Acta Mathematica Scientia, 2024, 44B(4): 1415-1440

https://doi.org/10.1007/s10473-024-0413-7 39 lEl'IILll
©Innovation Academy for Precision Measurement Science ﬁ # %ﬁ% *ﬁ

and Technology, Chinese Academy of Sciences, 2024

http: //actams.apm.ac.cn

WEAK-STRONG UNIQUENESS FOR THREE
DIMENSIONAL INCOMPRESSIBLE ACTIVE
LIQUID CRYSTALS

Fan YANG (#1) Congming LI (ZA80)*
School of Mathematical Sciences, CMA-Shanghai, Shanghai Jiao Tong University,
Shanghai 200240, China

E-mail: fanyang-m@sjtu.edu.cn; congming.li@sjtu.edu.cn

Abstract The hydrodynamics of active liquid crystal models has attracted much attention
in recent years due to many applications of these models. In this paper, we study the weak-
strong uniqueness for the Leray-Hopf type weak solutions to the incompressible active liquid
crystals in R®. Our results yield that if there exists a strong solution, then it is unique among
the Leray-Hopf type weak solutions associated with the same initial data.
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1 Introduction

In this paper, we study the so-called three dimensional incompressible active nematic sys-
tem [16, 17] which describes the hydrodynamic motion of nematic liquid crystals with active
constituent particles. Roughly speaking, this model is a system that couples a forced incom-
pressible Navier-Stokes equation for the fluid velocity field u with a parabolic system for the
Q-tensor order parameter. In the Landau-de Gennes theory, the Q-tensor order parameter de-
scribes the primary and secondary directions of nematic alignment along with variations in the
degree of the nematic order [32]. Since the existence of global weak solutions for this system was
recently established in [11], we are interested in investigating the uniqueness properties for such
weak solutions of the incompressible active nematic system. In particular, this system turns
into the incompressible Navier-Stokes equation if the Q-tensor is isotropic (Q = 0). From this
point of view, the weak solutions of incompressible active nematic system are expected to have
the property of weak-strong uniqueness, analogous to the celebrated works by Prodi [35] and
Serrin [39] on the incompressible Navier-Stokes equations. Moreover, there are several relevant
works on nematic liquid crystals in the literature, such as for the simplified Ericksen-Leslie
system [24] and the generic Q-tensor model [20].
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We begin with a short review of the relevant studies on the incompressible Navier-Stokes
equations, especially regarding the uniqueness of weak solutions. Although one may find many
different definitions of weak solutions in the literature, the first one is the Leray-Hopf weak
solution, which was established by the classical results of Leray (1934) [28] and Hopf (1950)
[22]. Up until now, the problem about the uniqueness of Leray-Hopf weak solutions has been
open. However, the well-known Ladyzhenskaya-Prodi-Serrin condition showed that if a Leray-
Hopf weak solution u satisfies u € L{LP for some ¢ < oo and p > d with % + g <1, then all
Leray-Hopf weak solutions with the same initial data must coincide (see also [29, 35, 39]).
For the endpoint case (p,q) = (d,o0), that was later established by Kozono and Sohr in [26].
Such types of results are often referred to as weak-strong uniqueness. On the other hand,
the Ladyzhenskaya-Prodi-Serrin condition also implies the regularity properties of Leray-Hopf
weak solutions. For more details on this, we refer interested readers to [12, 14, 38, 41] and the

references therein.

As an alternative, a more general weak solution was considered by Fabes, Jones and Riviere
[15] in 1972; this was also referred to as the very weak solution. Their key observation pro-
claimed the equivalence of the property of weak solutions of class L{L? and solutions of the
integral form of the Navier-Stokes equations. By virtue of this fact, they proved that weak
solutions of class L{LP are unique if % + % < 1and d < p < +oo. However, for the limit
case (p,q) = (d,00), we have to work with a smaller class of functional space C;LZ rather than
L° L%, where the iteration scheme is convergent. The corresponding uniqueness results can be
found in [27]; see also [18, 31, 33] for further discussions. We also remark that the uniqueness
of the weak solutions of class L{°L% was later studied by Lions and Masmoudi [31] for the
dimension d > 4.

In particular, by the standard embeddings, we see that the weak solutions of the Leray-
Hopf class satisfy the condition u € L{LP for % + % = ¢ and d > 2. This implies that there is a
substantial gap between the conditions regarding the existence and uniqueness. Thanks to the
Ladyzhenskaya-Prodi-Serrin condition, the uniqueness holds for weak solutions in L{LP such
that % + % < 1 with p > d. However, the question regarding uniqueness of weak solutions of
class LILP with % + % > 1 is quite involved. This has remained completely open until a very
recent work by Buckmaster and Vicol [5]. More precisely, the first non-uniqueness was shown
in class C;L2* for dimension three. Later, in [34], Luo extended a similar non-uniqueness result
to the dimension d > 4. More recently, Cheskidov and Luo [7] established the non-uniqueness
of weak solutions of class L{L° for 1 < ¢ < 2 and d > 2. Interestingly, although the weak-
strong uniqueness implies the uniqueness of weak solutions of class C; L2 in dimension two, the
authors of [8] obtained the non-uniqueness in class C; L? for 1 < p < 2. In light of these studies,
a conjecture is that non-uniqueness holds for weak solutions of class L L? such that % + % >1
with d > 2. Nevertheless, only partial criteria are known for this conjecture. We also refer
readers to [1, 3, 6, 25], as well as the references therein for more results on non-uniqueness.

In view of the above results on Navier-Stokes equations, an important step towards under-
standing the uniqueness properties of weak solutions is via establishing some suitable criteria.
Otherwise, one may result in the non-uniqueness of weak solutions. As was shown in [11], there
exist global weak solutions to the three dimensional incompressible active nematic system, but

their uniqueness is unknown. This motivates us to investigate the uniqueness criteria for the
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solutions. However, our aim is to get a result similar to that of Serrin for the Navier-Stokes
equation. More precisely, we study the following initial value problem of the incompressible

active nematic system in R3:
Qr + (u-V)Q+ Q02— QQ — \Q|D =THI[Q],
u+ (u-V)u+ Vp—pAu=-V-(VQ O VQ) + V- (QAQ — AQQ)
—AV - ([QIH[Q]) + kV - Q, (1.1)
divu = 0,
(Q, u) [t=0= (Qo, o).

Here u € R3 is the flow velocity, Q is a traceless and symmetric 3 x 3 matrix which stands for

the nematic tensor order parameter, p denotes the usual pressure, p > 0 represents the viscosity
coefficient, I~ > 0 is the rotational viscosity, A € R refers to the nematic alignment parameter,
and D := % (Vu + VuT) and ) := % (Vu — VuT) are the symmetric and antisymmetric part
of the strain tensor with (Vu)ap = 0pue. Moreover, VQ ©® VQ is a symmetric tensor with its
component (VQ © VQ)qp given by 03Q,50,Q~s. In what follows, we use a partial Einstein
summation convention; that is, we sum over the repeated indices. The molecular tensor H is

defined by

r 2
M5 - cquied),

which describes the relaxational dynamics of the nematic phase and can be derived from the

H[Q) :zAQ—aQ%—b{Cf—

Landau-de Gennes free energy (see also [21]). ¢ > 0 refers to the concentration of active
particles, and a, k € R are constants related to the interaction of active particles. In addition,
from a physical point of view, the material-dependent constant b is usually taken to be a
positive number. For active system (1.1), we need to conquer some new difficulties, due to the
appearance of the active terms A|Q|D, kV-Q and AV (|Q|H|[Q]). Additionally, we also mention
that the active nematic systems are distinguished from their well-studied passive counterparts
(excluding active terms), because they describe the fluids with active constituent particles. In
fact, such systems are energy consumed and dissipated by the active particles that drive the
system out of equilibrium. For more background and discussion on active liquid crystals, we
refer interested readers to [11, 16, 17, 21] and the references therein.

In order to assess the progress on active liquid crystals, we now review several related studies
about the passive nematic models of the Q-tensor. In [36, 37], Paicu and Zarnescu proved the
existence of global weak solutions to the coupled incompressible Navier-Stokes equation and
the Q-tensor system in R? (d = 2, 3). For dimension two, the existence of regular solutions and
the weak-strong uniqueness of weak solutions were further studied. Later, the existence and
regularity of weak solutions on the d-dimensional torus over a certain singular potential was
established by Wilkinson in [42]. For the coupled compressible Navier-Stokes equation and the
Q-tensor system, Wang, Xu and Yu [43] derived the existence and long-time dynamics of globally
defined weak solutions. More recently, Xiao [44] investigated the existence of global strong
solutions to three dimensional incompressible @-tensor model, as well as the corresponding
weak-strong uniqueness. For more results and discussions see [2, 13, 23]. Nevertheless, all
of these results are about the passive nematic liquid crystals without active terms and the

concentration equation.
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For the active liquid crystals, the existence of global weak solutions to the incompressible
active nematic system in dimensions two and three was established by Chen, Majumdar, Wang
and Zhang [11]. In the same way as for the passive system [37], the weak-strong uniqueness
has only been studied in dimensional two. For the inhomogeneous incompressible active liquid
crystals, Lian and Zhang [30] derived the global weak solutions in a three-dimensional bounded
domain. Moreover, the compressible flow of the active nematic system was studied in [9]; see
the survey paper [10] and references therein for a more detailed discussion.

As mentioned above, the weak-strong uniqueness of system (1.1) was only established in R?
[11]. Tt is easy to see that system (1.1) contains several strongly nonlinear terms and generates
considerable analytical difficulties. In fact, the highest order terms will not completely cancel
out in the higher regularity estimates for dimension three. Conversely, in dimension two, one
can obtain the estimates on ||Q(¢,)||wr.~ and ||u(t,-)||L~ to close the estimates. Thus the
existence of global strong solutions follows. On the other hand, inspired by the work by Xiao
[44], it is also possible to obtain the existence of strong solutions in some suitable function spaces
in R3. Nevertheless, we are more interested in the weak-strong uniqueness for weak solutions
of system (1.1). To this end, we introduce the notion of Leray-Hopf type weak solutions to the

incompressible active nematic system (1.1) as follows:

Definition 1.1 (Leray-Hopf type weak solution) A pair (Q,u) is called a Leray-Hopf
type weak solution to (1.1) with the initial data (Qo, uo) € H*(R3,S3) x L2(R3) if the following
conditions hold:

( ) Q € Lloc(R‘H Hl(RS))mLIQOC(R+; HQ(R3)) and u € L?SC(RJF LQ(Rg))ﬂLﬁ)C(R.‘_; Hl(RS))7

(ii) For any compactly supported ¢ € C*([0,00) x R3;S3) and ¢ € C*°([0,00) x R3;R3)
with V -9 = 0, we have
| Q:06)+1(aQ: ) + Q- V)~ (@2 - 20 - NQID : )i
1 [ (a@-0|er- Gt L] 4 Q@) :0) dt — (Qulo) : 0(0.2) (1)
and

/m (u, 0tp) + (u,u - Vb)) — p(Vu, Vip)dt + /OO (VQ O VQ — QAQ + AQQ : VyT) dt
0 0

= [ (5@~ NQIHIQ): V) e (aole).v00.). i

(iii) Letting T € (0, +00), there holds for all ¢ € [0, T7,
t
luI2 + Q)12 + 20 / |Vu(s)||22ds
t t t
—|—2aF/ ||Q(s)|\i2ds+2(a,+1)r/ ||VQ(5)||izds+2r/ |AQ(5)]|3 2ds
0 0 0

t t
< luol22 + 1|Qol|% —2/ (a)\|Q\Q+nQ:Vu)ds+2/0 (AQ|D : Q)ds
—|—2F/t< [Q2 (QQ) } — cQtr(Q?) : Q—AQ) ds

+2)\/ <|Q|{ { Q- (QQ) 3} —cQtr(QQ)}:vu> ds. (1.4)
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By Chen-Majumdar-Wang-Zhang [11], it is known that, for initial data (Qg,uo) € H'(R3,
S3) x LZ(R3), there exists a weak solution (Q,u) to system (1.1) such that the above conditions
(i) and (ii) hold. However, it is unclear whether their weak solutions are indeed the Leray-
Hopf type weak solutions. In fact, this energy inequality automatically holds for sufficiently
regular solutions of (1.1); see Theorem 1.2 and Lemma 2.1 below for the details. Therefore, it
is reasonable to consider such Leray-Hopf type weak solutions for (1.1).

Since the Ladyzhenskaya-Prodi-Serrin condition guarantees that Leray-Hopf weak solution
of the Navier-Stokes equation satisfies the energy equality, one may expect a very similar prop-
erty for the incompressible active nematic system. Moreover, as in [39], the energy equality is
essential to study the weak-strong uniqueness. Hence, one of the main results in this paper is
to prove that Leray-Hopf type weak solution of (1.1) verifies an energy equality under some
additional regularity property. More precisely, we have

Theorem 1.2 Let (Q,u) and (R, v) be two Leray-Hopf type weak solutions to (1.1) with
the same initial data (Qg,ug) € H'(R3,S3) x L2(R3). Assume that for some 2 < p < 3,

2 3

AQ € LU0,T; LP(R*)) and Vue LI(0,T;LP(R%), =+°>=2 (1.5)
q p

Then, for any ¢ € [0, 7], we have
t t
(u(t),v(t)) = |Juol|zz — 2u/ (Vv,Vu)ds —|—/ (v,v-Vu) + (u,u - Vo)ds
0 0

t
+/ (VQ O VQ - QAQ + AQQ : Vv)ds

0

t
+/ (VR®VR— RAR+ ARR : Vu)ds
0

—/ (KQ — NQIH[Q] : Vo) ds —/ (KR — NR|H[R]: Vu)ds (1.6
0 0
and
(Q() : R(t)) + (VQ(t) : VR(1))
= 1Qoli%: — QaF/O (Q: R)ds —2(a+ 1)F/0 (VQ : VR)ds — 2r/0 (AQ : AR)ds

t

t t
(R:v-VQ)ds + / (AQ :v-VR)ds
0 0

+/(Q:u-VR)ds+/ot(AR:u~VQ)ds+/o

- /t(QQ —QQ - \Q|D: R— AR)ds — /t(RQ —~QR - MNR|D: Q- AQ)ds
0 0
+ F/t (b {QQ — U(?C;F)Ig} — cQtr(Q?*) : R — AR) ds
0
+ r/ot (b [RQ — tr(fz)zg,} — cRtr(R?) : Q — AQ) ds. (1.7)

In particular, (@, u) satisfies the energy equality
t
[u(®)l|72 + 1QE) 17 + 2#/ [Vu(s)|72ds
0

t t t
+2aI‘/0 ||Q(s)|\2Lgds+2(a+1)I‘/0 ||VQ(s)||§2ds+2r/0 1AQ(s)|22ds
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= ol + [ QulE —2 [ (@QIQ+rQ: Tuyds+2 [ (@D Q)ds
0 0
t 2
+or / (b [cf - H(Q)zg} —Qu(Q?): Q — AQ) ds
; 3
L) /t (|Q| {b [Q2 _ tr(cf)zg} - cQtr(Q2)} : w) ds, (1.8)
| 3

for all ¢ € [0, 7.

Remark 1.3 We list a few remarks here concerning Theorem 1.2.

(i) This result implies that if a Leray-Hopf type weak solution of (1.1) satisfies the condition
(1.5), then energy inequality (1.4) should hold as a strict equality.

(ii) It is known from classical results by Shinbrot [40] that the energy equality of the
Navier-Stokes equation holds under the condition u € L{L® such that % + % <1 with p > 4.
This condition is weaker than the Ladyzhenskaya-Prodi-Serrin condition. Hence, an interesting
problem is to find a weaker condition for (1.1) such that energy equality holds.

(iii) In fact, the energy equality (1.8) holds for all weak solutions studied in [11] under the
condition (1.5).

Now we would like to introduce the definition of strong solutions to the incompressible

active nematic system (1.1).

Definition 1.4 (Strong solution) Let (@, u) be a weak solution to system (1.1) with initial
data (Qo,uo) € H(R3,S3) x L2(R®) such that conditions (i) and (ii) hold. If (Q,u) further
belongs to the class

2 3
AQ € LU0, T; LP(R?)) and Vu € L%(0,T; LF(R?)), p - 5= 2,

then we call it a strong solution of (1.1).

Regular solutions for system (1.1) have been proven to exist in R? [11], but their definition
of strong solutions is different with the above one. Our notion is a strong solution in the sense
that a weak solution has some appropriate extra regularity. Moreover, it is easy to see that the
Leray-Hopf type weak solution to (1.1) is a strong solution if it satisfies the additional condition
(1.5).

Now, to state our headline theorem, we can obtain the following weak-strong uniqueness

for the Leray-Hopf type weak solutions to (1.1):

Theorem 1.5 Let (Q,u) and (R,v) be two Leray-Hopf type weak solutions to system
(1.1) with the same initial data (Qo,uo) € H'(R3,S5) x L2(R?). For some 2 < p < 3, if (Q,u)
satisfies

AQ € LU0, T; LP(R?)) and Vu € LY(0,T;LP(R?)), 2 + 3 _ 2,
q p

then (Q,u) = (R,v) on [0,T].

Remark 1.6 A few remarks are in order:

(i) The advantage of such a result is that (AQ, Vu) is only required to be of class L4(0,T'; L)
with % + % =2, and (R, v) is in the larger class satisfying the usual energy inequality.

(ii) For the Navier-Stokes equation, it is known that the uniqueness criteria (1.5) related

to Vu also holds for p > 2 (see also [4]). However, the range 2 < p < 3 is essential. In fact, the
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same as in [20], this more restrictive situation is due to the highest order nonlinear terms (see
the estimates (3.6) and (3.19) given in the proof of Theorem 1.2).

The rest of this paper is organized as follows. In Section 2, some notations and propositions
are introduced. In Section 3, we establish the existence of the energy equality for the Leray-
Hopf type weak solutions to (1.1) with the additional regularity condition (1.5). Thereafter,
Section 4 is devoted to proving Theorem 1.5. Finally, Appendix A contains some important
preliminary calculations used in this paper.

2 Preliminaries

In this section, we collect the notations that will be used throughout the paper. For
1 <p<oo,let ||-|z» be the standard norm of the Lebesgue spaces L?(R?), while | - || = stands
for the norm on the usual Sobolev spaces H*(R?). In addition, the space L2(R?) is defined by

LA (RY) := {u € LP(R")" : div u = 0} .

We denote the norm of space L{L? by

t 7
([ 1utonz.ar)
[ullzaco,rizr) = 0

ess sup ||u(t)| re, if p = 0. (2.2)
t€[0,T)

if 1 <p<oo, (2.1)

The space of symmetric traceless Q-tensors in d-dimension is defined by

Sg = {QGMdXd:Qa,@:Qﬂa7 tr(Q):Oa a,ﬂ:1,2,~~~,d},

where M%*? refers to the space of the d x d matrix-valued function. Let (-,-) denotes the
usual inner product for vector-valued functions in L2. Similarly, if A and B are matrix-valued

functions, we denote that

(A:B):= /Rd tr(AB)dz.

Note that tr(AB) = AasBag for A, B € S§. Moreover, for Q € S, we use the Frobenius norm
of Q, i.e.,

|Q| = \/tI‘(QQ) = \/QaﬁQaﬁ~

For t > ¢ > 0, we also define that

fols) = / ne(s — ) f(r)dr,

where 7. is an even, positive, infinitely differentiable function with support in (—¢,€), and
fR nedr = 1. We also remark that, for any f € L(0,T; LP) with 1 < q < oo, f. € C*(0,T; LP)
for all £ > 0, and

lim || fe = fll o070 = 0.
Furthermore, if {fz 22, converges to f in Lq(O,T; Lp)7 then
Jim ([(f*)e = fell ooie) = 0.

Next, we are going to present the energy inequality for sufficiently regular solutions of (1.1).
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Lemma 2.1 Let (Q,u) € C°(R; x R3; 83 x R3) be a smooth solution of (1.1). Then the
energy inequality (1.4) holds.

Proof Noticing that div u = 0, we take the summation of the first equation in (1.1)
multiplied by @ — AQ and the second equation in (1.1) multiplied by u, take the trace, and
then integrate by parts over [0,¢] x R3 to find

(u(t),u(t)) +(Q(1), Q1)) + (VQ(t), VQ(t)) +2M/O (Vu, Vu)ds
+ 20 /0 (Q.Q)ds +2(a+ 1)T /0 (VQ,VQ)ds + 2T /O (AQ, AQ)ds

t
— (o, o) + (Qos Qo) + (VQ0, VQ0) +2 /0 (NQID: Q)ds — 2 /0 (aAQIQ + £Q, Vu)ds

¢ ¢ ¢
+2/ (u-VQ,AQ)ds — 2/ (V- (VQoVQ),u)ds— 2/ (QQ — QQ, Q)ds
0 0 0

Il I2

t
+2/ (QQ —QQ, AQ)ds — 2/ (QAQ — AQQ,Vu)ds
0

t
0

I3
t

t t
<2 [ (QIaQ. vuas -2 [ (lQID. aQ)as

+2r /Ot (b [Q2 — “"(52)13] — cQtr(Q?),Q — AQ) ds
+ 2 /Ot (|Q {b [Q? _ tr(§2)13] _ cQtr(Q2)} ,Vu) ds. (2.3)

By the cancellation rules stated in Lemma A.1, we conclude that Z; = Z, = I3 = Z, = 0.
Therefore, the energy inequality (1.4) follows. O

In the last part of this section, we state the following result for Leray-Hopf type weak
solutions to (1.1), which will be useful in the continuing sections (actually, such feature was

well-known for Leray-Hopf weak solutions of Navier-Stokes equations; see also [19, 39]):

Proposition 2.2 Let (Q,u) be a Leray-Hopf type weak solution to (1.1) with initial data
(Qo,up) € H' x L2. Then (Q,u) can be redefined on a set of zero Lebesgue measure in such a
way that (Q(t),u(t)) € H' x L? for all ¢t > 0 and satisfies the identities

/0 (Q:0:8) +T(AQ: ) +(Q:u- V) — (QQ - QQ — NQID : ¢)ds

=1 [ (a0 [0 - Bz cqu(@) o) as + (@) ol0) — (Quion)  (24)

and
t

/ (u, 0p) + (u,u - Vb)) — u(Vu, Vip)ds + / (VQoVQ - QAQ + AQQ : VwT) ds
0 0

= [ (5@~ NQIHIQL V") ds + (ult) 0) — . ) 25)

for all t > 0, and all ¢ € C2°([0,00) x R3;83), ¥ € C°([0,00) x R3; R3).
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Proof The proof closely follows one of Serrin’s [39]. Let # € C''(R) be a monotonic,

1, if¢<1,
0(¢) = { ,
0, if&>2.

non-negative function such that

For any fixed ¢ € [0,00) and h > 0 with ¢t + h < 0o, we define that

On(s) := 6 <5—Z+h)

Obviously, one can see that
t+h C

/ 0,0pds = -1 and — W < 0,0, <0, (2.6)

t

where C' is a positive constant. Substituting 1 (z, s) by 0 (s)¢(z, s) in (1.3), we find that
t+h
/ eh(s){w, O) + (u,u - Vi) — (Ve V) + (VQ © VQ — QAQ + AQQ : V)
0
+ (AQIH[Q] — kQ : V) }ds
t+h

— [ 089 w0  (unfe). w(0.0)), (2.7

Now, we want to send h to zero in (2.7). For the left-hand side, by Lebesgue’s dominated
convergence theorem, we deduce that it tends to

t+h
[ { o)+ (wu v0) - u(v0,90) + (VR0 V@ - 0AQ+ 400 V4
0

+ (NQIHIQ] - #@ vw)}ds

as h — 0. Hence, it remains to investigate the limit of the integral on the right-hand side of

(2.7). In fact, for every fixed ¢, we have

t+h
_/0 aseh(s)(u,w)ds—(u(t),w(t))‘

t+h
_ / D50 (s) {(u(s), ¥ (s)) — (u(t), (t))} ds

t+h
_ / 0:0(5) {(uls) — u(t), ¥(E)) + (u(s), ¥(s) — (1))} ds

IA

Cllet)]| 2 (}11 /tHh lu(s) u(t)|des)
+0_max, 106 vz (5 o (ol

SE[t,t+h]
1 t+h
<ol (3 [ ) - wollaas) + O mas 10O -l (28)

where we used the relation (2.6) and u € L (R, ; L?). Notice that

loc

li t) — 2 = 0.
fim max l9(t) — (s)|lL
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By applying Lebesgue’s differentiation theorem, we obtain that

t+h
lim 0sOn(s)(u, ¥)ds = —(u(t), ¥ (t)), Vte L(u),

h—0 Jo

where L(u) refers to the Lebesgue set of u. This implies that (2.5) holds for almost all values
of ¢.

On the other hand, for any ¢ € [0,4+00), there exists a sequence {t,}, € L(u) such that
tn — t as n — +o0. Since {u(t,)}, is bounded in L2, it follows from the weak compactness of
L? that there exists a subsequence {t,, }x such that t,, — t and u(t,,) — U(t) € L2 in L? as
k — +oo. Recall that (2.5) holds for all ¢,,, € £(u). Hence, letting k — 400, we have

t t
/ (w0, 008) + (ty - Vi) — (Vi Vap)ds + / (VQ ©VQ - QAQ + AQQ : VT ds
0 0

= [ (5@ = NQUHIQ]: V4T ds -+ (W (D). (8) ~ (o ).

Obviously, if t € L(u), we see that (U(t),4(t)) = (u(t), ¥ (¢)). This implies that U(¢t) must be
identical to u(t) on L(u). Therefore, U is the redefinition of u on a set of values of ¢ of zero
Lebesgue measure, and (2.5) holds for U and all £ > 0.

Finally, a similar argument shows that (2.4) holds for @ and all £ > 0. Here @ is a
redefinition of Q on a set of values of ¢t of measure zero and é = @ on L£(Q). This completes
the proof. O

Remark 2.3 In what follows, whenever we speak of a Leray-Hopf type weak solution to
(1.1), we assume that every weak solution has been modified on a set of zero Lebesgue measure
in such a way that (2.4) and (2.5) hold for all ¢ > 0.

3 Engrey Equality of Weak Solutions

In this section, we show that weak solution of (1.1) verifies energy equality under the
condition (1.5).
Proof of Theorem 1.2 (1) The first objective here is to show (1.6). As in [39], let us
extract the following subsequences {(Q",v")} and {(R*,v")} such that
{u'} c CH[0,T],C°) —u in L*(0,T;H"),
{Vu'} Cc CL([0,T],C°) — Vu in  L9(0,T; LP),
{Q}cCe([0,1),CZ) — Q in L*0,T:H?),
{AQ"} C CX([0,T],C°) — AQ in L9(0,T;LP).
{v'} Cc CY([0,T],C°) — v in L*(0,T;H"),
{R'} C C}([0,T)),C®) — R in L*(0,T;H?).
Such subsequences exist because of assumption (1.5) and Definition 1.1. Letting ¢ € [0,7] be
fixed and choosing in (2.5) ¢ = v? := (v"), one obtains that

t ¢
/ (u, 8tvi) + (u,u - Vob) — u(Vau, Vol)ds + / (VQ OV - QAQ + AQQ : Vvi) ds
0 0

- / (5Q — NQIH[Q] : Vvf) ds + (u(t), vi(t)) — (uo, vi(0)). (3.1)
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Observe that

‘/Ot(“vwv(vi —v))ds

t

< [l
0
t

< [
0

Ls

ull | 2 V(07 = ve) [ 22ds

5=3 3 .
ull gz NullLellV(ve = ve)llL2ds

Ls

t s s 1 i
< </0 [Ilu\%s( ul|22) }(HVUH%z)sds) IV (0} = ve)ll 2002
t _2s % t % )
< (/ Jull7:° Iullizds) : (/ ||Vu||2L2ds> IV (! = vl 220,722
0 0

a3 3 b\ ,
=3 et T ey o A T ™ I T ey

2p—3 —

< ”uHLoI;((),T;L?)”quLg(o,T;[ﬁ)HVUHL‘I(O,T;LP)HV(UE - UE)HLz(O,T;Lz)‘
Here we used the Sobolev embedding inequality

[[ul

Wl =

1
L < [[Vu| s, 3=

SRR

and
2s 2p

s—3 2p—3

(3.4)

Similarly, by the LP interpolation and the Sobolev embedding Whets < L%, we obtain the

following estimates for the rest of the nonlinear terms:

t
‘ / (VQoVQ : V(v —v.))ds
i =2 2 2 1 ;
< ||VQHL§3(0,T;L2)HD QHL‘I(O,T;L”)HD QHLg(o,T;lﬁ)Hv(Uz - Ue)”L?(O,T;L?)

< ClQILZ o2 1AQ o 0,72 |Ql LE 0 112 | V(07 = vl 20,322

t
[ @aQ-2QQ: V(i - u)as
1 |
< [ 1AQU QI o, 190k = vo) 2

o [V (07 = ve)l|2ds

5p—6

t
g/o [INe] P o]

2p—3
P

t 3—p .
S/O [AQI QN 51 [1Qllws [V (ve =)l L2ds

1
2

3-p i
1QIE) ds) 190 — vl 0z

2p—3
P

t
< ( / 1AQI% (IQIE)

2p—3
t 2p_ 2p t P )
< ( [ sz ||Qip) ( / ||Q||%pds) IV = 0 oo

2p—3 3—p

< ||Q||LT(O7T;H1)||AQHL"(0A,T;LP)HQHL?(QT;H?)HV(vi - Ue)HL?(O,T;L2)

(3.5)



1426 ACTA MATHEMATICA SCIENTIA Vol.44 Ser.B

and

[ Cvainiar: v o) as

/ t (IQI (AQ —aQ+b {Cf - “(??2)13} - cQtr(Q2)> V(o - m)) ds

=

t
<C [ (18QU QI 2, + 1QIE: + QI + QU ) V0! = v ads

2p—3 3—p

< ClQILZ (0.1 1AQN Lo, 1QN L2 (0 1112y IV (Ve = ve)ll 20,7 22)

1
t 2
e ( | 1 + 1l + ||D2QL2||Q||zeds) IV — vl oz

2p—3 3—p

< C”QH[ZQ,T;HU||AQ||L‘I(O,T;LP)HQHEO,T;H%”V(Ui - UE)HLZ(O,T;LZ)

3
+C (Z ||Q|E°C(O,T;H1)> 1Rl 2 (0,7;12) IV (ve = ve)llL2(0,73L2) - (3.7)
n=1

Notice that in the previous estimates of (3.6), the constraint 2 < p < 3 must be imposed. With
the above results, we can send 4 to infinity in (3.1) and conclude that

t t
/ (u, Ove) + (u,u- Vo) — p(Vu, Vo )ds + / (VQ o VQ — QAQ + AQQ : Vu,)ds
0 0

t
:/ (KQ — NQIH[Q) : Voo) ds + (u(t), ve(t)) — (o, v.(0)). (3.8)
0
On the other hand, substitute u, @ and v¢ by v, R and u! in (3.1), respectively, we also have
t ¢
/ (v, 00ul) + (v, v Vul) — p(Vo, Vul)ds + / (VRO VR - RAR+ ARR : Vul)ds
0 0
t
:/ (HR — AMR|HIR] : Vué) ds + (v(t),ul (t)) — (vo, ul(0)). (3.9)
0

Obviously, we still want to send 4 to infinity in (3.9). Although the nonlinear terms above are
quite similar, they should be estimated as follows:

‘ /Ot(v,v SV (ul — uﬁ))ds’

t
< / lollzellel ee. I (ui = ue)lzods

t 2p—3 3—p )
S/ IVollallvllps ol 8 [V (ug — ue)l| Lo ds
0
t

2 223 i 2 2 (3= 2
<(/ [0l %7 IV (et = we) 2] (19 0ll3e) Fds ) [1Vellzorie)
< ([ ([ vtaeives—uonz=) © ([ 1vettas) ") I90lzora
0 0
2p—3 3 .
<ol 2 0 ez 190 20 0 |V Cd = w0, (3.10)

\ /t(RAR ~ARR:V(u — ue))ds‘
0
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t
S/O IAR[ 2| Bl 22, IV (1 — ue)||Lods

t
< [ IARILAIR] o, 19 = w0

t 2p-3 3-p )
S/O AR 2[Rl g7 1Rl g 1V (ue — ue)l[2rds

¢ ap 2p=3 ¢
<( / |V<uz—ue>||zz-3||R|z1ds) ( / ||R|%pds)

2p—3 3—p .
< ”RHL;(O,T;Hl) HAR”Lz(O,T;L?) HR||L]23(07T;H2)HV(UE - ue)HL‘I(O,T;LP)7 (3'11)

3—p
2

IAR| L2 (0,1;22)

|/ CRIHIR]: V(! — u)) ds

t
< C/O IARN 2B 22 IV (ue = ue) Lo + (IRIIZ4 + 1R 76 + | RITs) [V (ug — ue)| £2ds
2p—3 3—p .
< CHR”L;(O,T;Hl)HARHLQ(O,T;L%||R||L§(0’T;H2)”v(uz - UG)HL‘I(O,T;LP)

1
t 2
e ( IRl + 11+ ||D2R||Lz||R|zeds> IV (i — u)ls2omice)
2p—3 3—p .
< CHR”LOI;(O,T;Hl)HARHLQ(O,T;L2)”R”Lg(o’T;H?)”v(uze - ue)”L‘l(O,T;LP)

3
+C (Z |R||2°°(O,T;H1)> 1Rl 20,7318 [V (g — we) L2072, (3.12)

n=1

t
/ (VRO VR : V(ul —u.))ds
0

2p—3

3 .
< IVRILZ o 0oy ID* RN oo g 1V (0 — 0 oo,z (3.13)

Therefore, letting ¢ — +o0o in (3.9), we have
/Ot (v, Opue) + (v, v Vue) — u(Vo, Vue)ds + /075 (VR®VR - RAR+ ARR: Vu,)ds
= /Ot (kR — A|R|H[R] : Vue) ds + (v(t), ue(t)) — (vo, ue(0)). (3.14)
(2) With the above results, one can sum up (3.8) and (3.14) to find that
/Ot (v, Orue) + (u, Opve) ds — p /Ot(Vfu, Vue) + (Vu, Vo )ds
+ /Ot(uv -Vue) + (u,u - Vue)ds + /Ot (VQ o VQ — QAQ + AQQ : Vv.)ds
+/01t (VR® VR — RAR + ARR : Vu.)ds
_ /Ot (KQ — NQIH[Q] : Vo) ds + /Ot (KR — \R|H[R] : Vu.) ds

+ (u(t), ve(t) + (v(t), ue(t)) = (uo, ve(0)) = (vo, ue(0))- (3.15)

We wish now to prove (1.6) by taking the limit in (3.15) as € goes to zero. Observing that the
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first term here vanishes because 7). is chosen to be even, we have
t t ot
/ (u, Opve) ds = / / Ne(s — 1) (u(s),v(r)) drds
0 o Jo
t et
= —/ / Ne(T — 8) (u(s),v(r)) drds
o Jo
t et
= —/ / Ne(T — 8) (v(7),u(s)) dsdr
o Jo
t

z—/ (v, Opue) ds.
0

By the usual properties of mollifiers, we have the following convergence for the second term:

¢ ¢
lim u/ (Vv,Vue) + (Vu, Vo )ds = 2@/ (Vv, Vu)ds.
0 0

e—0

For the third term in (3.15), we have that

t t t
/ (v,v - Vue)ds — / (v,v-Vu)ds = / (v,v - Vue — Vu)ds
0 0 0
and
¢ ¢ t
/ (u,u- Voe)ds — / (u,u - Vo)ds = / (u,u - Vo — Vo)ds.
0 0 0

The same as in (3.2) and (3.10), it is easy to see that things are bounded by
2p=3 3
||UHL51(0,T;L2)||V7f||£z(07T;Lz) ||vue - vU”LLI(O,T;L?)

and
2p—3 3—p

Hu”EO,T;L% HVUHEQ,T;LZ)||VUHLG(O,T;LP) vae - V'U”LZ(O,T;L?'),

respectively. Thus we deduce that
t

t
lim [ (v,v-Vue)+ (u,u- Vo )ds = / (v,v-Vu) + (u,u- Vo)ds.
0

e—0 0

On the other hand, by (3.5), (3.6) and (3.7) with v. in place of v! and v in place of v,

respectively, we obtain that

t t
lin%)/ (KQ — NQIH[Q] : Vo) ds :/ (KQ — \|QIH[Q] : Vo) ds
€E—> 0 0

and
t

li | (VQ O VQ — QAQ + AQQ : Vu,)ds = /Ot (VQ 6 VQ — QAQ + AQQ : Vv)ds.
A similar argument as (3.11), (3.12) and (3.13) implies that
lim /Ot (kR — A[R|H[R] : Vu,.)ds = /Ot (kR — A R|H[R] : Vu)ds
and

t

t
lim [ (VR®VR— RAR+ ARR: Vu,)ds = / (VR® VR — RAR+ ARR : Vu)ds.
0

e—0 0

Finally, defining that u(t) = v(t) = 0 for t < 0, if € < ¢, we find that

(u(t), ve(t)) =/0 ne(t = 7)(u(t), v(r))dr
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- / () (u(t), ot — 7))dr
-/ () [ut), v() + (u(t), vt —7) — v(t)] dr

1
= 5 (u(t),v(t)) + O(e), (3.16)
where we used the weak L? continuity of v and the foe Ne(7)dr = % Likewise, we obtain that
1
(0(), ue(t)) = 5 (v(t), u(t)) + O(e),

(t0,0:(0)) = 3 uoll3 +O(e),

(10, 0c(0)) = 3 o3 + O(e)

Therefore, (1.6) follows by letting ¢ — 0 in (3.15).
(3) We shall prove (1.7) by the same procedure as for (1.6); we set that ¢ :== Ri — AR! in
(2.4) and integrate by parts to get that

t

t t
/(Q:8tRi)+(VQ:&NRi)ds—(a—i—l)F/ (VQ:VRi)ds—F/ (AQ : ARY)ds
0 0 0

t

+/ (Q:u~VR§)ds+/ (AR@:%VQ)dsf/ (QQ—QQ — A|Q|D: R — AR')ds
0 0 0

_ b i _ ! o tr(Q%) OO R — AR ds
— aF/O (Q: R))ds F/O (b [Q = 13] 0tr(Q?) : R ARE) d
+(Qt) = R{(1) + (VQ(1) : VRL(t)) — (Qo : R(0)) — (VQo : VR(0)). (3.17)

Similarly, our first goal is to take the limit in (3.17) as ¢ — +o0. In fact, we only focus on some
terms that are not so easy to deal with. These can be estimated as

t
\ / (AR — AR, :u-VQ)ds
0

t
< [ 1R - ARJITQ, 2, luleds

t s=3 3
< / IAR! — AR IVQI S5 IVQIllul

Lst

s—3
s

t s5—9
< ( [l (19Q1E) 7 (19%G1E-)
0

t —=3_
<( [ i
0

2
—3
LS
2p—3 3—p .
< QN2 0 oy 19N o sy | VUl ao.rszm IARE = AR 20,2, (3.18)

W

1
2
ds) HARz - ARE”LQ(O,T;LQ)

2 ¢ =
|VQ||ist) ( / ||D2Q||i2ds) IAR! — AR poorre)
0

t
‘/ (QQ - QQ — NQ|D: AR! — ARe)ds‘
0
t
S/O IARe = AR[[ 2| Q| 22, [V zeds

t
< [ 18R = ARJLQ, . oe, 98]0
0

5p—6
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2p—3

t . 2p—3 3—-p
S/ IAR; — AR|[ 12| Qll 57 [1QIly16 I Vul[Lrds
0

2p—3 3—p

= (1Q1%) 7 ds) IAR — AR p2ozr2)

t
< ( / IVull2, (1Q12:)

2p—3
t 2p e t » ,
<([rvazEien) " ([ 1ekeds) T IaR - ARz r
0 0

2p—3 3—p .
< ”Q”Loz;(o,T;Hl)HQ||L§(0,T;H2)HVUHL‘I(O,T;LP)HARE - AR6||L2(O,T:,L2) (3'19)

and

t t
]/ (Q:u-V(R: ~ Ro))ds| g/ 1QI s llull o VRE — VR.|| 2ds
0 0

1
t 2
S(/ IIQllélllvulizds> VR = VR L2(0.7:22)
0

< 1@l (0,75 lull 20,7310y [VRE = VRe|| 20,7522y (3.20)

One should note that in the previous estimates for (3.19), the constraint 2 < p < 3 must be
imposed. Moreover, since Q?, tr(Q?) and Qtr(Q?) are bounded in L?(0,T; L?), we have

lim T /0 t (b [cf — tr(?) zg] —cQtr(Q*) : R — R. + AR, — ARi) ds =0

i—00
Therefore, taking the limit in (3.17) as ¢ — 400, we obtain that
t t
/ (Q: 0R.) + (VQ : 9,V R.)ds — (a+ 1)r/ (VQ: VR,)ds
0 0

t

- I‘/Ot(AQ : AR.)ds +/0 (Q:u-VR)ds

t t
+/ (ARezu-VQ)ds—/ Q92— Q0 — \Q|D : R. — AR,)ds

0 0
—aT /Ot (Q: R.)ds — r/ot (b [QQ - ”(:?2)13] — eQtr(Q%) : R — A&) ds

+(Q(1) : Re(t)) + (VQ(t) : VR(1)) — (Qo : Re(0)) = (VQo : VR(0)). (3.21)

Analogously, substituting ¢ by Q¢ — AQ¢ in the weak formula of R, one can also deduce that

/t(R :01Qe) + (VR : 9,VQ.)ds — (a+ 1)T /t(VR :VQ.)ds
0 0
- F/o (AR : AQ.)ds —l—/o (R:v-VQ.)ds
+ / (AQ. : v- VR)ds — / (RO —QR— NRD: Q. — AQ.)ds

0 0
_ ' ) _ ' 2_tr(R2) — ¢Rtr(R%) : O. — s
—aF/O (R:Q.)ds F/O <b[R . 13} Rir(R?) : Q. AQE>d

+ (R(t) : Qe(t)) + (VR(t) : VQc(t)) — (Ro : Qe(0)) = (VRo : VQc(0)), (3.22)

where

D= (Vv + VUT) and Q:= (Vv — VvT) .

N | =
N =
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Since the procedure is the same as in (3.21), we omit the details here. More precisely, the

following estimates of the nonlinear terms are enough to show things:

\ /t(AQg‘ ~ AQ. :v-VR)ds
0

t
< [ 18Q: = AQu VR o [0]sds
0

5p—6

t ] 2p-3 3-p
S/O [AQ: — AQc| e [[VR| 2 IVR| 6 |Vv][z2ds

2p—3 3—p

L 215112 2
P (ID?RIZ) ds) IVl 2020

t
< ( / 1AQE — AQ.IE, (IVRIZ.)
0

2p—3
t ) 2p 2p t 2p
< ([ 1aei-aazEmivrnR.) ([ 10Rias) T 19
0 0

2p—3 3—p .
< HRHL;(O,T;Hl)HRHLg(o,T;H?)HVUHLZ(O,T;L%HAQE - AQ&HL%O,T;U’)? (3-23)

¢ ¢
‘ / (R:v-VQ. — VQe)ds‘ < / IR Lz l|v]| e[| VQ: — VQ|| L2ds
0 0

¢ B
< ([ 1R 190 130s) 19! - Y QU
0
< 1Bllz=om vl 2o [VQe = VQellr2omiz2y  (3:24)
and

t
\/ (RO — QR — ARD : AQ! fAQE)ds‘

0

t .
< [ 180! - AQuI IRl s, V20

t
< [ 18QE = AQIRI o, Vol

0 wse

¢ , 2p=3 3-p
S/O 1AQe = AQcllr [ Rl 57 1Rl ywo [Vl L2ds

1

2p—3 3 2

t » 3-p
< ( | 180 - AQuE, (1R1E) T (11 7 ds) 190220229

o e NBE
< ( / ||AQ2—AQ6||,§I;-3||R||H1) ( / |R||H2ds) 10l 0.2:02)

21{7—3 ?;P A
IR g s | Rl B g [V 200220 1AQE — AQ 00 7580 (3.25)

(4) Now, summing up (3.21) and (3.22), by a similar procedure as the proof of (1.6), we
obtain the desired (1.7) by taking the limit as e — 0.

(5) Finally, we show the energy equality (1.8) for @ and w. Since (R,v) in (1.6) and (1.7)
can be replaced by (Q,u), a direct summation yields

t t
lu(®) 22 + Q)2 = lluol2s + Qo2 — 20 / |Vul2ads + 2 / (- Vuds

K1
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t t t
9aT HQ||2L2ds—2(a+1)F/ HVQH%zds—QF/ 1AQ|22ds
0 0 0

t t
+2/ (VQ@VQ:Vu)+(AQ:u-VQ)d8+2/(Q:u-VQ)ds
0 0

Ko Ks

t
+2/0 (QQ - QQ : AQ) — (QAQ — AQQ : Vu)ds

Ka
—2/0t(QQ—QQ : Q)ds+2/0

Ks

t

t
(AQ|D : Q)ds — 2/0 (kQ : Vu)ds

t

t
+2/ (/\\Q|AQ:Vu)—()\|Q|D:AQ)ds—2/ (@NQIQ : Vu) ds
0 0

Ke
+ 2X /Ot (|Q| {b [Q2 - tr(gf)zg] - cQtr(QQ)} : vu> ds
+2r /0 t <b [Q2 — tr(?z)zg} —cQtr(Q?) : Q — AQ) ds. (3.26)

Now, by the cancellation rules proven in Lemma A.1, we see that K; = 0, 1 < i < 6. With
these facts in hand, (3.26) turns into the desired energy equality (1.8).
This completes the proof of Theorem 1.2. O

4 Weak-Strong Uniqueness

In this section, we prove Theorem 1.5, which implies the weak-strong uniqueness for the
Leray-Hopf type weak solutions to system (1.1).

Proof of Theorem 1.5 Let us denote that
G:=R—-Q, w:=v—u and Q:=0-0Q.
Notice that

lw®I72 + 1GOOI = lv®Z> + IR + [u®lZ: + Q)1
—2(v(t), u(t)) — 2(R(1), Q(1)) — 2(VR(), VQ(?)). (4.1

We substitute (1.4), (1.6), (1.7) and (1.8) into the above equation and apply integration by
parts to obtain

lw(IIZ2 + IG @)1

t t t
< —2u/ \|Vw||2L2ds—|—2/ (u,w~Vv)ds—2/-f/ (G :Vw)ds
0 0 0

Qo

t t t
—2aI‘/ HG||%2ds—2(a+1)F/ |\VG||2L2ds—2F/ |AG]2.ds
0 0 0
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t
—2/ (VQoVQ:Vuv)+ (VRO VR : Vu)ds
0

(o}

—2/t(Q:u-VR)—i—(AR:u-VQ)—i—(R:v-VQ)—i—(AQ:v-VR)ds
0

Qo

t
—|-ZA (QAQ — AQQ : Vv) + (RAR — ARR : Vu)ds

Q3

+2/t(QQ—QQ:R—AR)+(RQ—QR:Q—AQ)ds
0

(o
t

t
1ox [ (RD-|QID: @) ds+2a>\/ (1Q1Q — |RIR : Ve)ds
0 0

s

+2>\/O (1QID : AR) + (IRID : AQ) — (|QIAQ : Vv) — (|[RIAR : V) ds

Qe
+2A T (M[R] — M[Q] : G — AG) + A(|RIM[R] — [QIM[Q] : Vaw)ds,  (4.2)
Q7
where )
Migli=o | - "Bz - cquie)

Recalling that v = w + u and fg (u,w - Vu)ds = 0, we deduce that
¢ ¢
/ (u,w - Vo)ds = / (u,w - Vw)ds.
Jo Jo
Thus, applying (3.3), we have
¢
[ Qo] S/ / lu||w||Vw| + |G||Vw|dxds
o JRrs
¢
SA [ullellwll, 22, Vwllze + (|Gl L2 [ Vo] L2ds
¢ ) ¢ , ¢ s
< [ 19ltads+ ) [ IGIE s+ [ el E el Veslzoas

t t t as ois
< / |Vw|22ds + C(e) / 1G|2ds + / A A
0 0 0

s+3

t ¢ t s ‘
<e / IVwl22ds + C(e) / 1G]122ds + / [u||Ls(|w||i2) 2 (19wl2) F ds

t t t 25
<e / IVwl22ds + C(e) / 1G|122ds + / 253 o2 s

2p

t t
<e / IVellZ2ds + C(e) / (1+ [Vall ™) (IG)25 + [lw]22) ds. (4.3)
—_—————
Ny
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On the other hand, by applying Lemma A.2, one can estimate Q; + Qs as follows:

t
|Q1 + Qs = ’2/ (AG,u-VG) - (AQ,w-VG) — (G :w-VQ)ds
0

5p—6

t t
< / el VG e, 1A z2ds + / 1AQULIVEI s ol o
t
+ / 1G] el 26 |V Q) o dls
0
t a3 3
< / lull - IVGIIE VG| il AG] L2ds
¢ 2p-3 3-p t
4 / 1AQl o VG, T VG E [Veo]geds + / IVeollz= |Gl 2 V@l ds
0

s—=3

t t t eis
< / |Vw22ds + C(e) / 1QI122 G2 ds + / lallo IV E 1D 5 ds

t 2p—3 3-p
+ [ 1AQULIVEILT 106, Ve zeds
0 ,
<e / [Vew|22ds + C(e) / 1QI%:1G122ds
t s—3 s+3
# [ Il (961:) ] - (076 # s

2p—3

® } . (||DQG|\2L2)% ds

t
- [HAQn%p (IVCI2.)

t
<e / IVw|2. + | D2G]2.ds
0

2p

S IVG2 + |AQIE T IVE2.ds

2
s—3
Ls

t
+C(e) / 1QI2 G112 + [lul

t
<e / IVw|2. + | D2G|2.ds
0

t 2p _2p
Lo / (chllip vl B 4 IIAQ||223> 1G|2ds. (4.4)
N2

Similarly, using the identities shown in Lemma A.2, one has following estimates:

t
|Q3+Q4|:‘2/ (QQ—QQ;G)+(GAG—AGG,W)—(GAQ—AQG,Vw)ds
0
t t
< [ QU IVelza [Gllusds + [ IFulsalGl, s, 1AG] o
t
+ [ 18QUL G, 2, V] o

t t
<e / |V 2.ds + C(e) / 1QI122 IV G2.ds

t t
+/ IVull o lGN s, e IIAGIIL2dS+/ IAQNLe G s jorg VWl 2ds
0 0

5p—6 5p—6

t t
< / IVw|2adr + C(e) / 1QI22 VG 22dr
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t 2p—3

3—p

+ [ 19Ul Gl 16| AG e
t 2p-3 3-p

+ / 1AQILA Gl 1 e Vel 2dr

t t
Se/o IIVuJIIZchier(/‘(e)/0 Q7 I VG[72ds

2p—3
p
1

t 3 p
+ / IVl GIE 1G]l e |AG] 2ds
t 2p—3 3-p
T / 1AQI A G 1G] (Ve zeds

t t
< / IVwl2s + [AG|22ds + C(e) / 1QI22 VG 2ds

t 2p—3 3—p
o [ [nwn%p (I612) ](naza) ;
+ [18GIE, (1615) | - (16i5:) 7" a

t
< e/ Vw22 + |G| 2ds
0

t 2p _2p_
o) / (nana LIVl E IIAQIZ’Z"’> 1G], (45)
N3

0+ 0l < [ t [ IGIV UG +[GE(ul + GIIAQIITe| + RG] Ve + QG Valdads
< | IVl IGI, s, 1AG z2ds + / QUL Gz, [Vl
- 9l 1o Gl o + IVl IRl oGl + [Vl 2@l Bl o
< V6l + G Ipds + O / t (ITalE™ + 1AQIE™ ) 16 1nds
- V[l [V e+ Vel | Bl [V G2+ Vsl 2 | QU [V G ol
< [/ IVl + 1GlBds

2p 2p

t
+ C(e)/0 (IIUII%I QI + 1Bl + IVl 27 + IIAQIIE’;‘°’> G171 ds,

Ny
(4.6)

and

t
1< [ [ URIGI+ QUGG + |AG) dsds

t
+ / / (IRPIG]+ RIQIC + IGIIQP) Vel + [G] +AG )drds
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+ t | (QEIG+ [REIQIGI + |RIGIIQE + R GI) Vsl dads
< [ IVl + 1GIE: + 18617+ [ (1R + QI 1GI as
o [ IR+ BRI 1QI% + QUL € ods
e [ RIS + IRIL QIS + IRIZ Q1L + QI )Gl s
< 9wl + 1GR3 + IAG]Zadr + O(e) / QI + IR G s
e [ VR + 19QILs + QIS + |RI%)[VC 2ads
< [/ IVl + 1613 + 1561 3ds
e [ W 1QU IR QU + I G ds
oo [ (IDQl =9 QI%s + 1D° Rl 1= [V RV ads
t
< [ IVl + 163 + 1AG s

t
+ 0(6)/0 (L +1Ql7 + IR + QN + IRl ) (1QN 72 + | RIIT) Gl ds. (4.7)
Ns

Now, let
E(t) = llw®)F= + G F-

Then £(0) = 0. From the above results, along with a sufficiently small e, we have that
t
E(t) < / A(s)E(s)ds, (4.8)
0

5

where A := >  N;. Clearly, by the regularity of (Q,u) and (R,v), A is integrable on [0,T].
i=1

Therefore, by Gronwall’s inequality, we conclude that £(t) = 0 for all ¢ € [0,7]. This implies

the uniqueness, and the proof of Theorem 1.5 is complete. g
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Appendix A Some Basic Theories and Lemmas

In this section, we state some lemmas that have been used extensively in this paper. First,
let us prove the following important cancellations rules (see also [11, 37] and references therein):

Lemma A.1 Let u € L2(R%) and Q € H?(R?) N SZ¢. Then

(1) (u-Vu,u) = (u-VQ,Q) = 0;

(2) (@O -90Q,Q) =0;

3) (u-VQ,AQ) = (V- (VQ© VQ),u) = 0;

(4) (@ —0QQ,AQ) — (RAQ — AQQ, Vu) = 0;

(5) (IQ[AQ, Vu) — (|Q|D, AQ) = 0.

Proof We begin with the proof of item (1). In fact, we only need to show that

(u-Vf,f)=0, VfeH"
Since there exists a sequence {f;} C C5°(R?) that converges to f in H', it follows that

Now, by integration by parts, and recalling that u is divergence free, we have

lim
k—o00

(U'ka,fk)zo, VkEN7

which furnishes our first statement. On the other hand, since the trace is invariant under
circular shifts, it follows that

Q02 —-QQ,Q) =0.
Finally, the items (3), (4) and (5) follow from [11, Proposition 2.1] and [11, Lemma A.1]. O

Next, we state the following Lemma, which simplifies our proof in Section 4:
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Lemma A.2 Let (Q,u) and (R,v) be two Leray-Hopf weak solutions in Theorem 1.5.

Then we have

Q1+ Qs = 2/ (AG,u-VG) — (AQ,w-VG) — (G : w-VQ)ds, (A1)
0
t

Qs +Qy=2 / (QQ — Q0 G) 1+ (GAG — AGG, V) — (GAQ — AQG, Vw)ds, (A.2)
0

Q5+ Qs = 2/\/0 (IQ[ = [RND : AG) — ((IQ] = [R))D : G) + ((|R] - |QDAQ, Vw)ds

t

(IR — |Q)R, Vw)ds — 2 / (1QIG, Vew)ds,
(A.3)

t
+2)\/ (|R|G,Vw)ds—2a)\/
0 0

tr(RG + QG)

M[R]—M[Q]:b(RG+QG)—b( ;

13> — ¢ (Qtr(RG + QG) + Gtr(R?)) (A.4)

and

[RIM[R] - [QIM[Q]
= b (|RI(RG + QG) + (IR — |Q)Q%) — b (lRItr(RG +QG) +3 (1R — 1QDtr(Q )13)

+¢((1Q] - [R))Qtr(Q*) — |RIQtr(RG + QG) — |R|Gtr(R?)) . (A.5)
Proof First, as was shown in Lemma A.1, it is not difficlut to have that
t t
/(Q:u-VR)+(R:u~VQ)dT:O and /(Q:w-VQ)deo.
0 0
Thus we obtain that

t
Q1+Q2:2/ (AQ,v-VQ) + (AR, u- VR) — (AR,u-VQ) — (AQ,v - VR)ds
0
t
—2/(Q:U-VR)+(R:U~VQ)ds
0
t ¢
:2/ (AR,u«VG)f(AQ,v'VG)dsz/ (R:w-VQ)ds
0 0
t t
:2/(AR,u-VG)—(AQJwVG)ds—Q/(G:w~VQ)ds
0 0

= 2/Ot(AG,u~VG) —(AQ,w-VG) — (G :w-VQ)ds.

Similarly, by Lemma A.1, one can find the above identities for Q3+ Q4 and Q5+ Qg. Moreover,

a direct calculation gives

tr(R?) — tr(Q?)
3

tr(RG + QG)
3

M[R] = M[Q] =b(R*—Q*) —b < 13) + ¢ (Qtr(Q*) — Rtr(R?))

=b(RG+QG)-b ( I3> — ¢ (Qtr(RG + QG) + Gtr(R?)) (A.6)

and
|RIM[R] — [QIM[Q]

— b (|RIR? - |Q|Q?) — b (|Rtr(R ) — |QItr(@%)

3

13) + e (1QIQtr(Q?) — |RIR(R?)
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— b (|RIR? - |RIQ* + |RIQ® - |Q|Q?)

|[Rltr(R?) — |R[tr(Q%) + |R[tr(Q*) — |Q|tr(Q?)
o 3 )

+ ¢ (1Q|Qtr(Q%) — |R|Qtr(Q%) + |R|Qtr(Q%) — |R|Qtr(R?) — |R|Gtr(R?))
— b (|RI(RG + QG) + (IRl - 1Q))Q2) — b (R'“(RG +Q0) + (17— |QDu(@ >13)

3
+e((IQ = [RNQ#(Q%) — |RIQtr(RG + QG) — |R|Gtr(R?)) . (A7)
This completes the proof. O
Finally, we close this section by presenting the following well-known interpolation inequality:

Lemma A.3 (Gagliardo-Nirenberg inequality) Let 1 < ¢, < oo and be a natural number

m. Suppose that a real number a and a natural number j < m are such that

L_Jj (L _m\, 1z«
p_d r d @ q

J
m

and
<a<l.

In particular, under the folowing two exceptional cases:

(i) if 5 = 0,mr < d and ¢ = oo, then it is necessary to make the additional assumption
that either u tends to zero at infinity or that u lies in L® for some finite s > 0;

(ii) if 1 <r < oo and m—j — % is a non-negative integer, then it is necessary to assume
also that o #£ 1,
the following inequalities hold:

ID7ullze < ClID™ g llull 12, (A.8)

where C' is a constant depending only on d, m, j, ¢, r and «.
As a corollary to this Lemma, we have

Corollary A.4 For any function f € H2(R?), we have
1£lzs < IVAIENAUE < 1 e (A.9)
1£1s < ID?FI5 I 1le < 1D 11509 £ (A.10)
1£llze < ID*FUE e < 1D FUE IV 11 (A11)



