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Abstract For each real number z € (0,1), let [a1(x), az(x),- - ,an(x),- - -] denote its con-

tinued fraction expansion. We study the convergence exponent defined by

= inf {5 >0: i (an(a:)an+1(x))*5 < OO},

which reflects the growth rate of the product of two consecutive partial quotients. As a main

result, the Hausdorff dimensions of the level sets of 7(x) are determined.
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1 Introduction

It is a well-known fact that each irrational number z € (0, 1) has a unique continued fraction

expansion of the form

T = 1 = [a1(x),a2(x),--- ,an(l'),”-]. (11)

as(@)+ op—1

ay(z) +

an(z)+ -
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Here and in the sequel, for each n > 1, the n-th partial quotient a, () is a positive integer, and

the n-th convergent is the fraction

T e R o r—— O RN RN
az(z)+ e
in the lowest term. For more details about continued fractions, we refer to [16, 20] and refer-
ences therein.
The continued fraction expansion is closely related to the theory of Diophantine approxi-
mation. This relationship has its origin in the classic theorem of Dirichlet, which states that,

for any x € (0,1) and ¢ > 1, there exist non-trivial solutions (g, p) satisfying that
geN, peZ, |qx—pl <1l/t, and1<g<t.

Given ty > 1, let ¢ : [tg,00) — RT be a non-increasing function, and let D(1)) denote the set of
1-Dirichlet improvable numbers, i.e., the set of all € (0,1) for which there exists T' > t( such
that for each t > T, the system

qeN, p€Z, |gz—p <yY(t), andl<qg<t

has non-trivial integer solutions. Davenport and Schmidt [6, Theorem 1] proved that for any
0 < ¢ < 1, the set D(c/t) is contained in the union of the set of rational numbers and the set of
irrational numbers with uniformly bounded partial quotients. Via continued fractions, under
the condition that #(¢) < 1 for all ¢ > ¢o, Kleinbock and Wadleigh [21, Lemma 2.2] obtained a
useful criterion to characterize whether or not a real number belongs to D(v). More precisely,
they showed that

{x €(0,1): an(@)ant1(z) > ((gn(2)h(gn(x))) ™" — 1)_1 for infinitely many n} C D¢(v)

C {m €(0,1): ap(@)anyi(z) > i((qn(:ﬁ)@/}(qn(m)))_l — 1)71 for infinitely many n}

Furthermore, Kleinbock and Wadleigh [21, Theorem 1.8] proved a zero-one law for the Lebesgue
measure of D°(¢). Meanwhile, Hussain, Kleinbock, Wadleigh and Wang [15] established a
zero-infinity law for the f-dimensional Hausdorff measure of D¢(¢)), where f is the essentially
sub-linear dimension function. Very recently, Bos, Hussain and Simmons [4] generalized the
above zero-infinity law for all dimension functions under natural non-restrictive conditions.

In recent years, much attention has been paid to the multifractal property of sets which are
relevant to the growth rate of the product of two consecutive partial quotients; see, for example,
Huang and Wu [13], Huang, Wu and Xu [14], Bakhtawar, Bos and Hussain [2, 3], Zhang [26],
Feng and Xu [10], Hu, Hussain and Yu [12], and Bakhtawar and Feng [1]. Aside from these,
various exponents related to continued fractions have been investigated under different contexts
to list a few of these, we would like to mention the works of Jarnik [18], Pollicott and Weiss
[23], Kessebohmer and Stratmann [19], Fan, Liao, Wang and Wu [8], Nicolay and Simons [22],
and Jaffard and Martin [17].

The present paper is concerned with the multifractal property of sets which are associ-
ated with the growth rate of the sequence of products of two or more consecutive partial

quotients. Let us begin by recalling (see [24, p26]) the convergence exponent of the sequence
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{an(z)ans1(z)}n>1 given by
7(x) := inf {s >0: Z (an(2)ans1(z)) " < oo}. (1.2)
n>1
We shall study the multifractal spectrum of 7(x), or more precisely, the dimension function
a — dimy I'(«), where

I(a)={z€(0,1):7(z) =a}, 0 <a < ox.

Here and in the sequel, the notation dimy means the Hausdorff dimension. Our first result is
the following;:
Theorem 1.1 For any 0 < a < 0o, we have
dimy I'(«a) = %
Note that if the sequence (an(x)an+1(x))n>1 is non-decreasing, then the convergence ex-
ponent defined by (1.2) can be given by the following formula:

logn

7(x) = limsup (1.3)

oo 10g(an(7)an+1(x))’
Then, we can proceed to study the multifractal spectrum of 7(z), i.e., the Hausdorff dimension

of the intersection of sets I'(«) and A, where
A= {x €(0,1): ap(z) < apyo(z), Vn > 1}.

For any 0 < o < 00, it follows from (1.3) that

log(an (x)an 1 1

MNo)NnA= {x € A : liminf 08(an(2)an+1(z)) = } = Eine(A, —). (1.4)
n—00 logn « «

Now we are in a position to state

Theorem 1.2 For any 0 < a < 0o, we have

0, 0<a<l;
dimH Einf(A, a) = a—1

2o’

a>1.

Before proceeding, we give some remarks.

Remark 1.3 (i) By Theorem 1.2 and (1.4), we obtain
L% o<as<u
dimg (D(e) NA) = 2
0, a>1.
(ii) We point out that dimg A = 1. In fact,
{ac €(0,1): an(x) <apyi(z), Vn > 1} C A,

and from the main theorem of Ramharter [25], we see that

% = dimg {w €(0,1): an(z) <apyi(x), Vn > 1} < dimgyg A.

On the other hand,

AC{ze€(0,1): an()anti(z) — 0o asn — oo},



No.4 L.L. Fang et al: CONVERGENCE EXPONENTS FOR PRODUCTS OF PARTIAL QUOTIENTS 1597

and by the result of Zhang [26, Proposition 3.1], we have
1
dimg A < dimg {z € (0,1) : an(@)an41(z) = 00 asn — oo} = 7
Throughout this paper, the following notations are commonly used:
[T is the length of the interval I;
|z] is the greatest integer not exceeding x;

#A is the cardinality of the finite set A;

e H*(E) is the s-dimensional Hausdorff measure of the set E.

The rest of this paper is organized as follows: in Section 2, we provide some basic results
of continued fractions and useful lemmas for calculating the Hausdorff dimension. The proofs
of the main results are given in Section 3. Generalizations to the product of more than two
consecutive partial quotients are discussed in Section 4.

2 Preliminaries

2.1 Basic Properties of Continued Fractions

For any n > 1 and n-tuple (a1,--- ,a,) € N, we call
I,(z) =L,(a1, - ,a,) := {x €(0,1): a1(z) =ay, - ,an(x) = an}
a basic interval of order n containing x. Notice that all points in I,(ai,- - ,a,) admit a
continued fraction expansion beginning by ai,as,- - ,a,, and thus they have the same p,, ()
and ¢, (z). As long as there is no confusion, we write p,(a1, -+ ,a,) = pn = pp(x) and
gn(a1, -+ ,an) = qn = gn(x), for simplicity. It is well known (see [16, p6]) that p, and g,
satisfy the recursive formula

p_1=1, po=0, pp=0ayPp_1+Pn—2 (n > )? (2 1)

1
q-1=0, g =1 ¢n=0angn-1+qu2(n>1).
Proposition 2.1 ([16, p18]) For any n-tuple (ai,---,a,) € N*, I, (a1, - ,a,) is the
interval with the endpoints p, /g, and (pp, + Pn-1)/(gn + ¢n-1)- As a result,
1
Gn(qn + dn-1)
By the second of formula (2.1), we deduce from Proposition 2.1 that

|In(a17"' ;an)| =

n -2 n -2
(2" 11 ak> < |In(ag, -, an)| < (H ak> . (2.2)
k=1 k=1

2.2 Some Useful Lemmas

The following lemma established in [5, 8] is called 3-regular property, and it describes the
relation between the basic interval I,,(ay, - - ,a,) and the ball B(x, |I,(a1,- - ,a,)|):

Lemma 2.2 ([8, Lemma 2.5]) If |I,41(z)| < p < |L(z)| for z € (0,1) and n > 2, then
Liy1(z) C B(x, p) C In—2().

The next lemma provides a general formula for obtaining the lower bound estimate of the
Hausdorfl dimension of some sets in continued fractions.
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Lemma 2.3 ([8, Lemma 3.2]) Let {t,},>1 be a sequence of positive integers tending to

infinity with ¢,, > 3 for all n > 1. Then, for any positive number N > 2,

. log(t1t2 o tp)
dimyg {2 € (0,1) : t,, < ap(x) < Nt,,Vn >1} =liminf .
niz € (0.1) (z) } n—oo 2log(tity - -tn) +1ogt, 1

The following lemma is known as the mass distribution principle:
Lemma 2.4 ([7, Proposition 2.3]) Let E C (0,1) be a Borel set and let p be a finite
measure with p(E) > 0. Then, if

i inf 108 (B, )

>s forall x € F,
p—0 log p

we have dimyg E > s.

To conclude this section, we give two combinatorial formulas which will be used in the

sequel.

Lemma 2.5 For positive integers ¢ and n, let

D(‘€7n):{(a17"'7an)€Nn:1§a1§"'§an§€}~

tiD(&n)z("Ml).

n

Then

Proof For each (a1, az, -+ ,a,) € D(¢,n), define
flai, a2, -+ ,an) = (a1,a2 + 1, ;an, +n —1).
Then f is a bijection between D(¢,n) and
D(&n):{(rl,rg,--- ,rn) EN 11 <1y <r2<~--<rn§€—|—n—1}.

It follows that #D(£, n) is equal to #D(£, n), which is ("%71), as desired. O
Based on Lemma 2.5, we can obtain the following result:

Lemma 2.6 For positive integers ¢ and n, let

Fll,n+1) = {(ah'" Jang1) ENTTL 1 < ajag < < apang < E}.
Then
¢ ¢
k—2 k4| £
Z( +u)< +LuJ>’ = 2%
—~ k-1 k+1
tF(Ln+1) =" Z
k—2 k—1+4+ 1=
3 o SRR P
k-1 k
u=1
Proof We shall only provide a proof for the case in which n = 2k. For any (a1, - , asx+1)

€ N2¥+1 the inequality 1 < ajay < agag < -+ < agrage41 < £ is equivalent to the conditions
that
a; <az <---Zagpg1, ax<ag<---<ag, and 1 <aggaggpgr <L

Notice that, for each 1 < u < ¢, if ag, = u, then 1 < agg11 := v < [£/u], and we have

Vi L£]
EF(0n+1) = 8F(6, 2k +1) Z(ﬁDgukfl ZﬁDlvk)) (2.3)

u=1 v=1
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where
Di(v,k) = {(a1,~-- yask—1) ENFi1<a; <ag <. <ag SU}
and
Dy(u,k—1) = {(a2,~- Jagk—2) ENFTl il <ay <ay <o <agpg < u}
By Lemma 2.5,
4Dy (0, k) = (kji 1) and £Ds(u, k — 1) = (’“;ﬁ“)
Therefore,

L

2l
_

fF(,n+1)=tF(,2k+1) =

M~

)2
()5 ()
()
(k1) a2t

e
I
—

I
s
“MN
LN

~

o~

e
I

The last equality follows by the identity

507

=0

3 Proofs of the Main Results

This section is devoted to proving our main results. Our method is inspired by those of
Good [11], Fan, Liao, Wang and Wu [8], and Fang, Ma, Song and Wu [9].
3.1 Proof of Theorem 1.1

Recall that T'(a) = {z € (0,1) : 7(x) = a}. For any x € I'(a) and £ > 0, by the definition

of 7(z), we have that " (an(2)ans1(z))~(@+e) < 0o, which implies that
n=1

() C{z€(0,1): an(z)ans1(z) — 00 as n — oo}.
From a result of Zhang [26, Proposition 3.1], we have
dimg () < dimp {z € (0,1) : ayp(2)an41(z) — 0o as n — oo} = %

To bound dimyg I'(a) from below, we shall construct subsets of I'(«) as follows:

(1) for the case o = 0, it is easy to verify that

{:c €(0,1):2" < ap(z) < 2",V n > 1} C I(a);
(ii) for the case a € (0,00), it is also easy to check that
{x € (0,1) : n¥/ Y < g, (z) < 20/ ¥ n > 1} CI'(w).

By Lemma 2.3, the above subsets of I'(«) are of Hausdorft dimension 1/2, and thus

1
dimyg I'(a) > 3
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3.2 Proof of Theorem 1.2
Recall that

Eint(A ) = {x € A: liminf log(an (x)an+1(x)) = a} .

n— 00 logn
We shall consider the cases 0 < a < 1 and a > 1 separately.
3.2.1 Casel0<ax<l1

We shall prove that dimyg Ein(A, ) = 0. It suffices to show that, for any s € (0,1 — «),
the s-dimensional Hausdorff measure is H®(Ein¢(A, o)) = 0. For this purpose, let

Coti(e,s) == {(ar, + ,ant1) EN"T' 11 < ajag <+ < apapgy <8
Then
o0 o0
Einf(Aa Oé) g ﬂ U U In+1 (a17 e aan+1)-
Jj=1n=j (a1, ,an41)€Cnyt1(a,s)

This implies that, for any j7 > 1,

oo

Einf(Aaa) g U U In+1(a1»"' aan+1)~

n=j (a1, ,an+1)ECn+1(a,s)

Therefore,

H (Bini (A, ) < liminf 3 > Lnsi(ar, -+ ang)|°

n=j (a1, ,an+1)ECn+1(a,s)
< lljﬂigfz (#Cnt1(,8) - [Tngr(ar, -+ s ans1)[). (3.1)
n=j

For the moment, we assume that n = 2k. It follows from Lemma 2.6 that

¢ [nF°] ats

B k—2+u\ (k+[£]\ 224w\ (242 —]
e =2 (NI (0) - 2 (550 (40

I_na+sJ n _ 9 + Lna+3J n + Lna+5J
<X (0005

— 5—1 5—1—1

2 a+s

< pots ﬁ Q a+s < pots E a+s)2n
<n (G +D - (G + 7)) <t (§ 00t
< patse2n® T (Itlogn), (3.2)

As for the case n = 2k + 1, a similar calculation yields the same inequality. In addition, the

second formula of (2.1) indicates that

o (1+vB\" 1 (1-vB\" 1 (1B
B v\ 2 ) Tas )

Combining this inequality with Proposition 2.1, we have

—2(n+1)
1 1 1+5
In (25 PR 0 7 = S §20 . 3.3
| +1( +1)| Qn+1(QWL+1 + q”) q721+1 ( ) ( )
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Substituting (3.2) and (3.3) into (3.1), we get that

1 \/g (n+1)s
H (Bt (A, @) < hmlanno""q 2n°T2 (1+logn) | 9)s ( +2 ) =0,

j—o0
n=j

and hence that H®(Eiys (A, o)) = 0.
3.2.2 Casea>1

In order to obtain the upper bound of dimy Fiy¢ (A, o), our method is to choose a suitable
positive real number s such that H®(Ein(A,a)) < 0. Meanwhile, for the lower bound of
dimy Eine(A, ), we shall construct a Cantor-like subset of Ei,¢(A,«) and then estimate its
Hausdorff dimension by the mass distribution principle.

Upper bound Let 0 < € < « be small. By the definition of liminf, if x € Ei,¢(A, a),
then © € A, and there exists j > 1 such that ax(x)ar,1(z) > k*¢ for all k > j, and also that

an(x)any1(z) < n®Te for infinitely many n’s. Thus we are able to prove that
1nf A Oé U B O{ 5 (34)
j>1
where Bj(a,¢) is defined by
g) = ﬂ U {:z: €A :a,(v)ani1(x) <n ap(x)aps1(x) > k47F, §<Vk < n} (3.5)
i=j n=i
By (3.4), the monotonicity and countable stability properties of the Hausdorff dimension indi-

cate that
dimyg Fint (A, ) < sup { dimy Bj(«, 5)} (3.6)
jz1
Next, we give only the upper bound of dimyg B;(a, ). The other cases are similar. Let
Cosi(a€) = {(al,"' cany1) €Nl <ajas < < agagng <t

apak+1 > k7 1 <VEk < n}

Then, by (3.5), we have

1'38

U U In+1(a17"' 7an+1)- (37)

n=t¢

(a1, )an+1)€5n+l(a75)

It follows from (3.7) that

H* (B (v, €)) Sliirggfz Z~ Lni1(ar, ang)|®
= (g, ,an4+1)ECn+1(a,e)
=liminf ) _ (fCra(ere) - [Lngr(ar, - ang)l). (3.8)

Before proceeding, we state a version of the Stirling formula that will be used repeatedly in the

sequel:
Vi o tie <nl < en"tiem,
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Now let us estimate the length of the basic interval Ip,41(a1,- - ,any1) for (a1, - ,ant1) €
Cni1(a,€). In combination with (2.2), the Stirling formula implies that
1 1
ITL ai, -+ ,0an S S
(o +1)| (a1a2 -+~ ant1)? = (a1a2) - (a2az) - (@nani1)
1 1
(3.9)

- (n!)a—s — e(l—¢g)(a—e)nlogn’

Next, an upper bound estimation of ij~n+1(a, €) is given as follows:

Lemma 3.1 For any o > 1 and £ > 0, we have

2e—1
‘H%nlogn'

ﬁ5n+1(047 5) S €

Proof We only consider the case in which n is an even integer; a similar proof would go
through for the case in which n is odd. For any 0 < € < 2 — o, Lemma 2.6 implies that

~ 7] n_94y £+LL+EJJ
= 5 (17277) ()
u=1 2 2
LnaJrEJ a+te
L) ()
< 2 - (3.10)

To obtain an upper bound, we shall distinguish between two cases: 1 < o < 2 and a > 2.
Case (I): 1 < a < 2. For any 0 < € < 2— q, the right-hand side of (3.10) can be estimated

as follows:
Lna+sj n n na+€
(2—2+u>.<2+L m J)
ot %—1 %+1

I3

u=%+ 2
524 8) (BN e (B2 LY | (5 4 et
1 51 241

(noteyn/2. gn/2 L,

IN

5 n n note S n n n*te
N~ (22 (p ) 5 — 24w\ (54 []
- n n + n

> n_q n41 Zl 1 n4

n

2 241

n (n/z)n/Q .on/2 (na+s)(n/2+1) .on/2
2

n

< . a+te |
e W " (n/2)
3 (26)" (2€)n/2 ate—1
< . (9pote—1 n/2 + note. . (9pote—1 n/2 .n2n
- 2 2m(n/2) ( ) V2m(n/2)1/2 ( )
< le4n+ ate=lnlogn + 2e(a+a+1)log n+2n+2n*T " og n+ 2=t nlogn
-3 3
<etF T mloan (3.11)

Case (II): o > 2. We split the right-hand side of (3.10) into three parts:
Lnote ] ot l2note1) Lnote ]

> (ggiiu)(;z&lf J)=§:l+ )R N B )

u=35+1 u=|2nate—1|41

u=1
From the upper bound in (3.11), we infer that

e4n+ D‘Jr;71nlog77, < lea+225—1 nlogn
—_— 3 .

Wl =

N

<
1

e
Il
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By the Stirling formula, we have

[2nFemt) [2note—1] un/Q .9n/2 (na+s/u)(n/2+1) . 2n/2

< 2 T (n/2)

u=35+1 u=35+1
2e)"
< (9pate—12 | (pote n/2 (
< et e
< e2((1—‘,—5—1)10gn+3n-‘,— “+;72n10gn
< 1 7a+22571n10gn.
-3
Let
naJrE

Fl) = Drogu+ ™ Ctogn, e [[2n7H ) 41, [0 )

u

Then it is clear that the function f(u) is decreasing on interval [|2n®T¢~1| 41, |2n®T¢~1 | logn],

and increasing on interval [|2n®T¢~1|logn, [n®*¢|]. Thus we have

fu) < max {f(|2n"*1] +1), f(ln*"])}

o+ e a+éE

nlogn, 2logn + ate

< max {n + nlogn} =n+ nlogn. (3.13)

With the same method, we deduce from the Stirling formula and (3.13) that
[n™te] [nte] un/Q . 2n/2 note

> < > N

u=[2n>te—1|41 u=[2n>te—1|41

Lna+sj a+e
< Z e% log u+2—— logn—4inlogn+3n
u=|2n>te—1|41
S noHrE . e4n+$nlogn S Ee%nlogn.
Putting these three estimates into (3.12) completes the proof. O
Now we are in a position to obtain the upper bound of dimy Ej,f(A, ). Taking
2¢—1
1-e)a—¢e)s= OH_% +e,
by Lemma 3.1, we conclude from (3.8) and (3.9) that
s P > at2e=1 100 p 1
H(Bl(a,s))ﬁhirgggf;e 2 & 'WZO
This shows that
a+4e -1
dimy B <s=———.
g Bi(e,2) <= 5 e =g
Then the desired upper bound follows by (3.6), i.e.,
a—1

dimH Einf<A,Oz) S %

Lower bound By the upper bound estimate, we have dimy Ei,s(A,1) = 0. In what
follows, we assume that o > 1. Let

G(a) = {z € (0,1): agn_1(z) =1, 2n|(2n) 1 +1 < agn(z) < 2n+1)[(2n)*7 ], Vn > 1}.
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Then it is obvious that
G(a) C Eint(A, ). (3.14)

For any n > 1, let
Con(@) = {(ar, - az0) € N?" 2 2k[(26)°7" | +1 < azu(a) < (2K + 1)[(24)° 7,

agk—1(x) =1, 1 <Vk<n

—

Then it is easy to see that

Gla) = U Ln(ar, -, az,).

n=1 (ai, - ,a2,)€C2n ()

Suppose that p is the probability measure supported on G(«) such that

H(IQTL(alv"' aa2n)) (315)
ﬁCQn kl;[l
for any n > 1 and (a1, -+ ,a2,) € Cop(a).

Let us estimate the py-measure of each ball B(z,p) with z € G(a) and p > 0. By the
construction of G(«), for each x € G(«), there exists an (2n)-tuple (a1, - , as,) € Capn(a) such
that x € Io, (a1, -+ ,a9,) for any n > 1. For any p > 0, let 2n be the integer such that

[lant2(at, -+ s azni2)| < p < |lzn(a, -, az.)| (3.16)

Then, by Lemma 2.2, we have

B(z,p) C Iap—2(a1, -+ ,a2n—2).
Combining (3.15) with (3.16), we deduce from (2.2) and Lemma 2.4 that

i inf (08B, ) > lim o 108 #Uzn—2(a, -, azn—2))
p—0 log p nooe log [Iznq2(a1, -+, azni2)|

n—1

~ 3 log(l(26)°1))

> lirginf )
—2(2n+2)log2 — 2a > log(2k + 1)

k=1

o 1

T 2a

This shows that .
. o —
dimyg G(«) > 5o (3.17)

In view of (3.14) and (3.17), the proof of lower bound is complete.

4 On the Products of More than Two Consecutive Partial Quotients

The following is a multifractal analysis of the convergence exponent of the products of more

than two consecutive partial quotients: let m > 2 be a positive integer and denote by

7(z) := inf {s >0: i (an(z) - ansm(2)) " < oo}

n=1
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the convergence exponent of the sequence {a,(z)- - ap+m(z)}n>1. For any 0 < a < oo, let
D(a) = {# € (0,1) : #(z) = a} be the level sets of the convergence exponent 7(z). In the
sequel, we shall present the multifractal spectrum of 7(z). Applying a result of Bakhtawar and

Feng [1, Lemma 3.1], we have

1
dimg {z € (0,1) : ay(®) - anym(xr) = 00 asn — oo} = 3 (4.1)
Using (4.1) and similar to those subsets in the proof of Theorem 1.1, we have

Theorem 4.1 For any 0 < a < 0o, we have
) - 1
dimy I'(«) = 3
Note that if the sequence {a,(z) - - an4m(x)}n>1 is non-decreasing, then the multifractal

spectrum of its convergence exponent is equal to dimH(f(a) N A), where

A= {x €(0,1): an(z) < aptms1(z), Vo> 1}.

By (1.3), we write

P(a)NA = {x € A : iming 08Un)  Gnim(T) _ 1} = Bt (A,

n—00 10g n @

).

Q|+

Theorem 4.2 For any 0 < a < 0o, we have

R 0, 0<a<l;
dimH Einf(A, a) = a—1

2o’

In what follows, we will modify the calculations in the previous section and sketch the proof

a>1.

of Theorem 4.2. We also consider the cases of 0 < o < 1 and « > 1 separately, as before.

4.1 Case0<ax<l1
Lemma 4.3 Let 0 < s <1 — « be small and let

Crim(a,s) = {(a1,~-- Ontm) ENTT 1 < a1 << an o Gpam < n‘”‘s}.

Then
ﬁCn+m(a, 5) < e(m+1)n”+s(1+210gn).

Proof We only provide a proof in the case of n = (m + 1)k, where k > 1 is an integer.
Similar proofs would go through for the other cases. Using the fact that if 1 < n; < ng are two

positive integers, then (Zf) increases in ns for a fixed ny, we obtain that

k—2+[n*\  (k+[n"]
)- ()

< a+s

(see (3.2)), where n is even. Thus, for the case where m = 2, n = 3k and £ = |[n“**], we apply
Lemma 2.6 and the same method as that of (3.2) to obtain that

1Coiala, ) Z%{(kkiu) LZ_f:{(’“,i“’) (kzjhj)}}

u=1

< et (k - 2k+_plza+s J) . (k 1 +kLna+s j) . (k +kp+w1+s J>.
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Compared with the estimate of §C,, 11 (e, s) and 4C,,12(, s), we have

k—2+ o)
< m(a+s)
BCham(a,8) <n ( b1

- (’“ -1 +ktn“+ﬂ> o (k -1 +kLn“+5J> (k +kLZ“1+SJ>

m—1

<o | <’f -1+ Ln““J) }’"“

k

m—+1
< m(a+s)(L . (= a+s)
<n (m—|—1+ ) (m+1+n )

m

O
Putting (3.1), (3.3) and Lemma 4.3 together, we conclude that H*(Eime(A, a)) = 0, and
thus complete the proof.

4.2 Casea>1
Lemma 4.4 Let € > 0 be small and let a > 1, and let

Cn+m(a75) = {(ala"' 7aJn+m) e Nvt™ ] <ar-Omi1 < <A Opgm < naJrs’
Qo Qpym > kK75, 1 <VE < n}

Then we have

H(mt1)e—1
%nlogn.

ﬁCNner(a, e)<e

Proof We only provide a proof for the case of n = (m + 1)k. The remaining cases can
be dealt with in similar manner. In the proof of Lemma 3.1, we observe that, for n = 2k, the

upper bound of the sum

na+s a+e
— k—1 k+1
is comparable to its first term, (k+]Lc7f1+5J). More precisely, there exist real numbers b; > 1 and
0 < ¢1 < 1 such that
|_’I’L(X+EJ na+s o
Z k—2+u k-‘—L%J <eb1n°110gn_ k"‘t’r}, +€J <e%nlogn
— k—1 E+1 - E+1 - )

Then, in the case where m = 2, n = 3k and ¢ = |[n®*¢|, we can use the same method as that

of Lemma 3.1 to obtain that
{ k—24+u .L’J | }}
k-1

: 1{(k—;+v> (k;i
(PP R et ))

e c k+ [note]
21] 31
S bgbgen ogn+n ogn ( ;

S

M~

ﬁ5n+2 (a7 5) =

— <Rkl

kE+1
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where the real numbers satisfy bo, b3 > 1 and 0 < ¢g,c3 < 1. As for the case of n = (m + 1)k,
there exist m sums in the formula presented in Lemma 2.6. By an induction on the number of

sums, we could find real numbers b > 1 and 0 < ¢ < 1 such that

ﬁ5n+m<a’5) < obnlogn | (k + I_’I’Loé-‘rsj) _ bt logn (m+1 4 Lna+5J>

k+1 S
< (bnlogn | (na+s)n/(m+1) < e%nlogn-
B (n/(m+1) —
O
Upper bound For any (a1, ,@nim) € Cpym (e, €), from (2.2), we have
1 1 T
Inmaa"‘,anmg S( )
Hnim{on +m) (araz---an4m)® = \(a102 - amy1) - (AnGnt1 - Gngm)
(L Yo yww 4.2
— ((n!)afe) — (e(l—a)(a—e)nlogn) . ( : )
Taking
2 at+(m+1)e—1
_° 1= _&)s =
il —ele—e)s o &
we deduce from (3.6), (3.8), (4.2) and Lemma 4.4 that H*(Ein¢(A, a)) = 0, and thus

. A a—1
dlmH Einf(A7a) S W

Lower bound Using the same method as the proof of Theorem 1.2 for the case o > 1,
we construct a suitable Cantor-like subset é’(oz) of Einf(A, «), and then apply Lemma 2.4 to
obtain the lower bound of Einf(A, «). For the sake of completeness, we give an outline of the

proof. Noticing that dimy Einf(A, 1) = 0, we consider the case o > 1. Let
Gla) = {‘” €0.1): apninn-1(®) =+ = Gmynyn-m(@) = 1, (m + Hnl((m + n)* ] + 1
< i) < ((m+ n+ DL(m+ Dn)> ', ¥n > 1},

It is obvious that

G(a) C Ene(A, a).
For any n > 1, let
Clmtiyn(a) = {(ah o Qmgnyn) ENOTUR g (@) = = g ykem (@) = 1,
(m+Dk[((m +1Dk)* 7 +1 < agnynr(@)
< ((m+Dn+1)[((m+1)k)*],1 < Vk < n}

Let v be a probability measure supported on é(a) such that, for (aq, - - - a(m+1)n) € Clmt1yn(a),
v(l al, - ,a 4.3
( (m-‘rl)n( 1 (7n+1)n)) ﬁC(m.H)n( 1;[ m T 1 J ( )
For any p > 0 small enough, let (m + 1)n be the integer such that
Hm+1) (1) (@1, 5 @ty )] < 2 < Limgyn (@, Gminyn)|- (4.4)
In view of (4.3) and (4.4), we deduce from Lemma 2.4 and (2.2) that
A a—1

dimyg Einf(A, a) > dimy G(a) > Yt
o
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