. In particular, given a Ricci shrinker, the Nash
entropy is always uniformly bounded.

Proof For fixed (xo,tp) and 7 > 0, it follows from [29, Theorem 20] that b increases
quadratically. Therefore, it is easy to see that the function u, defined by u? = (477)"2e~?,
belongs to Wi?(M) defined in [29, (92)]. From [29, Theorem 1] and the definition [29, (91)],

we immediately conclude that

W(Zo,to)(T) > [,L(g(to - T)’ T) > p 2> —A.

Following [2], we use the notation
NS* (x,t) := N(x,t)(t —3).

Similarly to [2, Theorem 5.9], we have

Theorem 3.23 Let (M",g(t)):<1 be the Ricci flow associated with a Ricci shrinker.
Then, for any s < t < 1, the following properties hold.
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(i) N¥ is a Lipschitz function with Lipschitz constant , /#.

—S
(ii) In the distribution sense, we have
n

2(t —s)

<ONF <0. (3.60)

Proof Without loss of generality, we assume s = 0 and consider ¢ € (0,1). We first define
the following modified Nash entropy:

N =N"(z,t) := /bqbrdv - %, (3.61)

where, as before, b = b, 1 (y,0) = — % log(4nt) —log H(x,t,y,0) and dv = H(x,t,y,0)dVs(y).
Claim N7 converges to N in C_on M x (0,1), as 7 — oco.
Proof of Claim Given a spacetime compact set K C M x (0,1), all constants C; > 1
below depend only K and the Ricci shrinker.
Similarly to (3.44), there exists C; > 1 such that

7‘2
/ dv(y) < Cie” ©1 (3.62)
do(p,y)>

for any r > C1. From the same argument leading to (3.47), we have

b0y (y,0)] < Co(1 + d3(p,y)). (3.63)

Combining (3.62), (3.63) and the fact that supp(¢”) N M x {0} C {Csr < d3(p,-) < Cyr},
it is easy to show as (3.48) that

fim [ o001~ 67 (0))do(y) =0 (3.64)
M

T—00

uniformly for (z,t) € K. From (3.64), the Claim is proven.

Next, for any vector w € T, M with |w|; = 1, we compute
0,N"(2.t) = [ {(OubHO" +b(0, )"} dVy
M
_ / (— (0w H)$" + b(Du H)¢™} dVo = I + IT, (3.65)

M

where H = H(x,t,y,0). Notice that
| o ave= [ Hety0)8 @) dvw)
M M

is the heat solution starting from ¢". Therefore, it follows from (3.7) and (2.12) that

1| < <Crs. (3.66)

vx/ H(l‘,t,y,O)d)r(y) dVO(y)
M

Next, we estimate

1 = /M b62H¢Tdv — /M (b SNy - %) a‘}f&dfu - (Ng + g) I

Therefore, we have
2 3
(/M (‘EH) dv) +0r 7 < ,/2% +CrE, (3.67)

n\ 2
< - NJ — =
|II|_(/M(b N 2) dv>
@Springer
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where we have used (3.36), (3.55) and (3.66). Combining (3.65), (3.66) and (3.67), we obtain

IV N (2, 8)] < ,/% +Or 3, (3.68)

Since N converges to N locally uniformly by the Claim, we immediately conclude from
(3.68) that N is \/3;-Lipschitz.

Next, by direct computation, we have

O (2, ) = /M '

Combining (3.37), (3.69) and the Claim, it follows immediately that

V. H|? n
i ¢Tdv——/ o"dwv. 3.69
H 2t Jur ( )

n
—— <ONF <0
ot = 90—
in the distribution sense. O

Remark 3.24 Later, we will show that the conclusions in Theorem 3.23 hold in the
classical sense once we know the decay of the conjugate heat kernel; see Corollary 4.19.
As an application of Theorem 3.23, we prove the following oscillation of the Nash entropy.

Corollary 3.25 For any 1,22 € M and s < t* < t1,t5 < 1, we have

* " n * n to — s
N (@1, t1) = N (22, 82) < md% (Vay 155 Vag st ) + 5 108 (t* — 8) : (3.70)

In particular, if s < t* =t5 < t; < 1, then

n

N;(xl,tl) —NS*(JL‘Q,tQ) < )d%/l (Uﬂcl,tl;t276$2) . (371)

2(t2 — S
If we further assume (z3,t2) is an H,-center of (x1,%;), then

an(tl — tg)

N (@1, t1) = N (w2, 2) < 2ty —3)

. (3.72)

Proof The proof follows verbatim from [2, Corollary 5.11]. The only difference is that
we consider N as defined in (3.61) instead and let 7 — co. O

4 Heat Kernel Estimates

Throughout this section, we assume that (M™, g(t)):<1 is the Ricci flow associated with a
Ricci shrinker in M(A). First, we recall the following no-local-collapsing theorem proven in
[29, Theorem 22].

Theorem 4.1 For any z € M and t < 1, if R <772 on By(z,r), then
|Be(z,7)|¢ > cetr™ (4.1)

for some constant ¢ = c¢(n) > 0.

One can improve (4.1) by using the Nash entropy. Based on the Lipschitz property of the
Nash entropy, we can follow the same proof as that of [2, Theorem 6.1] to obtain the following
result. Notice that by (3.59), (4.2) is stronger than (4.1)
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Theorem 4.2 For any z € M and t < 1, if R <772 on By(z,r), then
Bu(r, 7)o > cexp (N (r2) 1™ (42)

for some constant ¢ = ¢(n) > 0.

By using (3.55), we also have the following volume estimate around an H,-center by fol-
lowing the same proof of [2, Theorem 6.2].

Theorem 4.3 For any x € M and t < 1, if (z,t — r?) is an H,,-center of (x,t), then

|Bi—r2 (2, V/2Hy1) |12 > cexp (Mg (r?)) " (4.3)
for some constant ¢ = ¢(n) > 0 and any r > 0.
Next, we recall the following upper bound estimate of the heat kernel proven in [29, Theorem
15], which has already been used in the last section.
Theorem 4.4 For any x,y € M and s <t < 1, we have
67”

H(z,t,y,s) < ——=.
(@%:9,5) (Ar(t—s)F

(4.4)

Instead of using the entropy p, one can include the Nash entropy and obtain the following
result; see [2, Theorem 7.1].

Theorem 4.5 For any z,y € M and s <t < 1, we have
C(n
H,1,9,8) < 2O exp (N 1)) (1.5
(t—s)2
Proof The proof follows in almost the same way as [2, Theorem 7.1]. The main idea is

to improve the bound Z of the estimate
Z
H(xz,t,y,s) < m exp (_N(x,t)(t - S)) .
Notice that such Z always exists by (4.4) and (3.59), which may depend on the Ricci shrinker.

Thanks to (3.70) and (4.3), we can follow the same argument as in [2, Theorem 7.1] to improve

Z to be Z/2, if Z is no smaller than a constant Z(n) depending only on n. O

With the help of Theorem 3.16, Corollary 3.25 and Theorem 4.5, we obtain the following
gradient estimate of the heat kernel as [2, Theorem 7.5], which improves [29, Lemma 18].

Theorem 4.6 For any z,y € M and s <t < 1, then

(4.6)

‘vaK‘ra t, Y, S) < C lo Cexp (_Af(x,t) (t B S))
H(x,t,y,s) ~— Vit—s & (t—s)2 H(x,t,y,s)

for some constant C' = C(n) > 0.

With the gradient estimate (4.6), one obtains the following non-expanding estimate as [2,

Theorem 8.1]. Notice that (4.7) generalizes the global volume estimate Lemma 2.4.

Theorem 4.7 For any x € M, t <1 and r > 0, we have
|By(z,7)]; < C(n)exp (N (r?)) r" < C(n)r™. (4.7)

Before we prove more refined heat kernel estimates, we first prove a series of lemmas.
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Lemma 4.8 (Distance comparison) For any § € (0,1), there exists a constant L; =
Li(n,6) > 1 such that
Ly
V1=t

di(z,p) < ds(x,p) + L1 < (di(z,p) + 1)+ L? (4.8)

forany t € M and -6 ' <s<t< 1.
Proof From (2.6) and (2.8), we have

F

Therefore, for any z € M,

1-1¢
EF(JU, s) < F(x,t) < F(x,s). (4.9)
Consequently, (4.8) follows from the combination of Lemma 2.3 and (4.9). O

As an application of the distance comparison, we have the following lower bound of the
heat kernel.
Theorem 4.9 For any K > 1, § € (0,1) and A > 0, there exists a constant C' =
C(n,K,d, A) > 1 satisfying the following property.
Suppose =71 < s <t <1-4 and dy(x,p) < K. Then
c! 43 (z,y)
H(z,t,y,5) 2 ——= —S ) 4.10
(wte9) > oo () (4.10)
Proof In the proof, all constants C; > 1 depend on n, K, and A.
It follows from [29, Formula (203)] that

o Bla,y) At —s)
H(l’,t,y78) Z WGXP (3(t— S) - 3(1 _t)QF(y,t)) . (411)

From (4.8), we have
di(z,y) < 2(d}(z,p) + di (p,y)) < Co(di(z,p) +d3(p,y) +1) < Cs(d3(z,y) + 1),  (4.12)
where we have used ds(z,p) < C(de(x,p) +1) < C(K + 1) by (4.8).
In addition, since F' is decreasing with respect to t,
F(y.t) < F(y,s) < Ca(d3(p,y) + 1) < Os(d2(z,y) +1) (4.13)

by Lemma 2.3. Combining (4.11), (4.12) and (4.13), it is easy to see (4.10) holds for some C.
O

Lemma 4.10 For any K > 1, § € (0,1) and A > 0, there exist constants Lo =
Ly(n,K,0,A) > 1 and Lg = Ls(n,d, A) > 1 satisfying the following property.
Suppose —071 < s <t <1—§ and di(p,z) < K, then for any H,-center (z,s) of (z,t), we

have

ds(z,2) < Lavt—s (4.14)
and
ds(zap) Sdt(fﬂ,p)‘i‘Lgvt*S. (415)
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Proof Since d;(p,z) < K, it follows from [29, Theorem 19] that

2
Ve (M \ By(,rv/T—5)) < Coexp <7”5) (4.16)
for any » > 1 and Cy = Cy(n, K,d, A) > 0. On the other hand, by Proposition 3.14, we have
2
Vgt (M \ Bs(z,7V/t —5)) < C(n) exp (—;) (4.17)

for any r» > 0. Combining (4.16) and (4.17), (4.14) follows immediately.
If we assume (2/, s) to be an H,-center of (p,t), then (4.14) indicates that

ds(2',p) < C3(n,d, A)Vt — s. (4.18)
Then it follows from Proposition 3.7 and (3.29) that

d(z,p) <ds(2,7') + ds(2', p)
<dyy, (62,0./) + CsvVt—s
<dyy, (Va 580 Vp,tis) + diy, (025 Ve, tys) + diy, (027, Vp 1is) + C3vVt—s
<dy(x,p) + 2¢/Hn(t — ) + Csv/t — 5.
Therefore, (4.15) holds for Lz = C3 + 2\/H,,. O
Next, we prove the following rough heat kernel estimate.

Proposition 4.11 For any K > 1, § € (0,1) and A > 0, there exists a constant Ly =
Ly(n, K,0,A) > 1 satisfying the following property.

Suppose 071 < s <t <1-4 and ds(z,p) + ds(y,p) < K, then

2
H(z,t,y,s) < (t—Li)g exp (—M) . (4.19)

Proof Without loss of generality, we assume s = 0. In the proof, all constants C; depend
onn,K,5 and A.

Given 0 <t < 1—¢ and z,y € M with do(z,p) + do(y,p) < K, we set d := do(z,y). It
follows from Lemma 4.8 that

di(x,p) + di(y,p) < C1 (4.20)

for any [ € [0,¢]. Therefore, it follows from the local distance distortion estimate [29, Theorem
18] that there exists Cy > 1 such that if d > Cav/%,

Cytd < di(z,y) < Cod (4.21)

for any I € [0,t]. Notice that if d < Cov/t, (4.19) follows immediately from (4.4). Consequently,
we may assume d > Cy+/t and hence (4.21) holds.

For any [ € [0,t/2], we apply [29, Theorem 14] for sets B;(z,/t), B;(y, v/t) and parameter
o =1 to obtain

Vg il (Bl(% \/1?)) Vg il (Bz(y, \/Z)) < exp ( i yi(;t 2\/7?)1) < Cexp ((iit) (4.22)

for some C3 > 1, where we have used (4.21). In addition, for any I € [0,%/2] and d;(z, 2) < V1,
it follows from [29, Theorem 18] that d;(z,z) < C4v/t. Therefore, it follows from [29, Theorem
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17] that
H(x,t,2,1) > Cs't 2,
and hence
vt (Bulw, v0)) = G5 | Bule, V) = G5 (4.23)

where we have used the fact that R is bounded on B;(x, v/t) and the no-local-collapsing Theorem
4.1.
Combining (4.22) and (4.23), we obtain for any [ € [0,¢/2] that

d2
/ H(x,t,2,1)dV(z) < Crexp (—) . (4.24)
Bi(y,Vt) Cst
In light of (4.4), for any [ € [0,¢/2], the above inequality implies that
Hé(z,t,2,1)dVi(2) < wexp | ——=— ] . (4.25)
Bi(y,v/0) b2 Cst

Integrating ! from 0 to ¢/2, we have

3 d?
/ / H?(x,t,2,1)dVi(2)ds < %exp (—) . (4.26)
0 Bi(y,V1t) tz Cst

Consequently, the desired heat kernel estimate (4.19) follows from (4.26) and a parabolic mean
value inequality [6, Lemma 4.2]. Here, [6, Lemma 4.2] can be applied in our setting, since the
key ingredient is the existence of a nice local cutoff function, which is constructed in [6, Theorem
1.3] (see also Proposition 5.12). Once the existence of the local cutoff function is guaranteed,
one can follow verbatim the proof of [6, Lemma 4.2] to obtain the mean value inequality. O

We immediately obtain the following result by combining Lemma 4.10 and Proposition
4.11.

Corollary 4.12 For any K > 1, § € (0,1) and A > 0, there exists a constant L5 =
Ls(n, K,0,A) > 1 satisfying the following property.

Suppose —6 1 < s <t <1-§ and di(x,p) +ds(y,p) < K, then for any H,,-center (z,s) of
(z,t), we have

L5 d2(2ay)
H < — ——= ) 4.2
(wt.909) < g oxp (1=, (1.27)
Proof From (4.8), we have ds(z,p) + ds(y,p) < C for some C' = C(n,K,d) > 0. Then
(4.27) follows from (4.14) and (4.19). O

Next, we prove the following technical result.
Lemma 4.13 There exists a positive constant Q = Q(n) > 0 satisfying the following
property.
Suppose z,y € M, T € (0,1) and there exists an H,-center (z,0) of (z,T) such that
H(z,T,y,0) > QP (*/Tvg(x’T)) exp <_d%ézzz,}/)> (4.28)
for some Q > Q. Then, for any H,-center (2’,T}) of (x,T), there exist a point z; € M and an
H,,-center (z1,0) of (x1,7T7) such that

dr, (x1,2") < —=do(2,y) (4.29)
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and

exp (=Ng(z1,T1)) exp ( d%(zlay)> ’ (4.30)

H €T s Z , 7O > ( ? — —_—
( 1 1 y ) - 1 Q T
Where T] == T/8 and Q == QQ.

Proof In the proof, all constants C; > 1 depend only on n. We set

d:=do(z,y), a:=H(xT,y,0), v :=uvypy, and V:= {w eM | H(w,Ty,y,0) >

b

NS

Notice that by (4.28) and (4.5), we have
exp (—Ng (z,T)) exp (—Ng (z,T)) d?
PN s > QR0 t ) ).
Ch T3 >a> \/é \/é T3 exp Or
Thus if Q is sufficiently large, we have Q > Q > C? and derive from the above inequality that
@ _ QlogQ
T — 2
It follows from the semigroup property (3.1) that

(4.31)

a :/ H(w,TlayaO)dvT1 (w)
M

= H(waTlvyvo)dle (’LU) + / H(valay,O)dle (U))
M\V v

<Sor (V) + / H(w,T1,y,0)dvr, (w)
1%

§%+01Tf%/ oxp (=Ng (w, Th)) dor, (w), (432)
Vv

where we have used (4.5) for the last inequality. Moreover, it follows from (3.72) and the
Lipschitz property of N that

r-1h —Nj(x,T) + Cs (4.33)

NG\ Th) < NG (@, T) 4+ Coy | = <
1

and
NG (w, Th) < =Ny (2, Th) + \/Zd;rl (w,2') < =N, T) + CaT ™ 2dr, (w,2') + Cy. (4.34)
Now, we define B := By, (2/,10Q~2d). Then it follows from (4.34)that
/Vexp (—=NG (w, Ty)) dogy (w)

_1 ,
<e% eXp(—NJ(m,T))/ eCaT 2 dry (w.2) quy ()
1%

1 1 1 ,
<e% exp (=N§ (x,T)) (elOC4T 2@ 2dyr (VN B) +/ eCaT 2 dry (W) Qo (w)> . (4.35)
M

\B

It follows from Proposition 3.14 that

M\B

oo

_1 ,
:Z/ ) ) eCaT szl(“”z)dle(w)
=1/ 2F71(10Q ™ 2d)<dr (w,2')<2%(10Q™ 2 d)
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o~ Ca2kT-3100- 44
< E e~ / , dopy(w)
k=1 d

Ty (w,2) 226 1(10Q ™ 2 d)

(2k110Qéd)2>

e 5(T —Ty)

= 2F-110Q~ 2 d)? 20d?
<Cjs ;exp (—(5?) + C’6> < Crexp <— or ) , (4.36)

<C5 ) exp <C42’“Té 10Q2d —

where we have used the fact that exp ( 2(3‘71, ) < Q' < 1 by (4.31).

Combining (4.28), (4.32), (4.35) and (4.36), we have
2

d < CRTy 2 eloc‘*T_%Q_%dvT (VNB)+exp —20d2 . (4.37)
QT ! ' QT

Since @ is large, by (4.31) we have

QT™ 3 exp (

2

Qexp <1C§T

Then it is not hard to see from (4.37) that vy, (VN B) > 0. Thus there exists a point x; € VNB
which satisfies (4.29). Then we take an H,,-center (z1,0) of (x1,7T1). The point-selecting process

) > Q% 220581,

is illustrated in Figure 1.

" I

BB
TB

TC . S o

Figure 1

It follows from Proposition 3.7 and (3.29) that

do(z,21) =dyy, (2, 6-,)
<dw (’Ux 7105 Vay 11:0) + diy, (625 Ve, 130) + diy, (02, Vay 1110)
(Ua:TTp w) +VHT+HTy
del (Va1 020) + dy (2, 21) + VHLT + VH, T
<VH (T =T)) + /H,T +VH, T\ +10Q"%d

<3v/H,T +10Q " 2d. (4.38)
Therefore, we conclude
do(Zl, ) >d-— do(Z Zl) (]. - 10Q77 d— 3\/ H T (439)
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and hence
1-10Q2)?
d3(z1,y) > #ﬁ —9H,T. (4.40)
Since z; € V, from the definition of V' and (4.28), we have
a exp (=N (z,T)) d?
~ > —— . .
H(xla T17 Y, ) ) Q 2T% exp QT (4 41)
We claim
exp (=N (2, T)) ( d? ) exp (=G (21, T1)) < do(zhy)>
— " eX > = ex . 4.42
Q ST pl—or ) =@ T3 P07 (4.42)
Indeed, it follows from (4.34) that
~Ng (21, Ty) < —Ng (2, T) + Co(1 + d(QT)™%). (4.43)

On the other hand, by (4.40), we have

2 2 2
exp (do(zlvy) _i_cg d—09>

Ty QT QT
1 ; 36H,,
> exp (QT (2(1 —10Q2)% - 0.9) d? — )
> exp (g; 365" > > /Qexp (365” )z4~8’5, (4.44)

where we have used (4.31) for the second last inequality. As @ is sufficiently large, it is clear
that (4.42) follows from the combination of (4.43) and (4.44). Consequently, we obtain (4.30)

by (4.41). g
Proposition 4.14 For any z,y € M and ¢ € (0, 1),
* t d2
H(x7taya ) < QW exp <_O(Q_Z;y)> ) (445)
2

where (z,0) is any H,-center of (z,t) and Q is the same constant in Proposition 4.13.

Proof Supposing otherwise, there exist z,y € M, T € (0,1) and an H,-center (z,0) of
(z,T) such that

H(x,T,y,0) > QW exp <— d%é;%y)> ) (4.46)

Now, we define Q) = 28Q and T}, := 8 *T for k € N. If we set g = = and 2y = 2, then we
claim there are sequences zy, zj, and zj, satisfying
(a) (25, Tx) is an H,-center of (xg_1,Tk—1).
b) (z,0) is an H, -center of (zg, Tk)-
¢) dr, (v, z;,) < 10Q, 1d0(zk 1,Y)-
d) do(z, 25—1) < 3/ HpTi—1 +10Qk 1do(zr=1,9).
e) we have the heat kernel estimate

xp (—N§ (zk, Tk)) ( d%(zk,y))
= exp | — . (4.47)

(
(
(
(

€
H(xkaTk,y70) Z Qk
k
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The existence of xy, 2}, and zj, satisfying (a)—(e) is obtained by Lemma 4.13 and an inductive
argument. Notice that (d) is guaranteed by (4.38).
Claim by, := dp, (zk, p) is uniformly bounded.
Proof of the Claim We set d, := do(zx,y) for k € N. It follows from (d) that
1
dic < iy + do(z 21) < (141092 ) dpy + 33/ Ty, (4.48)
Therefore, it is easy to derive from (4.48) and the definitions of Q; and T} that
dy, < K1 < 00 (4.49)
for some constant K depending on dy(z,y),T,Q and n. From (c) and (4.49), we have
_1 1
dr, (zk, 21,) < 10Q,, % de—1 < 10K1Q, 2. (4.50)

Moreover, since (z},, Ty) is an Hy-center of (zx_1,Tk_1), it follows from (4.15) that

1
dr, (24, p) < dpy_, (Tp—1,p) + Lan/Th—1 — T, < b1 + LsT}2 {, (4.51)
where Ly = L3(n,d, A) > 0 for some fixed constant § € (0,1) with "< 1—§. Combining (4.50)
and (4.51), we obtain
_1 1
b < bp_1+ 10K1Qkf1 + L3Tk271. (452)

From (4.52), it is clear that by is uniformly bounded, and the Claim is proven.

Thanks to the Claim, we can apply Corollary 4.12 to obtain an upper bound of the heat
kernel, which contradicts the lower bound (4.47) when k is sufficiently large. g

Now, we state the main theorem of this section regarding the heat kernel upper bound,
which generalizes and slightly improves [2, Theorem 7.2].

Theorem 4.15 (M™", g(t)):<1 is the Ricci flow associated with a Ricci shrinker. For any
€ > 0, there exists a constant C' = C(n,€) > 0 such that

Hrtys) < CP (—N@,ti(t —3)) o (_ A (z,y) ) 7
(t—s)2 (4+¢€)(t—s)

for any s < ¢t < 1 and any H,-center (z, s) of (z,1).

(4.53)

Proof Without loss of generality, we assume s = 0. The proof is a modification of the
proof of Lemma 4.13 and all constants C; > 1 depend on n and e.

Supposing otherwise, there exist z,y € M, T € (0,1), € > 0 and an H,-center (z,0) of
(z,T) such that

exp (—Ng (z, 1)) dg(z,y)
H(z,T,y,0) > Q T% exp (—(40+6)T> , (4.54)

where @ is a large constant to be determined later. We also set 6 € (0,1) as a small parameter
and 03 = 0. Define

d:= dO(Z7y)7 a = H(l’,T, y70)a Ut = Vg, Tt T0 = 9T>
V= {w e M| H(w, Ty, y,0) > g}
From (4.54) and (4.5), we have

exp <d;) > (ot (4.55)
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Now, we assume (2’,Tp) is an H,-center of (z,T) and set B := By, (', (1 — 01)d). Similarly to
(4.34), we have

— NG (w, Ty) < =N (@, T) + Co07 3T~ 2 dy, (w, 2) + Cof~ 7. (4.56)

By the same argument as (4.36), we apply Proposition 3.14 for €/4 to obtain, if # < (),

11 ,
[ e g, )
M\B

o] _% _% (2k—1(1—01)d)2
gc3k§exp (022’% T2(1—61)d — /D0 —e)T)

- (2" (1~ 61)d) -1
<) exp (_ s or " >

((1 = 61)d)?
(4+¢/3)(1—0)T

<C'sexp < + 0401> . (4.57)

Similarly to (4.37), we obtain

_n d?
QT exp (‘M)

<C’6T7% eCQe*%Tié(lfel)dvT (VNB)+ S (= 61)d)” . (4.58)
-0 o (4+¢€/3)1—-0)T

We claim that vg, (V' N B) > 0. Indeed, it follows from (4.55) that

Qexp (<(4i1€/_3)0(11)2_ ) (4ie)) C;f)

d? , (e n _
>Qexp (6(2) > QU > 2060~

where c(e) > 0 depends only on ¢ > 0 and we choose § < f(¢) and Q sufficiently large. Therefore,
the claim follows from (4.58).

We choose a point z; € V N B and an H,-center (z1,0) of (z1,Tp). Similarly to (4.38), we
have

do(z, 21) <3V H, T+ (1 — 91>d, (459)
and hence
do(zl, y) Z 91d - 3\/ HnT (460)

Moreover, as (4.43), we have by (4.56),
—Ng (21, Ty) < —Ng (2, T) + Cob~ 3 (T 2d + 1). (4.61)

Now, by virtue of Proposition 4.14 and the definition of V', we have

Qexp (=BG S Fiay 1y,y,0) - TF - exp (N (a0, 7)) > 2Qexp (——2 ) . (4.62)
exXp QTG = Z1,419,Y, exXp o\T1,40 =9 exp (4+6)T . .
Since d3(z1,y) > 02d?/2 — 9H,, T from (4.60), it follows from (4.61) and (4.62) that

1 1 d? .
@ ((zmg-ma ) 7o)
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1 1 d? 1 1 J— 9H,
< = — — — (o0 2T 2d ) <2Q0™ 2 = 4.63
—Qexp«zelQ <4+e>>T S )— ¢ 26Xp<@9)’ 09
provided that 6 < f(e, Q). However, (4.63) is impossible by (4.55) if Q is sufficiently large.
In sum, we obtain a contradiction and (4.53) holds. O

Combining Lemma 4.10 and Theorem 4.15, we have the following estimate, which improves
[29, Theorem 20].

Theorem 4.16 For any K > 1, 6 € (0,1) and A > 0, there exists a constant C' =
C(n,K,d, A) > 1 satisfying the following property.
Suppose —" ! <s<t<1-6 and d¢(x,p) < K, then
C d%(z,y)
H(x,t < —— o I 4.64

(@tons) < oo (~ Y (4.6
Remark 4.17 Given (zg,t9) € M x (—o0, 1), if we set

H(x07 Lo, Y, 3) = (47T(t0 - 8))—%8—5(1},3)7

then it follows from Theorem 4.9 and Theorem 4.16 that b(y, s) increases quadratically.
Combining (4.64) and the standard regularity theory of the parabolic equation (cf. [21]),

we have the following derivative estimate of higher orders.

Corollary 4.18 Given (x,ty) € M x (—o0,1) and sy < tg, there exists a small parabolic
neighborhood P = By, (zg,7) X [to — 72, to + 7?] such that for any m,my € N

OV H(x,t,y,80)| < . = rexp | —=2—"% 4.65
2 (@63 50)| r#matme (g — s50)2 P Q(to — s0) (4.65)

for some constant @ > 1 and any (x,t) € P and y € M.
Note that when (y, sg) is fixed, H(x,t,y, so) is a heat solution. The scale r in the above

Corollary is a constant much smaller than the curvature radius at (xg,tp). It indicates that
one can take differentiation under the integral sign if the integrand involves the heat kernel in
many cases. As an application, we can follow the same proof as in Theorem 3.23 to estimate
|[VNZ| and OV} without using ¢”. Therefore, one obtains

Corollary 4.19 The Nash entropy N (z,t) is smooth on M X (s, 1) satisfying

n n
< - <ON*<
VN < =3 and =] < NF <0

in the classical sense.
We end this section by proving the following hypercontractivity; see [2, Theorem 12.1].

Theorem 4.20 Suppose that (zg,t9) € M x (—o00,1) and 0 < 71 < 75. Let u € C?*(M x
[to — T2,to — T1]) be a nonnegative function satisfying Cu < 0 and having at most polynomial

spatial growth in the sense that
fu(, D) < m(d(p, @) + 1) (4.66)
for some m € N. If 1 < g9 < pg < oo with

2obl
71 qo—1
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then for dv; := dvg 10:t,

1/po 1/q0
(/ upodvmﬁ) < (/ uqodvt072) . (4.67)
M M

Proof Without loss of generality, we assume tg = 0. We set p = p(t) = 1+72(qo — 1)[t| !
for ¢ < 0. Notice that p(—72) = qo and p(—71) > po by our assumption.
When ¢ < 0, direct calculation shows that

at/ u”qi)rdvt—/ uPOe" dw,
M M

:/ (pu” logu + pu?~'0u — p(p — 1)|Vu|2up72) ¢" — 2(VuP Vo )du,
M

. 1 12
SE/ o"uP log uPdvy — L/ M(brdvt — 2/ (VuP Vo) du,. (4.68)
PJm P Ju uP M
Moreover, we have for any ¢ < 1,
r |vup|2 r -1 |2
2| |[VuP||IVe |duy <e | ———¢"dvy + € uP V™| *duy. (4.69)
M Mo uP M

Combining (4.68) and (4.69), we have

1

Oy (/ upgbrdvt) '
M

)
p
i1 . .
Sl </ U%Tdvt) (p/ ¢u” log uPdu, — ¥ (/ u”(ﬁrdvt) log (/ U‘DQZ)Td’Ut))
P \Jm P Jm » \Ju u
1 ” %_1 p— 1 Ivup|2 . . . )
+p(/1\4upqj dvt) ((6_ P )/M P duete /Mu”{W(b > +0O¢ }dvt).

(4.70)

We integrate (4.70) from —75 to —7y, let r — oo and then let € — 0. By Theorem 4.16,
(4.66), (2.12) and (2.15), we obtain

-1

(/ updvt> ’
M o

g R 5
S/ - (/ u”dvt) (/ uP log uPdv, — = (/ updvt> log (/ updvt)) dt
- P M PJm p M M
—T -1 2
1] ~1 p
+/ - (/ updvt>p (—p/ det) at. (4.71)
- P \Jum p Ju uP

Note that the log-Sobolev inequality [29, Theorem 13] implies that
2/ uP log uPdv, — ' (/ updvt> log (/ updvt)
PJm P \Jm M

) VuP|? -1 VuP|?
P oJm uP P Ju U

Therefore, it follows from (4.71) that

1 1 1
</ Up"dU—n) " < (/ uP(n)dv_ﬁ) e < (/ qudv_ﬁ> ° ’
M M M
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and the proof is complete. O
Remark 4.21 Ifu € C?(M x [tg — T2,tp — 71]) and satisfies Ou = 0 and (4.66), then

1/po 1/q0
</M |U|p0d1}t0_7—1> < </M |u|q0dvt0—7'2> :

Indeed, one can apply (4.67) to vu? + ¢, since Ovu? + ¢ <0, and let e — 0.

5 Parabolic Neighborhoods and e-regularity Theorem

In this section, we assume that (M",g(t)):<1 is the Ricci flow associated with a Ricci
shrinker in M(A).
Given (zg,t9) € M x (—o0, 1), we first recall the conventional parabolic neighborhoods are
defined by
P({,E(), to; S, =T, T+) =B, (:L‘(), S) X ([t() —T ,to+ T+] N (—OO, 1)) (51)
Q(l’o,to; S, —Ti,TJr) = {dt(l',xo) <SS, te [to T to+ TJF} N (—C)O7 1)} (52)
for any S, 7% > 0. Based on the monotonicity of W;-distance in Proposition 3.7, we follow [2]
to define the following new parabolic neighborhoods.
Definition 5.1 (P*-parabolic neighborhoods) Suppose that (zg,tg) € M x (—o0,1) and
S, T* > 0. The P*-parabolic neighborhood P*(zg,to;S,—T~,T+) C M x (—o0,1) is defined
as the set of points (z,t) € M x (—o0,1) with t € [to — T, to + T"] and
d%/[[)/l_T7 (vIg,to;tofT_ ) va@t;tofT_ ) < S
For any r > 0, we also define
P*(xq, to; ) := P*(xo, to;, —12,77)
P**(xg,t0;7) := P* (0, t0;7,0,7?)
P*7($07 tO; 7“) = P*((E(), tO; Ty _Tga 0)
Similar definitions are also made for P*.

Some basic properties of P*-parabolic neighborhoods can be found in [2, Proposition 9.4,

Corollary 9.6]. We state the following containment result from [2, Proposition 9.4 (d)].
Lemma 5.2 If Al,Ag,Tli,TzﬂE >0 and (z1,t1) € P*(z2,t2; Ag, — T, ,T5"), then
Py, ty; Av, =17 T © P (w2t Ay + Ao, —(T7 +13), T{ + 1),
We immediately have the following result from the distance comparison Lemma 4.8.
Lemma 5.3 Given § € (0,1), tp € (—oo0,1), TT > 0 and S > 0, there exists a constant
C =C(n,A,d) > 1 such that
P(p,to; S, —T~,T%) CQ(p,to; C(S+1),-T—,T")
Q(p,to; S, =T~,T7%) CP(p, to; C(S + 1), =T, T%)
provided that =6~ ! <tq — T~ <ty +T+ <1-06.

In order to investigate the relation between P*-parabolic neighborhoods and conventional

ones, we first prove
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Proposition 5.4 Given (zg,t9) € M x (—o00,1) and r > 0, suppose R(xq,t) < r~2 for
any t € [to — r%,tp]. Then

2
df/‘{/l (Vg to:to—r2+020) < C(n, A)r. (5.3)
Proof It follows from [29, Theorem 16] that

H(z0,t0, 0, tg — 12) > exp (_l(:co,to)(antO - 7"2)) ) (5.4)

~ (4nr?)3
where [, 1)(%0, to — %) denotes the reduced distance (see [29, (187)]). From the definition we

have
to

1
Lizo,to) (o, to — 1%) < o Vito — s R(xo, s)ds <

to—r2

(5.5)

W =

Combining (4.53) for e =1, (5.4) and (5.5), it is clear that
d2

to—’l‘2

(z0,2) < Cy7?
for some constant C; = Cy(n, A), where (2,tg — r?) is an H,-center of (x,ty). Therefore,
dé?/l_ﬁ (Ve tosto—r2, 0zg) < dtv?/l_TQ (Vao tosto—r2,02) + diy—r2 (20, 2) < Car,
where we have used (3.29) and Cy := /H,, + /C1. O
Remark 5.5 From the proof, we conclude that (5.3) also holds for a constant C' =
C(n, A, a) if we assume

«
< -
R(ant) = T2(t0 _ t)

for some o > 0 and any t € [tg — 72, to].
Corollary 5.6 For any so < tg < 1, we have
df/{}l (Up.to:s05Op) < C(n, A)Vto — so. (5.6)
Proof From the self-similarity of the flow, we know that
R(p,0) e n
T—t —200—t) ~ 2(tg—¢t)

for any t < ty. Therefore, the conclusion follows from Proposition 5.4 and Remark 5.5. O

R(p,t) =

Proposition 5.7 Given § € (0,1), tg € (—o00,1), T > 0 and S > 0, there exists a
constant C' = C(n, A,§) > 1 such that

Q(p,to; S, —T~,TT) C P*(p,to; S+ C, T, TT)
provided that tg — T~ > —§~ 1.
Proof For any (2,t) € Q(p,to; S, —T~,TT), we have
d%;?/:Ti (Vp,tosto—T— > Vo, tit0—T~)
Sd%_r (Vp,tsto—T—» Vatsto—7—) + d%/‘f/l_r (Vp,tosto—T— > Up,tsto—T~)
<di(z,p) + dix?/*;T_ (Vptosto—T— > Up,tsto—1—) < S+ dl{/?/:T_ (Vp,tosto—T— s Up,tsto—T— ) (5.7)
where we have used Proposition 3.7. In addition, it follows from Corollary 5.6 that

d%/?/l_T7 (v;mto;tofT— ) (Up,t;tofT_ ) S d%/([J/:T7 (Up,to;tofT— ’ 517) + d%/(IJ/:T7 (vp,t;tofT— ) 517) S C(TL, Aa 5)
(5.8)
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Therefore, the conclusion follows from (5.7) and (5.8). O

Next, we recall the following version of the local distance distortion estimate, which can be
proven almost exactly as [29, Theorem 18]; see also [16, Section 4.3], [17, Theorem 3.1] and [6,
Theorem 1.1].

Lemma 5.8 Given (zg,t9) € M x (—00,1) and r > 0, suppose R < r~2 on P~ (zq,to;7)
(resp. P(zg,to;r)). Then
prdi(x, 20) < diy (z,20) < py de(w,20)

if dy, (2, 20) < p1rand t € [to — (p17)%,t0) (resp. t € [to — (p17)2,to + (p17)?] N (=00, 1)), where
p1 = p1(n, A) € (0,1). In particular,

P~ (z0,t0; pir) C Q™ (20, t0; p17) C P~ (20, t0;7) (5.9)

(resp.  P(xo,t0; pir) C Q(z0,t0; p17) C P(x0,t0;7)) - (5.10)
Thanks to Proposition 5.4 and Lemma 5.8, we have the following result.

Proposition 5.9 There exists a constant py = pa(n,A) € (0,1) satisfying the fol-
lowing property. Given (xg,t9) € M x (—o0o,1) and r > 0, suppose that R < r~2 on
P(xq,to;7, —(par)?,0) (resp. P(xq,to;r, —(p2r)?, (p2r)?)). Then

P~ (g, to; por) C P*(xq,to; T, —(pzr)2,0) (5.11)

(resp. P(x0,t0; par) C P*(20,t0;7, —(par)?, (pgr)Z)) . (5.12)

Proof In the proof, all constants C; > 1 depend on n and A, and p; is from Lemma 5.8.
We only prove (5.11), and the proof of (5.12) is similar. Moreover, we set 0 < 7 < 1 to be
determined later.

For any (y,s) € P~ (xo,to; 77), it follows from Lemma 5.8 that

di(y, o) < Cy7r (5.13)

for any t € [to — (77)2, s]. In particular, R(y,t) < r~2 for any t € [tog — (77)?, s]. Therefore, it

follows from Proposition 5.4 that
di/?/?(”f (vy,S;to%T?‘)%éy) < Corr. (5.14)

It follows from (5.13) and (5.14) that
—(77)?
a3, 7 Wy sita— ()t Vaostosto— (rr)?)
—(rr)? —(r7r)?
gd];/[[)/l () (U.’,K(),t();to—(TT)27 610) + dllf/({/l (rr) (vy,s;to—(rr)za 5y) =+ dto—(7—7')2 (yv :L'O) < CSTT <,
if 7 is sufficiently small. From this, it is immediate that (5.11) holds for small ps. O
Now, we prove
Proposition 5.10 Given § € (0,1), tg € (—00,1), T* > 0 and S > 0, there exists a
constant C = C(n, A, §) > 1 such that
P*(pa to; Sa _T_7 T+) - Q(pa to; \/55 + Ca _T_7 T+) (515)
provided that to—T~ > —§~!. In particular, it implies that P*(p, t; S, —T~,T") is precompact
in M x (—o0,1) if tg+TT < 1.
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Proof In the proof, all constants C; > 1 depend on n, A and ¢. It follows from (5.6) that
d%/(ljll_T7 (5]?7 Up,to;tofT*) S Cl- (516)
For any (z1,t1) € P*(p,to; S,—T~,T™"), we assume (z,to —T~) to be an H,-center of (x1,1).
By (5.16) and the definition of P* neighborhood, we have
dto—T— (IL Z) Sdl{/([)/l_T7 (5177 Up,to;tg—T_) + d%/([)/l_T7 (’Up,to;to—T— 9 6,2)
gd%}?/l_T7 (5za 'Uasl,tl;tofT*) + d%/?/l_T7 (Up,to;tofT* ) vxl,tl;tofT*) + CVl
<S8 + Cs. (5.17)

Set vy = vy, 1+ and compute

at/ qﬁTdvt :/ Dd)rd’l}t.
M M
By (2.15), we have

" (x1,t1) Z/ ¢"dvg - — C(n)r~ 'ty —to+T7) > / ldvy, - — Car 1.
M F<r
Note that ¢ = 1 if F < r and r is large. In light of (5.17) and Lemma 2.3, the set {F < r}
contains a large geodesic ball centered at z. Thus by Proposition 3.13, the above inequality
implies that

1
6" (01, 1) > / ldvy, 7 —Cyr ' > (5.18)
F<r 2
if 2¢/r =S + Cjy. Since ¢" is supported on F < 2r, we conclude from (5.18) that
S+ Cy)?
F($17t1) S 2r = %
From Lemma 2.3, we immediately conclude that
dy, (p, x1) < V28 + Cs.
Now, the last conclusion follows from (5.15) and Lemma 5.3. O

Corollary 5.11 Given (zg,ty) € M x (—o0,1) and S,T* > 0, P*(wg,t0; S, —T~,T%) is
precompact in M x (—oo,1) if tg +T7 < 1.

Proof It is clear that (xo,t9) € P*(p,to;S’, —1,0) for some large S” > 0. Therefore, it
follows from Lemma 5.2

P*(wg,t0; S, —T~,T") C P*(p,te; S+ S, —(1+T7),TT).

Therefore, the conclusion follows from Proposition 5.10. g
Next, we recall the following existence of the local cutoff function from [6, Theorem 1.3].

Proposition 5.12 Given (zg,tg) € M X (—o0,1) and r > 0, there exists a constant
ps = ps(n, A) € (0,1) satisfying the following property.

Suppose R < r=2 on P(xg,to;r,—7,0) with 0 < 7 < (psr)?. Then there exists a function
© € C®(M X [tog — T,1t0]) with the following properties:

(a) 0< 9 <1lon M X [tg—T,to].

(b) ¢ > p3 on P(zo, to; psr, —T,0).

(¢) ¢ = 0 outside P(xzg, to;7, —7,0).
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(d) [Vl < 77" and [Opp| + |Ap| <772,
(e) Op <0on M x [tg — 7,tg].
Proof We sketch the proof for the readers’ convenience. In [6, Theorem 1.3], ¢ is con-

structed as the smoothing of ¥2, where
Y(x,t) := ¢ max{K (z,t) — ¢,0}

for some constants ¢, ¢; > 0 on U x [tg — 7, to] for some open set U C By, (g, 7), where ¢ = 0 on
U X [to — T, to] and can be extended to be 0 outside U x [to — 7, to]. Here, K(x,t) = H(z,t,y,s)

for some appropriate (y, s) such that K(xg,to) > (47(to —s))~2e~"/2, and to — s is sufficiently
small.

The estimates of (a)—(d) follow from [29, Lemma 20]. From the definitions of ¢ and ¢, it
is clear that (e) also holds. O

Next, we prove

Proposition 5.13 There exists a constant ps = p4(n, A) € (0,1) satisfying the fol-
lowing property. Given (xg,t9) € M x (—o0o,1) and r > 0, suppose that R < r~2 on
P(xo,to;7, —(par)?,0) (vesp. P(xo,to;, —(par)?, (par)?)). Then

P (xo,to; par) C P(xo,to;r,—(p4r)2,0) (5.19)

(resp. P*(xg,to; par) C P(xg,to;r, —(par)?, (p4r)2)) . (5.20)

Proof In the proof, all positive constants C; > 1 depend only on n and A. Moreover, we
set 0 < 7 < 1 to be determined later.

For any (y,s) € P*~(xg,to;7r), we assume (z,tg — (7r)?) to be its H,-center. From
Proposition 5.4, we have

— 7'r)2 tof(Tr)z

dtof(rr)r" (Za -770) < d?/([)/l ( (51‘07 U{D07S;t07(7’7“)2) + dI/V1 (Uy,s;tof(T'r)2 ) Uw078;t07(T7‘)2)
—(rr)?
+ dt/[()/l (r) (527 Uy,s;tgf(rr)z)
< Cyrr. (5.21)

We assume 7 < p3 and consider the cutoff function ¢ constructed in Proposition 5.12. If
we set vy = vy s+, then by direct computation,

5}/ gadvt:/ Opdv, > —r~2,
M M

where we have used Proposition 5.12(d). By integration, we have

oy, s) > / odvy, —(rpy2 — T (5.22)
M

Notice that ¢ > p3 on P(xg,to; par,0, (77)?). Combining this fact with (5.21) and Proposition
3.13, we conclude that if 7 is sufficiently small,

4,0(:%8) > / Spd-’uto—(Tr)2 -T2 @ > 0.
M 2
On the other hand, since ¢ = 0 outside P(x,to; 7, —(77)?), we conclude that

dto (x()? y) S T?
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and hence (5.19) holds. O
Next, we recall the definition of the curvature radius.

Definition 5.14 (Curvature radius) For any (x,t) € M x (—o0, 1), the curvature radii at
(z,t) are defined as

PRm(2,t) :=sup{r > 0| |[Rm|<r™* on P(z,t;r)},
Tam(T:t) :=sup{r >0||Rm| <r~? on P (z,t;7)},
i (2, t) :=sup{r > 0| |[Rm| < 77> on By(z,r)}.

It is clear from the definition that rrm(z,t) < rg, (2, 1) < iy (2,t). In addition, it follows
from Theorem 4.1 and the pseudolocality theorem [29, Theorem 24] on Ricci shrinkers that
there exists a constant C' = C(n, A) > 1 such that

Thm (T: 1) < CTrm (2, 1). (5.23)

We are in a position to obtain the following e-regularity theorem; see [2, Theorem 10.2].

Theorem 5.15 (e-regularity) There exists a small constant € = €(n) > 0 satisfying the
following property. Given (x,t) € M x (—o0,1) and 7 > 0, suppose that N, 4 (r?) > —¢, then
TRm(z,t) > er.

Proof We only sketch the proof as the details can be found in [2, Theorem 10.2]. The key
step is a point-picking argument in the spacetime with respect to the curvature radius rgy,. More
precisely, one needs to show that for any A > 0 with 10Arg,(z,t) < 1/2, there exists a point
(', t') € P*(a/,t';10Argm (2, t)) such that rrm(z’,t') < rrm(x,t) and rrm > rem(z’,t')/10
on P*~(z/,t'; Argrm (2, t")). Otherwise, one can iteratively pick a sequence of spacetime points
(x4, t;) in a compact set of M x (—o0, 1) satisfying rgm(z;,t;) — 0. In light of Lemma 5.2, all
(z4,t;) fall into a given P*~-parabolic neighborhood, which is precompact by Corollary 5.11.
Note that the curvature radius of (z;,t;) shrinks by a definite portion in each step, and the
bounded geometry of a compact set implies that the process must terminate in finite steps, say
(zk,tr) = (2',t'). Such a choice of (z,¢') guarantees that it has an almost maximal curvature
radius in the spacetime neighborhood. Notice that similar point-picking arguments can be
found in [35, Theorem 10.1] and [16, Proposition 3.43].

If the e-regularity theorem fails, we could obtain a sequence of pointed Ricci flows such that
rrRm = 1 at the base points after the point-picking and appropriate rescalings. Since nearby
points have curvature radii uniformly bounded from below, the sequence converges smoothly
to a limit Ricci flow which is the Euclidean spacetime by the assumption of the Nash entropy.
Therefore, rr,y = 1 must be violated and we obtain a contradiction. O

Using the e-regularity theorem, one immediately has the following gap property, following
the same proof of [29, Theorem 3].

Corollary 5.16 Suppose (M", g, f,p) is a non-flat Ricci shrinker. Then
J\/(p,())(e_Q) < —¢,

where ¢ is the same constant in Theorem 5.15.

Proof Suppose N, 0)(e7?) > —e and (M, g) is a non-flat Ricci shrinker. Then it follows
from Theorem 5.15 that rgm(p,0) > 1. In particular, it implies that |Rm(p,t)| < 1 for any

@ Springer



1678 ACTA MATHEMATICA SCIENTIA Vol.44 Ser.B

t € [0,1). By the self-similarity of the flow, we have |Rm|(p,0) = |Rm|(p,t)(1 — t), and hence
|[Rm|(p,0) = 0, which contradicts the fact that R > 0 for non-flat Ricci shrinkers. O

We conclude this section by stating the following two results, whose proofs are more or less
standard; see [2, Theorem 10.3, Theorem 10.4].

Theorem 5.17 For any € > 0, there is a § = d(¢) > 0 such that the following holds.
Given (z,t) € M x (—oo,1) and r > 0, if N4 (r?) > =4, then

|Rm| < er™2 on Pz, t;e 'r,—(1—e)r?, e 1r?).
Moreover, we have N, > —e on P(z,t;e 'r, —(1 — €)r?).
Theorem 5.18 For any ¢ > 0 and Y < oo there is a § = d(¢,Y) > 0 such that the

following holds. Given (x,t) € M x (—o0,1) and r > 0, suppose that |[Rm| < r=2 on P~ (z,#;7)
and N, 1) (r?) > =Y. Then N, 4 (6r?) > —e.

6 Metric Flows and F-convergence

In previous sections, we have generalized (or slightly improved) the theorems and tools in [2].
Notice that these results also hold for Ricci flows induced by Ricci shrinkers (cf. Definition 2.2),
since most of them are scaling-invariant. In a few cases, one needs to modify the assumptions
correspondingly. For instance, the conditions in Theorem 4.9 and Theorem 4.16 need to be
changed to =07\ <t < s < (1 —6)\ and dy(x,p) < K\'Y/2_ if the Ricci flow associated with a
Ricci shrinker is parabolically rescaled by A > 0.

Based on these results and techniques, one can generalize the theory of F-convergence in
[3] and [4] from compact Ricci flows to the setting of Ricci flows induced by Ricci shrinkers.

Notice that the results in [3] and [4] are already generalized by Bamler to Ricci flows
with complete time-slices and bounded curvature on compact time-intervals (cf. [5]). In [5,
Appendix A], some issues in the non-compact case are addressed and can be resolved similarly
in the setting of Ricci shrinkers by the results and techniques developed in previous sections. For
instance, by Theorem 4.9 and Theorem 4.16, it is known that the conjugate heat kernel decays
exponentially and the function b induced by the conjugate heat kernel increases quadratically
(cf. Remark 4.17). Therefore, the weak splitting maps (cf. [4, Definition 5.6]) constructed in
[4, Section 10] have at most quadratic spatial growth. Moreover, it follows from [4, Proposition
12.1, Remark 12.3] that one can construct a bounded strong splitting map with the bounded
gradient from a given weak splitting map.

At various places in [4], one also needs to consider the integral [ u¢” instead of [u, and
take the limit for r — oo after all the estimates (e.g., u = OJw;| in [4, Lemma 17.37]). This
technique has already appeared multiple times in previous sections. As a showcase, we generalize
the integral estimates in [4, Section 6] to Ricci flows associated with Ricci shrinkers in Appendix
6. These estimates are frequently used in [4] and are of independent interest.

Now, we recall the following definition of the metric flow from [3, Definition 3.2].

Definition 6.1 (Metric flow) Let I C R be a subset. A metric flow over I is a tuple of
the form

(Xa t, (dt)tela (Uz;s)xeX,sel,sgt(x))
with the following properties:
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(1) X is a set consisting of points.

(2) t: X — I is a map called time-function. Its level sets X; := t~1(¢) are called time-slices
and the preimages Xy := t~1(I"), I’ C I, are called time-slabs.

(3) (X%, dy) is a complete and separable metric space for all ¢ € I.

(4) vg.s is a probability measure on X, for all x € X, s € I, s < t(x). For any z € X the
family (vas)ser,s<t(z) is called the conjugate heat kernel at x.

(5) Vagst(z) = 0z for all x € X.

(6) For all s,t € I, s <t, T > 0 and any measurable function us : Xy — [0, 1] with the
property that if 7 > 0, then u, = ® o f, for some T~'/?-Lipschitz function f, : X, — R (if

T =0, then there is no additional assumption on us), the following is true. The function

up : Xy — R, T r—>/ Usdvg;s
X

is either constant or of the form u; = ® o f;, where f; : &y — R is (t — s + T)~/2-Lipschitz.
Here, ® is given by (3.31).
(7) For any ty,ta,t3 € I, t1 < to < t3, v € A}, we have the reproduction formula

Veit; = / U-;tlde;tga
X,

t2

meaning that for any Borel set S C X,

Vzsty (S) = /X Vy;t (S)de;h (y)

tg
Given a metric flow X over I, we recall the following definitions from [3, Definition 3.20,
3.30].

Definition 6.2 (Conjugate heat flow) A family of probability measures (1, € P(X:))ier
over I’ C I is called a conjugate heat flow if for all s, € I’, s <t we have

Hs :/ Vs dpag (7).
Xt

Definition 6.3 (H-Concentration) Given a constant H > 0, a metric flow X is called
H-concentrated if for any s < ¢, s,t € I, x1,x5 € X}

Var(vg, s, Upyis) < df(xl, xo) + H(t — s).

Next, we recall the definition of the metric flow pair from [3, Definition 5.1, 5.2]. Roughly
speaking, two metric flow pairs are equivalent if they are the same in the metric measure sense

almost everywhere.

Definition 6.4 (Metric flow pair) A pair (X, (ut)ier) is called a metric flow pair over
I CRif

1. I' € I with [T\ I'| = 0.

2. X is a metric flow over I'.

3. (ut)ter is a conjugate heat flow on X with supp uy = X, for all t € I'.

If J C I, then we say that (X, (i)ser) is fully defined over J. We denote by F? the set of
equivalence classes of metric flow pairs over I that are fully defined over J. Here, two metric

flow pairs (X%, (ul)icri), i = 1,2, that are fully defined over J are equivalent if there exists an
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isometry ¢ : X7, — X% (cf. [3, Definition 3.13]) such that [I"*\I'| = [I"2\I'| = 0, (¢¢)spi = 3
forallte I’ and J C I'.
We will only consider I := (—o00,0], for simplicity. Then, for any pointed Ricci flow

(M™,g(t), zg)tcr induced by a Ricci shrinker, one can define (X, (11)tcr) as follows.

(X =M x (I \ {0}) Uzg X {O}af = projy, (dt)teb (vz,t;s)(x,t)eMxI,seI,sgt; Mt = Uxo,o;t) .
(6.1)
Then we have
Proposition 6.5 The pair (X, (j1)¢cr) defined in (6.1) is an H,,-concentrated metric flow
pair that is fully defined over I.

Proof The conditions (1)—(5) in the definition of the metric flow can be easily checked.
Condition (6) follows from Theorem 3.15 and (7) from the semigroup property (3.1). The metric
flow is H,,-concentrated by Proposition 3.10. O

Next, we recall the definition of a correspondence between metric flows; see [3, Definition
5.4].
Definition 6.6 (Correspondence) Let (X%, (ui);cp.i) be metric flows over I, indexed by

some ¢ € Z. A correspondence between these metric flows over I” is a pair of the form

¢ = ((Ze,d] ierr, (9)iermiiez),

where
1. (Z;,d?) is a metric space for any t € I”.
2. I cI"NI" for any i € T.
3. i (X}, dY) — (Z;,d?) is an isometric embedding for any i € Z and t € I"".
If J C I' for all i € Z, we say that € is fully defined over J.

Given a correspondence, one can define the F-distance; see [3, Definition 5.6, 5.8].

Definition 6.7 (F-distance within correspondence) We define the F-distance between two

metric flow pairs within € (uniform over J),

dIFG’J((Xla (:U‘%)tel/’l)a (sz (#?)telﬂ)),

to be the infimum over all » > 0 with the property that there is a measurable subset E C I”
with
JCcI'"\EcI"'nr"?

and a family of couplings (g¢):e;\ g between ut, u? such that
(1) E] < 2
(2) For all s,t € I\ E, s <t, we have

/ diy, (9)sVars, (92)s032)dau (ot 2®) <.
xlxx?
Notice that (2) above implies that for any ¢ € I" \ E,

daw, (X} dj, 1), (X2, d7,1i})) < di, ((08)smiy s (97)epi}) < 7 (6.2)

Here, dgw, denotes the Gromov-W;-Wasserstein distance; see [3, Definition 2.11] for the precise

definition.
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Definition 6.8 (F-distance) The F-distance between two metric flow pairs (uniform over
J),
(X, (i) eer ), (X2, (1)er=)),

is defined as the infimum of

dIFG’J ((Xl’ (M%)tGI’*l )a (X27 (:u?)tGI’@ )) R
over all correspondences € between X', X2 over I” that are fully defined over J.

With all those definitions, it can be proven (cf. [3, Theorem 5.13, 5.26]) that (F7,d{) is a
complete metric space, with possible infinite distances.
In addition, F-convergence implies F-convergence within a correspondence; see [3, Theorem

6.12]. More precisely,

Theorem 6.9 Let (X% (u¢)icpi), i € NU{oo} be metric flow pairs over I that are fully
defined over some J C I. Suppose that for any compact subinterval Iy C I

dg ™M (X7, () eronr): (X (0 )eerynrre)) = 0.

Then there is a correspondence € between the metric flows X%, i € NU {oo} over I such that
i F,C,J
(X (tders) —— = (X%, (1 )rer=)

on compact time intervals, in the sense that

d]Fc’mIO (X7, (1) teroni)s (X, (152 )eeroninee)) — 0

for any compact subinterval Iy C I.

For a sequence of Ricci flows (M, ¢;(t)), x;)ter induced by Ricci shrinkers, one can use
the F-compactness theorem for metric flow pairs [3, Corollary 7.5, Theorem 7.6] to obtain the

following result.

Theorem 6.10 (F-compactness) Let (M, g;(t),z;)ter be a sequence of pointed Ricci
flows induced by Ricci shrinkers with the corresponding metric flow pairs (X, (ut)icr) as de-
scribed in (6.1).

After passing to a subsequence, there exists an H,-concentrated metric flow pair (X,
(1°)ter) for which X*° is future continuous in the sense of [3, Definition 4.25] such that the
following holds. There is a correspondence € between the metric flows X%, i € NU {oo}, over I

such that on compact time-intervals
7 7 F,& o) o)
(X", (1d)eer) — (X, (ug%)eer). (6.3)

Moreover, the convergence (6.3) is uniform over any compact J C I that only contains times
at which X'*° is continuous; see [3, Definition 4.25]. Notice that X' is continuous everywhere
except possibly at a countable set of times, by [3, Corollary 4.35].

We sketch the main ideas and steps of Theorem 6.10 modulo all technical details.

1. One needs a characterization of the compactness for a subset in (M, dgw, ), the isometry
classes of all metric measure space (X,d, u), where p € P(X) with suppp = X and dew,
denotes the Gromov-W;-Wasserstein distance (cf. [3, Definition 2.11]). Let M,.(V,b) C M be
the subset consisting of (X, d, 1) satisfying

Var(u) < Vr? and p({x € X | u(D(z,er)) < b(e)}) <€, Vee (0,1]. (6.4)
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Here, V,r are two positive constants and b : (0,1] — (0,1] is a function. Moreover, D(z, er)
denotes a closed ball with center x and radius er. It is proven by [3, Theorem 2.27] that M,.(V, b)
is compact.

2. For any metric flow pair (X, (p¢)ter) defined in (6.1). It is clear by H,-concentration
that Var(u:) < Hylt|. It can be proven (cf. [3, Proposition 4.1] with 7 = 8;3"
t <0,

) that for any

(Xt,dt,/,l,t) S MT(‘/, b), (65)

where V = 1/8, r = /8H,|t|, b(e) = ®(¢"2\/8H,,)/2 and & is given by (3.31). The proof
of (6.5) uses Definition 6.1(6)(7) in an essential way. Therefore, for any t < 0, (X%, di, ut)
subconverges in GW; to a limit metric measure space.

3. To compare different time-slices of (X, (11¢)¢er), one considers the function

D(t) = / dy dpiydpsy (6.6)
X J X
for ¢ € I. It is not hard to prove (cf. [3, Lemma 4.7]) that for any s <t € I,

—V/H,(t —s) < D(t) — D(s) < /Var(u;) — Var(us) + H,(t — 5) + 2/ Ha(t —s).  (6.7)

It follows immediately from (6.7) that D(t) is continuous on a complement of a countable subset
of I. In addition, it is proven (cf. [3, Theorem 4.31]) that for any to < 0, D(t) is continuous
at to is equivalent to the statement that (X}, ds, p¢) is continuous at tg in the GW; sense. In
this case, one can construct an isometric embedding of (X, d;) and (Xy,,d:,) into a metric
space (Z;,d?) with an explicit coupling q; between p; and ju, for ¢ close to to. Therefore, one
concludes that the metric flow (X}, 1) is continuous on I except at a countable set of times.

4. For the sequence (X%, (ui)ier) in (6.3), we consider the limit

D*>(t) := lim D(t), (6.8)
11— 00
which exists for any ¢ € I by taking a subsequence. Indeed, by (6.7), we may assume that
D> (t) exists for t € INQ and D®(t) — D®(s) > —\/H,(t — s) for any s,t € INQ with s < t,
after taking a subsequence if necessary. Therefore, there exists a countable set S C I such that
D™ is continuous on I \ S, by extending the definition of D>°. Moreover, (6.8) holds for any
t €I\ S. Now, (6.8) also holds for ¢ € S, by further taking a subsequence.

The F-convergence of (X, (ui)ier) can be constructed as follows. We assume that D> (t) is
continuous at I\ S for a countable set S. For alarge k > 0, we take a compact set I; C [—k,0]\S
so that |[—k,0] \ I1] is small. Then I; is finitely covered by compact intervals I}, centered at
t; € I such that |I;,| and the oscillation of all D and D> on each I;, are sufficiently small. By
steps 1 and 2 above, one can construct a correspondence €, that is fully defined on the finite
set Iy := {t;} between X', so that

a1 (X, (ap)eer). (X7, ()ien,)) < e (6.9)

for any € > 0, if i, j are sufficiently large. Then, by using the small oscillation of D? on I;,, one
can extend the correspondence €, to €; over I; so that (X i (Mé)te 1,) forms a Cauchy sequence
over I; in the sense of (6.9) with respect to d]Fcl’I1 (cf. [3, Lemma 7.24]). By letting k¥ — oo and
taking a diagonal sequence, we obtain from the completeness of (Fy, dr) a limit metric flow pair
(X, (u£°)ter\s), which has an extended definition for all ¢ € I by the future completion (cf.
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[3, Section 4.4]) so that (X, (u$®)+er) is right continuous for ¢t € I. Notice that Definitions
6.1(1)—(7) for (X°°, (ug®)ser) are inherited from (X, (ut)ier). In addition, one can construct a
correspondence € so that

7 [ F.& e} o)
(X", (ui)eer) — (X, (1 )eer)

on compact time intervals and the convergence is uniform over the set on which (X', (u°)ter)

is continuous. Moreover, (X2°,dg°, ug?) C M,.(V,b) as (6.5) and Var(ug®) < H,|t| for any ¢ € I.

Notice that Ay consists of a single point from which p$° is the conjugate heat measure.
Remark 6.11 1In [3, Theorem 7.4, a general compactness for a subset F/ (H, V,b,7) C F{

is proven by the same method as described above.

It follows from [3, Theorem 8.2, 8.4] that the limit metric flow pair (X, (u$°):er) obtained
in (6.3) is a length space for any ¢ € I. In general, further geometric information contained in
(X, (ug®)ier) is scarce. However, if (M, g;(t)) are induced by Ricci shrinkers in M(A), then,
in particular, their Nash entropies are uniformly bounded by Corollary 3.22. In this case, one
obtains a much more concrete structure theorem regarding the limit metric flow obtained in

(6.3); see [4, Theorem 2.3, 2.4, 2.5, 2.6, 2.46] and [3, Theorem 9.31].
Theorem 6.12 Let (M, g;(t),z;)ier be a sequence of pointed Ricci flows induced by

Ricei shrinkers in M(A) and (X, (u$°)ter) the limit metric flow pair obtained in Theorem
6.10. Then the following properties hold.

(1) There exists a decomposition
A ={r}, XZy=RUS, (6.10)

such that R is given by an n-dimensional Ricci flow spacetime (R,t,9¢°,¢°°), in the sense of
[3, Definition 9.1] and dim g+ (S) < n — 2, where dim - denotes the x-Minkowski dimension in
[3, Definition 3.42]. Moreover, 1$°(S;) = 0 for any ¢ < 0.

(2) Every tangent flow (X, (ver_.t)i<0) at every point 2 € X* is a metric soliton in the
sense of [3, Definition 3.57]. Moreover, X’ is the Gaussian soliton iff z € R. If z € S, the
singular set of (X”, (var_;t)i<0) on each t < 0 has Minkowski dimension at most n — 4. In
particular, if n = 3, the metric soliton is a smooth Ricci flow associated with a 3-dimensional
Ricci shrinker. If n = 4, each slice of the metric soliton is a smooth Ricci shrinker orbifold with
isolated singularities.

(3) Rt = RNA® is open such that the restriction of d; on R; agrees with the length metric
of g;.

(4) The convergence (6.3) is smooth on R, in the following sense. There exists an increasing
sequence Uy C Uy C -+ C R of open subsets with Ufil U; = R, open subsets V; C M; x I,
time-preserving diffeomorphisms ¢; : U; — V; and a sequence ¢; — 0 such that the following
holds:

(a) We have
1679" = 9%l ety g,y S €0
1610 = 01 . S 6
[w' o ¢; — w‘”HC[e;l](Ui) < e,
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where ¢ is the spacetime metric induced by g;(t), and w® is the conjugate heat kernel defined
by du® = widg?, i € NU {o0}.

(b) Let yoo € R and y; € M; X (—00,0). Then y; converges to yo, within € (cf. [3, Definition
6.18]) if and only if y; € V; for large i and qbi_l(yi) — Yoo In R.

(c) If the convergence (6.3) is uniform at some time ¢ € I, then for any compact subset
K C Ry and for the same subsequence we have

sup df (¢}(di(@)), 9§ (2)) — 0.
xeKNU;

Theorem 6.12 is a flow version of the Cheeger-Colding theory (cf. [11-13]). Its proof shares
a similar strategy as its elliptic counterparts. Many concepts also have counterparts. For
example, the tangent flow corresponds to the tangent cone, and the metric soliton corresponds
to the metric cone. We recall their definitions; see [3, Definition 6.55, 3.57].

Definition 6.13 (Tangent flow) Let X be a metric flow over I and zp € X}, a point. We
say that a metric flow pair (X", (v, . )ier) is a tangent flow of X' at zg if there is a sequence
of scales A\ > 0 with Ay — oo such that for any 7" > 0 the parabolic rescalings

—to,A —to,A
(X[—Jg,o]kv(vxo;ot k)A;2t+t0€I/,t€[7T,O])

F-converge to (X[/—T,O]’ (Ve )te[=T,0])-
Definition 6.14 (Metric soliton) A metric flow pair (X, (1¢):er) is called a metric soliton
if there is a tuple

(Xa da Iz (U;:;t)fﬂ€X§t§0)

and a map ¢ : X — X such that the following holds:

1. For any ¢t € I, the map ¢; : (X;,ds, jug) — (X, Vtd, 1) is an isometry between metric
measure spaces.

2. For any = € X, s € I with s <t, we have (@s)sVs;s = ’U(/z)t(:v);log(s/t)'

Roughly speaking, a metric soliton is a metric flow pair induced by a metric measure space
in a shrinking way. In general, a tangent flow of a metric flow may not be a metric soliton.
In the setting of Theorem 6.12, every tangent flow of (X, (u$°):er) is also an F-limit of a
sequence of Ricci flows induced by Ricci shrinkers in M(A) (cf. [3, Theorem 6.58]).

Notice that the limit metric flow (X, (145°)¢cr) in (6.3) always admits a regular-singular

decomposition
XZo=RUS,

so that R is given by a Ricci flow spacetime (cf. [3, Definition 9.1]). The key point is to
control the size of the singular part in the appropriate sense. To avoid the distance distortion
at different time-slices, one can redefine the Hausdorff and Minkowski dimensions (denoted by
H* and M*, respectively) by using the P*-parabolic balls instead of the conventional ones; see
[3, Definition 3.41, 3.42].

One can control the size of S quantitatively. Let (M™, g(t))ier be the Ricci flow induced
by a Ricci shrinker in M(A). We fix a point (xg,t9) € M x I and define 7 = tg — ¢t and
H(zo,tg,-,+) = (4n7)"2e". We next recall the some definitions from [4, Definition 5.1, 5.5,
5.6, 5.7], which indicate the extent to which the local geometry around (xg,tp) is a Ricci

shrinker, Ricci flat space or splitting off an R¥.

@ Springer



No.5 Y. Li & B. Wang: HEAT KERNEL ON RICCI SHRINKERS (II) 1685

Definition 6.15 (Almost self-similarity) Let (M™, g(t)):er be the Ricci flow induced by
a Ricci shrinker. The point (zg,tg) € M x I is called (e, r)-selfsimilar if the following holds:

t076r2

1 2
/ T’Rc 92— —g| dugy gyudt < e,
M 2T

to—e—1r2
/ |T(2Ab — V> +R)+b—n— Nao.to (r2)|dvxo,t0;t <e Ve to—e r?ty —er?].
M

Definition 6.16 (Almost static) The point (xo,to) is called (e, r)-static if the following

holds:
to—€T‘2
2 2
r / / [Re|“dvg, to:0dt < €,
t0—671T2 M

r2/ RAvg, 0 <€, VtE[tg—e 12 tg — er?).
M

Definition 6.17 (Weak splitting) (zo,%o) is called weakly (k,e€,r)-split if there exists a

vector-valued function ¢ = (y1,- - ,yx) : M x [to — e 22, tg — er?] — RF with the following
properties for all 3,5 = 1,--- , k:
(1) We have

toferz

—1

r / / |0y;|dva, 106 dt < €.
to—e—1r2 J M

(2) We have
to—er
r72/ [Vy; - Vy; — 0;]dvg, 100 dt < €.
to—e~1r2 J M
Definition 6.18 (Strong splitting) (zo,to) is called strongly (k, e, r)-split if there exists
a vector-valued function ¢ = (y1,--- ,yx) : M x [to — e 172, tg — er?] — R¥ with the following
properties for all 4,5 = 1,--- | k:
(1) y; solves the heat equation Oy; = 0 on M x [tg — e 172 g — er?].
(2) We have
t0—€T2
7"_2/ / |Vyl . Vyj — 6ij‘dvmo,to;tdt S €.
to—e r2 JM

(3) For all t € [to — e 12, tg — er?], we have

/ yidvxoto;t =0.
M

It can be proven (cf. [4, Proposition 12.1]) that if (xo,to) is weakly (k, ¢, r)-split, then it
is strongly (k, d(e), r)-split. With these definitions, one can consider the following quantitative
stratification.

Definition 6.19 For € > 0 and 0 < r; < ro < o0, the effective strata

S0 8l 82 c...CcS8P2 e MxT

1,2 T2 1ore 1T
are defined as (2/,t') € gfilfrz if and only if for all ' € (rq1,r2), neither of the following two
properties holds:

1. (a/,t') is (e, 7")-selfsimilar and weakly (k + 1, ¢, r)-split.

2. (2',t') is (e, 7')-selfsimilar, (e, r’)-static and weakly (k — 1, ¢, r’)-split.
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By a delicate choice of the covering by P*-parabolic balls, it can be proven, see [4, Proposi-
tion 11.2], that for any 0 < o < ¢, there are points (x1,1), -+, (N, tN) € §;ﬁfer N P*(xg,to; )
with N < C(4,€)0~%~¢ and

N
S5F e 0 P (zo,tos) € | P (ai, tisom). (6.11)
i=1
Notice that (6.11) can be regarded as a parabolic version of the covering in [12] by Cheeger and
Naber.

On the complement of S&"-2

orer, the following e-regularity theorem is proven (cf. [4, Propo-

sition 17.1]), which can be viewed as a parabolic analog of Cheeger-Naber’s codimension 4
theorem in [13]. Roughly speaking, one needs to rule out the tangent flows which are Ricci-flat
and split off an R*~3.

Proposition 6.20 There exists a constant € = €(n, A) > 0 such that the following holds.
Let (M™, g(t))tes be the Ricci flow induced by a Ricci shrinker in M(A). Suppose that (z, to)
is strongly (n—1, €, 7)-split or strongly (n—3, €, 7)-split and (e, 7)-static. Then rrm(xo,t0) > er.

There are many implications of Proposition 6.20. Notice that one has the following decom-
position:

X2y =R"USY,
where R* C R is the set of points where the convergence (6.3) is smooth as defined in [3,
Section 9.4]. Since S C S§*, one can obtain the estimate of *-Minkowski dimension of S by that
of §* from (6.11) and Proposition 6.20 (cf. [4, Theorem 15.28 (a)]). Moreover, it can be proven
that $* N X° has measure 0 for any ¢ < 0 (cf. [4, Theorem 15.28 (b)]). Therefore, Theorem
6.12 (1) is obtained.

Since S has measure 0 on each time-slice, one can extend the definition of the Nash entropy
on X°°. Therefore, the Nash entropy at the base point &’ of any tangent flow (X7, (vy.t)ter)
of (X, (15°)cr) is a constant. By the relation between the Nash entropy and the almost self-
similarity (cf. [4, Proposition 7.1]), one concludes that (X', (vy.t)ier) is a metric soliton since
its regular part admits an incomplete Ricci shrinker and the tangent flow itself is determined by
its regular part due to the high codimension of the singular part (cf. [4, Theorem 15.60, 15.69]).
Moreover, the singular set on each time-slice of (X, (vy/,t)rer) has Minkowski dimension < n—4
(cf. [4, Theorem 2.16]). Furthermore, the fact that x € R iff X’ is the Gaussian soliton follows
from the e-regularity theorem 5.15 and the convergence of the Nash entropies under (6.3) (cf. [4,
Theorem 2.11, 2.14]). Notice that if n = 4, each time-slice of (X”, (vy/.4)ter) is a smooth orbifold
with isolated singularities, since each tangent flow at any singular point of (X', (vyr.)ier) is a
flat cone (cf. [4, Theorem 2.46]). Therefore, we obtain Theorem 6.12 (2).

For Theorem 6.12 (3), the inequality d; < dg, is clear. The opposite inequality is proven
by showing that any u € C°(R;) that is 1-Lipschitz with respect to dg, is also 1-Lipschitz with
respect to d; (cf. [4, Theorem 15.28 (c)]). The argument uses the high codimension of S, the
fact that X'*° is future continuous at ¢, and the fact that R = R*, which can be proven by using
the e-regularity theorem and the convergence of the Nash entropies (cf. [4, Corollary 15.47]).

Once we know R = R*, the diffeomorphisms in Theorem 6.12 (4) can be obtained by
patching all local conventional Ricci flows into a Ricci flow spacetime by a center of mass

construction (cf. [3, Theorem 9.31]). Notice that similar constructions are well-known for the
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Cheeger-Gromov convergence (cf. Remark 7.7 of [25] and references therein). All assertions in
Theorem 6.12 (4) are proven by smooth convergence. Therefore, Theorem 6.12 (4) is obtained.

As an application of the theory of F-convergence, we have the following backward pseu-
dolocality theorem; see [4, Theorem 2.47]. Earlier backward pseudolocality can be found in [35,
Corollary 11.6(b)] [15, Lemma 4.2] [16, Theorem 4.7] [6, Theorem 1.5].

Theorem 6.21 (Backward pseudolocality theorem) For any n € N and « > 0 there is an
€(n,«) > 0 such that the following holds.

Let (M™, g(t))tcr be a Ricci flow induced by a Ricci shrinker. Given (zg,tg) € M x I and
r >0, if

| By, (z0,7)| > ar™, [Rm| < (ar)™? on By (xo,r),

then
|Rm| < (er)*2 on P(xzo,to; (1 — a)n—(er)Q,O).

Note that with the combination of the above theorem with the forward pseudolocality (cf.
Theorem 24 of [29]), we arrive at the two-sided pseudolocality. Thus Theorem 1.6 is proven.

Combining Theorem 6.21 and (5.23), we have

Corollary 6.22 (Comparison of the curvature radii) There exists a constant C'(n, A) > 1
such that the following holds.

Let (M™, g(t))terr be a Ricci flow induced by a Ricci shrinker in M(A). Then, for any
(x,t) e M x I,

TRm (2,1) < 1R (2,1) < 1R (2,t) < Crem (2, t).

Another application is the following integral estimate using the quantitative stratification;
see [4, Theorem 2.28].

Theorem 6.23 Let (M™, g(t))i<1 be a Ricci flow associated with a Ricci shrinker in
M(A). Then, for any (xo,tg) € M x (—00,1), 7 >0 and € > 0,

/ / |Rm|?~¢ dV;dt
[to—7r2,to+r2]N(—o0,1) J P*(xq,to;r)NM x{t}

<

/ / T§§,+26 d‘/tdt S C’(n,A,e)r"_2+2€. (612)
[to—72,to+7r2]N(—00,1) J P*(z0,to;r)NM x {t}

As a corollary, we prove

Corollary 6.24 Let (M™, g, f,p) be a Ricci shrinker in M(A). Then

/ Rm[2-<dV < / reb e QY < oprire?, (6.13)
d(p,)<r d(p,)<r
|Rm|?—¢ / r;{4+26
M gy < _™m___ gy <o 6.14
/d(p,->>1 dn+2<=2(p, -) d(p.)=1 A" T2 (p, ) (6.14)

for any € > 0 and r > 1, where rgu(-) = ram(-,0) and C = C(n, A, ¢).

Proof We consider the Ricci flow (M, g(t))i<1 associated with the given Ricci shrinker.
It follows from Proposition 5.7 that

Q(pvoa 1a071) - P*(p70;01707 1) C P*(paOaCl)
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for some constant C; = Cji(n,A) > 1. Therefore, it follows from Theorem 6.23 that with
(z0,t0) = (p,0) and r = C4

1
/ / Rm[*~€dV;dt < C(n, A, ). (6.15)
di(p,

Since g(t) = (1 — t)(¥")*g and " is defined by (2.3), we have d;(z,p) = /1 — td(x?,p) and
[Rm|(z,t) = |Rm|(z!) /(1 — t), where 2¢ = 1)!(z). Therefore, we have

/ R (z, ) dV(z) = (1 — £)3 -2+ / RmP~“(z)dV(z).  (6.16)
di(p.) (2.0)< s
By a change of variable with ¢t = 1 — r~2, it follows from (6.15) and (6.16) that

/ 72 (r)dr < C(n, A, e), (6.17)
1

where

m(r) = / Ru[2~¢ V.
d(-,p)<r

We claim that there exists a sequence r; — oo such that

m(ri)

lim ——=
i—00 rn+26 2

=0. (6.18)

Otherwise, there exists a constant § > 0 such that m(r) > 67"T2¢=2 for sufficiently large r.
However, this contradicts (6.17).
We apply integration by parts to (6.17) from 1 to r; and obtain

[Rm >~ 2-2e+
————dV < C(n, A, e) + m(r; ern,
/<d(p, y<r; d"T22(p, ) ( ) (ro)r:

By letting ¢ — oo, we have from (6.18) that

\Rm|2 €
4V < C(n, A, ). 6.19
/d(p, >p dm2e2(p,) T ( ) (619

In addition, we have for any r > 1,

R 2—e
T2—2<—:—n/ [Rm|>~<dV < / Lsz‘? dV < C(n, A,€).
1<d(p,-)<r 1<d(p,y<r A"T272(p, )

Therefore, for any r» > 1,
/ Rm[2=<dV < C(n, A, e)rm+22, (6.20)
d(p,)<r

since m(1) is bounded by (6.17). In sum, the inequalities involving |Rm| in (6.13) and (6.14)
are proven.
Notice that for any (xg,tq) € M x (—o0, 1), it follows from the definition of * (2.3) that

Wyt =y,
where 6(t) :=
g(t) = (1 =H(")*g = (1= to)(1 = 0D (") (V) "g = (1 — to)(¥")"g(0(2)).
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Therefore,
TR (20, t0) = V1 — torrm (), 0).
Now, the conclusion regarding rg,, can be proven similarly. O

We end this section by proving a gap property for the volume ratio at infinity.
Corollary 6.25 Let (M™,g, f,p) be a Ricci shrinker in M(A). Suppose

B
timint 220 (6.21)
r—00 rm
Then
|B(p,r)| < Cr=2+ (6.22)

for any » > 1 and some C = C(n, 4, ¢€).

Proof We claim that rgm(z) < 2 for any z. Indeed, if rrm(x) > 2, we have
[Rm|(y,t) <1

for any y € B(z,1) and t < 1. By the same argument as in [29, Corollary 9], we obtain that

' (B(z,1)) C B <p, \/f%t> \ B ( J%) (6.23)

for ¢; > co > 0, if t is sufficiently close to 1. From the standard distance distortion and Theorem
4.1, we obtain that

[ (B(x,1)) | > cs(1—1)7%. (6.24)

However, (6.23) and (6.24) contradict (6.21). Thus, the desired inequality (6.22) follows imme-
diately from (6.13). O
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Appendix Integral Estimates for the Conjugate Heat Kernel

In this appendix, we generalize some integral estimates regarding the conjugate heat kernel
from [4, Section 6] to Ricci flows associated with Ricci shrinkers. These estimates also hold for
Ricci flows induced by Ricci shrinkers since they are scaling-invariant.

Throughout this appendix, let (M"™, g(t));<1 be the Ricci flow associated with a Ricci
shrinker in M(A). We fix a spacetime point (zg,%9) € M x (—o0,1) and set dv; = dvg, 1:¢
and 7 = ty — t. Moreover, we define w = w(z,t) and b = b(z,t) by w = H(xo,to,x,t) =
(47 (tg —t))"2e".

Lemma A.1 There exists a constant C' = C'(n, A) > 1 such that for any 0 < 79 < 79,

to—To
/ {|Re|* + [V?b]*} dupdt < O (1 + log Tl) . (A1)
M T0

to—T1
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Proof Without loss of generality, we assume ty = 0.
From Corollary 3.20, we have for any 7 > 0 that

n
27"

/ |Vb|? + Rdv_, <
M
Direct calculation shows that
(9t/ Rw¢" dV, = / {(OR)w¢" — RO* (w¢")} dV;
M M

— / 2|Rc|2we” + R{w(A¢" + ¢) + 2(Vw, Vo) } dV;
M

_ / {2[Re2¢" + R(AG™ + ¢7) — 2R(Vb, V™) } duy.
M

Integrating the above equation from —7; to —7p, we obtain

—70

/ 2|Re|?¢"dvdt
M

o
—70
< [ Bodon+ [ [ (RIS |+ 160 + VO + [VUPIVS vt (43
M —T1 M
From (2.8) and Lemma 2.3, R increases at most quadratically. Combining (2.12), (2.13),
(2.14) and (A.2), it follows that the last integral in (A.3) tends to 0 as r — oco. Therefore, we
obtain

o 1 n
Re|*dv,dt < 7/ Rdv_,, < —. A4
 meanar< 5 [ Rav, < (A1)
On the other hand, it follows from (3.40) and Corollary 3.22 that
- g1
/ 27'/ ‘RC + V% — —‘ dvgdt < Wi 1) (11) < A. (A.5)
-7 M 2T
By virtue of the elementary identity (z — y)? > 22/2 — ¢, it follows from (A.5) that
o 2712 Bk 2712 n !
7o IRe + V2b[2dv,dt < 7 [ Re+ V2b2dudt < A+ 2 log 2. (A.6)
- JM -7 M 2 70
Combining (A.4) and (A.6), the conclusion follows immediately. O

Lemma A.2 There exists a constant C' = C(n, A) > 1 such that the following estimates
hold for any t < tg and 0 < s < 1/4.

/ {14 (6] + 7(|AD] + VB2 + R)} v, < C. (A7)
M

Proof We compute

d b b
— 8 = s . A.
P /M e*’duy y be®’dvy (A.8)

Here, the differentiation under the integral sign is allowed by Theorem 4.16 and Remark 4.17.
By the differential Harnack inequality [29, Theorem 21], we calculate

/ be*ldu; < / (T(—2Ab 4+ |Vb|> — R) + n)e*Cdu;
M M

:/ (r((2s — 1)|Vb|2 —R)+ n)edevt < n/ e*’du,, (A.9)
M M
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where integration by parts in the equality can be justified similarly as to Remark 3.21. Com-

bining (A.8) and (A.9), we obtain
/ e*ldu; < e,
M

On the other hand, it follows from Theorem 4.4 that b > —A. Therefore, it follows from (A.9)
and the above inequality that

/ {1b] + (VB> + R)} e**dv; < C(n, A). (A.10)
M
Applying the differential Harnack inequality and integration by parts again, we obtain

/ 27| Abledu, g/ {Jul + 7(IVB + R) + [b| + n} edu,
M M
:/ {—u+ (VB> + R) + [b] + n} e’dv
M

g/ {2s7|Vb[* + 2/b| + 2n} e*dv, < C(n, A),
M

where u = 7(2Ab — |Vb|?> + R) +b—n < 0. It is clear that (A.7) follows from the combination
of (A.10) and the above inequality. O

Lemma A.3 There exists a constant C = C(n) > 1 such that the following estimates
hold for any t < tg and 0 < s < 1/4.

/ |Vb[*estdu, < C/ |V2b[2etdu;. (A.11)
M M

Proof In the proof, all constants C' > 1 depend only on n, which may be different line
by line.
We compute for s < 1/4 that

/ VD] *¢7 e dv, =(4m7) "2 / [Vb|*¢ et~ D0 dV,
M M
:(zm)—%(s—n—l/ |Vb|2(Vb, Ve~ D0 dV,
M
=(4m7)"2 (1 —5)71 / (2V2b(Vb, Vb) + |Vb[?Ab) ¢~V qV, + Z
M

<CMnT)"2(1—s)"t [ |[V2||VD|?¢ e AV, + Z
M
1
<— [ |Vb*¢"etdv, + C / |V2b[2¢ e dv; + Z, (A.12)
4 M M
where the remainder is
Z:=(1- s)—l/ Vb[2(Vb, Voo™ du,
M
< 2/ VbF| Ve |ebdu,
M
1
<1 / Vb|*6" e dy, + 4 / VB2V [2(67) et du. (A.13)
4 M M
Applying Lemma A.2 and (2.12), we conclude from (A.12) and (A.13) that
/ IVb| e ¢ dv, < C / [V?b%e* " dvy + €(r), (A.14)
M M
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where €(r) — 0 as r — 0o. Thus we arrive at (A.11) by letting » — oo in the above inequality.
O

The main result of this section is the following spacetime integral estimate.

Proposition A.4 There exists a constant C = C(n,A) > 1 and § = 5(n) < 1 such that
the following estimates hold for any > 0, 0 < 6 < 1/2 and s < 3.

to—0T10
/ 7(IRe|? 4 |V20|* 4 |Vb|")e* dv,dt < Clog ™", (A.15)
M

to—To

Proof In the proof, all constants C' depend on n, and C’ depend on n and A. Moreover,
we use €(r) to denote a function independent of ¢ such that e(r) — 0 if r — co. Those terms
may be different line by line. Without loss of generality, we assume ty = 0.

We set u = 7(2Ab — |Vb|2 + R) + b — n < 0. Recall that from [35], we have the celebrated
identity

2
O0* (uw) = =27 |Re + V?b — % w.

Moreover, we have
Ob= —2Ab+|Vb> — R+ —2” =77Yb—u—n/2).
T

Direct computation shows that
8t/ uwequbT dV;
M
:/ {D(eSb(;S")uw — equS"D*(uw)} dVi
M
2
:/ {((Desbw +et(Tgr) — 2(Vg", Ve)) uw + 27 ‘Rc V2 2% wesbng“} av;
M T
:/ { ((sOb — s°|Vb[*)e¢” + e (0¢") — 2(Ve", Ve)) u
M
2 g 1? s
+2T‘RC+V b— 7’ o bwdV,
27
:/ { ((s77Hb—u—n/2) — $*|Vb]*)¢" + O¢" — 25(Ve", Vb)) u
M
2 g 2 r sb
+27-’Rc+v b——’ ¢ Lodu,.
2T
It follows that
Oy / uwe*P¢" AV,
M
2
2/ {(STl(b —u—n/2))ud” + (O¢" — 25(Ve", Vb)) u + 27 ’Rc F V2 Qi’ ¢T} edu,
M T

2
2/ {—C’srl(u2 + 02+ 1)¢" + (O¢" —25(Ve", Vb)) u + 21 ‘Rc + V2 — g‘ ¢T} e*bduy
M T

2
>/ {—Cs (r((AD)? + |Vb|* + R2) + 7 L(b? + 1)) + 27 ‘Rc + V2 — Qi‘ } ¢ e dv, + X,
M T
(A.16)
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where
X, = / (O6" — 25(Vg", Vb)) uedo.
M

Define X' := f_—:’m | X¢|d¢. Then it follows from Lemma A.2 and inequalities (2.12) to (2.15)
that for any positive 6 we have

—079
|X|</ /(|D¢’“|+2s\v¢7‘||Vb|)|u|e3bdvtdt

—079
/ / VTP (¢") T | VB + 67 uPe") et du,dt
—97’0

/ 2 ¢retldu,dt. (A.17)

—70

It is clear from the definition of u that u? < C (72(|Ab]> 4+ |Vb|? + R)) + b + 1). In addi-
tion, since —A < b < —7(2Ab — |Vb|? + R) + n, we have

b < C' (T2(|AbP* + [ Vb|* + R*) +1). (A.18)
Combining these facts with (A.14), we may choose ¢ in (A.17) sufficiently small such that
1 767’0
|X'| < e(r) + E/ / 7(|V2b)? + [Re|?) ¢ e du,dt + log 671 (A.19)
—T0 M
Similarly, we compute
O / TRe*Pwo” AV,
M
:/ {O(rRe®)¢"w — TRe** 0% (¢"w) } dV;
M
— / {(O(rR)e*® + 7RO — 27(VR, Ve™)) ¢"w + 7Re™ (A" + ¢)w + 2(Vw, V")) } dV;
M
- / {(O(R)e™® + 7RO ¢"w + 27R (Ac® — (Ve Vb)) ¢"w dV; + Y,
M
:/ {27|Re|? — R+ 7R (sOb + (s? — 25)|Vb|? + 25Ab) } ¢"e*bduy + Y,
M
z/ {27|Ref> — R — Cs (1(R* + |Vb|* + (Ab)?) + R) } ¢"e**dv; + V3, (A.20)
M
where
Y= / TR (AD" + 6w + 2(Vw, V) + 25(Vb, Vo)) dV
M
— / TR (A" 4 ¢F + (25 — 2)(Vb, V")) e**duy.
M

We define similarly Y := f__fom |Y:|dt. Then it follows from Lemma A.2 and inequalities (2.12)
o (2.15) that

97’0
Y| <e(r / VTP (¢") T | VB? + 6TR?¢7) e duydt
.
97’0
<e(r)+C / OTR% ¢ e dv,dt
.
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1 —019
Se(r)—i-ﬁ/ / (V2 + [Ref2) ¢ et dundt, (A.21)
M

7o
for § sufficiently small.
Combining (A.16) and (A.20), we obtain

O / (TR + u)e®¢"dv,
M
2
z/ {—cs (r(Vb* + |V22 + R?) + 771 + R) + 27 ‘Rc + V2 Qi‘ +27[Ref? — R}
M T
x ¢Tedu, + X + Y,

2/ {=Cs (r(|Vb[* + V2] + R?)) + 7(|V?D]* + [Re[*) } ¢"e*bdvy + X, + Y, — C'7 71,
M

(A.22)
where we have used Lemma A.2.
If s is sufficiently small, it follows from (A.22) and (A.14) that
(’925/ (tR+ u)equSTdvt
M
1 2712 2\ . sb 7 /_—1
25 T(IV?0]* + |Rc|*)e*’¢"dvy + Xy + Yy — C'77 " + €(r). (A.23)
M

By integration from —7y to —f79, we obtain from (A.23), Lemma A.2, (A.19) and (A.21) that

—010
/ 7(|V2b2 4 [Re|?)e® ¢ dvydt < C"log 671 + €(r).
M

—70

Letting » — oo, we obtain

—0719
/ / 7(|V2b)? + [Re|?)e*tdv,dt < C'log 7. (A.24)
—T M

0

Thus the inequality (A.15) follows from the combination of (A.24) and Lemma A.3. O
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