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Abstract We consider the interior transmission eigenvalue problem corresponding to the
scattering for an anisotropic medium of the scalar Helmholtz equation in the case where the
boundary 92 is split into two disjoint parts and possesses different transmission condition-
s. Using the variational method, we obtain the well posedness of the interior transmission
problem, which plays an important role in the proof of the discreteness of eigenvalues. Then
we achieve the existence of an infinite discrete set of transmission eigenvalues provided that
n = 1, where a fourth order differential operator is applied. In the case of n #Z 1, we show
the discreteness of the transmission eigenvalues under restrictive assumptions by the analytic
Fredholm theory and the T-coercive method.
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1 Introduction

Interior transmission eigenvalue problems have become an important area of research in
inverse scattering theory. Now, we investigate the eigenvalue problem for an anisotropic medium
by a partially coated boundary. Let € be a bounded simply connected open domain in R? with
a smooth boundary 9 which is split into two parts I'y, I's and 'y NT's = (). Let A be a
2 x 2 symmetric matrix-valued function with L>(Q) entries such that Re(£ - A¢) > ¢|¢|? and
Im(¢ - A¢) < 0 for all € € C?, ae. o € Q and some constant € > 0. Also, n € L>®(f) is a
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complex-valued scalar function such that Re(n) > 0 and Im(n) > 0. Then we can formulate

the interior transmission problem as follows:

V- -AVw+Ek*nw=0, in Q,

Av + Ek*v =0, in Q,

ow  0Ov

—=—4A r

s ow Y on (1.1)
ow  Ov

a7 _ r

ovs o ot

w=v, on Of).

Here E?T'Z := v - AVw denotes the co-normal derivative and v denotes the unit outward normal.

In this work, we will consider the case where A(z) € L*°(T';) is a real valued function satisfying
that A > ¢ (or A < —¢) for some positive constant c.

Definition 1.1 Values of & € C for which the homogeneous interior transmission prob-
lem (1.1) has a nontrivial solution pair w € H'(Q) and v € H'(Q) are called transmission

eigenvalues.

The transmission eigenvalue problem is a class of non-selfadjoint eigenvalue problems that
first appeared in inverse scattering theory for an inhomogeneous medium, and it is a boundary
value problem for a set of equations defined in a bounded domain coinciding with the support
of the scattering object. Due to the theoretical importance of transmission eigenvalues in
connection with the uniqueness and reconstruction results in inverse scattering theory, the
study of transmission eigenvalue problems has recently become an attractive research topic.

The first issue associated with the interior transmission problem is concerned with the
case of when the problem is well-posed. There are two main approaches: the boundary integral
equation method and the variational method. For the sake of mathematical and computational
interest, the boundary integral equation method has been applied to recover the solvability result
of isotropic media when the refractive index n is a positive constant different from one (refer to
Section 3.1.4 in the book [8], and to the paper [19, 25]). Since there are great limitations in terms
of using the boundary integral equation method, the variational method has been widely used
for both isotropic and anisotropic obstacles under different assumptions ([5, 6, 8, 11, 14, 26]).

The second issue concerns the discreteness of transmission eigenvalues that we can avoid
them in the procedure to reconstruct the boundary from far-field or near-field pattern. Based on
the spectral theory of compact operators in Hilbert spaces (see Theorem 6.8 in the book [4]), the
discreteness of eigenvalues for an isotropic medium has been shown in [2, 6, 8]. When it comes
to the anisotropic medium, we cannot construct a compact operator, so the analytic Fredholm
theory (see Section 8.5 in the book [23]) is widely used. And there has been much work based
on the analytic Fredholm theory under the case A = 0 on I';, which means that the boundary
is integral (see [22, 23, 32] for the isotropic inhomogeneous medium, [7] for the anisotropic
medium with n = 1, [3, 5, 16] for general anisotropic media with n # 1, [9] for regions with
cavities, [10] for absorbing media, [12] for inhomogeneous media containing obstacles, [2, 28, 33]
for the conductive boundary, etc).

The third and most difficult issue is whether there exist eigenvalues. The first result

about the existence of transmission eigenvalues was obtained by Colton and Monk in 1989
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for the case of a spherically stratified medium ([24]). Subsequently, McLaughliny used the
knowledge of the transmission eigenvalues to determine a radial scatterer ([29, 30]). Until
2008, Paivarinta and Sylvester ([31]) considered the general isotropic inhomogeneous scatterer
without radial symmetry and showed that there exist a finite number of transmission eigenvalues
provided that the index of refraction is large enough. Soon after in 2009, Cakoni and Haddar
([15]) extended their ideas to present the existence of transmission eigenvalues for isotropic
inhomogeneous media and also for anisotropic media with n = 1. And in 2010, they studied
a difficult case for regions with cavities ([9]). In the same year, the paper [13] proved the
existence of an infinite discrete set of transmission eigenvalues for all of the above cases of the
Helmholtz and Maxwell equations, and the paper [12] considered the case for inhomogeneous
media containing obstacles. Furthermore, Cakoni and Kirsch ([17]) extended the investigation
to the case of anisotropic media with n # 1, where a fourth order differential operator is no
longer applicable. Recently, more and more research has been done for more complicated media
(1, 2, 18, 20, 27, 28)]).

In this paper, we consider an anisotropic scatterer whose boundary is split into two parts
and possesses different boundary conditions (refer to the problem (1.1) for details). Given this
situation, the boundary loses its symmetry and some essential Poincédre inequalities, which will
be widely used in the proof, are difficult to obtain. Hence, we assume that A(z) is a real valued
function satisfying that A > ¢ or A < —c for some positive constant c. And we only obtain the
existence of infinite discrete eigenvalues under the case n = 1 with a, > 1, A < —cor a* < 1,
A > ¢ (Theorem 3.2 and Theorem 3.5). For the case n # 1, we just show the discreteness result
under the assumptions that a, > 1, n, > 1, A< —cor0<a, <a*"<1,0<n, <n* <1, A>¢c
(Theorem 4.2), and the existence is an open problem that will require further investigation.

The rest part of this paper is organized as follows: in Section 2, we will consider the well-
posedness of the interior transmission problem by the variational method. Section 3 is devoted
to the discreteness and existence of the transmission eigenvalues for n = 1 where a fourth order
differential operator is applied. In Section 4, we use the analytic Fredholm theory and the

T-coercive method to investigate the discreteness of the transmission eigenvalues for n # 1.

2 The Well-posedness of the Interior Transmission Problem

In this section, we establish the well-posedness of a more general interior transmission
problem associated with (1.1); that is, given ¢; € L?(Q), ly € L%(Q0), fi € H7Y2(I'y), fa €
H='2(Ty) and f3 € H/2(9Q), find w € H'(Q) and v € H'(Q) satisfying that

V- -AVw + E*nw =¥, in 9,

Av + k?v = {o, in Q,

ow ov

e W T

dva oy T o T (2.1)
ow ov

gv_9v _ T

Ovy Ov F2 ont2

w—v=fs, on 9.

Note that H=V2(T;) := { f|r, : f € H~/?(0Q) } and the norm is defined by ||f||zr-1/2(r,) :=
inf{ [ fllg-1/2¢90) for f€ H=Y2(0Q), fIr, = f} (j =1,2). Here and below, all notations
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possess the same meaning as defined in the introduction. We also make the following new
notations:

a, = inf inf Re(£- A¢) >0, a* :=sup sup Re(£ - A¢) < oc.
zeQ |¢|=1 zeQ |¢|=1
To investigate the solvability of problem (2.1), we need to formulate a modified interior
transmission problem (2.2), which turns out to be a compact perturbation of our original
problem (2.1). Introducing a positive constant v whose value will change in different cases, given
two functions ¢; € L?*(Q), ¢; € L*(Q) and boundary data f; € H~'/2(Ty), fo € H-Y?(Ty),
fz € HY/2(09Q), find w € H' () and v € H(Q) satisfying that

V- AVw — yw = {q, in Q,

AU — v = £27 in Q,

ow  Jv

m—g—szfh on I'y, (2.2)
ow ov

M - 5 = fa, on I's,

w—v=f3, on 9.

First, we consider the case a, > 1 and A < —c on I';. In order to reformulate (2.2) as an
equivalent variational problem, we define the Hilbert space

Wy (Q) == {v €[L2Q)P:V-ve LX) and V x v = o},

equipped with the norm Hv||%,V1(Q) = ||V||[2L2(Q)]2 + V- v||2LQ(Q).
Next, we multiply the first equation in (2.2) by a test function ¥ with ¢ € H*(Q) and use
the transmission boundary conditions:

/ lipdx = / (V- AVw — yw)pde =
Q Q

0
a—wads - / (AVw - Vp + ywp)dz
0q OVA Q

Ov _ v _ _ _
= /Fl (5 +)\v+f1><pds+/rz (@ +f2)<pds - /Q(AVw - V@ +ywp)de

= fipds + f2¢d5+/ (V-v)@ds—k/ Awipds
Iy Iy onN 1N

—/ Afgads—/(AVw-V¢+*yw¢)dx.
I Q

Here, v = Vo, and so v € W1(Q2). After arranging, we obtain that
/(AVU) - Vo + ywp)dr — / (v-v)pds — / Awgds
Q o0 r,

— [ fpds+ [ papds— [ Appds [ tipda.
i Q

Iy T

For the second equation in (2.2), we multiply it by a test function V - ) with ¥ € W1(9).
Similarly, integrate in 2 and use the boundary conditions to obtain that

/(V-v)(V-E)dx:/(V~(VU))(V~E)dx:/(v+€2)(V-E)dx
Q Q Q

:/BQ@(qu.y)dS—/ﬂ(VU)~de+/ﬂ€2(V'E)dx
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:/m(w_fg)(q/;-y)ds—/ﬂv@dmr/ﬂéz(v@)dx;

that is,

/Q[(v-v)(v@wrv.ﬂdx—/ w<¢-y)ds=/ﬂzz(v@)dx— [ 1@ v)as

o0
Now we introduce the sesquilinear form A; (U, V) defined on {H*(2) x W1(Q)}? by

.Al(U,V):/Q(AVqu@—i—vw@)dx—k/Q {(V~v)(V-@)+v-E}dx

—/ w(v - v)ds —/ (v-v)pds —/ Awpds,
o9 a0 Iy
where U := (w,v) and V := (i, ) are in H'(Q) x W1 (). Denote by Ly : H(Q)x W1 (Q) — C

the bounded antilinear functional given by
Ll(V) = / (f1 — )\fg)@ds + fopds — fB(E . V)dS — / liypdx + / lo(V - E)dx
Iy I, Gl9) Q Q
Therefore, the variational formulation of the problem (2.2) is to find U = (w,v) € H}(Q) x
W1(Q) such that

AU V) =L (V), VYV eH (Q) xW(Q). (2.3)

The next theorem states the equivalence between problems (2.2) and (2.3); the detailed
proof is the same as Theorem 3.3 in the paper [6] and Theorem 6.5 in the book [5], so we omit

the proof for brevity.

Theorem 2.1 The problem (2.2) has a unique solution (w,v) € HY(Q) x HY(Q) if and
only if the problem (2.3) has a unique solution U = (w,v) € H}(Q) x W1(Q).

Now we investigate the modified interior transmission problem in the variational formulation
(2.3).

Theorem 2.2 Assume that a, > 1, v > a4, and A < —c on I'y. Then the variational
problem (2.3) has a unique solution U = (w,v) € H'(2) x W1 () which satisfies that
a,+1
a, — 1
12l + 1 sl omy )

with C > 0 dependent on [[A[[ e (r,)-

lwll g ) + vllw, @ < 2C (WlHL?(Q) + 12l L2y + HfIHH*l/?(Fl)

Proof The trace theorems and Schwarz’s inequality ensure the continuity of the antilinear
functional L; on H'(Q) x W1(Q2) and the existence of a constant C independent of £y, 5, f1,
f2 and f3 such that

1Lal < C(Mallnay + 12l 2@y + Wil a-svae,) + I Falm-2rqen) + sl on )-

On the other hand, if U = (w,v) € H'(Q) x W(£), the assumptions that a, > 1, v > a, and
A < —c imply

AUV = el oy + VIR o~ 2Re( [ (@ v)as)
a, — 1

>
Tas+1

(ol @y + VI, ) )
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whence A; is coercive. The detailed procedure to obtain the last inequality can be found in
the paper [6] (Theorem 3.4) or in the book [8] (Lemma 3.30). The continuity of A; follows
easily from Schwarz’s inequality and the classical trace theorems. Theorem 2.2 is now a direct

consequence of the Lax-Milgram Lemma applied to (2.3). d

Second, we consider the case a* < 1 and A > ¢ on I'y. To gain a different equivalent

variational form, we define another Hilbert space
Wa(Q) := {w € [L2(Q)?:V-we L2(Q) and V x A~lw = o},

equipped with the norm HWH%}VQ(Q) = \|WH[2L2(Q)]2 +[V- W||2L2(Q).

Similar to the first case, we multiply the first equation in (2.2) by a test function V- ¢ with
¢ € W(Q), and the second equation by a test function X with x € H(2), then integrate in
and use the boundary conditions to obtain that

L7198 77w Blas = | o@-vas= [ api@-vas+ [ 6(7- G

o0
where w = AVw € W5(), and

/(Vv - VX + vx)dx + Avyds — / (v-w)xds = —/ Sfixds — / Sfoxds — / Loxdx.
Q r, a0 ry Ty Q

Introduce the sesquilinear form Ay (U, V) defined on {W2(Q2) x H*(Q)}? by

As(U, V) = /

Q

(V-w)(V-¢)+~vA 'w - p|dz — yo(e - v)ds
| Joz- |

oQ

+ / (Vv-Vx +vyx)de — / (v-w)xds + / Avyds,
Q 09

Iy
where U := (w,v) and V := (¢, x) are in W5(Q) x H}(€2). Denote by Ly : W2(Q) x HY(Q) — C

the bounded antilinear functional given by
La(V) = [ @ v)ds+ [ 6(V-Bdo -
o0 Q

Then the variational formulation of the problem (2.2) is to find U = (w,v) € W5(Q) x HY(Q)
such that

f1YdS — ngdS — / Zg?d.’l]
1N Ty Q

A2(U, V) = Ly(V), VVeWy(Q) x HY(Q). (2.4)
Theorem 2.3 The problem (2.2) has a unique solution (w,v) € H*(2) x H*(Q) if and
only if the problem (2.4) has a unique solution U = (w,v) € W5(Q2) x H' ().
Theorem 2.4 Assume that a* < 1, a* <~ <1 and A > ¢ on I';. Then the variational
problem (2.4) has a unique solution U = (w,v) € W5(Q2) x H(Q) which satisfies that

4C

Iwlwage + ol < 7= (Ml + Wallzaeoy + ila-oveqey
+ I fallg-1/2(r,) + Hf3||H1/2(BQ))v

with C > 0 dependent on [[A[[ e (r,)-

Proof The trace theorems and Schwarz’s inequality ensure the continuity of the antilinear
functional Ly on Wo(Q2) x H'(Q) and the existence of a constant C independent of ¢1, f2, fi,
f2 and f3 such that

L2 < C(||51||L2(sz) + 2l Lz + 1 filla-120y) + N f2llg-17200y) + ||f3HH1/2(aQ))-
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On the other hand, if U = (w,v) € W5(Q) x H(£), the assumptions that a* < 1, a* <y < 1
and A\ > ¢ imply that

A2(U, U)] 2 Wl ) + 0l 0y — (7 + 1)Re( /8 (- v)ds)

> Wil @) + 1017 @) — (O + DlIwllwa@llvllm e
|
> 2 (Wl + 013
whence Aj is coercive. The proof is completed. O

Summarizing the above analysis, we can state the following result concerning the solvability

of the interior transmission problem (2.1):

Theorem 2.5 Assume that either a, > 1, A < —c or a* < 1, A > ¢, and that k is not a
transmission eigenvalue of the problem (1.1). Then the general interior transmission problem
(2.1) has a unique solution (w,v) € H*(Q) x H'(Q) which satisfies that

|l @) + vl e (o) SC(WlHL?(Q) +1l2llL2@) + 1 f1ll =120y

12l + 1 sl omy )
with C > 0 dependent on [[A[[ e (r,)-

The proof is completely the same as Theorem 3.6 in the paper [6] and Theorem 3.32 in the
book [8], so we omit it here.

Remark 2.6 Note that we obtain the well-posedness of the problem (2.1) under the
special condition that the sign of A has a close relation with the value of A. Consequently,
in the following sections, we keep the assumptions of Theorem 2.5 above. And in the future,
we want to discard this strict restriction on A or even consider that A(z) is a complex valued
function.

Before we study the transmission eigenvalue problem (1.1), we first establish the uniqueness
of a solution to (2.1), i.e., there are no transmission eigenvalues.

Theorem 2.7 Assume that A € (L>(£2))2*2 and n € L>(Q). If either Im(& - A¢) < 0 or
Im(n) > 0 almost everywhere in 2, then the interior transmission problem (2.1) has at most
one solution.

Proof Let w and v be a solution pair of the homogeneous interior transmission problem
(2.1); that is, ¢ = o = f1 = fo = f3 = 0. Applying the divergence theorem to w and AVw,

using the boundary condition and applying Green’s first identity to ¥ and v, we obtain that

/(VE-AVw—k2n|w|2)dx=/ w—ds—/ v—ds—i—/ Aov|?ds
Q o0 Ova 00

:/(|Vv|2—k2\v|2)da?+/ Mo|*ds.
Q T

Im(/ V@~Adex) =0, Im(/ n\w|2dx) =0.
Q Q

If Im(€ - A¢) < 0 almost everywhere in 2, then Vw = 0 in © and from the equation w = 0.

Hence,

From the boundary condition in (2.1) and the integral representation formula, v also vanishes
in Q.
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If Im(n) > 0 almost everywhere in €, then w = 0 in . Similarly, from the boundary
condition in (2.1) and the integral representation formula, v also vanishes in Q. The proof is
complete. O

Remark 2.8 If A € (C*(Q))?*? and n € C(Q2), the result of Theorem 2.7 also holds,
but in this case one just needs to assume that either Im(¢ - A¢) < 0 or Im(n) > 0 at a point
g € Q.

3 The Transmission Eigenvalues for n =1

In this section, we study the discreteness and existence of the transmission eigenvalues
under the special case n = 1, where we can obtain a fourth-order equation. Here we assume
that Im(A) = 0 and either a, > 1, A < —cor 0 < a* < 1, A > ¢. Then the transmission
eigenvalue problem for n = 1 reads as

V- -AVw+Ekw=0, in Q,
Av 4+ k%v =0, in €,
ow  Ov
—=—+4A r
dva ov o (3.1)
ow v
7 77 T
6144 (91/7 on o
w =", on 012,
with v € HY(Q) and w € H'(Q2). We make the following substitutions:
w = AVw € [L*(Q)]* and v = Vo [L*(Q)]°.
Then the transmission problem (3.1) can be written as the equivalent problem
V(V-w)+k?Nw=0, in Q,
V(V-v)+k?v =0, in Q,
I/'W:V-V—%V-V, on Iy, (3.2)
V-W=1V"V, on I,
V-w=V.v, on 01,

where N := A~!. Introduce the Sobolev space
W = {u €[L*())?:V-ue Hy(Q), v-u=0on Fg},
equipped with the scalar product
(wv)w =, v)r2) + (V-u,V-v)(q).

Following the classical procedure, let u = w — v. Then we can write (3.2) as an equivalent
eigenvalue problem for u € W satisfying the fourth order equation

(VV - +k2N)(N = I)"Y(VV-u+ k%) =0, in Q
A (3.3)

v-u=—-——5V-v, on I'.

k2
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Note that w = =5 (N = I)"1(VV - u+k*u) and v = — 5 (N — )" (VV - u+ k*Nu). Next,
we will transform the fourth order equation (3.3) into an equivalent variational formulation.
Hence, we multiply the equation in (3.3) by a test function u’ with u’ € W to obtain that

o:/ [(VV - +E°N)(N = I)"1(VV - u+k*u)] - w'dx
Q
= [ 9 = DOV ) w)ds
o
—/ v [(V = )7 NVY - ut FPw)](V - @)ds
o
+/(N—I)—1(vv-u+k2u)-(VV-W)dx
Q
+/(N—I)_1(Vv-u+k:2u) - (K*Nu')dz
Q

:/(N—I)_l(VV-u—f—k:Qu)~(VV-W+k2NW)dx—k2/ (V-w)(v-u')ds.
Q oQ

In the last equation, we have used the fact that V - u’|sq = 0, as well as the relation between
w and u. Recalling the boundary condition on 02 in (3.2), v - u’|r, = 0 and the boundary

condition on I'y in (3.3), we have

2

/ (V-w)(v-u')ds = / (V-v)(v-u')ds = / (V-v)(v-u')ds = 7/ k—(z/ ~u)(v - u')ds.
o0 o0 Iy r, A

Consequently, the variational form reads as follows: find u € W such that

_ - k4 _

/ (N -D)"Y(VV - -u+k®u)- (VV- -0 + E*Nu')dz + / 7(1/ -u)(v-u')ds = 0. (3.4)
Q Ty

In what follows, we introduce the sesquilinear forms Ay, .Z;f and B given by

Ap(u, ) = (N(I — N)"YVV - u+ k), (VV - u + ml'))Q
k4

+ (vv-u,VVu’)Q—<7u-u,u-u’>F :

Ap(u, ) = ((N — D)"Y VYV - u+ k), (VY -u + k2u’)>Q
k4
4 l o, Ry
+ k (u,u)Q—|—<)\V u,v u>F1,
B(u,u') = (V-u,V-u')g,

where (-,)q denotes the inner product in L?(Q) and (-,-)r, denotes the dual pairing between
H'Y/2(I'y) and H=Y/%(T';). Then we have

Ap(u,u) — E2B(u,u’) =0, Ap(u,u’) — k*B(u,u’) =0 for all u’ € W.

By means of the Riesz representation theorem, the bounded linear operators As : W — W,
As : W — W and B: W — W can be defined by

(Asu,u’) = Ag(u,u), (&m,u’) = .,Zk(u, u), (Bu,u’) = B(u,u’), (3.5)
where § := k2. Then the variational form (3.4) can be rewritten as an operator equation

Asu—956Bu=0 or &m—éBuzO forue W.
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Theorem 3.1 Let A;(Q) be the first Dirichlet eigenvalue of —A in Q. Then the following
hold:

1. for a, > 1 and A < —c on T';, real wave numbers k& > 0 such that k2 < A1 (Q) are not
transmission eigenvalues;

2. for a* < 1 and A > ¢ on I'y, real wave numbers k > 0 such that k? < a.A;(Q) are not

transmission eigenvalues.
Proof First, we recall that for V-u € H}(Q), using the Poincaré inequality, we have that

1
cull? < - cull?
IV UHLZ(Q) = Al(Q)”VV uHLZ(Q)a (3.6)

where A;1() is the first Dirichlet eigenvalue of —A in Q.
Now assume that a, > 1 and A < —c¢, which implies that £ - N(I — N)71¢ > aq|¢|? for all
¢ € R? and a.e. v € Q with a; = 2. Then we have that

a*—1"

k‘4
Ag(u,u) > a1 |[VV - u+ K ul72 ) + [VV - ul|72(q) _/r ~|v-ul’ds

A
> aul|k?ul32(q) — 2011620l 200 VY - ull 2o + (a1 + DIVY - ullfz (g
a2
> (a1 = )k ulfag) + (1+a1 = IV - ullfaq)

for oy < e < ay + 1, and therefore,

Ax(u,u) — k*B(u,u)

> (a —70‘%)1@4\\ 2 1 —¢)|VV -ulf? _ vV -ul?
Z (=~ ufl720) + (1 +a1—¢ uf|72(0) A Q) [ ul[72(0)
2 2
Q1Y 741,42 k 2
> —_ — — — . .
= (Ozl - )k Hu||L2(Q) + (1 + ay & Al(Q)> ||VV ll||L2(Q)

Hence, if k2 < A1(Q)(1 + a1 —¢) for every a; < e < ag + 1, then Ag(-,-) — k2B(-, ) is coercive.
By taking € > 0 arbitrarily close to a;, we have that if k2 < A;(€2), then k is not a transmission
eigenvalue, which proves the first part.

Next, let 0 < a* < 1 and A > ¢, which implies that & - (N — )71 > ap|¢|? for all £ € R?

A %
l—a."

and a.e. x € Q) with as = Then, in exactly the same way as for the first part, we obtain

that
e 2 2 4 2 k4 2
Ap(a,u) = 2| VV - u + k|72 + Kl[all72q) + : 7|V -ulds

> 0ol VV - ufaq) = 202/IVV -l 2o IF*ull 220) + (a2 + D[k ul|Zq)

a2
> <a2 B 52) |VV - u||2LQ(Q) + (14 a— €)k4||u||2L2(Q)
for as < e < as+1 and

Ag(a,u) — k2B(u, u)

9 2
@3 2 41yl12 k 2
(a2 - ?) IVV -ullf2) + (1 + a2 — )k |[ulf2(q) — m”vv [z

V

> (a I )va-un2 + (1 +az —e)k*ull]
=\ e A L2(Q) 2 L2y
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Therefore, if k% < A1(€2) (ag - a—g) for every ay < & < ag+1, then Ag(-,-) —k2B(-,-) is coercive.

€

By taking € > 0 arbitrarily close to as + 1, we have that if k% < 37 A1 (Q) = a, A1 (), then k

is not a transmission eigenvalue, which proves the second part. O

Theorem 3.2 Assume that n = 1, Im(A) = 0 and either a, > 1, A < —c or a* < 1,
A > ¢. Then the transmission eigenvalues form a discrete (possibly empty) set with +oco as the

only possible accumulation point.

Proof Let us set
H(Q) = {(w,v) € HY(Q) x H'(Q): V- AVw € L*() and Av € L2(Q)},

and consider the operator Fj, from H(Q) into L?(Q)x L?(Q)x H~Y/2(T1)x H=Y/?(T'y) x H'/2(9Q)
defined by

Fr(w,v) = (V - AVw + k2 nw, Av + kv, (% — % — /\v) .
ow v
(M - 5) ’F27 (w — U)|a§2)~

Then the family of operators Fj depends analytically on k. Based on Theorem 3.1, we find
that F, is injective if k2 < A1(Q) when a, > 1, A < —c or k? < a,A1(Q) when a* < 1, A > c.
Combining that with Theorem 2.5, we conclude that F,; is invertible and has a bounded inverse
operator F_ 1. So Fy = F.(I — F7 Y Fe — Fr))-

Since (F, — Fr)(w,v) = ((k? — k?)nw, (k? — k?)v,0,0,0) is compact based on the compact
embedding of H*(Q2) to L%(f2), we conclude that the transmission eigenvalues are discrete by
the analytic Fredholm theory (see Section 8.5 in the book [23]). The proof is complete. O

The following theorem provides the theoretical basis of our analysis regarding the existence
of transmission eigenvalues (refer to Theorem 6.15 in the book [5] or Theorem 4.5 in the book
[8]):

Theorem 3.3 Let § — Aj be a continuous mapping from (0, +00) to the set of bounded,
self-adjoint, and coercive operators on the Hilbert space X and let B be a self-adjoint and
nonnegative compact bounded linear operator on X. We assume that there exist two positive
constants dg > 0 and é; > 0 such that the following hold:

1. A5, — doB is positive on X;

2. A5, — 61B is nonpositive on an ¢-dimensional subspace W; of X.

Then each of the equations \;(6) = 6 for j = 1,---,¢ has at least one solution in [dy, d1]
where A;(6) is the j-th eigenvalue (counting multiplicity) of As with respect to B, i.e., ker(A; —
A;j(6)B) # {0}

Recalling the definitions of As : W — W, As W — W,B: W — W in (3.5), and

Theorem 3.1, we summarize the properties of these operators.

Lemma 3.4 Assume that n =1, Im(A) =0 and a. > 1, A < —cor a* <1, A > ¢. Then

1. B is a bounded, positive, compact and self-adjoint operator;

2. Aj is a bounded coercive self-adjoint operator provided that a, > 1 and A < —¢;

3. 1&5 is a bounded coercive self-adjoint operator provided that a* < 1 and A > ¢;

4. for §o = K2, either A, — 6B or &50 — B is positive on W (k is defined in the proof of
Theorem 3.2).
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To investigate the existence of eigenvalues for the problem (3.1), we need to consider the
classical transmission eigenvalue problem for a ball B, of radius p centered at the origin with

a constant index of refraction m > 0 and m # 1, which is formulated as

Aw+k*mw =0, in B,

Av+ k*v =0, in B, 57)
10w Ov 3.7
E% = 5, on 8Bp,
w =, on 0B,.

We denote by k, , the smallest real eigenvalue to (3.7). An eigenfunction corresponding to
kpm is uBem = m=1vwBem — vyBem where wPem, vBer™ is a nonzero solution pair to (3.7)

refer to subsection 4.3.1 in the boo . Furthermore, u”»"™ satisfies that
i b ion 4.3.1 in the book [8]). Furth Bp,m isfies th
1 )
/ ——(VV- w4 g2 uPem) (VY -aPem k2 muPe ™) de = 0. (3.8)
B, M —

Theorem 3.5 Assume that n =1, Im(A) =0and a, > 1, A < —cora* <1, A > ¢. Then
there exists an infinite set of real transmission eigenvalues for the anisotropic medium problem

(3.1) with +o0 as the only accumulation point.

Proof Based on the Lemma 3.4, we need only to prove the Assumption 2 in Theorem 3.3
(refer to Theorem 6.20 in [5] or Theorem 4.12 in [8]).

For the first case a, > 1, A < —c¢, we let ky ,-1 be the first transmission eigenvalue for
the ball B, of radius p = 1 and the index of refraction m = a;! of the problem (3.7). By a
scaling argument, it is obvious that k_ -1 =k, ,—1 /e is the first transmission eigenvalue of the
problem (3.7) corresponding to the ball of radius € > 0 with the index of refraction a;*.

Now take ¢ > 0 small enough such that € contains M = M(e) > 1 disjoint balls B}, B2, .-,
BM of radius ¢; that is, B ¢ Q, j=1,--- ,M, and B{ N Bt = () for j # . Then k_,-1 is the
first transmission eigenvalue for each of these balls with the index of refraction a;! and we let
w/, j =1,---, M be the corresponding eigenfunction. The extension by zero 0’ of u’ to the
whole domain of §2 is obviously in W and 0/ |5q = 0. Furthermore, the vectors {u!,u2,--- ,uM}
are linearly independent and orthogonal in W since they have disjoint supports. From (3.8),
we have that

— (VV-W + k> o) (VV-T +a'k> @ )dz=0 (3.9)
Q a*l -1 e,ay €,a;

forj=1,---, M. Let Y denote the M-dimensional subspace of W spanned by {u',u?,--- ,aM}.

Since each 0/, j = 1,--- , M satisfies (3.9) and they have disjoint supports, then for §; = k:g -t
and for every u € Y C W, 1|spq = 0, we have
2 —

(I - N)"Y(VV-u+6u)- (VV-ﬁ—I—(ﬁNﬁ)dx—/F %(V-ﬁ)(ll-ﬁ)ds

(As, T — 6, BT, 1) = /
Q

1 ~ ~ == ==
§/ . —(VV-a+6u) (VV-u+da; 'u)de =0.
Q — Qx

This means that Assumption 2 of Theorem 3.3 is also satisfied, and therefore we conclude
that there are M () transmission eigenvalues (counting multiplicity) inside [dp, d1]. Note that

M(e) and k_ ot both go to +o00 as e — 0. Since the multiplicity of each eigenvalue is finite,
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we have shown, by letting ¢ — 0, that there exists an infinite countable set of transmission
eigenvalues that accumulate at +oo.

The proof of the second case is the same, so we omit it for brevity. O

4 The Discreteness of Transmission Eigenvalues for n # 1

In this section, we only consider the discreteness of transmission eigenvalues (1.1) for the
general case n #Z 1. Based on Theorem 2.7, we assume that Im(A) = 0, Im(n) = 0, and we
introduce the notations

n, := inf n(z) >0, n*:=supn(z) < co.
z€Q €N

We multiply the first equation in (1.1) by a test function w’ with w’ € H'(2) and the
second equation by a test function v/ with v’ € H'(Q), then integrate in Q to obtain:

0= / (V- AVw + k*nw)w'de = / a—des — / (AVw - Vo' — k*nwuw’)dz,
Q o0 Ova 0

0= / (Av + k*v)v/dz = / 9vas — / (Vv - Vo' — E*ov’)dz.
Q a0 OV Q

Recalling the transmission boundary conditions and w’|sq = v'|sq, we have

ow  0v\— o, — L
= a7 o - A : r— / . 7 _ 7
0 /89 (51/,4 31/)U ds /Q( Vw - Vu' — k*nww )da:—&—/Q(Vv Vo' — k*vv')dx

= Avv'ds — / (AVw - Vo' — k*nww’)dx + / (Vv - Vv — E*ov’)da.
ry Q o

We observe that k is a transmission eigenvalue to (1.1) if and only if there exists a non-trivial
element (w,v) € X such that

ag((w,v), (w',v")) =0, forall (w',v) € X,

where the sesquilinear form is defined by

ax((w,v), (W', v")) :/

(AVw - Vu' — k*nww’)dx — / (Vv - Vo' — k*vv’)de — Avv'ds,
Q

Q Ty
and the Sobolev space X is X = {(w,v) € H'(Q) x H'(Q) : w —v € H}(Q)}.

By means of the Riesz representation theorem, there exists a bounded linear operator
Gr : X — X defined by

(Gr(w,v), (W', v")x = ar((w,v), (w',v")), forall (w',v') € X.

Similarly to Section 3, we want to find a k € C such that Gy, is invertible. However, differently
from the classical form, we find that ax(-,-) is not coercive for any k € C. Hence, we will use
the T-coercive method ([3, 21]) to show that a;.(:,-) is T-coercive for k € R\{0}.

Theorem 4.1 Assume that either a, > 1, n, > 1, A< —cora* <1, n* <1, A > e
Then there exists k = ix with x € R\{0} such that the operator Gy, is invertible.

Proof For the first case a, > 1, n, > 1, A < —¢, we consider the mapping T : X — X

defined by T : (w,v) — (w,—v + 2w). Note that T2 = I, and hence T is an isomorphism in
X.
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Then for all (w,v) € X, we have that
ag;((w7 U)7 (’LU, U)) = aifﬁ((wa U)7 T(wv U)) = air@((wv U)a (w7 —v+ Qw))

= / (AVw - V0 + k*nww)ds — Av(—v + 2w)ds
o r,

- /Q [w V(= + 2w) + k*(—v + 2w)]dx

= /(AVw VW + |Vo|? = 2Vv - VI)dz — Avtds
o r,

+ K2 / (n|w|?* + |v|* — 2vw)da,
Q

where £ € R\{0}. Using Holder’s inequality and the facts that & - A¢ > a,|¢|? for all £ € C2,
n > n, (note that Im(A) = 0 and Im(n) = 0), we have

2‘/Qw-vm93‘ §2(/9|Vw|2d:c)é(/QVv|2dx)é

< ([ ava-vow) ([ [9opas)’

< V%(/ﬂAVw-dex—i—/QWdem),
2‘/Qvﬁdx‘ <2(/Q|w2dx>%</ﬂ|v|2dx); < %(anwdx)é(/gwﬁdx)é
1

< m(/ﬁnwwdx—k/ﬂWFdx).

Based on the above two equalities and the assumptions, we obtain that

az"z:c((w7v)7 (’LU, U))‘ = ‘ / (AVU) . V@ + ‘VU|2 — QV’U . Vﬁ)dx
Q

+ K2 / (nJw]?® + |v|* — 2vw)dz — /
Q

Iy
> (AVw, Vw) + (Vv, Vv) — 2|(Vo, Vw)|+&% [(nw, w) + (v,v) — 2|(v, w)|]

\/17) [(nw,w) + (v,v)].

T

)\v@ds‘

v

(1 — \/ICT*) [(AVw, Vw) + (Vo, V)] +x? (1 -
That is,

(), 0] 2 min { (1= =) 2 (1= =) (e + ol o)

The above estimate proves that al_ is coercive over X, which implies that G, is invertible.
For the second case 0 < a, < a* < 1,0 < ny, < n* < 1and A > ¢, the isomorphism
mapping T : X — X is defined by

T:(w,v) — (w—2v,—v).

For all (w,v) € X, we have

al ((w,v), (w,v)) :/

(AVw - VI + |Vv|* — 2AVw - Vo)da + / Avods
Q

Ty

+ K2 / (nJw|? + |v|* = 2nwov)dz.
Q
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Similarly, we will used the following two inequalities:

2‘/ AVqude‘ g\/cT*(/AVw.vm:H/ |Vv\2dm>7
Q Q Q

2‘/nwﬁdx‘ S\/n*(/nwﬁdx—i—/ |v|2dx).
Q Q Q

Then, we obtain that
al ((w,v), (w, v))‘ > (1 —Va*) [(AVw, Vw) + (Vu, VU)] + K21 — V/n¥) [(nw, w) + (v, U)]
> min { (1= Va%)a., k(1 = Var)n. b (ol gy + 1ol o).

The above estimate proves that al, is coercive. This completes the proof. O
Considering ko € R\{0}, then G;,,, is invertible. Since Gi — G;, is a compact operator for
all k € C, using the analytic Fredholm theory (see Section 8.5 in the book [23]), we deduce the

following theorem:

Theorem 4.2 Assume that either a, > 1, n, > 1, A < —cor 0 < a, < a* < 1,
0 < n, <n* <1, A >c. Then the transmission eigenvalues of (1.1) form a discrete (possibly

empty) set in C with +o0 as the only possible accumulation point.

Remark 4.3 For the case n # 1 and A # Z (Z is the identity matrix), we only obtain
the discreteness under the assumption that a, > 1, n, > 1, A < —cor 0 < a, < a* < 1,
0 < n, <n* <1, A\ > c The discreteness for weaker assumptions and the existence of

eigenvalues are open problems.

Remark 4.4 In this paper, we consider two cases: AZZ, n=1and A#7Z, n# 1. For
the third case, A =Z, n # 1, the discreteness and existence of transmission eigenvalues can be

achieved by the same procedure as in the paper [2] where the boundary is integral.

Remark 4.5 If Q C R3 simply connected and V x v = 0 in €2, then there exists a
potential p such that v = Vp. Based on this fact, the results in this paper can be extended for

the 3-dimensional case.
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