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Abstract In this paper, we study some dentabilities in Banach spaces which are closely
related to the famous Radon-Nikodym property. We introduce the concepts of the weak™-
weak denting point and the weak™-weak™ denting point of a set. These are the generalizations
of the weak™ denting point of a set in a dual Banach space. By use of the weak*-weak denting
point, we characterize the very smooth space, the point of weak*-weak continuity, and the
extreme point of a unit ball in a dual Banach space. Meanwhile, we also characterize an
approximatively weak compact Chebyshev set in dual Banach spaces. Moreover, we define
the nearly weak dentability in Banach spaces, which is a generalization of near dentability.
We prove the necessary and sufficient conditions of the reflexivity by nearly weak dentability.
We also obtain that nearly weak dentability is equivalent to both the approximatively weak
compactness of Banach spaces and the w-strong proximinality of every closed convex subset
of Banach spaces.
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1 Introduction

In 1966, Rieffel [1] introduced the concept of the dentability of a set in Banach spaces,
which obviously has a geometric feature . He proved that every bounded sets of a Banach space
are dentable implies the fact that the Banach space has the famous Radon-Nikodym property
(RN P for short). The definition of the RN P of Banach spaces can be found in [1]. The concept
of dentability builts bridges between the geometric theory and the analysis theory of Banach
spaces. Therefore, research on the geometric direction of RN P has drawn the attention of
many scholars in functional analysis. A variety of forms of dentabilities have been defined and
studied; these include the weak® denting point, the denting point, near dentability and the
o-dentable set, etc.. This paper continues carrying out the research in this direction.
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First, we present some symbols and concepts.

Let X be a Banach space and let X* be its dual space. S(X) and B(X) are denoted
as the unit sphere and the unit ball, respectively. Letting z € S(X) and a € R, we denote
the weak* half-space {z* € X* : 2*(z) < a} by Ky, Blz,7] = {y € X : |ly —z|| < v},
B(z,v) ={y e X : |ly —z| <~v}. For f € S(X*), we set that Ay = {x € S(X) : f(z) = 1}.
Z denotes the natural embedding of z to X**. w*, w, and || - || stand for the weak*, weak and
norm topologies, respectively. We denote the norm-attaining functional in S(X*) by NA(X).
For a subset A* in X*(resp. A in X), @0” A* (resp. coA) denotes the weak* closed convex
(resp. closed convex) hull. We denote the weak* interiors of A* by w*-int A*.

For a subset C' C X, the set-valued mapping Pc : X — 2% is said to be the metric
projection Po(z) = {z € C : ||z — z| = d(z,C)}, where d(z,C) = infycc ||z —y||. C C X is
said to be proximinal if Po(z) # 0 for all x € X. C is said to be Chebyshev if Po(x) contains
only one point for all z € X.

A subset C of X is said to be approximatively compact (resp. approximatively weakly
compact) if, for every z € X and for every minimizing sequence {z,}32; in C regarding x
(i.e. ||z —zn| — d(z,C)), {x,}52; has a subsequence that converges to an element in C' (resp.
weakly converges to an element in C). A subset C* of X* is said to be approximatively weakly*
compact if, for every z* € C* and for every minimizing sequence {z}}52 , regarding z* (i.e.
[l — zk| — d(z*,C)), {x}}>2, has a subsequence that weakly* converges to an element in
C*. A Banach space X is said to be approximatively compact (resp. approximatively weakly
compact) if every non-empty closed convex subset of X is approximatively compact (resp.
approximatively weakly compact); see [2—4].

Next, we recall the weak™ denting point of a set and the near dentability of a Banach space
and some related properties.

Let C* be a bounded set in X*. An element z* € C* is said to be a weak® denting point
of C* if z* ¢ @™ (C* \ B(x*,¢)) for any € > 0; see [5, 6].

A Banach space X is said to be nearly dentable if Ay # () and Ay NCo(B(X) \ Ua,) =0
for any f € S(X*) and any open set Us, D Ay; see [7].

A Banach space X is said to be strongly smooth (resp. very smooth, smooth) if, for any
{zr}se, C S(X*), z € S(X) with o (x) — 1, {x}}22, is convergent (resp. {x}}°2 is weakly
convergent, {z}}5°,; is weakly™ convergent); see [6].

It is well known that a Banach space X is smooth iff, for any x € S(X), there exists a
unique functional f € S(X*) such that f(z) = ||z||. An element z € C' C X is said to be an
extreme point of C' if 2z = y + z for some y, z € C, so that y = z.

An element z* € S(X*) is called a point of weak*-weak continuity ((w*-w) PC for short)
(resp. point of weak*-norm continuity ((w*-|| - ||) PC for short)) of B(X*) if, for any net
{2}, € D} C B(X"), «, L implies that ¥ % 2* (resp. x¥, — x*); see [8].

In 2015, Zhang, Zhou and Liu [9] drew the following conclusion:

Theorem 1.1 Let X be a Banach space. Then the following statements are equivalent:

(1) For any weak* closed convex set A* in X* with w*-intA* # (), A* is an approximatively
compact Chebyshev set.

(2) X is strongly smooth.
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(3) If 2* € S(X™*) attains its norm on S(X), then z* is a (w*-|| - ||) PC and an extreme
point of B(X™).

(4) If «* € S(X™) attains its norm on S(X), then z* is a weak* denting point of B(X™*).

In 2011, Shang, Cui and Fu [7] defined the concept of nearly dentable Banach spaces, and

proved the following result:

Theorem 1.2 A Banach space X is approximatively compact iff it is nearly dentable and

nearly strictly convex.

Furthermore, the authors of [9] showed that the condition regarding the nearly strict con-

vexity of Theorem 1.2 can be removed; they also gave the following main theorem:
Theorem 1.3 A Banach space X is nearly dentable iff it is approximatively compact.
Now, we introduce three kinds of dentabilities in Banach spaces.

Definition 1.4 Let X* be the dual space of a Banach space X and let C* be a bounded
subset of X*. An element z* € C* is said to be a weak*-weak denting point (resp. weak*-
weak® denting point) of C* if, for any weak (resp. weak®) neighborhood V* of the origin in
X* x* ¢ @ (C*\ (z* +V*)). A bounded subset C* of X* is said to be weak*-weak (resp.
weak*-weak™) dentable if, for any weak (resp. weak™) neighborhood V* of the origin in X*,
there exists an element xi,. € C* such that z},. ¢ o (C*\ (z%. + V™).

Definition 1.5 A Banach space X is said to be nearly weakly dentable if Ay # () and
ArNco(B(X)\ wUa,) = 0 for any f € S(X*) and any weakly open set ,Ua, D Aj.

Remark 1.6 (1) Obviously, a weak® denting point implies a weak*-weak denting point,
a weak*-weak denting point implies a weak*-weak* denting point, and near dentability implies
nearly weak dentability.

(2) By the James theorem, it is trivial to see that nearly weak dentability implies reflexivity.

The structure of the rest of this paper is as follows: in Section 1, we defined three kinds
of dentability of Banach spaces. In Section 2, we prove that if * € S(X) attains its norm on
S(X), then x* is a weak*-weak denting point of B(X*) which is equivalent to the fact that X
is a very smooth space, which in turn is equivalent to the fact that z* is a (w*-w) PC and
an extreme point of B(X™*). We characterize an approximatively weak compact Chebyshev set
in dual Banach spaces by a weak*-weak denting point. We obtain analogous conclusions for a
weak*-weak® denting point as well. In Section 3, we show that X is nearly weakly dentable if
and only if it is reflexive. Furthermore, we obtain that nearly weak dentability is equivalent
to both the approximatively weak compactness of X and the w-strong proximinality of every
closed convex subset in X.

2 Weak*-Weak Dentability

First of all, we present the main theorem of this section.

Theorem 2.1 Let X be a Banach space. Then the following statements are equivalent:

(1) If * € S(X™) attains its norm on S(X), then z* is a weak*-weak denting point of
B(X™).

(2) If z* € S(X™*) attains its norm on S(X), then z* is a (w*-w) PC and an extreme point
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of B(X™*).

(3) X is a very smooth space.

Proof (1) = (2). Let {z%,a € D} C B(X™*), 2§ € S(X*), 2o € S(X) and z{(z¢) = 1,
and z, SN xh. If o £ xf, then there exists a weak neighborhood of the origin V* such that
the following claim holds: for any a € D, there exists 5 > « such that

Th ¢ xp+ VT
In this way, we obtain a subnet {z : 3 € D'} of {z* : a € D}. Clearly, {a:B€ D'Yn (zf +
V*) =0, and thus {z} : 8 € D'} € B(X*)\ (xf+V*). Since z is a weak*-weak denting point,
we have that zj & @" (B(X*) \ (zf + V*)). By the separation theorem of a locally convex
space and (X*,w*)* = X, there exists an element y € X such that

J(x5) > sup{y(x*) : 2* € @ (B(X™) \ (x5 + V*))}.
Therefore, there exists a constant v > 0 such that
§(x5) — sup{y(z*) s 2* € @™ (B(X™)\ (xf + V*))} > 7.
It follows that zg(y) — (y) > v for any 3, which shows that zj 77L*> x5. This leads to a

contradiction with z?, SN xp. Therefore, 2% % x3; that is, 2 is a (w*-w) PC of B(X*).

but zj # x5. Therefore there exists an element x € X such that aj(x) # a3(x). Since
(%)(xo) = aj(z9) = 1, B3%2 € §(X*). On the one hand, by statement (1), we have that
% is a weak*-weak denting point of B(X*). On the other hand, we can let V* = {z2* €
X*:|e*(x)] < W%(x)l} Note that V}* is a weak* neighborhood of the origin in X*, which

means that U = % + V}* is a weak* neighborhood of % Since

If 23 is not an extreme point of B(X*), there exist a7, x5 € B(X*) such that = =

o (2) — zi(z) ;—wz(w)|:: \mi(m)-;-x;(x)\::|x§(x)__ fﬁf@lﬁgffiﬁfiL

we obtain that z], x5 ¢ U;. Since weak topology is not weaker than weak* topology in X*,
there exists a weak neighborhood of the origin V; C Vj* such that U = 11;% + Vg is a weak

neighborhood of @ According to Vi C Vi*, we have that z7, 2% ¢ Uj. Due to

Ty + x5

1,75 € B(X")\ U = B(X™) \ ( +V5),

it follows that
] + x5 ] + x5

2

7 + x5

€ @(B(X*)\ ( +V5) c @ (B(X*)\ (

+V5))-

This shows that @ is not a weak*-weak denting point of B(X™), which leads to a contra-
diction.

(2) = (3). Let {zx}2, C S(X*), x € S(X) be such that z* (z) — 1. Since B(X™*) is weak*
compact, there exists * and a subnet {z},a € D} of {z}}22, such that z, %, 2*. Since
z¥(x) — 1, 2*(z) = 1. By statement (2), we have that ¥, = 2*. This shows that {z*}2 is
relatively weakly compact. For any z € S(X), 5,25 € S(X*) such that 27 (z) = z5(x) = 1.

x4z

Setting x* = =52, z*(r) = 1. By statement (2), * is an extreme point of B(X*), and it

follows that zj = x35. This implies that X is smooth. Thus, the weak cluster point of {z}}5,

is unique, which means that z,, — z*. This shows that X is very smooth.
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(3) = (1). Let xf € S(X*),z0 € S(X) be such that z§(zo) = 1. We will prove that, for
any weak neighborhood V* of the origin in X*, there exists a constant o > 0 such that
x5 (xo) —a > sup{y”*(zo) : y* € B(X™)\ (25 +V™)}.
Otherwise, there would exist {y%}52, C B(X*)\ (af + V*) such that yX(xg) — z{(zo) = 1.
Since X is very smooth, we know that y* — x§, which leads to a contradiction with the fact
that v € B(X™*) \ (2§ + V*). According to
zo(20) — = sup{y” (o) : y* € B(X")\ (xg + V7)}
= sup{y“(zo) : y* € co(B(X")\ (x5 +V"))}
= sup{y* (o) : y* €@0" (B(X")\ (x5 +V*))},
we get that zj & % (B(X*)\ (25 +V*))). Consequently, z is a weak*-weak denting point of
B(X™). |
As is well-known, the very smoothness of X implies the RN P of X*. Therefore, we have
the following result:

Corollary 2.2 Suppose that every 2* € NA(X) is weak*-weak denting point. Then X*
has RNP.

Similarly to the proof of Theorem 2.1, we can obtain the following result:

Theorem 2.3 Let X be a Banach space. Then the following statements are equivalent:

(1) If z* € S(X™*) attains its norm on S(X), then z* is a weak*-weak™ denting point of
B(X™).

(2)

(3)

In [10], Zhang and Liu proved the following formula of distance from a point z*(¢ K, )

If * € S(X*) attains its norm on S(X), then x* is an extreme point of B(X™).

X is a smooth space.

to the weak* half-space K ,:

Lemma 2.4 ([10]) Let X be a Banach space, let 2o € X \ {0} and let o« € R. Then, for
any z* € X*\ Ky a,
x*(zg) —
d(z", Kyga) = —7——
( 0704) ||CEO ||
The following theorem establishes the connection between a weak*-weak denting point and
an approximatively weakly compact Chebyshev set, which shows that the weak*-weak denting

point has important applications for approximation theory:

Theorem 2.5 Let X be a Banach space. The following statements are equivalent:

(1) If z* € S(X*) attains its norm on S(X), then z* is a weak*-weak denting point of
B(X™).

(2) For any weak* closed convex set A* in X* with w*-int A* # ), A* is an approximatively
weakly compact Chebyshev set.

(3) For any z € X and a € R, the weak® half-space K, , is an approximatively weakly
compact Chebyshev set.

Proof (1)=(2) can be derived from Theorem 2.1 and [9, Theorem 3.2]. For the sake of
completeness, we give a detailed proof as follows: let A* be a weak* closed convex set with w*-

intA* # (). Without loss of generality, we may assume that = 0. Suppose that {y*}°2, C A*
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such that ||0—y}|| — d(0, A*) = ~. Taking y5 € Pa-(0), ||y5]| = . Since B[0,y]Nw*-intA* = 0,
by the separation theorem of locally convex space and (X*,w*)* = X, there exists an element
x € S(X) such that

sup{z(y*) : y* € A"} <inf{z(y*) : y* € B[0,7]} = —[lz]ly = =[l=[llyo]l

As y§ € Pa«(0), we get that
—lzlllvoll < =(yo) < supfz(y”) : y" € A"} <inf{z(y”) : y* € B0,7]} = —[lz[[[lyo]l-
It follows that x(y3) > z(y)). Consequently,
10 —woll = 2(0 —yg) < 2(0 = y5) < [0 =gyl = d(0, A7) = [[yp]|-

We derive that x(H‘Z—Z”) — 1. Since |lyX|| — |lys]l = d(0, A¥), x(Hzﬁ) — 1. Due to statement
(1) and Theorem 2.1, we have that X is very smooth, which implies that {y}}52, is weakly
convergent. This means that A* is approximatively weakly compact.

If A* is not a Chebyshev set, then there exist z* € X* and y7,ys € A* such that |z*—yj| =
lz* — y3|| = d(z*, A*). Without loss of generality, we assume that z* = 0 and d(0,4*) =1
Clearly, B(X*) N w*-intA* = (). Then, according to the separation theorem in locally convex

space and, the fact that (X*,w*)* = X, there exists an element z € S(X) such that
sup{z(z*) : 2* € B(X™)} < inf{z(z*) : 2" € A*}.
Then, for any i = 1,2,
z(y!) <sup{z(z*):z* € B(X")} =1 < inf{x(z¥) : 2" € A"} < z(y]).

Therefore, z(y}) = 1,7 = 1,2. This stands in contradiction to the smoothness of X.

(2)=(3). For any z € X and a € R, we observe that the weak* half-space K, , is a
weakly* closed convex subset with w*- int K, o # 0, which shows that statement (3) is true,
by statement (2).

(3)=(1). Let o € S(X*), xo € S(X) be such that x(xg) = 1. We will prove that, for any
weak neighborhood V* of the origin, there exists an a > 0 such that

xg(xo) — a > sup{y”*(zo) : y* € B(X™)\ (5 +V™)}.

Otherwise, there would exist a sequence {y*}52, C B(X*)\ (af + V*) such that y}(xo) —
x§(xo) = 1. Consider the weak* half-space K, 1 = {z* € X*,2*(z9) < —1}. By statement
(3), Kyzy,—1 is approximatively weakly compact, which implies that K,, _; is proximinal. We
may assume that y(zo) < 1. It follows that there exists a sequence {z}}7%, C K, _1 such
that | — vy — 2| = d(—y}, Kz,—1). By Lemma 2.4,

| =5 = zall = d(=y5: Kao,—1) = [ = yp(w0) + 1] = 0.

By [lypll = 1Tand 1 < [[23]] < [lyall + | = yn — 2]l = 1, we obtain that ||z} — 0 = 1 =
d(0, Ky,,—1). Due to the approximatively weak compactness of K, _1, we know that {z}}52;
is relatively weakly compact. Hence, {y}22 ; is also relatively weakly compact. Without loss
of generality, we assume that vy — y&. Obviously, yi(zo) = 1. We claim that y§ = z.

Indeed, we have that —yg, —xf € Ky —1 and |lys]| = ||z§ll = 1 = d(0, Kz,,—1), so therefore,
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Y5, —%5 € Pr,, ,(0). Since Ky, 1 is a Chebyshev set, we get that —yg = —xg. This shows
that y* - xf, which leads to a contradiction with {y*}22, ¢ B(X)\ (2§ + V*). Due to

zg(70) — a = sup{y” (zo) : y* € B(X™)\ (25 +V7)}
= sup{y"(zo) : " € co(B(X7)\ (x5 +V"))}
= sup{y* (o) : y* € @0" (B(X")\ (25 + V*))},
we get that x3 & cov™ (B(X*)\ (z§ + V*)). Consequently, z§ is a weak*-weak denting point of
B(X™). O
Similarly to the proof of Theorem 2.5, we can deduce the following result:

Theorem 2.6 Let X be a Banach space. Then the following statements are equivalent:

(1) If * € S(X*) attains its norm on S(X™), then x* is a weak*-weak* denting point of
B(X™).

(2) For any weakly™* closed convex set A* of X* with w*-int A* # (), A* is an approximatively
weakly* compact Chebyshev set.

(3) For any z € X and a € R, the weak* half-space K, , is an approximatively weakly*
compact Chebyshev set.

To conclude Section 2, we will give a necessary and sufficient condition regarding a weak*-

weak dentable set in X*.

Theorem 2.7 Let C* be a bounded weakly™ closed subset in X*. Then C* is weak*-weak
dentable set if and only if, for any weak neighborhood V* of the origin in X*, there exists a
weak* slice S(z, o, C*) of C* determined by z, o, where x C X, > 0 and z* € S(z,a,C*)
such that S(z,a, C*) C x* + V*, where S(z,a,C*) = {y* € C* : y*(z) > supx(C*) — a}.

Proof Sufficiency. Let V* be a weak neighborhood of the origin in X*. By assumption,
there exists a weak* slice S(z,a,C*) and z§ € S(z,a, C*) such that S(z,a,C*) C zj + V*.
Therefore, x§(x) > sup x(C*) — a. Notice that the set {y* € C* : y*(x) < supx(C*) — a} is a
weakly* closed convex subset in X*, and that

C*\ (g + V') € "\ $(2,0,C%) = {y" € C* 1 y*(2) < supa(C”) — ),
which means that
@ (C*\ (5 4+ V) c {y* € C* : y*(z) < supz(C*) — a}.
Therefore, x5 ¢ @0 (C* \ (xf + V*)), which implies that C* is weak*-weak dentable.

Necessity. Suppose that C* is weakly*-weak dentable, and that V* is a weak neighborhood
of the origin in X*. Then there exists a zf, € C* such that x5 ¢ 6" (C*\ (z54V™*)). According
to the seperation theorem of a locally convex space and (X*, w*)* = X, there exist xg € X and
r > 0 such that

g (x0) — > supTp(@® (C*\ (x5 + V™). (2.1)
Let a = supzo(C*) — (z§(z0) — r), @ > 0. Then
zo(z]) =supzo(C*) + 1 — a > supxo(C*) — «a,
which implies that xf € S(xo, o, C*), since, for any y* € S(zo, o, C*), we have that

Zo(y") > supzo(C*) — a = z*(zo) — 1. (2.2)
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We claim that y* € xf; + V*. Otherwise,
Yy e\ (a5 +VT) C @ (C7\ (a5 + V7).
Due to (2.1), xi(zo) — r > Zo(y*), which stands in contradiction to (2.2). This shows that
S(zo, a0, C*) C xfy + V™. O
Remark 2.8 When the weak neighborhood V* of the origin is replaced by a weak*

neighborhood of the origin in Theorem 2.7, by using a similar method to that above, we can

get an analogous conclusion for a weak*-weak*™ dentable set.

3 Nearly Weak Dentability

In 2001, Godefroy and Indumathi [11] introduced the concept of the strong proximinality
of a subspace in Banach space. In 2008, Bandyopadhyay et al. [12] introduced the strong
proximinality and the w-strong proximinality of a set, and generalized the strong proximinality
of a subspace to the general subset of a Banach space.

A subset C of X is said to be strongly proximinal (resp. w-strongly proximinal) if C is
proximinal, and if, for any x € X and norm neighborhood V' (resp. weak neighborhood V),

there exists a constant § > 0 such that
Po(x,0) € Po(x)+V,

where Po(z,0) ={y € C: ||y — z|| < d(z,C) + d}.
By [10, Theorem 2.2] and the definitions of strong and w-strong proximinality, the following
relation is true:
Approximinatively compact —  Strongly proximinal
+ J Proximinal

Approximinatively weakly compact— w-strongly proximinal

In [13], Zhang, Liu and Zhou gave four counterexamples to show that the above connection
is not converse.
Dutta and Shunmugaraj [14] put forward the following question:

Question 3.1 What are the conditions (necessary or sufficient) that make every closed

convex subset of X strongly proximinal?

In order to present their main result, we need a number of concepts; see [14].
Let X be a Banach space. The norm || - || is said to be strongly subdifferentiable (in short
SSD) at z € X if
et thll -~ ]
t—0+ t
is uniform for h € Sx. If the norm || - || of X is SSD at all points of Sx, the space X is said to
be SSD.
A Banach space X is said to have the (K K) property if z, 25 x implies x, — z for any
sequence {,}>2,; C S(X) and z € S(X).
Dutta and Shunmugaraj then provided their main conclusion, which is as follows:
Theorem 3.2 Let X be a Banach space. Then the following statements are equivalent:
(1) X* is SSD and Ay is compact for every f € S(X).
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(2) X is reflexive and (K K).
(3) X is approximatively compact.
(4) Every closed convex subset of X is strongly proximinal.

Similarly to Question 3.1, we now come to the following question:

Question 3.3 What are the conditions that make every closed convex subset of X w-

strongly proximinal?
Now we establish the main result of this section.

Theorem 3.4 Let X be a Banach space. Then the following statements are equivalent:
1) X is nearly weakly dentable.
2) X is reflexive.

(

(

(3) X is approximatively weakly compact.

(4) Every closed convex subset of X is w-strongly proximinal.
(

5) Every closed convex subset of X is proximinal.

Proof (2)<(3)<(4)<(5) can be deduced from [13, Theorem 1.1].

(1)=(2) is evident.

(3)=(1). For any f € S(X*) and any weakly open set ,Us, D Ay, we claim that there
exists a constant a > 0 such that 1 > f(y) + « for any y € B(X) \ U4, where ,Ua, D Ay.
Otherwise, there would exist a sequence {2, }72; C B(X) \ ,Ua, such that f(z,) — 1, which
would imply that ||z, || — 1. By the statement (3), we know that the hyperplane H = {z € X :
f(x) = 1} is proximinal. Consequently, there exists a sequence {y,}>2; C H such that

120 = ynll = d(zn, H) = [f(zn) — 1| = 0. (3.1)
Since ||z,|| — 1, we have that
10 = ynll = llynll = 1 = d(0, H).

Since X is approximatively weakly compact, {y,}52; has a weakly convergent subsequence.
Thus, {z,}22, has a weakly convergent subsequence, by (3.1). Without loss of generality, we
assume that z, — zo. Obviously, f(z0) =1, ie., zg € Af. Since wUa; D Ay is weakly open
set, we know that {z,}n2; C wUa, for sufficiently large n € N, which leads to a contradiction
with the fact that {z,}572, C B(X)\ wUa,.

Next, we will show that X is nearly weakly dentable. Since, for any y € B(X) \ wUa,,
1 —a > f(y), we deduce that, for any x € Ay,

f(@) —a=sup{f(y) :y € B(X)\wUa,}
=sup{f(y) : y € co(B(X) \ wUa,)}
=sup{f(y) 1y € Co(B(X) \ wUa,)}-
It follows that = ¢ co(B(X) \ wUa,). Hence, Ay (1c0(B(X) \ wUa,;) = @. This shows that X
is nearly weakly dentable. O

As is well known, reflexivity implies that both X and X* have the RN P. Thus we have
the following result:

Corollary 3.5 Suppose that X is nearly weakly dentable. Then both X and X* have
the RN P.
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