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Abstract This paper is concerned with the Navier-Stokes/Allen-Cahn system, which is
used to model the dynamics of immiscible two-phase flows. We consider a 1D free boundary
problem and assume that the viscosity coefficient depends on the density in the form of
n(p) = p*. The existence of unique global H?™-solutions (m € N) to the free boundary
problem is proven for when 0 < a < i. Furthermore, we obtain the global C'°°-solutions if

the initial data is smooth.
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1 Introduction

In [1], Blesgen proposed a diffuse interface model for macroscopically immiscible two-phase
flows. Compared with the classical sharp interface models, this can naturally describe topo-
logical transitions on the interface, such as droplet formation, coalescence or the break-up of
droplets. A phase field variable ¢ was introduced to describe the interaction between two fluids.
This model couples together Navier-Stokes equations and Allen-Cahn equations, and has been
widely accepted and successfully used in numerical simulations [15, 28].

It is well known that the Navier-Stokes equations can be derived from the Boltzmann
equation through a Chapman-Enskog expansion to the second order [13], where the viscosity
coefficient depends on temperature. For the isentropic case, this dependence is transferred into
the dependence on the density by laws of Boyle and Gay-Lussac for an ideal gas [22]. From
the deduction of the compressible Navier-Stokes/Allen-Cahn equations [1, 10, 16], we can see

that the viscosity also depends on the density. In this paper, we consider the 1D compressible
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Navier-Stokes/Allen-Cahn equations with density-dependent viscosity and free boundaries

pr + (pu)y =0,
)
pur + puty + P(p)y = (n(p)uy)y — 9 (q%)y’

por + pugy = —p,

pi=5(6" = 8) = 66,

(1.1)

for (y,7) € (a(7),b(7)) x (0,400), where p, u and ¢ represent the total density, the mean velocity
field and the concentration difference between two fluids, respectively. Moreover, u denotes the
chemical potential, the positive constant ¢ is related to the thickness of the interfacial region,
7 is the viscosity coefficient, and the pressure is P(p) = ApY with v > 1. Without loss of
generality, we assume that A = § = 1. Here, a(7) and b(7) are the free boundaries satisfying
that

da(r) db(r)
G N 2 UER)
a(0) = a, b(0) = b.

We supplement system (1.1) with the initial and boundary value conditions

(P u, 9)(y,0) = (po, wo, 0)(y), a<y<b, (1.2)
(p" = nuy, ¢y)(d,7) = (0,0), d=a(r),b(r), 7> 0. (1.3)

Moreover, we assume that the viscosity is of the form
n=1p% (1.4)

where 7 is a positive constant.

In [22], Liu-Xin-Yang indicated that the Navier-Stokes equations with constant viscosity
are not valid at the vacuum states, and they introduced the modified Navier-Stokes equations
with a density-dependent viscosity. Later, Okada [23] pointed out that physicists claimed that
the viscosity of a gas is proportional to the square root of the temperature. Since then, there
have been many efforts investigating the Navier-Stokes equations with a viscosity coefficient
like (1.4). Jiang [17] considered the full Navier-Stokes equations with stress-free and fixed
boundary conditions on the velocity. He proved that if the viscosity does not decrease to zero
too rapidly, i.e., 0 < a < % for a stress-free boundary condition and 0 < a < é for a fixed
boundary condition, then smooth solutions of initial boundary problem still exist globally in
time. Afterwards, Okada-Matusu-Makino [23], Yang-Yao-Zhu [29], Jiang-Xin-Zhang [18] and
Guo-Jiang-Xie [14] studied a free boundary problem for isentropic Navier-Stokes equations and
assumed that the initial density connected with a vacuum discontinuously. They proved the
existence of global weak solutions under the conditions that 0 < a < %, I<a< %, O<ax<xl
and 0 < a < min{3 — 7, %} For when the initial density connects to a vacuum continuously,
we refer readers to [11, 12, 19, 21, 26, 30, 31] and the references therein. What attracts our
attention here is that, when 0 < a < 1, Qin-Huang-Yao [24] improved the regularity of the
weak solution, which was originally obtained in [18], and proved the H’-solutions (i = 2,4).

Furthermore, Ding-Huang-Liu-Wen raised the regularity of the solutions to C'* in [7].
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In recent years, the compressible Navier-Stokes/Allen-Cahn system has attracted much
attention on account of its distinct physical background, and there have been many valuable
investigations of it. Here we recall some results on the 1D compressible NSAC system that
are closely related to our study. For the initial boundary value problem (IBVP), for when
the viscosity is assumed to be a constant, Ding-Li-Luo [8] and Chen-Guo [2] proved the global
strong solutions both without a vacuum and with a vacuum. Later, Zhang [32] improved the
regularity, and obtained the H'-solutions (i = 2,4). Meanwhile, Chen-Zhu [3] assumed that

n(p, ) =14 p*¢”,

and proved the global existence of strong solutions for when 2 < a <, 8 = 0, and established

blow-up criteria for strong solutions for when 5 > 1 with a vacuum. Under the hypothesis that

n(p) =1 >0,

where 7 is a positive constant, Su [25] established the existence of strong solutions. For 1D
compressible NSAC equations with free boundary conditions, Ding-Li-Tang [9] considered a
constant viscosity case, proved the existence and uniqueness of local solutions by using the
Schauder Fixed Point theorem, and then extended the local solution to a global one by attaining

global energy estimates. For when the viscosity depends on the density as

n(p) =1+ p%,

and the initial data is connected to a vacuum continuously, Li-Yan-Ding-Chen [20] obtained
the existence of weak solutions by a line method.

For 1D non-isentropic NSAC equations, Chen-He-Huang-Shi [4, 5] simplified the original
model and proved the existence of unique strong solutions to the 1D IBVP and the Cauchy
problem with a constant viscosity and temperature-dependent heat conductivity

n =1, 5(9) = 667

where § > 0. Yan-Ding-Li [27] considered the phase variable dependent viscosity and the

temperature-dependent heat conductivity
n=x%  K(0)=06"

where 8 > 0. They obtained the well-posedness of strong solutions under the hypothesis that
a > 0 is small. Recently, Dai-Ding-Li [6] studied the density-dependent viscosity and the

temperature-dependent heat conductivity
n(p) =1+p%  r(6) =6
with « > 0, 8> 0, and
n(p) =p*  w(0) =06
with 0 < a < %, B > 1. They obtained the existences of unique strong solutions to the initial
boundary problem with the above two conditions.
Noticing that the viscosity coefficient in the form 7n(p) = p® has been discussed for the

non-isentropic case, we want to consider the isentropic case. Thus, in this paper, we deal with

the free boundary problem to the compressible NSAC equations with the following viscosity:

n(p) = np®.
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We will prove the existence and uniqueness of H2-solutions, then improve these into H?™(m €
N)-solutions and C*°-solutions. Obviously, system (1.5) is of strong coupling and strong non-
linearity, and degeneracy will appear near the vacuum state. In addition, although Li et al.
[20] dealt with the case of when the initial data is connected to a vacuum continuously, they
only obtain the existence of weak solutions, and not the uniqueness. At the cost of the free
boundary jump to the vacuum, we can study the case where the viscosity is proportional to the
density, and obtain the unique C'°°-solutions.

To solve the free boundary problem (1.1)—(1.3), it is convenient to convert the free bound-

aries to the fixed boundaries by using Lagrangian coordinates. Set that x = ;’(T) p(&,1)dE,

t = 7, and assume that fj po(£)d¢ = 1. Then problem (1.1)—(1.3) becomes
pt + pPug =0,
w4 (p")e = (0" ug)e —
por = (p¢z)z - (¢3 - ¢)

for (x,t) € (0,1) x (0,+00), with the initial and boundary conditions

(P*62)., - (1.5)

N | =

(p7 Uu, ¢)($,0) = (PO, ug, (;50)(%)7 0 <z< ]-7 (16)
(p7 = p* g, ¢2)(d,t) = (0,0), d=0,1,t>0. (L.7)

The assumptions on the initial data are
(A1) 0 <a < i, y>1, infqp0 >0, [¢o] <1,
(A2) po,uo € H?([0,1]), ¢o € H*([0,1]),
(A3) po,uo € H*([0,1]), ¢o € H([0, 1)),
(A4) po,uo € H*™([0,1]), po € H*™1([0,1]), m € N,

(As) posuo, po € C>([0,1]).

We now give the definition of an H'-solution.

Definition 1.1 For any fixed constant T' > 0, (p, u, @) is called a global H([0, 1])-solution
(i = 2m) to problem (1.5)—(1.7) if it satisfies the condition (1.6) and that

0<ct<plat)<e |o(x,t) <1, (z,t)€](0,1] x][0,T],
p € L>(0,T)HY), we L=([0,T]; H') nL*([0,T]; H'*"), ¢ € L>([0,T); H*Y).

We now state our main results.

Theorem 1.1 If the initial data (pg,uo, ¢o) is compatible with the boundary conditions
and satisfy (A1), (Az), then problem (1.5)-(1.7) admits a unique global H2-solution (p,u, ¢)
on [0,1] x [0,T].

Theorem 1.2 If the initial data (pg,uo, ¢o) is compatible with the boundary conditions
and satisfy (A1), (A4), then problem (1.5)—(1.7) admits a unique global H?™(m € N)-solution
(p,u, @) on [0,1] x [0,T].

Theorem 1.3 If the initial data (po,uo, ¢o) is compatible with the boundary conditions
and satisfy (A1), (As), then problem (1.5)-(1.7) admits a unique global C'*°-solution (p,u, ¢)
on [0,1] x [0,T].
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Remark 1.1 In this paper, the initial density is assumed to be connected to a vacuum
with discontinuities. Although in [20] the initial density is connected to a vacuum continuously,
the form 7n(p) = 1 4 p® can provide the crucial estimate

/p
< 0.
0

With the help of this estimate, the bounds of ¢(z, t) can be derived directly. Then one can derive
the bounds of p(z,t) and overcome the most important step in the global a priori estimates.

However, the form n(p) = p® considered in this paper can only supply the estimate

1
/ pozfl < 00,
0

which is not enough to get the bounds of ¢(x,¢). This is the main difficulty encountered in this
paper, and is also the reason that we need the hypothesis 0 < a < i. It is evident that this
difficulty comes from the coupling of the NS equations and AC equations, and indicates that
the phase variable does influence the range of a. We can see that the lower bound of p(z,t)
and the bounds of ¢(x,t) are obtained simultaneously (Lemma 2.4).

In addition, if one can obtain the bounds on ¢(x,t) before estimating the lower bound of
p(z,t), the range of o can be released to 0 < o < %

Remark 1.2 Observing the relations of u(x,t) and ¢(z,t) in the equations (1.5), the
global a priori estimates and the proof of the uniqueness, we see that the regularity of ¢(z,t)
is always one order higher than u(x,t). Thus we retain this character in the definition of the
H'-solution, which is different from [32], and this leads to some difficulties in terms of the
induction. Fortunately, because p(x,t) satisfies the transport equation, we can improve its
regularity a little with the aid of the regularity of u(z,t) and solve the problem (Lemma 3.3
Step 3).

The local existence of unique solutions is known from the standard method, based on the

Schauder Fixed Point theorem via the operator defined by the linearization of the problem on

a small time interval, as in [9]. We omit the proof and just state the result here.

Lemma 1.1 Suppose that (A;) and (Az) hold. Then there exists a small time T, > 0
depending only on initial data such that problem (1.5)—(1.7) admits a unique H2-solution
(p,u, @) on [0,1] x [0, T%].

The structure of the rest of this paper is as follows: in Section 2, the global existence
of unique H?-solutions to problem (1.5)—(1.7) will be proven by the method of extending the
local solutions with respect to time based on a priori estimates. In Section 3, we establish
higher-order estimates by mathematical induction, then obtain H*™(m € N)-solutions and
C*>-solutions.

2 Proof of Theorem 1.1

In this section, we will provide some a priori estimates of the H?2-solutions to (1.5)—(1.7),

which enables us to extend the local solution to a global one. First, we give the energy estimate.
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Lemma 2.1 For any 0 <t < T, we have the identity

1/, 2 v—1 2 2 1)2 bt
/0 (uz + ’5— 1 p;bz * (d)4)> (t) +/o /0 (Pl +pof) = Eo,  (2.1)

where

1 2 v—1 2 2 2
U Po poPs. | (¢5—1)
E, = -0 )
0 /0 (2 tooit e T

Proof This estimate can be proven by multiplying (1.5)2 by w and multiplying (1.5)3 by

L(pds — (¢° — ). O
Next, we get the upper bound of the density p.

Lemma 2.2 For any (z,t) € [0,1] x [0, 77, it holds that
plx,t) < C. (2.2)

a1

Proof Rewriting (1.5); as (p®); = —ap®tlu, then integrating over [0, ¢] yields that

p*(z,t) = *0‘/0 Py (2, 5)ds + pg (). (2.3)

On the other hand, integrating (1.5)2 over [z, 1], we get that

d 1
w“%mw:—&Lu@w%+mmﬁ+éf&ww. (2.4)

Substituting (2.4) into (2.3) gives that

t t
pat)ra [ pasdss G [ e sds
0

0
1
=a/h&w@—w@muwmwsmmm+csa

From the nonnegativity of «, we obtain (2.2). This completes the proof of Lemma 2.2. O
Lemma 2.3 For any 0 <t < T, there exists a constant C' > 0 such that

1
/ p* <O (2.5)
0

Proof From equation (1.5); and the Cauchy inequality, we have that

4 ! 1 1
&/ p* e = (o — 1)/ PO 2ppdr = (1 — a)/ P ude
0 0 0

1 1
< C’/ pafld:c—FC/ p* T rulda.

0 0
Then, by using Gronwall’s inequality and (2.1), we arrive at (2.5). O
In what follows, we deal with the lower bound of p and the bounds of ¢. This is the key

lemma of this section.

Lemma 2.4 It holds that

[p(x, )] <O, plx,t) = C(T), (x,t) €[0,1] x [0,T], (2.6)

/Uﬂwgc, te0,7). (2.7)
0
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Proof Differentiating (2.3) respect to x and using (2.4), we have that

(01 = = (e () + 52, ). (2.)

). and integrating over [0, 1], we have that

a*d [! 20—2 2 !
_ a— y+a—2 2
th/op px+a7/p P
= —a— U(P )rJFO‘/ U(P )mt**/ (p2¢i)m(p )T
dt J, 0 2 Jo

Inserting (2.8) into the above equation again, using (2.1) and (2.2), and noting that a <+, we
get that

Multiplying (2.8) by (p*

a”d 20—2 2 /1’y+a22 d ! o o? d 12
thop pr+aiy | p Py + dtou(p)z+2dt

1 1
A2 —1 2 o a
-« fy/o P pru — @ /0 PP (pPz) 2t 04/0 bz (pPz)e(P™)

1 1 1
<o [ pgre [t [l + Clodie ([ o+ [ 5o02)
0 0 0

< C(looali=+1) [ 22 +C [ 1000 + ool +C.
0

Integrating the above equation over (0,t) yields that

2 1 2 sl
af/pmzpi—i—oz’y// a2 Oé/uz
2 Jo
200—2 ! a? !
<—/ - p%x—a/ (et [ i)+ G [
0

2

+0/0 (||p¢w||im+1)/ 202 2+0// (), P +/ Ipdeli +C.

By using Cauchy’s inequality, the assumptions on the initial data and (2.1), we arrive at

o? 20—2 2 fy+a22 0‘212
Z/o pﬁw// /u
t
<cf (||p<z>x||%m+1)/ 2= “+C// (062, /||p<z>x||mo+c (2.9)
0

In what follows, we deal with the estimates fo 19927 and fo fo p02)a|?

. From the equation
(1.5)3 and boundary conditions (1.7), (2.1) and (

2.2), we get that

Ipbeli~ < C (/ <p¢z>z|)2 e (/ o + <¢3+¢>|)2
<0/ po? + (/ |¢3+¢|) <0/ P62+ C, (2.10)

which, together with (2.1), imply that

t
/0 lp¢z 7 < C. (2.11)
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By using (2.1) and (2.5), for any (z,t) € [0,1] x [0,T], it follows that

)" ([

1
§C—|—C<maxp O‘/ pa_1> < C + C max p /2. (2.12)
z€[0,1] 0 z€[0,1]

1/2 1/2

|(x,1)] < C/O1 (Il + =) <C+C </01p¢§>

Then, from (2.1) and (2.12), we get that

//Ip%z //Ifxbt ¢* —¢)
<[ [ o | e [

<C+C max_p~ % (2.13)
o z€[0,1]

For the inequality (2.9), by using Gronwall’s inequality, (2.11), (2.13) and the positivity of «,
we obtain that

/ a2 < O max_p ¢+ C. (2.14)
0 0 z€[0,1]

By the mean value theorem, (2.5) and (2.14), for any (x,t) € [0,1] x [0,7T], we find that

1 1 1/2 1 1/2
P (a, 1) §C+C/ 0% 2| <C+C</ P 203) (/ p‘Q)
0 0

1/2
C—l—C’( max p- +1) maxp%rl
o z€[0,1] z€l0,1]

<(C+C max p7(5+°‘)
[0,1]x[0,t]

where we have used the fact that 0 < a < i. This implies that
plz,t) > C™1, (z,t) € [0,1] x [0,T7. (2.15)

Inserting (2.15) back into (2.12) and (2.14), we have that

1
(. t)] < C, / R<cC
0

This completes the proof of Lemma 2.4. O

The rest lemmas are about higher order estimates for (p, u, ¢).

Lemma 2.5 For any 0 <t < T, the following inequality holds:

/(¢t+¢ //¢> (2.16)

Proof Differentiating (1.5)3 with respect to ¢, multiplying the result by ¢, then inte-
grating with respect to = over [0,1] and using(1.5); and (2.10), we have that

1d 1 1 1 1 1 1
s | et [ ot=5 [ st s [ w360 e
0 0 0 0 0
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a+1

Lo 19|z VPl 2
+0||3¢2 — 1z llVpeellL:
<||f¢t||L2 + IVPdatll 12) VPde 12

Lo Vel 2 + 1) IVp#atll 2 + C /ol 72

1 1 1
s§/ p¢it+0</ ol +1 )/ p¢>3+0/ Pl
0 0 0 0

By using Grénwall’s inequality, (2.1) and (2.6), we arrive at

A?ﬁw3[41@<0

Recalling (1.5)3, we can derive (2.16) directly. The proof of the lemma is complete. O

Lo 1P9allree V0Pt 2

Lemma 2.6 For any 0 <t¢ < T, it holds that
1 t ol
[t vieoos [ e <c (27)
0 o Jo

Proof Differentiating (1.5)2 wtih respect to ¢ and multiplying the result by ws, then
integrating over [0, 1], we have that

a+1 2
2dt/ u /

1 1 1
= - ’7/ p7+ Ug Uzt + (a + 1)/ pa+2 2 Ugt — / pSQﬁUrumt + / p2¢m¢xtumt
0 0

0

S%/ a+12+0/ o¢+1i/ut+c/ a+12+c/¢

Applying Gronwall’s inequality, by (2.1), (2.15) and (2.16), we get that

[oef [ e

From (1.5)2, by using the above inequality and (2.1), (2.2), (2.7) and (2.16), we have that

||p0‘+1uxxHL2 < ||Ut||[,2 + || HL2 P’ H(p2¢§)aj||L2 + ||(pa+1)a:uxHL2
sWMB+CMMH+W%MMW%MW+CWNWWMW
1
<5 Ml e 2+ C.

Moreover, by using equation (1.5)1, we get that
Pt =—p° Uz, Pat = —P Uzg — 2PPrla,
it = =P Ut — 2ppilly = —p gy + 20U
It is easy to prove that (2.17) holds. O
Lemma 2.7 For any 0 <t¢ < T, it holds that

pr // 2 2, <C (2.18)
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Proof From (1.5);, we see that

(p*)e = —ap®Tuy,.

Differentiating the above equation with respect to x twice, multiplying the result by (p%).z,

then integrating over [0, 1], we have that

th/\ Jou? <c/| Yool +c/< ()|
sc/o |<pa>m|2+0(/0 |<m>m|2+/01u§t+/01|<p2¢§>m|2), (2.19)

where we have used equation (1.5)2. Also, it holds that
2 1
Y ma o
+ /0 ‘alo (PY)ze

/01 |(p")aa|* = /1 ‘l(p%a(p“)z)z "< /01 ‘g(pv—a)m(pa)z

1
<Clip ||Lm/| |2+c/0 (6™ )aal?

2

<c / (6™ )aal + €, (2.20)
1 1 1
2,2 2 4 2 2
/0 (0262)aa* < C / (pda)al* + / 162 |(Pbe)as]
< C/ }M’t + | + ‘|p¢x|‘Lw / |p¢zt +pl¢t (3¢2 - 1)¢1|
< C/ ¢z, + C. (2.21)

Substituting (2. 20) and (2.21) into 1nequahty (2.19), we arrive at

1

Applying Gronwall’s inequality, (2. 16) and (2.17), we obtain that fo m\ < C. Moreover,
it follows from (1.5)2 3 that
p¢zzx = (p¢t)z + (¢3 - ¢)z - pa:x(bm - 2p:v¢mm

1
paJrluacxx = Uyt + (/ﬂ)m + §(p2¢§)x9¢ - (pa+1)mxu$ - 2(pa+1)acuxa¢~

From this, we can derive (2.18). This completes the proof of Lemma 2.7. O
Lemma 2.8 For any 0 <t < T, it holds that
1 t pl
[@raao+ | [ @< (2.22)
0 o Jo

Proof The equation(1.5)3 implies that
1 1
(bt = ¢ww + 7pw¢w - 7<¢3 - ¢)
p p

Differentiating the above equation with respect to ¢, multiplying the result by ¢ and integrating
over [0, 1] yields that

2dt/ / %_/ Puia@ader + / S Prt@aun + /0 1 %pmmtt
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1 1
1
- / (6% — 6)but — / 1367 — 1)pubu
0 o P
1 1
< 5/0 Bt C 6ol Trtal 2 [9l2e + C ]2 1Pt

1
2 2 2
L C el / 82+ C a2 + C l6n%

1 ! 2 ' 2
S a ¢tt+c ¢xt+c
2 0 0

By using Gronwall’s inequality, we get that

/01¢it<t>+/0t/01¢%tgc.

This, together with (1.5)s, yields (2.22). The proof of Lemma 2.8 is complete. O

Proof of Theorem 1.1 Based on the local existence Lemma 1.1 and Lemmas 2.1 to 2.8,
we can finish the proof the existence of the H2-solutions to problem (1.5)—(1.7) by standard
procedure. It remains for us to prove the uniqueness of the solution.

Let (pi,ui, ¢;) (i = 1,2) be two H2-solutions to problem (1.5)—(1.7). For convenience, we

set that v;(x,t) = m (1 =1,2). From (1.5)3, we get
(o3 (o7 1
(ur = u2)e + (o] = p3)a = (00 e — p5 une)e — 5 (107, — P303,),,

Multiplying the above equation by u; — us, integrating by parts, using the boundary conditions
(1.7) and noticing that pf oty u; = é@tpf‘, Oru; = Opv; (1 =1,2), we find that

1 d 1 B B 1 N
e / (ur — un)? = / (o7 — v37) (01 — va)s — / P (1 — )
0 0 0
1
_/ (Ul—(a+1)_vz—(a+1)) UQI(ulz_u2m)
0

1
+ %/0 p%((bla: - ¢21)(¢1x + ¢2;c)(u13; - UQQ:)

1t _
+ 5/ (vg 2 - Uy 2)¢§z(ulm — Ugz)
0

d 1 1
<-4 | ate P+ [ a2
0 0
1
- Cy / (U1, — U2g) —I—C'/ u3, (v1 — vg)?

e / B2 (b1 — o)’ 1 C / ol (v —w)?  (2.23)

where Cy and C are positive constants depending only on the upper and lower bounds of p;
and po, and where a(z,t) is defined as

1
aw,t) = %/ (v2 + 7(v1 — v2))~ O Vdr,
0
which has a positive lower bound on [0, 1] x [0,T]. Since

las(z,t)] < C (Jvae| + |v1e — vaul)
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we have that

1 C 1 1
[ ety = < D [ v+ [ 1+ ol - )
0 0 0

Hence, from (2.23), we get that

1 /1 1 Co [t [
7/ (ug — ug)? + / a(z,t)(vy —ve)? + —/ / (15 — Uz )?
2 Jo 0 2 Jo Jo

t 1 o
<O [ [ P 410l (1= 02?4 € [ [ (80P + 102 P) (010 - 020" (229)
0o Jo o Jo
On the other hand, from (1.5)3, we can deduce that

(61— d2)e — (61 — B2)az = (PraV1010 — P2oV2022) — (V16T — V263) + (V11 — v2gh2).
Multiplying the above equation by ¢ — ¢9, integrating over [0,1], and integrating by parts,
yields that

1d !
2dt Jo

1 1
:/ P1201 (P12 — P22) (D1 — P2) +/ p1a (V1 — v2)P2u(P1 — P2)
0 0

1
2 . 2
(61— do)® + /O (10 — d0)

1 1
— / (v7! = vy 2002 (Pra — Poa) — / (v7 ! = 03 vauos (b1 — b2)
0 0
1

1
- / (07" = 03 vadosa(d1 — ¢2) — / v1 (¢ — 83) (61 — ¢2)
0 0

1
—/0 (v1 — v2) 3 (1 — B2) +/0
1 1
S %/0 (d)lm - ¢2w>2 + C/O (|pla:|2 + |¢2ww|2 + 1) ((bl - ¢2)2

1

vi(p1 — p2)? +/0 (v1 — v2)Pa2(P1 — P2)

1
0 [ (00l + pacl? +1) (0 - )"
0

From this, we have that

/01(9251 — ¢2)” +/Ot/01(¢1z — ¢2:)°

¢ ! t 1
< C/o /0 (Ip12? + [200]” + 1) (¢1 — ¢2)® + C/O /0 (I62z]? + |p2zl? +1) (v1 — v2)*.
(2.25)

Noticing that ||¢iz|re < C (i = 1,2) and that a(z,t) > C > 0, combining (2.24) and (2.25)
together, it holds that

/0 [(v1 —v2)? + (u1 — u2)® + (¢1 — ¢2)°]

t 1
<c / / (1910l + 1920l + luzal? + Ib2al* + 1620a] + 1) [(0r — 02)® + (1 — 62)?]
0 0

Since fg (P15 P22y U2srs P222)||2 e ds < O, applying Gronwall’s inequality yields that
vi(x,t) = va(x,t), wi(x,t) =us(x,t), o¢1(z,t) = da(z,t), a.e. (z,t)€]0,1] x[0,T].

The proof of uniqueness is complete. O
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3 Proof of Theorem 1.2 and Theorem 1.3

In this section, we will prove Theorems 1.2 and 1.3 by establishing some a priori estimates.
First, by virtue of the estimates in Section 2, we obtain the following lemma:

Lemma 3.1 For any 0 < t < T, the H%solution (p,u,®) to the problem (1.5)—(1.7)
satisfies that
0<C(T) < pla,t) <O, |px,t) <1, (x,t) €[0,1] x [0,T],
lpellr + Mol + luell® + lulize + ol + Il

t
+/0 (luellZr + lullzrs + I@ellze + ll¢eell?) dr < Co(T).

As pointed out in [9], we can also obtain

Lemma 3.2 Under the conditions (A;) and (Aj), there exists a unique H*-solution
(p,u, @) to the problem (1.5)—(1.7) such that, for any 0 <t < T, it holds that

lpellZzz + ol + NlplZrs + lluellZrs + llueel* + lulizrs + 16l zrs + ldeellEn + ol

t
+/0 (luellZrs + lueellFn + iz + 1gelFrs + el + llfeeel®) d7 < Ca(T).

Next, we will prove the higher a priori estimates by induction. Here we use the notation
-1 =1 22 o,1py-

Lemma 3.3 Under conditions (A1) and (A4), there exists a unique global solution (p, u, ¢)
to the problem (1.5)—(1.7) such that, for any 0 < ¢ < T, it holds that

t
2+/ (||uz25+1t7nfs
0

24 ||¢125+1tm75

2+ ||um2strnfs

||p125 tm—s

2y ||¢)x2stvnfs+1 ||2) dr < CQW(T),

(3.1)
where 0 < s < m.

Proof For m = 1,2, (3.1) has been achieved in Lemmas 3.1 and 3.2. Now we suppose
that (3.1) is valid for all 1 < m < M — 1, and we will prove that (3.1) is also valid for m = M.
Step 1 We prove that

t
llugae |12 + [l dzpne |2 +/O (lgent [I* + | @par+1]1?) AT < Conr (7). (3.2)

Taking the tM-order derivative to the equation (1.5)s, multiplying the result by u,, integrating
over [0, 1], then applying integration by parts and the Leibniz formula, we have that

1 1 1
1
5&”’“’1&1‘4“2 :/O (p’y)tM Ugp M _/O (pa+1uw)t1w Ugyd + 5/0 (p2¢g25)tM UgtM
1 1 1
:/ (P’Y)tM Ugg M —/ pa+1uitkf —/ (pa"'l)tMumuth
0 0 0
1 M-1 1 1
_/ Z CJlf/I(paJrl)tkuxtM_k‘u:ctM + 5/ (p2¢§)tM UgtM
0 k=1 0
1

< - 5/ P2 +C’/ (P M) 0 +C||ux||%oo/ (P 2ug) s
0 0 0
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1 _M-1 2 1
o 2
+C/ [Z Cjku(p +1)tkuxthk} +C/0 (P2¢§)t1\/f . (33)
0 " k=1
By using the Leibniz formula, we calculate that
1 ) 1 _M-1 2
/ (p’y—‘rlua:)thl :/ { Z CJkV[fl(p’y—‘rl)tkuxtM*k*l}
0 O " k=0
1 M-1 2
:/ {p7+1uth—1 + Z C]If/[_l(p’erl)tkumM—k—l
0 k=1
< CHuthA ||2 + CQ(M_l)(T). (3.4)
Similarly, it holds that
1
| 0 s < ol | + Carr - (D).
0
Moreover,
1 ) 1M . 2
| 6 = [ [ X Chitosadeooron]
0 0 1o
1 M—-1 2
=/ [2p¢z(p¢w)w + Y Chrlpda) i (p¢a:)tM*k}
0 k=1
< Collgin [|? + Cllugers—1 > + Coar—1)(T), (3.5)
where we have used that
lpene]| = [1(=puz) i || < Cllugpre— | + Coar—1) (T).
Substituting (3.4)—(3.5) into (3.3), we arrive at
d 2 2 2 2
EHWM” + [[ugen [|* < Coflugeni—1]]” 4+ Collgenr | + Coar—1) (T). (3.6)

Taking the tM-order derivative to equation (1.5)3, multiplying the result by ¢m1, inte-
grating over [0, 1], and applying Leibniz’s formula yields that

d
a”‘ﬁmM H2 + ||¢tM+1 ||2

< [ o+ [ (Lo o).,
M—-2

1 2
:/ {(hl p)g;qutM + (hl p)xtM Oz + C]\]\//II_l(]n p)xtM*1¢zt + Z C&(ln p)Itk (;Sth—k:|
0 k=1

+ 1 L@ = dhn +(5) =0+ Aé Cli(5) (0" = o +]

< Col bt ||* + Collpues |* + Collpapra—1 |I* + Cllggas |* + Cllppas | + Coar-1y(T). - (3.7)

2

From equation (1.5)1 2 and the Leibniz formula, we calculate that
prtM_l || = ’|_(p2uI)th_2 H < 02 ||pth_2 H + C Huw2tM_2 || + C2(]V171)(T)

< Cy (Jlpes—2 1" lpazens-= 112 + llpess-21l) + Caar 1) (T)
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< Cyn—1)(T), (3-8)
paene || = || =(p*uz) aer—1[| < Co lluggrr—i|| + C [lugzpi || + Coar—1)(T), (3.9)

where we have used the Gagliardo-Nirenberg inequality. Now we estimate ||uy2,m—1]. Rewrite

equation (1.5)2 as
g = p~ T Duy + p~ D (1), — (a+ 1)p ™ poe + pGu (i) (3.10)
Then we have
[ugzeri—r || < Cllugn || + Cllugeri—1 || + Cllggzgr—1 || + Coar—1)(T)- (3.11)

From (3.8), (3.9) and (3.11), inequality (3.7) becomes

d
a”qsxtM ||2 + ||¢tM+1 ||2
< Col|gapm |” + Cllugn |* + Colluggni—1||” + Cllggapm— > + Cllgpa |* + Coar—1)(T).  (3.12)

Adding (3.6) and (3.12) together yields that

d
! (luear * + 1 papar %) + Newgens [ + N dgara |2
< o (lug | + llbwna 1) + Co (lugpr— I* + lpgzprr—1[* + lldp 1) + Cogar—1) (T).

Applying Grénwall’s inequality, we obtain that

t
|h%Mn2+—n¢nMn2—%jﬁ (htgene | + [ gaesa |2) dr
< Co(Jlugss Q)7 + 1fwrn O)]2) + Coar—1y (T). (3.13)

In what follows, we will handle ||u;a (0)]| and ||¢4a (0)||. First, taking 22 ~2-order deriva-

tive to equation (1.5)s gives that

1
ersll = |~ + (6 s = )

< Cllpllazr—r + lullp2ae + 1] r2ne) -

Next, rewrite the equation (1.5)3 as
1
Ot = buo + (INp)sgy — ;(‘bg - ). (3.14)

Taking the 2™ ~1-order derivative to equation (3.14), we get that

Gporer + (109) 2 ) yon 1 — (%(&’ - ¢>)zm,1

S C (||¢HH2M+1 + ||p||H2m) .

Then taking the 22" ~%-order derivative to equation (1.5)s, it holds that

mem—\

2
< Cll(p" g )g2ri-s ]| + Clluggani—z|| + Cllprgari—2 || + C
< Clplazm + llullgzm + (|6l =) -

1
ezl = [~ s (5 s = 5P
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Taking the tx2M~3-order derivative to equation (3.14), we have that

[zss-s] = [z + (0 )t = (56 =) .,

< Ollprsi-ill + Cllgrazs—2 || + Cll(pPug ) g2ra-2|| + C
< Cllpllmzne + [lull g + (@]l 2aesr) -

Applying the same method M — 1 times and recalling the assumption (A4), we conclude that
l[ugs (O) + N @aeas (0)|| < Cona (T).
From this and (3.13), we obtain that
t
llwgae |12 + ([ dppar || +/ (lgene [I* + | @pars1 %) AT < Cone (T).
0

Step 2 We prove

+ ||¢$25+1tM—s < CQM(T), 0<s< M. (315)

||uw2stM—s
Taking the t» ~!-order derivative to equation (1.5)s, it holds that

Upn + ('foyilpx)thl = ((pa+1)xux + paJrlux‘Qf)tM—l - (pﬁbx(pqsx)x)tM*L

Applying Leibniz’s formula, we get that
M—1 M—1

uz%Mﬂ = p—2(a+1) {UtM +7 Z CJIT/[—l(P’Y_l)tsztM*Pk - Z CJIT/[—I(/)Q—Fl)zt’Cuth*l*k
k=0 k=0
M—1 M—1 2
- Z O (P ) pwugagnra v + Z Chr—1(pd) e (Péf’m)xtMlk} ‘
k=1 k=0

Integrating the above equality over [0, 1], using (3.2), (3.8) and applying the Gagliardo-Nirenberg
inequality yields that
ugeprr—r|| < C ([Jugae || + ugprs—r || + |@z2p0-1|]) + Coar—1)(T)
< ellugzeni—r || + €l @paprr—r || + Cone (T). (3.16)
Taking the zt™~1-order derivative to (3.14), we have that

| pusm—1] = ’ Guprr — (I P)2Pa) pprr—1 + (%@53 B (b))th*l

< l@apr || + Cllpazers—[| + Cllgg2er—1[| + Coar—1) (T)
< @ae || + Cllpgzer -l + el aserr—r]l + Coar—1) (T)- (3.17)

Moreover, by (1.5)1, we deduce that
pazer—ill = || =(p*tz) a2 -2 || < C'llugsyni—2 || + Conr—1)(T). (3.18)
Recalling (3.10) and applying the Gagliardo-Nirenberg inequality, it holds that
[ugapr—2 || < Clluggra—1|| + Cllpyzgr—2|| + Cllggapn—2 || + Coar—1)(T)
< elgzene | + Cogrn) (7). (3.19)
Substituting (3.18) and (3.19) into (3.17) gives that

[@aseri—1|| < ellugzeri—r]| + el pgsner || + Conr (T)- (3.20)
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Adding (3.16) and (3.20) together and choosing ¢ small enough, we arrive at
[ugzgr—1]| + | @gapr—1 || < Conr (7).

Using the same method s times, we conclude that

+ l[fgzesronr—s

< Con(T).

||UZ25tJVI—s

Step 3 We prove that
t
||px2st1\475 ||2 +/ (Huzszrlths ||2 + H(szsthsi»l ||2) dr < CQM(T), 0<s<M. (321)
0
Taking the 22 ~1-order derivative to (1.5); yields that

Ptp2M—1 = —(pguw)sz—l.

Multiplying this by p,2m-1, integrating over [0, 1] and using Leibniz’s formula, we have that

1d
5&”%21‘4*1 H2 = || - (p2u1>x2M*1pw2M*1 H
2M -2
= Hp2umzzup12M71 + Uy (p2)$2M71 Pg2M -1+ Z O§M71 (pQ)z,C Ugp2M —k P2 M —1
k=1
< CQHP'@QJ\I—I H2 + CQM(T)
Then Gronwall’s inequality and (Ajs) imply that
lpg2r—1 || < Conr (T).
Using equation (1.5); and (3.15) gives that
Iprsssi—sll = | = (PPuta)am | < Cllpsanies]l + Cllugone| < Cong(T). (3.22)
Then it follows that
Hptm2M*2” S CQM(T)
From this and (1.5); we derive that
lpizzzri—sll = Il = (P*uz)igari—s || < Cllprgzri—a|l + lluggzr—s || < Cane (T),
lpesaas—s|| = || = (P*uz)s2p2n1 s || < Cllprzgzre—sl| + [luzgzar—s|| < Conr (T).
Applying the same procedure s times, we conclude that
||pI2StM73H S CQM(T), O S S S M - ].. (3.23)

In fact, from (3.22), by a similar procedure, we can also obtain that

<Comu(T), 0<s<M-1. (3.24)

pr25+1ths

Taking the ztM ~1-order derivative to equation (3.14) and using (3.23), we have that
1

(95041 = [[Brrse + (0 p)ade) s + (2(6° ~ 9)

< ||¢th || + CHpa:?tM*l || + C||¢x2tM*1 H + CQ(M—l)(T)
< Copm(T).

tM—1
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Taking the ztM~!-order derivative to equation (1.5), yields that

1

e (0 )gmerrs = (0 ) gappis — 5 (PP gmpnin.

From this, along with (3.2), (3.15) and (3.23), we have that

t t
A ||’U,m3t1\/1—1 ||2d7' < CA ||’U,th ||2d7' + ||px2thl H2 + H(ﬁrthfl ||2 + CQ(M_l)(T)

< Copm(T).
Taking the t*-order derivative to equation (3.14) and using (3.2), (3.15) and (3.24), we have

that
t t
| Moo= ||
0 0

t
< C/ [@err+a A7 + Cllpna |2 + Clldgna [I* + Cogar—1)(T)
0

Gparer — (I Py — (%@3 ~9) [ ar

< Com(T).

Applying a similar procedure s times, we conclude that

t
/ (||ur25+1ths
0

Finally, we deal with the case s = M. Multiplying (1.5); by p,2m, integrating over [0, 1]

2 || grsppi—sia||?) dr < Cop(T), 0<s<M—1. (3.25)

and using Leibniz’s formula yields that
1d
=S lpan |2 = | = (0Pug) o pyone |
2dt
2M -1

= “pguzfzz»1+1pw2M + Ug (pQ)sz Pg2M + Z C§M (pQ)QE,C Up2M —k+1 Pg2M H
k=1

< Collpgen ||* + Cllugzrs1 || 4 Conr (T). (3.26)
Taking the 2™~ 1-order derivative to equation (1.5)s and using (3.15) yields that
lgasess] < Clluganssell + Calpgsse | + Clgansa | + Cogar—(T)
< Cllugzse—s|| + Collpgar || + Conr (T). (3.27)

Inserting (3.27) into (3.26) yields that
Ld
2dt

Then it follows from Grénwall’s inequality, (As) and (3.25) that

Ipsse]] < Cona(T). (3.28)

Substituting (3.28) back into (3.27), integrating over [0, ¢] and using (3.25), we obtain that

lpozm |* < Collpgant || + Cllugase—14|I* + Conr (T).

t t
/ Huszﬂ HdT < C/ ||U12M—1t||d7' + CQszzM || + CQM(T) < CQJW(T). (3.29)
0 0

Finally, taking the 22 ~2t-order derivative to equation (3.14) and using (3.15), (3.24) and
(3.25) yields that

t t
[ amilpar= [
0 0

2
dr

1
¢z2M—2t2 — ((hlp)x(br)x?M*zt - (;(¢3 - ¢))m2M—2t
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t
< C/ [¢u201 242 [d7 + Cllpgari—1]|* + Clidgzri—1]|* + Coar—1)(T)
0

< Con(T).

This together with (3.23), (3.25), (3.28) and (3.29), implies (3.21).
Collecting together (3.15) and (3.21) finishes the proof of Lemma 3.3. O
Noticing that equation (1.5); can be written as (%)t = u,, with the aid of (3.21), it is easy
to obtain the following estimate:
Lemma 3.4 Under conditions (A1) and (Ay4), there exists a unique global solution (p, u, ¢)

to problem (1.5)—(1.7) such that, for any 0 <t < T, it holds that

t
| s
0

Proof of Theorem 1.2 Applying Lemmas 3.1-3.4 and the interpolation inequality

2dr < Cop(T), 0<s<M.

readily proves the theorem. O

Proof of Theorem 1.3 The embedding theorem easily proves the theorem. O
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