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Abstract In this work, we propose a low-regularity Fourier integrator with almost mass
conservation to solve the Davey-Stewartson II system (hyperbolic-elliptic case). Arbitrary
order mass convergence could be achieved by the suitable addition of correction terms, while
keeping the first order accuracy in H”Y x HYT! for initial data in H?*! x HY™! with v > 1.
The main theorem is that, up to some fixed time T, there exist constants 7o and C' depending

only on T and ||u\|Loo((0 Ty such that, for any 0 < 7 < 79, we have that
Hu(tna ) - unHHW < Cr, HU (tm ) - U"L”le <Cr,

where u" and v" denote the numerical solutions at ¢, = n7. Moreover, the mass of the

numerical solution M (u™) satisfies that
|M (u™) — M (uo)| < C7°.
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1 Introduction

Recently, Ning, Kou and Wang [5] constructed a first-order low-regularity integrator for
the Davey-Stewartson II (DS-II) system, which showed the first order accuracy in H” for initial
data in HY*!. However, it is difficult to maintain the geometric structure of underlying PDEs

for low-regularity integrators. The geometric structure is not only an important property, but
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also becomes the standard for judging the effectiveness of the numerical methods. In general,
the conservative schemes perform much better than the nonconservative schemes.

Ismail and Taha [2] proposed a linearly implicit scheme with mass conservation for solving
the coupled nonlinear Schrédinger equation, and the proposed scheme conserved the mass, ex-
actly ruling out any possibility of the blowing up of the numerical solution. Wu and Yao [9]
proposed a first-order Fourier integrator with almost mass conservation for solving the cubic
nonlinear Schrédinger equation in one dimension. To the best of our knowledge, this is the
first attempt to consider the conservation laws of the numerical solution for the exponential-
type integrators. For the Korteweg-de Vries equation, Maierhofer and Schratz [4] proposed a
symplectic resonance-based method for low regularity initials while preserving the underlying
geometric structure. Recently, a new class of embedded low-regularity integrators was proposed
for the classical KdV equation; these obtain the first order and the second order accuracy in H”
for initial data in HY*! [11] and HY*3 [10], respectively. Moreover, Ning, Wu and Zhao [6] pro-
posed an embedded low-regularity integrator that achieved first-order accuracy by requiring the
boundedness of one additional spatial derivative of the solution for the modified KdV equation.
Wang and Zhao [8] achieved the second-order accuracy in time without loss of regularity of the
solution by introducing a symmetric exponential-type low-regularity integrator for the Klein-
Gordon equation. Schartz, Wang and Zhao [7] proposed an ultra low-regularity integrator for
solving the nonlinear Dirac equation, which enabled optimal first-order temporal convergence
without requiring any additional regularity on the solution. For the Davey-Stewartson systems,
Frauendiener and Klein [1] presented a detailed numerical study of the Davey-Stewartson I
system and obtained the relative conservation of the mass.

In this study, inspired by the works of Wu, Yao [9] and Ning, Kou, Wang [5], we develop
a new scheme to achieve almost mass conservation while also requiring as low regularity as
possible while maintaining first-order convergence for the DS-II system with rough initial data
on a torus. Due to the non-elliptic nature of the principal operator in equation (1.1), the
resonant set becomes larger, making it impossible to directly apply the method proposed in
reference [9] to the DS-II system. Hence, we shall fully exploit the structure of the DS-II system
and employ delicate Fourier analysis to overcome the complexity of the phase function.

The DS-IT system with the rough initial data on a torus that we study in this work is

0pu(t, ) + 02 u(t, @) — 02 ult, @) = pilu(t, z)|*u(t, ®) + pou(t, )0, v(t, x),
{8%11)(15,3:) + 02 v(t, @) = 0y, (Jult,z)|?), t>0, = (21,22) € T?,

where p1, 2 € R, T = (0,27), u = u(t,z) : Rt x T? — C, v = v(t,z) : Rt x T? — R, and

ug = u(0,2) € HY(T?) (v > 0) is unknown.

A variable substitution is introduced, namely,

(1.1)

1
= 5(301 + z9),

1
& = 5 (@1 — @)
that is,

(1.2)

where £ = (£1,&2) and @ = (21, 22).
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Then, the equations (1.1) can be rewritten as

1
ie + Peye, = pald)*d + §M2¢(1/J£1 +e,),

1/15151 + 1%52 = (851 + 852)(|¢|2)

To avoid confusion of subsequent symbols, the equations (1.3) will be rewritten as equations

(1.3)

with respect to x1, s to obtain that
{hm+amm¢¢Emﬂ)&
= —(=A)"" (0, + 02,)(|0*),

where E(f) = (ji; + Mzamfz)f,ﬂl = 1 + p2,¢0 = u(0,x1 + T2, 71 — x2). The derivation
process can be found in [5].

(1.4)

Now, we only need to analyze the system (1.4) based on the above variable substitution.
The DS-II system is completely integrable and thus has an infinite number of formally conserved

quantities. The solution ¢ of system (1.4) in L? should satisfy the law of mass conservation,
1
M(6(0) = s [ 10(t.a)[dw = M (0n) = Mo (15)
(27'(') T2

Ning, Kou and Wang [5] constructed a numerical solution with only first order convergence
for the mass of the system (1.4):

() = 1T f —irePnint | £ B (w(=2i00,0,7) - f) ] (1.6)
Here .
e® — .
w(z) = z 270, (1.7)
1, if z=0.

Inspired by the idea of [9], we propose additional correction terms to improve the mass

conservation, for example,
U(f) = e f 4 I(f).
Then we have that
2 i T
[N}z = 1F172 + (26122 F + I(f), 1(f)).

In order to improve the mass conservation, we add a correction term J(f) and consider the

mass
W)+ T)][20 = 11122 + (2621227 4+ 1(f), 1(f))
+2(e P2 £LT(f)) + (I(f) + J(f), J(f))-
We set that
J(f) = H(f) - e¥1%27 f, with H(f) = —(2e027 f 1+ I(F), I(F)| 112,
so that

1)+ T()|[2e = 1132 + O,

which gives the third order convergence of the mass.
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In this work, we focus on the fifth order mass conservation; two additional correction terms
should be added. The solution of the modified DS system (1.4) can be written as

¢" =W ) + Ji(@" ) + Ja(e" T, (1.8)
P = —(=A) 7 (s + 0as) (19" ), (1.9)
where n =1,2,--- | %; ¢° = ¢o, and the three functionals I, .J;, J are defined as
I(U) = 9(U) — e%n1227(J, (1.10)
JU(U) = H(U)el%1=27, (1.11)
Jo(U) = —%(H (0)) €122 — Lo (|[U*) " H(U)Re (o (L(U)e ™ O=12270)) e %1270, (1.12)
and

H(U) = ~To(|U1) ™ [Re(ITo (10 )eP15270)) + LT[ 1(0)P)] (1.13)

where IIo(f) is set to be the zero mode of the function f:

1
o (f) = (@2 /T2 f(z)dz.

Now, we have the main theorem of this work.

Theorem 1.1 Let ¢™ and 1™ be the numerical solution of the DS-II system (1.4), obtained
from the LRI schemes (1.8) and (1.9) up to some fixed time T' > 0. Under the assumption that
o € HYTY(T?), for some v > 1, there exist constants 79 and C' > 0 such that, for any
0 < 7 < 19, we have that

16 () = 8"y SOy (bn) = 6" SOT, m=0,10, 20 (1LY
Moreover,
|M (¢") — M (¢0)| < C7°, (1.15)
where the constants 7o and C' depend only on T" and |[¢|| e ((0,7);Fr7+1)-
From equation (1.2), we can obtain the scheme of v and v for n =1,2,--- | %, u® = ug as
u =T + S (w4 S (u ) (1.16)
and
V" = (=) 0, (Ju"?), (1.17)
where
() = P07 — il O B (w(-2i(02, - 92,)7)] - f)]
i(U) =¥ - 61(8317822)7(]7 J(U) = H(U)ei(ajlfa;)TU’
(U) = —5 (A@)* %)y
— o ([U[?) " H (U)Re(Tlo(T(U)e 05 —22)717) )05 ~22) 71
and
A7) = ~To(|U) ™ [Re(Io (1@ )% ~2270)) 4 L11o(|F(U)P)].

Then we get
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Corollary 1.2 Let u™ and v™ be the numerical solution of the DS-II system (1.1) obtained
from the LRI schemes (1.16) and (1.17) up to some fixed time 7" > 0. Under the assumption
that ug € HY*1(T?), for some v > 1, there exist constants 7o and C' > 0 such that, for any
0 <7 < 19, we have that

Hu(t"’ﬁ)_unHH’Y SCV7-7 HU (t’ﬂ?.)_vnHH’YJrl SCT? TLZO,l,"' )

; (1.18)

Moreover,
|M (u") = M (uo)| < OT°, (1.19)
where the constants 7o and C' depend only on T" and [|ul| Leo (0,7 mrr+1)-

Remark 1.3 The almost mass convergence scheme proposed in this work, together with
the first-order scheme proposed in [5], has the lowest regularity requirement among all schemes
for the DS-II system so far. For example, the Strang splitting method requires the loss of two
derivatives.

Remark 1.4 With respect to the Fourier integrator, our scheme also achieves first-order
convergence in H? x H¥*1 compared to the first-order scheme of [5], and maintaines fifth-order
accuracy for the mass. Thus, the physical properties of the solution to the equation can be well

preserved.

Remark 1.5 By repeating the same argument, and adding a additional correction term

J(f) = H(f) ePeaT f,
with
H(f) = —(2e%=27 f 4 TI(f), II()| £ 2,
and

ITI =T+ J) + Jo — ePn1227

we obtaind 7-order convergent scheme in mass.

2 Preliminaries

2.1 Some Notations

First, we present some notations and tools for future derivation and analysis. We use A < B
or B < A to denote the statement that A < C'B for some absolute constant C' > 0, which may
vary from line to line but is independent of 7 or n. We denote that A ~ B for A < B < A. We
use O(Y') to denote any quantity X such that X <Y.

For k := (k1,ks) € Z2, x := (x1,22) € T?, we denote that

k'ﬂl‘:klxl—l—kQIQ, |k2|2 = |]€1|2+|k2‘2.

We denote (-,-) to be the real L?-inner product, that is
(f.9) = e [ f(a)ge)de.
T2

The discrete Fourier transform of a function f on T2 is defined by

1 .
fe = W Z e kT

keZ?
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and its inverse is

SC) = Z eikmfk.

kez?
Then the L? norm and the H7(T?) for 4 > 0 norm are defined as
2
1172 = 202 D 1fal® = 20)2 I ful g2 gzey (2.1)
kez?
2 2 ;
1 Iz 2y = 197 F o grey = 2m) D (14 (K1) e, (2.2)
kez?
where the operator is
JP=(1-A)2, VscR. (2.3)

Moreover, the discrete Fourier transform of (—A)~! and |[V|~! can be represented by

— k|72 fi, itk #0,
(—A) 7 f(k) = _ (2.4)
0, if k=0.
_— k|1 fr, ifk#0,
IVI=1f(k) = , (2.5)
0, if k=0.
T (M; @) is set to be a class of qualities which is defined in the Fourier space by
FLn(Mig) (k) =0( 3 MOy k)l [0, ()] 1w, (B)]). (26)
k=ki+-+km
where k; = (kj1,kj2) € Z%, j = {1,--- ,m}, and M is a function regarding k1, - - , kp,.
Furthermore, the isometric property of the operator e'% 122t gives that
122 fll gy = || fllam (2.7)

forall fe HY,v>1andt €R.

2.2 Some Preliminary Estimates

Lemma 2.1 (Kato-Ponce inequality [3]) For any v > 1, f, g € HY(T%), the following
inequality holds:
If gl S I f a9l e (2.8)

Lemma 2.2 Let v > 1 and ¢ € H?. Then the following inequality holds:
T (K11 (koo + ka2) + ka1 (ki2 + ka2) + ka1 (ka2 + k22); 0) | - S N@l170 (0,71

Proof We assume that ¢, >0, j = {1, 2,3} for any k;, otherwise one may replace these
by ‘@k]‘ |
Using the definition in (2.6) and Sobolev’s embedding theorem, we have that

||T3 (k11 (k22 + k3z2) + ka1 (K12 + ks2) + ka1 (k12 + k22); HH 5

S D0 (kallkal + [Rallks| + [Kallks|) éx, $ro s | s
k=ki1+ka+ks

2 2
S IHAVIe) ella— S ITHIVIe) el
From Lemma 2.1, we get that

|75 (k11 (koo + k32) + ko1 (k12 + ks2) + ka1 (k12 + k22); )| -

2 3
S Vel llellpe < H@HLOC((O,T);Hw)-
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Therefore, Lemma 2.2 is proven. g

2.3 Review of the First-Order Numerical Scheme Construction
Ning, Kou and Wang [5] solved the DS-IT system (1.4) using Duhamel’s formula
. t .
(t) = %121 6(to) *i/ ePm122 (=) [(s) - E(|@(5)|*)] ds. (2.9)
to
By the twisted variable o(t) = e~ %122t (t), we get that
t
p(t) = ¢(to) —i/ e‘ia’”?s{ei%”sv(S) -E(\eia‘””sw(S)lg)}dS-

to

By taking the discrete Fourier transformation, we get that

i
Gultusn) =onlt) =i [ 3 e i
O k=ki+ko+tks

(k11 + ko1) (k12 + kzz)]
k1 + ko

’ é’ﬂ (tn + S)(ﬁkz (tn + S)(ﬁ]% (tn + s)ds, (210)

where o = klkg + kllklg — k21k22 — k31k32, and we let ﬁ = kll(kgg + kgg) + kgl(klg + kgg) +
k31(/{312 + kgg). Hence, we have that o = 2k11k12 + 5.
Only the dominant quadratic term 2iskq1 k12 is chosen for the integration, so the integration
can be carried out fully in Fourier space as
/ eBiskukizqg — 70y(2irk 1 k1g).
0
Hence,

P(tnt1) = p(tn) — irePmz2tn [eiamuzt"‘p(tn)E(W(_mazlzﬂ—)eiawl”t"Sp(tn) 'eiamlwztnso(tn))}

+RY +Rj
= ®"(p(tn)) + RT + Ry, .
where
) _i/'r o022 (60 +9) [eiamm (thrs)(p(tn +5)- E(‘eiamw(tﬁs)(p(tn + S)|2)
0
N () ,E<|eiamlm2 (tn+s)(p(tn)|2)}ds,
and

: itha [~ ki1 + ko1)(ki2 + K
g:_lz Z eltn [M1+M2( 11 21) (K12 22)]

2
k k
KEZ? Ky, ks, kscZ? [ + k2|
k=ki+k2+ks3

- oy Py Py €T /OT eZiskitkiz (gish _ 1)qs,
Then we get the scheme of the first order low-regularity integrator (LRI) for solving the
DS-IT system (1.4):
¢" = 01— ireOnenT [ B(w(=2i0,,0, )60 1 6" )], (2.12)
U = = (=A) " (Oay + 0a,) |07 (2.13)

Here the numerical solution of ¢™ = ¢™(x) and ¢¥™ = ¢™(x) is the numerical solution, for

n=1,2,3,---, and the scheme reaches first order accuracy.
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Theorem 2.3 ([5]) Let ¢™ and ¢™ be the numerical solution of the DS-II system (1.4)
obtained from the schemes (2.12) and (2.13) up to some fixed time T > 0. Assume that
¢o € HY1(T?) for some v > 1. Then there exist constants 7o > 0 and C' > 0 such that, for
any 0 < 7 < 7, we have that

H(b(tn) _¢n||HA’ < CT7 ||¢(tn) _/IZ}HH‘H"""1 < CV/7—7 n:0717"' )

T
t )
where the constants 79 and C' depend only on T' and ||¢|| Lo ((0,7);r7+1)-

We list some estimates from Ning, Kou and Wang [5].

The estimates for R} and R are as follows:
Lemma 2.4 ([5]) Let v > 1. Assume that ¢9 € H?"(T?). Then there exist constants
70 > 0 and C' > 0 such that, for any 0 < 7 < 79,
IR | < O,

where 79 and C depend only on T" and ||¢|| e ((0,7);m7)-
Lemma 2.5 ([5]) Let v > 1. Assume that ¢9 € H?T}(T?). Then there exist constants
70 > 0 and C' > 0 such that, for any 0 < 7 < 79,
IR || < O,

where 79 and C depend only on T" and |||l o ((0,1);m7v+1)-

By combining Lemmas 2.4 and 2.5, the local error estimate of the numerical propagator is
obtained.

Lemma 2.6 (Local error [5]) Let v > 1. Assume that ¢g € H?"!(T?). Then there exist
constants 79 > 0 and C' > 0 such that, for any 0 < 7 < 79,

le(tnt1) = 2" (@(tn))ll g < CT2,

where 79 and C' depend only on T" and |||l .o ((0,1);v+1)-
The stability of the solution is as follows:

Lemma 2.7 (Stability [5]) Let f,g € H”. Then, for v > 1, the following estimate holds:

12" (f) = "l zv < L+ CT)If = gl +COTIIf = gl -

Here C' depends only on || f]| g~ -

3 The Almost Mass-Conserved Scheme

3.1 Construction of the Numerical Integrator

Let " = e~ 0=a2tngn - Accordingly, from (1.10)-(1.13), we have that

P = @ IM(") + (") + T (07, (3.1)
where ®" is defined as in (2.11), that is,
I"(p") = @"(¢") = ", (3.2)

and the functionals Ji*, J3' are given by

JU (™) = H"(p")p", (3.3)
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J3 (") = —%(H"(cp"))zso” = (le™3=) " H™ (") (I™(9™), )", (3-4)
and
(") =~ (l6"13) ™ (@™, 0™ + I eI, ). (3.5)
The proof of Theorem 1.1 depends on some key lemmas. First, the convergence order of I™(y)
is given.
Lemma 3.1 Let v > 1. Assume that ¢ € H?. Then there exists a constant C' > 0 such

that
1" (@)l < O, (3.6)

where C' depends on ||| e ((0,7;H7)-
Proof By (2.11) and (3.2), we have that
I"(@) = —ire Perzatn [eiawlwt"(pE(w(—Qiaxlsz)m . eiaﬁwt"gp)} )
Hence, we have that
177 (@l = | = re st [ B (2104, ) Prea g - croatn )]
< THeia’Elwt"cpE(w(—ZiaszT)m . @l0z1aatn gp) HL2
< THeiawlwt"cpHLm HE(w(—QinlmT)m . eiaxlwt"go)

By |Ef|lzz < C|f|lz2, we have that

Iz

0.

I (@)l S T[]l poo |0 (2100, 2, )& 0120 - @Om1m2trg|

Together with Lemma 2.1 and ||w(—210y,4,7) f|lm~ < C| f||m~, we obtain that

1™ ()2 S Tl o |22 | 1 0]l 2 S TN 200 (0,710

This proves the lemma. O
Next, we give the convergence order of (I"(p), ®).

Lemma 3.2 Let v > 1. Assume that ¢ € HY. Then there exists a constant C' > 0 such
that
(I™(¢), p)| S C72, (3.7)

where C' depends on |||l o ((0,7);57)-

Proof We perform a Fourier transformation on I™(¢) to obtain that

In(p) = —i Z /T efotne2ibukiasds [y 4 1y (k11 + k21)(k122+ kzﬁ]ém@kz@ky
k=k1+ky+ks 0 k1 + k2|

Together with o = 2k11k12 + B, we get that

ﬁ(@ =i Z /T elotn [eias — e2ikukias (o2ifs _ 1)] ds
k=Fk1+ks+ks 7 0

(k11 + ko1) (k12 + ko2), -~ . .
Pk Phey Pl - 3.8
ey + k| ] (38)

[+ pe

Therefore, we can write ﬁ(gp) as

ﬁ(@) =—i Z / eia(t"—i_S)dSW(ﬁlﬂ @kz@’% + (@)k? (39)
=k +ko+ks 0
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—

where (RY),, is defined as

@k — Z / eiatnemkuklgs(emﬁs ~1)ds
k=k,+ko+ks 0
_ ki1 +ko1)(kig +ka2)y - . .
<[ +u2( i )]‘pk190k290k3'

k1 + koo

By establishing a Fourier inversion of the (3.8) equation, we obtain that
I"(p) = —i/ e 10z 2 (tnts) (eiamzz(tws)(p . E(|eiazlz2(tn+8)w|2))ds +RY. (3.10)
0
By taking the inner product of I"™ and substituting (3.10) into the equation, we get that

(I"(9), ) = < - i/o o 0rnea (19 (H0erea (tn o) E(\eiaflz2(t"+s)s0|2))d5,sﬂ> +(R3, ¢)
:/ <_ieii)mlm2(tn+s)(p.E(|6161112(tn+s)<p|2)7eiamlmQ(tn+s)¢> ds+ (R2, )
0
Since
(=if-BOSE).r)=Re [ =if-B(f7)- fax =0,
we get that
/ <_iei0w1$2 (t"JrS)QO . E(|ei6$1z2 (tn+s)<p|2)7eiawlw2 (tvb+5)(p> ds = 0.
0
Hence, we have that
(I"(p), ) = (R3, ) -
According to Lemma 2.2, we get that

({I"(9),9)] = [(R3, o) <IRS| lellmv S CT2,

where C' depends on ||¢|| e ((0,7);H7)-
This proves Lemma 3.2. O

3.2 The Proof of Theorem 1.1

Since " = e 9naatngn p(t,) = e"9e2tng(t,), we only need to prove that the conclusion
of Theorem 1.1 holds for ¢™ and ¢(t,).
From (3.1), we have that

P =" M) + IR (") + T3 (0").
Then, we get that
P = 0 (tar1) = @7 (¢") = " (0 (tn) + " (0 (tn)) — @ (tns1) + 7 (¢") + I3 (7).
By Lemmas 2.6 and 2.7, we find that
lp(tns1) = " (p(ta))l g < OT2,
and

127 (") = @ (i (ta)) v < (L +CT) 9™ = @ (t) | + O ll™ = 0 (8177
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From (3.5), Lemma 3.1 and Lemma 3.2, we have that

n n n -1 n n n 1 n n
[ ()< (™ 132) ™ (10 (), o) 4 5 I (o) 2 )
< (I B + 19" hn) < P+ " = o (llin),  (3.11)

which yields that

1I? (&™) e = 1H™ (@) ™2 < CT2 (L4 [l9™ = 0 (t) 13- (3.12)

Similarly, from (3.4), (3.11), Lemma 3.1 and Lemma 3.2, we have that

n(.n 1 n(,.n n n Lt/ n n(, .n n n
175 (™) llere < STH (@M Ple" Iy + (9" 11Z2) ™ (™I (") 0" Ml 1
< Cr' 1+ @™ = @ (tn)ll3a)-

Putting this together with the above estimates, we conclude that, for any 7 < 1,

I = @ (tasn) 1+ < O + (L4 C7) 0" — @ (ta)l g + Cr " — 0 (t)l[3r . (3:13)

where the constant C' depends only on |[¢]| Lo ((0,7);7)-
By iteration and the Grénwall’s inequalities, we get that
n 2 < J r
[e(tn) = ™|y <CT2Y _(1+C7) <C1, n=0,1,---,—, (3.14)

, T
Jj=0

which implies the first-order convergence and the following estimate:
T

Here the positive constant C' depends only on 7" and |||| Lo ((0,7): )
From the DS-II system (1.4), we know that ™ = —(—=A)"Y(9, + 9,)|¢"[*. Meanwhile,
using the first estimate in (1.14), we have that

6 (ta) = 6 s < ||~ (=2) 7 (@, + D) (I8 |67

< CO|l1é (ta)* = 10" ||,
SClg(tn) = "l gy (16 (En) — @™l gy + 1D(Enll )
<cr,

H+1

where the constant C' depends only on |[¢|| L ((0,r);z++1)- This proves (1.14).

Now, we prove the almost mass conservation law. From (3.1), we have that

" HZ2e = (" ")
= [le" (32 + 2(I" (™), ™) + 2 (J7 (™), ™) + 11" (™)1 72
+2(J (") ") + 2T (") IT (™) + 17 (™) 72
+2(I" ("), I3 (™) + 2 (7 ("), T8 (™) + 15 (0™
= |l¢™|32 + I+ IT+III. (3.16)
By combining (3.3), (3.4) and (3.5), we get that

I=0, II=0.
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From Lemma 3.2, (3.3), (3.4), (3.11) and (3.14), we obtain that
2| (1" (9"), T3 (2™)) | < [2(Ie"1132) " H™ (0™) (1" (") ") |
+[(H (™) (I (™)™ | < O,
2| (J7(9"), I8 (&™) | < | [(H" (™) 9™ 132 + 2(H™ (™) (I" (") ™) ]| < C7°

and
175 (™32 < (le™122) ™ (H (™) (I (™), ™)

F(EY ) @), 0" + 3 () e < O
Then, we have that
I11 < C7°.
Therefore, we conclude that
o™ 122 = lle™l12:] < CT°% (3.17)
that is,
M(e™) = M (™) | < O7°. (3.18)

Then get that
[M (¢") — M (¢0)| < CT°.
This finishes the proof of Theorem 1.1.

4 Numerical Experiments

In this section, we present the numerical experiments of the scheme to justify the main
theorem. Since ¥™ can be calculated via equation (1.4), we only need to test ¢™ in this section.
To get the initial data with the desired regularity, we construct ¢o(z) through the following
strategy [23]: we choose N = 22 as an even integer and discrete the spatial domain T? with
grid points ;5 = (2]7”, %T”), 4,k =10,---,N. Then we take a uniformly distributed random

array rand(N, N) € [0,1]V*N and an N x N vector @ whose elements were defined as
¢j7kal = rand(N,N) —|—irand(N,N), (Jvk = Oa e 7N - 1)

In our numerical experiments, we set that
O, n| 7P 2
dolw) = =N L g2, (4.1)
10,5 |77 B[ 1o
where the pseudo-differential operator |0z n|~7 for v > 0 reads as follows: for Fourier modes

k= (ki,k2) and k; = —=N/2,--- |N/2 -1, for j = 1,2,

k=7, ik £0,

Opn| ), =
(191 0, if k=0.

Since the almost mass conservation scheme given in this work has high accuracy, direct
numerical calculation may not capture the convergence order of the mass error. In this exper-
iment, we enlarge the initial value by 10° times and calculate the relative errors. The results
are shown in Figures 1 and 2. They illustrate that scheme (3.1) achieves first-order convergence
in H" and fifth-order mass convergence for the initial data in H7*1 v = 2 3, and gives higher

order mass convergence than the scheme given in [5].
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Figure 1 Convergence of (3.1): error W (left) and error W (right) when v =2
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(left) and error erx%
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Figure 2 Convergence of (3.1): error Torer T

5 Conclusion

In this work, we constructed a first-order Fourier integrator with almost mass conservation
for solving the DS-IT system on a torus under rough initial data. Based on the numerical
scheme in [5], we designed a modified numerical scheme to obtain the first-order convergence
in HY x HY*! with rough initial data in H"*! x H¥*! and the fifth-order mass convergence.
In addition, we found that the scheme could be readily extended to construct the arbitrary

high-order mass convergence.
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