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Abstract In this paper, we consider a class of third-order nonlinear delay dynamic equa-
tions. First, we establish a Kiguradze-type lemma and some useful estimates. Second, we give
a sufficient and necessary condition for the existence of eventually positive solutions having
upper bounds and tending to zero. Third, we obtain new oscillation criteria by employing
the P6tzsche chain rule. Then, using the generalized Riccati transformation technique and
averaging method, we establish the Philos-type oscillation criteria. Surprisingly, the integral
value of the Philos-type oscillation criteria, which guarantees that all unbounded solutions
oscillate, is greater than 64(t1,7). The results of Theorem 3.5 and Remark 3.6 are novel.

Finally, we offer four examples to illustrate our results.
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1 Introduction

In the paper, we investigate the asymptotic behavior and oscillatory properties of the third-

order nonlinear delay dynamic equations of the form

[b(0) (a2 ()] + ()P 2 (0) =0, 1eT, (L)

where T is a time scale and v > 0 is a constant. We put forward the following hypotheses:
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(A1) the functions p € Crq(T,RT), a € Cra(T,RT) and b € Crq(T,RT) satisfy that

/: WIS)AS - /: ﬁ /tu ﬁAsM = 00; (1.2)

(A2) the function 7 € Cyq(T, T), 7(t) <t, tlim 7(t) = 0.
—00
A time scale T is an arbitrary nonempty closed subset of the real numbers R.

Definition 1.1 ([6, pl]) On every time scale we define the forward jump operator by
o(t) =inf{s € T :s > t},
and the backward jump operator by
p(t) =sup{s € T:s < t}.

If o(t) > t, we say that t is a right-scattered point, while if p(t) < ¢, we say that ¢ is a
left-scattered point. If o(t) = ¢ and ¢ # sup T, we say that ¢ is a right-dense point, while if
p(t) =t and t # inf T, we say that ¢ is a left-dense point. For more information on this see the
monograph [6].

Definition 1.2 ([6, p22]) A function f:T — R is said to be rd-continuous provided that
it is continuous at right-dense points in T and its left-sided limits exist (finite) at left dense

points in T. The set of rd-continuous functions f : T — R is denoted as
Cra = Cra(T) = Cra(T, R).

The set of functions f : T — R that are differentiable and whose derivative is rd-continuous is
denoted by
Crld = Crld (T) = Crld(TvR)'

Similarly, we can define the set Crid (i1=2,3,4,--+).

Definition 1.3 By a solution z of equation (1.1), we mean a nontrivial real-valued func-
tion in Cpa([to, c0)T, R) with az® € CL([to,o0)1,R), blaz®)® € CL([to,00)T, R), and which
satisfies equation (1.1) on interval [tg, 00)T.

As usual, a solution of equation (1.1) is called nonoscillatory if it eventually has one sign;
otherwise it is said to be oscillatory. Equation (1.1) is oscillatory if all of its solutions are

oscillatory.

Oscillations of delay dynamic equations are common in applications, including continuum
mechanics, population dynamic behavior, and biology models. For more details, see the mono-
graphs [3, 4] and references [14, 34]. For the existence and uniqueness of solutions to delay
dynamic equations on time scales, we refer to [7-9, 17, 24, 26, 28, 33].

In recent years, great attention has been paid to the oscillation of third-order dynamic
equations. We refer readers to [1, 2, 5, 13, 15, 16, 18-23, 25, 27, 29-31] and the references
therein. In 2005, Erbe, et al [15] considered the oscillation of a third-order nonlinear dynamic

equation
A

[e(t) (a2 ()] +p(0)] (@(®) =0, teT, (1.3)

where
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Using the Riccati transformation techniques, they established some sufficient conditions which
ensure that every solution of equation (1.3) is oscillatory or converges to zero.
In 2007, Erbe, et al [16] studied the third-order linear dynamic equation
BB (1) + p(t)z(t) = 0,
with the assumptions that z(t) > 0, 22(¢) > 0, 222(¢) > 0, 2222(¢) < 0. They obtained an
important estimate, litm inf ﬁ > 1, where the generalized polynomials {h,(t,s)}5° ([6,
— 00

p38]) on time scales are defined recursively by

t
ho(t,s) =1, hpt1(t,s) = / hn(1,8)AT,  s,t€T.
With the help of this ebtimate they obtained Hille and Nehari type oscillation criteria. For

when T = R, hm 1nf > 1 which shows that 2‘”,((?) > 1 is equivalent to [20, Lemma 3.2

(iv)].

In 2011, Han, et al [21] addressed the general form of equation (1.1) as follows:

[b(t) (a(t)xA(t))ﬂA +p()f (2(7(1))) =0, t€T. (1.4)

They obtained the oscillation criteria of equation (1.4), which extended and improved the results

of [15, 16]. However, [21] only considered the case f(u)/u > M > 0 for u # 0, where M is a

constant. [15, 16, 21] did not solve the general case f(u)/|u|""‘u > M > 0 for u # 0. When
f(u) = [u]*tu, (1.4) reduces to (1.1).

In 2017, Hassan, et al [22] examined the third-order nonlinear functional dynamic equation

{r2(t) e ([r1 (D, (22 #)] )} + a(t)da(z(g(£) =0, tET, (1.5)

tw(t)
ho(t,s)x’ (t)

where

“ily i=1,2.

bo(u) = [u|* Ty, a1, az, a:=arag >0, dq,(u) = |u

Under the conditions o .
/ r, ()ALt =00, i=1,2, (1.6)
to

they obtained some new oscillatory criteria of equation (1.5) and got that every solution of
equation (1.5) oscillates or converges to zero, which extended and improved the results of
[15, 16, 21]. However, & = ajaq is a special condition, and the conditions (1.6) are stronger
than the conditions (1.2). When a3 = ay = a = 1, (1.5) reduces to linear equations.

In 2022, Deng, et al [13] considered the third-order nonlinear delay differential equation

!/

b(t) (a()z'(1))'| + p1()6- (@(71(1))) = P2(t)$- (@(72(1))) + Pa(t)$- (x(m3(1))) = 0. (L.7)
They derived several sufficient conditions which ensured that every solution of equation (1.7)
is either oscillatory or tends to zero as t — oo, taking on the assumptions of (1.2). However,
for when pa(t) = ps(t) = 0, [13] does not give the oscillation criteria for 0 < v < 1 with respect
to unbounded solutions.

It is well known that the Philos-type oscillation criteria are useful for determining the
oscillatory properties of the corresponding equations. Deng, et al [10, 11] considered second-

order nonlinear dynamic equation

(PO O 22 @) + f(t,2(n(t) =0, teT,
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where z(t) = z(t) + r(t)z(7(t)). They established the Philos-type oscillation condition

, "[H(o(t),0()e(s) =
h)rflisogp /t1 { Howt) C’(t,s)} As > p3(t1), (1.8)

where
_ V' ([H(a(t), o(s)pa(s) + H2(o(t), 5)]4) "+
(L+ N H(o(t), t1)[H (o (t),0(s))p2(s)]

e3(t1) = 6(t1) [m + T(t1)a<t1):| .

C(t,s)

Zhang and Feng [32] considered the equation

INRO R
b0 ((a®=20)%) |+ ft o)) =0, (L9)
where z(t) = z(t) + r(t)z"2 (11 (¢)),0 < r(t) < r < 1, f(t,u)/u*® > p(t) > 0 for u # 0, and
Y1, 72,73 are quotients of odd positive integers, v > 71,0 < 72, b2 (t) >0, and
/OO LAs = 00, /OO bié(s)As = 0. (1.10)
to a(5) to
When r(t) = 0,717 = 1, and 73 = ~, (1.9) becomes (1.1). Let D = {(¢,s)|t > s > to} and
Dy ={(t,s)|t > s > to}. In order to give the Philos-type oscillation theorem, Zhang and Feng
introduced a function H(t,s) € C(D, R) satisfying the following conditions:

(H1) H(t,t) =0, H(t,s) > 0 for (t,s) € Dy;

(H2) H™(t,¢) =0, H™(t,5) < 0 for (t,s) € Dy.

Zhang and Feng established the following Philos-type oscillation theorem:

Theorem 1.4 Assume that (1.10) holds. Furthermore, suppose that there exist two
positive functions n(t) € CL(T,R) and h(t,s) € Cya(D,R) satisfying conditions (H1), (H2),
and

h(t,s)

As g g\s g g\s (nA(t))J,- = —( % g g\Ss
1% (0(1),0(9) + H(o(0) 0 ()5 S T ((0),0(5).

If, for sufficiently large t; >ty > 0,
1 "[# (h—(t, s)b(o(s)))"* +!
lim su 77/ {Hat,as K(s) — :
P o, o) J, [T TR T R S GG
holds, where K (¢) is defined by [32, Theorem 3.1], then every solution x of (1.9) is either

oscillatory or lim z(¢) = 0.
t—o0

As=o00 (1.11)

Almost all the papers mentioned above established Philos-type oscillation criteria which
requiring the integral value (the forms are similar to the left hand side of (1.8) and the left
hand side of (1.11)) to be oc.

Based on the above literature review, it is clear that there are several problems to be solved.
fj,((?) > 1in
[20, Lemma 3.2 (iv)]? Since the polynomail function ha (¢, s) is dependent on the time scales, it

(i) Can we obtain a better estimate than litrgirolf Mttfi)(ik(t) > 1 in [16] and

has no uniform expression. Can we obtain a uniform estimate for x(t)/x®(t)?

(ii) Can we derive oscillation criteria for 0 < v < 1 ([13] did not solve this problem even if
p2(t) = p3(t) = 0 in (1.7)) with respect to unbounded solutions?

(iii) Can we establish a similar Philos-type oscillation criterion that requires the integral
value to be greater than some function value ¢(t1), as Deng, et al established in [10, 11]7?
Moreover, can we remove the conditions (H2) and H(¢,t) = 0 in (H1)?
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On one hand, Deng, et al [12] considered the second-order neutral dynamic equation

[P(6)z2 ()] + At (o (), 2(ri (1), 2(ra(1)), 2(&1(1)), w(€2(1) = 0, tET,

where z(t) = z(t) + r(t)z(7(t)), and gave the estimate z(t) > tz*(t). On the other hand,
Deng, et al [12] also provided a method for establishing the oscillation criteria for 0 < v < 1.
In view of [13, 15, 16, 21], inspired by [12, Lemma 2.2}, in Section 2 we present some useful
lemmas, including z(t) > tz®(t), which show problem (i) being solved perfectly. In Section
3, we first give sufficient and necessary conditions for the existence of a solution and we show
eventually positive solutions having upper bounds and tending to zero. Then, we investigate the
oscillation and asymptotic behavior of equation (1.1) and solve problems (ii) and (iii), inspired
by [12, Theorem 3.7] and [10, 11], respectively. Our work generalizes and improves upon the
main results of [13, 15, 16, 21, 25, 27, 30, 31] and related results that can be found in the
literature. In Section 4, we present four examples to illustrate the validity of our results.

2 Preliminaries

In this section, we will give several useful lemmas. Similarly to [13, Lemmas 2.1-2.3] and
[16, Lemmas 2.1-2.3], it is easy to obtain Lemmas 2.1-2.3.
Lemma 2.1 Assume that z is an eventually positive solution of equation (1.1). Then,

there exists a sufficiently large T € [tg, co)r such that, for ¢ € [T, co)r, either
(i) €8y :={x|x>0, Y(t)=alt)z?(t) <0, b(t)Y2(t) >0, [b(t)Y2(t)]> <0},

(i) 2 €S :={z|x>0, Y(t) =a(t)z®(t) >0, b(t)Y2(t) >0, [b(t)Y2(t)]> < 0}.
Lemma 2.2 Suppose that .
/t p(t)At = oo, (2.1)
/to p(t)At < oo, /t(, a(v)/v b(s)/s p(u) AuAsAv = 0. (2.2)

Then every eventually positive solution z € Sy of equation (1.1) satisfies that tlim z(t) = 0.
—00

Lemma 2.3 Assume that z € S; is a solution of equation (1.1). Then the estimate
a(t)z®(t) = B(t, T)b(t)[a(t)2™ (1)) (2.3)
holds for large T and ¢t > T, where

t
1
B(t,T) = / ——As. 2.4
o= [ 55 (24)
Inspired by the idea [12, Lemma 2.2], we have the following results:

Lemma 2.4 Assume that € S; is an eventually positive solution of equation (1.1).
Moreover, suppose that a®(t) < 0 and

/OO p(s)77(s)As = oo. (2.5)

to
Then there exists a large T € [tg, 00) such that the following estimates hold:
(1) w(t) > tz®(t) for t € [T, 00)T;

(2) 7 is decreasing, and % > @ for t € [T, 00)r.
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Proof Let z € S; be an eventually positive solution of equation (1.1). Then, for large T
and t > T, by Lemma 2.1 (ii), (A1) and a®(t) <0, it is apparent that

(a(t)z® () = a®()z>(t) + a® (H)z>2(t) > 0

implies that 222 (¢) > 0 for t > T.

Letting A(t) := z(t) —tz®(t), then A2 (t) = 22(t)—22(t) —o ()22 (t) = —o(t)z22(t) < 0,
which shows that A(t) > 0 or A(t) <0 for ¢t > T.

We claim that A(t) > 0 on interval [T, 00)r. If we assume not, then A(t) < 0 on [T, c0)T,

and

o)) tot) 0

t

(x(t)>A () —ax(t)  A()
implies that x(t)/t is increasing on [T, 00). Taking ¢ € [T, 00)r such that 7(t) > T for t > ¢4,
then we have that

w(r(t) _ z(r(t))

7(t) (t1)

Note that b(t)(a(t)z®(t))® > 0. Integrating equation (1.1) from t; to ¢ yields that

=:d; > 0.

>

t

b(t1)(a(ty)z® (t2))> = b(t)(a(t)z™ (1)) +/ p(s)a”(7(s))As > d?/ p(s)m7(s)As.

t1 t1
Letting t — o0,
1 (o)
FH) )t () 2 [ por(s)as, (2:6)
1 t
which contradicts (2.5).
Hence, A(t) > 0 and z(t) > tz®(t) for t € [T, 00)7. Consequently,

(;v(t))A _ W) 2@ AW g

to(t)  to(t)

t

Thus z(t)/t is decreasing on [T, c0)T, and %&t))) > @ O

3 Main Results

In this section, we explore the asymptotic behavior and oscillatory properties of equation
(1.1). We are now in a position to derive a sufficient and necessary condition for the existence
of eventually positive solutions which have upper bounds and tend to zero.

Theorem 3.1 Suppose that (A1) and (A2) hold. Furthermore, assume that there exists
an increasing positive function g with tlim g(t) = oco. Then,

—00

(i) if there exists a sufficiently large 7" such that, for all ¢t > T,

/t m/@ @/S p(u)mAuAsAv < POk (3.1)

equation (1.1) has an eventually positive solution z(t) € (O, ﬁ} for t > T and lim z(t) = 0;

t—o0
(ii) moreover, if

/t:o ﬁ /UOO % /:O p(”)ﬁAuAsAv <00 (3.2)
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and

g t ga t b 13 Socp e Auls
i 90970 L w0 S 2 gy <1 (3.3)
t—o0 a(t)gA(t)

hold, (3.1) is also a necessary condition for equation (1.1) having an eventually positive solution

z(t) € (0, ﬁ}

Proof The assumption (A2) reveals that there exist sufficiently large T" and 77 such that
T(t) > T for t > Ty.
(i) Introduce the Banach spaces BC[T, co)r and Q as follows:

BC[T,o0)r = {x | z(t) € C([T,0)r,R) and ||z||= sup |z(t)| < oo},
te[T,00)T

Q= {x‘m(t) € BO[T, o0)1: 0 < a(t) < g(lt)} .

Define the mapping I on () as

(I2)(¢) = /t°° a(1v)/oo Wls) /oop(u)x’Y(T(u))AuAsAv, t e [Ty, 00),
(Iz)(Ty), te T

Similarly to [27, Theorem 3.5], we omit the rest proof.
(ii) We rewrite (3.1) as follows:

o(t) /too a(lv)/m b(ls)/:op(u)gw(:(u))AuAsAv <1.

Therefore, if we show that

oo 1 oo 1 e’
| we Js P) oy AulsAv
i 7@ 0w ) G T) <1, (5.0

1
t—o00 —
9(t)

then (3.1) holds for ¢t > T.

In fact, by (3.2), the left hand side of (3.4) can be written as the indeterminate form 0/0.
By (3.3) and L’Hopital’s Rule, it is easy to check that (3.4) holds. O

Next, we investigate the asymptotic and oscillatory behavior of solutions to equation (1.1).
Similarly to [13, Theorem 3.1], we derive the Leighton-Wintner Theorem.

Theorem 3.2 Suppose that (Al) and (A2) hold. If (2.1) holds, then every solution of
equation (1.1) is oscillatory or tends to zero.

Theorem 3.3 Suppose that (A1), (A2), (2.2), a®(t) < 0 and (2.5) hold. Then we have
the following statements.

(i) Every solution x of equation (1.1) oscillates or converges to zero for 0 < v < 1 in case
that

| porQenas = (3.5)

T

holds for some sufficiently large T' € T, where

and B(s,T) is defined by (2.4).
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(i) Every solution z of equation (1.1) oscillates or converges to zero for v > 1 in case that

/ T B@()] As = oo (3.6)

T
holds for some sufficiently large T' € T, where

B(s) = /:op(u) (ngL))VAu, Q(s) = a(s);(s).

(iii) Every solution x of equation (1.1) oscillates or converges to zero for v = 1 in case
tB(s,T) [ 7(s)
—A 1 3.7
ol AL OE (37)
holds for some sufficiently large T € T, where B(s,T) is defined by (2.4).

Proof Let x be a positive nonoscillatory solution of equation (1.1). Thus, there exists a
large T" such that
z(7(t)) >0, z(t) >0, t>T.

If x € Sy, by Lemma 2.2, tlim z(t) = 0.
—00
If € Sy, we have that

z(t) >0, 22(t) > 0, Y2(t) = (a(t)z® (1)) > 0, [bt)Y2(#)]* <O0.

From equation (1.1), and noticing that, from Lemma 2.4 (2): z(()) > (Z2)z (), we get that

t
A AR
o) (a2 ()*]” + 20 (") () <0 (33)
Now we prove the conclusions by contradiction.
First of all, we prove the conclusion of the part (i). If 0 < v < 1, employing the Po6tzsche
chain rule [12, (3.6)] and the fact that b(t)(a(t)z®(t))? is decreasing on [T, o), we have, for
t € [T,00)r, that

(1) (e 0) 1) = (Beoy > er—)

=(1-7) / (hb(o(£)Y 2 ()] + (1= WBHYA)]) " dh x b)Y ()]
< (1=9) pOY2@)] 7 pey2m)]” <o. (3.9)
It follows that [b( )YA( )]A [(b( )yA( . ]A
t t t t) 7
pOYAQ © T 1-4 (3.10)
and
BOYA(0)]° +pn)(F 270 [eOYA0) ] | p(P) e () 3.11)
b)Y 2 (@) - 1= b(E)Y 2 (@) '
In view of Lemma 2.3, we see that
a I'A
) (ae)e(0)> =y >(0 < 0
Combining this with (3.11), we have
(bOYAO1 )T pt) (LB, 7)) (1)
R OO0 (3.12)
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From Lemma 2.4 (1), z(t) > tz>(t), we get that

17\ A y 1-m\A
oz WOEOPR i (BCDrOY ROV grin, a9
and hence A
A 1—v
p(HQ7() < - ([Wl _(t)v] -
Integrating this from T to oo, we get that
> e (YA B (a(D)a (1))
| re@as < - [ S ae - SENNCATY

which contradicts (3.5).
Next, we shall prove the conclusion of part (ii). If v > 1, integrating (3.8) from ¢ to u, we

get

b0) alw)a® () = 80) (022 )* + [ ) (72) w9s <0

ie.,

b0) (0)22(0)° = o) (awe>@)* + [ pt0) () 61

¢ S

Since x is increasing on [T, 00)r and b(u) (a(u):z:A(u))A > 0, letting u — oo, we have that

Va0 = (a0e20)* 2 50 7o (M) s (3.15)

Noting that 1 —+ < 0, using the Pétzsche chain rule and Y2 (¢) = (a(t)x*(¢))® > 0 on [T, o),
we have, for ¢t € [T, c0)r, that

1
[(a()e® ()1 7]" = (1- 7)/0 (Y () + (1= W)Y (£)] 7 dh x Y2(2)
<L =Y (@) Y21 <o. (3.16)

By (3.15), (3.16), [a%(#)] ™" > [a(¥)]™” and Lemma 2.4, Z200 > o(t), 505 > 745, so we

have

1—n ~Y(e@) —

> o |0 (M) as=smor

Integrating this from T to co, we obtain

J g L=l N () -

T 1—7

[(c&(ﬁ)azA(t))l_W]A YA _ [P e As [ w(o@) \7 [ 2) \°
= = (x%(t») (xw(t»)
(

| po@eras<
T
which contradicts (3.6).

Finally, we prove the conclusion of part (iii). If v = 1, integrating the equation (3.8) from
t to u, we get

b0) (aw)a(0)* =000 (ae>0)* + [ o) (T ) ats)2s <0

S
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ie.,

b) at)(0)* = 800 (e 0)* + [ plo) (7))t

S

Since x is increasing on [T, 00)r and b(u) (a(u)xA(u))A > 0, letting v — oo, we have

(a(t)xA(t))A > x((:)) /too p(s) (T(S)> As.

S

By Lemma 2.3, (a(t)z®(t))? < ;:%?;7;((?)7 we obtain

a(t)e™(t) @/“p(s) (r(s)) As:

B TIb(t) = () p
alt) 2B (< ()
Bt T) o) > /t p(s) <S> As. (3.17)
By (3.17) and Lemma 2.4 (1), I;(S) < 1, we see that

ie.,
tB(t,T i
¢, T) / p(s) (s) As < 1.
a(t) t s
This contradicts (3.7). The proof is complete. O

We introduce the function family R in the same way as [11]: H € Rif H : D = {(t,s) :
t > s >to} — R is continuous, H(t,s) > 0(% 0) on D, and for each fixed t, H®:(t,s) is delta

integrable with respect to s. We introduce auxiliary functions

) = t/o(t), 0<y<1; (3.18)
/o), v 1.
and o) o PBOBETI ) 510)

a(t) ’
where B(t,T) is defined by (2.4).

Theorem 3.4 Suppose that (A1), (A2), (2.2), a®(t) < 0 and (2.5) hold. Furthermore,
assume that there exist a function a € Ciq(T, R) with (ba)? existing, a positive A-differentiable
function &, and H € R such that, for T large enough,

o(t) — (Z;i)t); >0, t>T, (3.20)
- (9(5) - (Z;ii)s)) ) H(o(t),0(s)) +03(s, T)H> (o(t),8)]+ <0, t=s>T,  (3.21)
and
[ He0.0)0)  [HoW,0(s)0() + B 00 92]
s /tl [ H(a(t), t1) 4H (o (t), t1)H (o (t), o(s))0(s) As = (3.22)

hold for for all constants k¥ > 0 and ¢t; € T, ¢; > T, where

C(LT) = K1 Ot T), [H™ (o(t), )]s = max{0, H (o(t), 5)},
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[H(o(t), 7(5))01(5) + HA* (0(8), )] = max{0, [H(o(0), 0 ()01 (s) + HA (o(2), )]},
9uw=wum@m;8)“+cme(>(» 67 (1) (b(H)a (1),
0 (t) i= %[5%) +20( TIH(1)a(r)], 6:(1) = C;t(g),

O3(t) :=4(t) [kﬁ—lczg)(t,T) + b(t)a(t)} > 0,
and where B(s,T) is defined by (2.4).
Then,
(i) every solution z of equation (1.1) oscillates or converges to zero for v > 1;
(i) any bounded solution x of equation (1.1) oscillates or tends to zero for 0 < vy < 1.
Proof Proceeding as in the proof of Theorem 3.3, we assume that equation (1.1) has a
nonoscillatory solution, say x(t) > 0, for all t > T
If x € Sy, by Lemma 2.2, tllglo x(t) = 0.
Next, we consider x € S7. Define the function z by the generalized Riccati substitution
b(t)(a(t)z®(t)2
(1)

(1) == 5(t) [ + b(t)a(t)} L t>T. (3.23)

From equation (1.1), and noticing that, from Lemma 2.4 (2), iggtg% > ng we have that

b(t)(a(t)z2 (1)
7 (t)

= Sy 20 +0°0) {

a Z‘A A A
+ b(t)a(t)} + 07 (1) [W +b(t)a(t)
b(t)(a(t)z>(t)2 A

V(1)

} + 67 (t) [b(t)ax(t)]

Employing the Potzsche chain rule [12, (3.6)], we have, for ¢ € [T, co)t, that

1
(@7 ()2 =~ /0 [ha? (£) + (1 — h)a ()]~ dh x 22 (2). (3.25)

Case 1 ~ > 1. Since z € Sp, then z is increasing for ¢ > T. By (3.18), (3.25) and the

Lemma 2.4 (2), % > ﬁ, we have that
(7(t)> _ya M)zt () ya(t) 2B (t) oyt () a2 (t)
@Oy S @Oy @)y w0 S eep o PO )

In view of Lemma 2.3, we see that

1 A
22 (1) > o [b(t) (a(t)z® (1)) }B(LT).
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Since = € Sy, z2(t) > 0 implies that x(t) > 2(T) := k > 0 for t > T. By (3.24) and (3.26), we

have that
2

A o (’5) " b(t)(a(t)z®(t))2
(t) < ) + 67 [ (t)) } C(t,T) [ D . (3.27)
where C(t, T) = k7 1Cy(t,T). From the definition of z(t), we see that

+(b(Da(t)?  (3.28)

BB AT [0, TP () bbalt)
) } Ls(t) olt) “)} ( ) 5w W

5(t)
Substituting (3.28) into (3.27), we obtain that

22 () < — {50(15) (t)(;Eg)V + C(t, T)(b(t)a(t))* — 67 () (b(t)a(t))™
A
+ [55(5)) + 25 bt )C(t,T)} 2(t) - cé(;(g) (1)
= —0(t) + 01 (t)z(t) — O2(t) 2% (1), (3.29)
where
6(0) = 070w (T3 + TGO 07 (@)00)a(0)?,
01(0) = 555 [2(0) + 20 Tt 0att) = )
By (3.20) and (3.29), we have
2 2 2
A(t) < —0(t) — 0 (1) [z(t) - 29912(2)] + 5912(8) < —0(t) + 5912(3) <0. (330

In view of (3.21), (3.30), (t) > tx®(t) and the definition of z(t),
[2(s)H (o (t), 5)]
= A (5 H(o(t),0(5)) + 2(5) HO (0 (1), )

b(s)(als)z®(s))> A
7(s)

< A H(o(t), o(5)) + 6(s) [

a(s)z®(s) 1

< 22(s)H (o (t),o(s)) + d(s) {B(s, T)2(s) 7105

n b<s>a<s>} [ (o(1), )1

< = (0060 ok ) Ho(0).016) + a5, T (08, )] <.

Thus, z(s)H(o(t), s) is non-increasing with respect to s. Then, we can choose ¢ > t; > T such
that H(o(t),t1) > 0 and

0< —H(o(t),t)z(t) + H(o(t),t1)z(t1) < H(o(t),t1))z(t1). (3.31)
Evaluating both the sides of (3.29) at s, multiplying by H(o(t),0(s)) and integrating by parts,
we get that
t
/ H(o s)As < — [ H(o( $)As + / H(o )z(s)As
t1

— | H(o(t),0(s))2(s)2*(s)As

ty
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SH(U(t),tl)Z(tl)ﬂL/t [H(o(t),0())01(s) + H™ (0(1), 5)]2(s)As

H(o(t),0(s))02 (S)ZQ(S)AS

< H(o(t).t)2(t) + / TH(o(1),0(5)00(s) + H2 (0(1), 5)]4 2(s) As

t1

/H 5))02(s)z*(s)As
‘ o(t),o(s))01(s Bs(g(t), 5)]2

This implies that

[/ [Hlothotio e opne -1 00IR] ,,
n L H(o(t),t) 4H(o(t),t1)H(o(t),0(s))02(s) S
which contradicts (3.22).

Case 2 0 < v < 1. Since x € S1, and z(t) > 0, letting = eventually be bounded, there
exists a constant k > 0 such that z(t) < k for t > T, and

R R () L

Combining (3.25) with (3.18), we also get (3.26). The rest of the proof is similar to the Case 1
v > 1, so we omit it, and the proof is complete. O

Theorem 3.5 Suppose that (A1), (A2), (2.2), a®(t) < 0 and (2.5) hold. Furthermore,
assume that there exist a function o € Ciq(T,R) with (ba)® existing, a positive A-differentiable
function &, and H € R such that, for sufficiently large T € T,

“(t) — (Zgé’f&); >0, t>T, (3.32)

— <9*(5) — (ZZ;)S)) > H(o(t),o(s)) + 04(s, T)[H? (0(t),s)]+ <0, t>s>T, (3.33)

and
)0

%
—
~
—+
>
1
—
Q
—
~
~
w
P
(V)

As > 94(t1, T)
(3.34)

| (0(t),0()0"(s)  [H(o(t),0(s
i sup / [ H(o(t). 1) TH( (),

~ | ~—

t—o0

hold for t; > T, where

0,(0,T) = <>[BC(L“> Foltaln)] >0, ¢*(0.1) = G0,

07(1) := 07 (t O( ) + 0% (8, T)(b(t)a(1))? = 67 (1) (b(1)a(t)) 2,

(1) = (){ (1) +20° (L DO, 0500) = C;t(bT)’

and Cy(t,T) is defined by (3.18). Then, every unbounded solution z of equation (1.1) oscillates
and all of the bounded solutions tend to zero for v > 0.

Proof Let z > 0 be a unbounded nonoscillatory solution of equation (1.1). Then there
exists a large T such that
z(r(t)) >0, z(t) >0, t>T.
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Since x is a unbounded solution, it is easy to see that x € S;. Then, by defining z(t) again by
(3.23) as in the Theorem 3.4, we have that z(t) > 0 and
32(t) 7(t)

A 4 A— Y ' N
20 < Ty 20 +670) | (bDa() p(t)(o(t)> ]

2

Ci(t,T) [b(t)(a(t)z2(t))>

zt=(t) 27 (t)
(3.35)

Case 1 v > 1. Since z is increasing and unbounded, there exists a sufficiently large t;

such that .
1 ta’ T (t
tz? "1 (t) > 1, and — S ®)

a7 (t) t

1
S—E, fort >t >T.

Case 2 0 <~ < 1. ByLemma 2.3, z(T) < z(t) < Z(TT)t. Noting that z is increasing and

unbounded, for all ¢ > ¢; > T, we have that

1—v x(T) = 1 1
v s (N) st s STy
Combining this with (3.35), we always obtain that
A - ¥ a(B) 2 ()2 12
22() < 56(2(;)2(15) +97(%) {(b(t)a(t))A —p(t) (UE?)) } —C*(t,T) {W
(3.36)

where C*(¢,T) = C1(¢,T)/t.
In view of a(t)z®(t) > B(t,T)b(t)[a(t)z?(t)]*, z(t) > tz®(t) and the definition of z(t),
when v > 1, we obtain that

alty)z®(41))2
z(t1) = 5(t1)[b(t1)( S;()tl) () +b(t1)a(t1)]
_ alty) z%(t) 1
= 5(t1) {B tl,T) Z‘(t1) 1‘7_1(1,‘1) + b(tl)a(tl)}
< 6(t ){Balff,l)T)tlle}(t ) —i—b(tl)a(tl)}
< o(t) [ B‘(lt(ff)ﬂ + b(tl)a(tl)} = 04(t1,T). (3.37)

Then, from (3.35), we have that

L e, o(s)e(s) — HOB:006)06) + B2 (o(1), )13
H(o(t),t1) /t {H( (1), 0(s))(s) 4H (o (t),0(s))0a(s)

<z(t1) < 04(t1,T),

| as

which contradicts (3.34).
Similarly, when 0 < v < 1, we also have that

a(t))z® (4))2
2(t) = §(t1)[b(t1)( ;tv()tl) (t1)

+ b(tl)a(tl)]
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The rest proof is similar to the case of v > 1.
Finally, we show that all bounded solutions of equation (1.1) tend to zero. Now we show
that every bounded nonoscillatory solution z of equation (1.1) with lthm z(t) =1 > 0 does not
—00
exist. Let

f(t,x) = p(t)|z"" .

By [27, Theorem 3.3], (1.1) has a nonoscillatory solution z with lim z(¢t) = [ > 0 if only if

. t—o00
there exists a constant K such that

/:/:O/:o a(v)lb(s) " K)AUASAU—K'Y/ / / (u)AuAsAv
:Kv/to a(v)/v @/é p(u)AuAsAv < co.

However, (2.2) holds, so we see that [, ﬁ L ﬁ [ p(u) AuAsAv = oo implies that (1.1)
does not have any bounded nonoscillatory solution x with tlim z(t) =1>0. O
— 00

Remark 3.6 In view of (3.37), if v > 1, we also have that

CL(tl) IA(tl) 1
Z(tl) S 5(t1) |:B(t1,T) Jj(tl) ,’E'Y_l(tl) + b(tl)a(tl)]

< 8(ty) [ alt) —i—b(tl)a(tl)] = 0% (t,,T).

t1B(t1,T)
Thus, if (3.36) is replaced by

/t [H(J(t)vo(SW*(S) [H ( (t),0(5))01(s) + H2(a(t), 5)|3
t H(a(t),11) H(o(t),t1)H(a(t),0(s))05(s)
then every unbounded solution of equation (1.1) oscillates for v > 1.
that H(t,s) = d(t) = 1, a(t) = 0, then the condition

h?iségp/:p(s) <TF:)>7AS > tl;gtti?T)

guarantees that all unbounded solutions of equation (1.1) oscillate for v > 1.

Moreover, in Theorems 3.4 and 3.5, we remove the conditions (H2) and H(¢,t) = 0 in (H1).

Now we choose another function class R as follows: Hy € Rif H; : D = {(t,s) : t > s >
to} — R is continuous, H (t,s) > 0(£ 0), Hy(t,t) =0, H>*(t,s) <0 on D, and, for each fixed
t, HR#(t, s) is delta integrable with respect to s.

Theorem 3.7 Suppose that (A1), (A2), (2.2), a®(t) < 0 and (2.5) hold. Furthermore,
assume that there exist a function a € Ciq(T,R) with (ba)? existing, a positive A-differentiable
function J, and H; € R such that, for sufficiently large t;, and all k£ > 0,

lim sup
t—o0

} As > 05(t1,T),

In particular, if we choose

¢ 2
: *k E+ (t7 S) _
hﬂsogp RGN Hi(t,s) {9 (s) 105 (5) As = 0, (3.38)
where ((t) is defined by (3.18), and
C**(t,T) := ,Yk'ﬁlw (3.39)

a(t) ’
(1)

07 (t) := 6(t)p(t) <O_(t)> + O T)(07 (H)a” () = 8(1) (b(t)a(t))2, (3.40)



940 ACTA MATHEMATICA SCIENTIA Vol.44 Ser.B

01" (t) == 6"1(t () —|—2C’**(t,T)b”(t)a"(t)}, 05" (t) = C(;((i’))j;), (3.41)
_HP () . _
E(t,s) := (. s) + 07" (s), E(t,s) =max{0,E(t,s)}, (3.42)
where B(t,T) is defined by (2.4).

Then,

(i) every solution x of equation (1.1) oscillates or converges to zero for v > 1;

(i) any bounded solution x of equation (1.1) oscillates or tends to zero for 0 < vy < 1.

Proof Proceeding as in the proof of Theorem 3.4, we assume that equation (1.1) has a
nonoscillatory solution, say x(t) > 0, for all t > T.

If x € Sy, by Lemma 2.2, flirgo x(t) = 0.

Next, we consider z € S1, and define z(t) by (3.23) as in the Theorem 3.4.

Case 1 > 1. We have that z(¢t) > 0 and

al(t)x 2 a xA A 7
2A (1) = 8() [‘ Na®(6)" +b(t)a(t)] 0 {b(t)( Wz (1)) +b(t)a(t)}

0 0
g-—k@muxggb +<ﬁ%ufvw%wa%wf—6uxmwaunﬁ]
A *k
+ [ U((t)) ;2 )b"(t)a"(t)C**(t,T)} 2 (t) - %ag’)? (27 (1))?
0 1) 4 07 (1)27 (1) — 03 (1)(=7 (1)), (3.43)

where C**(¢,T), 07*(t), 05*(t), 6**(t) are defined by (3.39), (3.40) and (3.41), respectively.
From (3.43), we obtain that

07 (1) < —22() + 077 (1)27 (1) — 05" (1) (=7 (). (3.44)

Evaluating both sides of (3.44) at s, and multiplying by H;(¢,s), we get that
t

/t Hy(t,$)0" (s)As < — t Hl(t,s)zA(s)Aer/t Hy(t,8)07"(s)27(s)As
Hi(t,5)05% (5)(27(s))*As. (3.45)

ty
Integrating by parts and using the fact that Hy(¢,t) = 0, we get that
¢ ¢
Hi(t,s)2%(s)As = Hy(t,t1)z(t) + [ HE=(t,5)27(s)As.

tl tl

Substituting this into (3.45), we have that

/ Hl(t,s)ﬁ**(s)AsSHl(t,tl)z(tl)—F/t [Hy(t, )07 (s) + HR= (t,5)]27 (s)As
t H,(t,5)05%(s)(27(s))?As
! weigy 4 L (9)] o
gﬂwmmm+AHmMPM@+m@@z@m5

Hi(t,5)03" (s)(27 (5))* As

t1
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< Hy(ht)2(t) + /t Hi(t,$) By (1, 5)27 (5)As

— Hl(t,s)ﬂg*(s)(z”(s)fAs,

t1

where
HP (t,5)

E(t,s) = 07*(s) + Hi(ts)

, Ei(t,s) =max{0,E(t,s)}.

2
Applying the inequality a,y — byy? < ZTll(bl > 0), we obtain that

t Hl (t7 S)E—Q&-(tv S)

Z Hl(t, 3)9**(3)AS < Hl(t, t1)Z(t1) —‘,—/t 495*(5) AS;
- L/ i B 5)
it h) : Hi(t,s) {9 (s) — 4;_;*(3) } As < z(ty), (3.46)

which contradicts (3.38).
Case 2 0 <~ < 1. Since the proof is similar to the Case 1 v > 1, we omit it. The proof
is complete. O

Remark 3.8 Compared with Theorem 3.4, Theorem 3.7 removes the conditions (3.20)
and (3.21). However, the function H; satisfies conditions H; (t,t) = 0 and H>*(t,s) < 0 on D,
which is stronger than H in theorem 3.4. Moreover, the conclusions of Theorem 3.4 are also
true if (3.21) is replaced by H2(t,s) < 0. In particular, Han, et al [21, Theorem 2.2] show a
special case of Theorem 3.4, and Erbe, et al [15, Theorem 2] show a special case of Theorems
3.4 and 3.7.

Remark 3.9 If we choose H(t,s) = Hi(t,s) = (t—s)™, m € N in Theorems 3.4, 3.5 and
3.7, then we have that

. R : )A —m(t —s)m 1L, u(s) =0,
H=:(t,s)=Hy=(t,s) = ((t—9)")"" = — o)™ — (t — 5)™
! _(t=o( ))M(S) (t—s) u(s) >0,

and m > 1, HlAS (t,s) < 0 for t > o(s). Thus we have the following three statements:
(i) If H(t,s) = (t—s)™, m € N, and (3.22) is replaced by

2

/t (0(t) —a(s)™0(s)  [(0(t) = a()™01(s) + ((o(t) —5)™) > ]
t (t

— As = o0,

lim sup )= t)m 4(o(t) — t1)™(o(t) — o(s))™ba(s)

t—o0 (0'
(3.47)
then the conclusions of Theorem 3.4 are also true.
(if) If H(t,s) = (t —s)™, m € N, and (3.34) is replaced by
A2
]+ As > 04(t1,T),

lim su /t (o(t) — o(s))m6*(s)  [(o(t) —a(s))™0i(s) + ((o(t) —5)™)
P 1. (o(t) = to)™ Ao (t) — t1)™(o(t) — o(5))m05(s)

t—o0

(3.48)

then the conclusions of Theorem 3.5 are also true.
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(i) If Hy(t,s) = (t—s)™, m € N, and (3.38) is replaced by

1 t Ei(t,s)
lim sup 7/ t—s)™ {9** 5) — ——— 2| As = o0, 3.49
GEALNA ) 340

t—o0

then the conclusions of Theorem 3.7 are also true.
(3.47), (3.48) and (3.49) are called the Kamenev-type oscillation criteria.

4 Examples

In this section, we would like to illustrate the main results obtained in Section 3 with four

examples.

Example 4.1 Let T=N, v= % Consider the third-order delay difference equation

1
A <TléA <AIH>) +pn|xn—2|7§xn—2 = 07 (41)
n
where
1 —1
Ap = —, bn:n%a Tn:n—Q, Aan:7<07
n nin+1)

Vn+ 1(4n* + 120 + 10n2) + /n(4n* + 2003 + 34n? + 24n + 8)

W20+ 12 (n + 27
It is easy to see that (A1), (A2), (2.2) and (2.5) hold. Furthermore, a simple calculation shows
that the condition (3.5) becomes

s 1 & | Va(dn* + 12n3 + 10n2) i 5
;ann;pnlan;bk] 21 o D2 1 2)? [(”Q%)Zké] = co.

Pn =

n= k=1

Thus, the condition (3.5) is satisfied, and, by Theorem 3.3, every solution of equation (4.1)

n

oscillates or converges to zero. In fact, 2, = (—1)™ is such an oscillatory solution of equation

(4.1).
Example 4.2 Let T=P,;, = |J [k(a+Db),k(a+b)+a], a >0, b>0andy > 1. Consider
k=1
the third-order delay dynamic equation
1 2\
(t(e50) ) + gl atro) o (12
where
1 1
a(t) = T b(t) =t, p(t) = 2
2
0, U (a+b),k(a+0b)+ a] ,

t—2(a+0), teU (a+b),k(a+Db)+a.

It is easy to see that (A1), (A2), (2.2) and (2.5) hold. Set that a(t) =0, 6(t) =t and H(t,s) =1
in Theorem 3.4. Then, for large T and ¢ > T', we have that

2t =1, 0:(t) = % HA:(t,s) =0, [H(t,s)01(s) + H>(t,s)]y = 1,
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and
0oL o= (2) s s sl <o
%z% 0 (t) = wk”lBtT< ) () B(t,T).
It is not difficult to check that (3.18) and (3.19) hold. For s >> T, we get that
[1(s)]> _ [H(t,s)01(s) + H>(t,8)] 1 1 2yt
405(s) 4H(t,s)02(s) 2 Ak ())’Y 1B(s,T) — 4vk7=1 s0(s)’

For s > t; >> s, direct calculation shows that the condition (3.20) becomes

1 t [H(t,s)01(s) + H?(t,5)]?
hirisogp ) / [H(t,s)&(s) - 1A 5)05(5) 1 As

T 271 1
Zlimsup/ — . — | As = 0.
PRGN 27s  Avkvl so(s)

Thus, condition (3.20) is satisfied, and hence, by Theorem 3.4, every solution of equation (4.2)
oscillates or converges to zero.
Example 4.3 LetT=R, 0 < A < 1land~y > 3. Consider the third-order delay differential

equation

<t12$/(t)> + t%|$()\t)|7711‘()\t) =0, (4.3)
where . X )
a(t):tﬁa b(t) =1, p(t) = t4,T(t):)\t, a’(t):—t§<o

It is easy to see that (Al), (A2), (2.2) and (2.5) hold.
Set that a(t) =0, 6(t) =1, and H(t,s) =1 in Theorems 3.4 and 3.5. Then we have that

50 =0, 2D _o g,y = 050 = 0, 0300) = et~ 1),
0u(0.T) = s = ey PO =00 =00 (50 =5
and
[H(t,s)&l(s) + aHgi’s)} = [H(t,s)&f(s) o a(z 8)} —0.
+ +

It is not difficult to check that (3.18), (3.19), (3.30) and (3.31) hold. Furthermore, a simple
calculation shows that the conditions (3.20) and (3.32) are the same as the inequality.

2
t [H(t.5)6x(s) + 2]
li H(t,s)0(s) — d
e gy J, 1090 |
2
li L H(t,s)0" {H(t,s)9{(5)+%h d
T H ) /t T (NS E) ’
t t t 2\
= limsup [ 0(s)ds = limsup [ 6%(s)ds =limsup [ —ds
t—00 t1 t—o0 t1 t—00 t1 S
A7 1
04(t =
BETA 1t 7) 2(t, —T)
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Thus, Theorems 3.4 and 3.5 fail if we choose that «(t) =0, §(t) = 1, and H(¢,s) = 1. However,

in view of Remark 3.6,

. K 7(s)\” A7 a(ty) 1
hﬂilip/tl p(s) (s) ds = 365 bi(t, T) = tB(t,T) £t —T)
which implies that every unbounded solution of equation (4.3) oscillates. In [32], when r(f) =
0,7 = 1,73 = 7, (1.9) becomes (1.1). However, H(t,s) = 1 does not satisfy condition (H1).
Our results for Theorem 3.5 and Remark 3.6 do not need the left hand side of (1.11) to be co.
Let f(t,z) = p(t)|z|"~tz. By [27, Theorem 3.3], equation (4.3) has a nonoscillatory solution

x with hrn x(t) =1 (I > 0 is a constant) if and only if there exists a constant K such that

/t / / F(u, K)dudsdo = K7 / / / (u)dudsdv
:Kv/to @/ @/ p(w)dudsdv < co.

However, f;o a(lv) L ﬁ [ p(u)dudsdv = oo implies that equation (4.3) has no nonoscillatory
solution z with tlim x(t) =1 > 0, by Theorem 3.5.
— 00

Now, we pick up on the fact that g(¢) = e! in Theorem 3.1, so

/tooa(lv)/Uoob(ls)/:Op(u)eﬂlmdudsdv</tooa(1@)/:ob(18)/smlududsdv

1 [~ 1
=— / dudsdv
v Je a( ) et

1 2 1
= <t2 +=t+ > e Mt <e
Y Y v
which implies that (3.1) and (3.2) hold. Moreover, if YA > 1, it is easy to see that

2 [SSEEET oo
g-(t 5o Js plu)s —L_duds
i S S P —0<1.
t—o0 a(t)g'(t)

Hence, for yA > 1, we have given a necessary and sufficient condition which guarantees that

equation (4.3) has an eventually positive solution z(t) € (0,e™].

In summary, the equation (4.3) oscillates or has at least a nonoscillatory solution x(t) €
(0,e7].

Example 4.4 Let T =¢", ¢ > 1, v >3 > v +1 > 2. Consider the third-order delay
dynamic equation

FA88(0) 4 () alr) =0, (14)

where

a(t) =1, b(t) =1, p(t) = t% r(t) =t, a®(t) = 0.

It is easy to see that (Al), (A2), (2.2) and (2.5) hold.
Set that a(t) = 0, 6(t) = ¢, and define that H: Hy(t,t) =0, t > to, Hi(t,s) =1, t > s > to.
Then we have that

§8(t) =1, C™(t,T) = vk~ gt (t = T), 07 (t) = !

q’Yt’Yl—l ’

1 O (t,T)
1 ( ) qt, 2 ( ) q2t2 ’
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and

—-q
<0, s=p(t) <t
H (t,s) = (= 1t
0, t1 <s<p(t) <t,
! <0 t)y<t
— s S = p ;
05*(s), t1 <s<p(t) <t
A simple calculation shows that the condition (3.36) becomes
1 t B3 (t 8)]
limsup ——— [ Hi(t,s) |0 (s) — ——22| As
mew g J, 09 |00~
t 1 B2 (t, 5)¢2s?
=1l -t A
iii‘ip/ [qwl 40**<3,T)} ’

p(t) 1 1 A t 1 A
— i _ -
vt </tl Lﬂsm_l 4C* (s, T)] ot /p(t) qrsm—1 S)

p(t) 1 1 -1 ,
T . -1 | —
= hgrisolip (/tl |:q’ys’71—1 40**(5,T)] As + q"H"Yl—Qt ) = 00.

Thus, condition (3.38) is satisfied, so every solution of equation (4.4) oscillates or converges to

zero, by Theorem 3.7.
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