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Abstract In this note, we prove a logarithmic Sobolev inequality which holds for compact

submanifolds without a boundary in manifolds with asymptotically nonnegative sectional cur-

vature. Like the Michale-Simon Sobolev inequality, this inequality contains a term involving

the mean curvature.
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1 Introduction

The classical logarithmic Sobolev inequality, first proven by Gross [7], is a very useful tool in
analysis and geometric evolution problems (cf. [4, 8, 11]). In 2000, Ecker [6] gave a logarithmic
Sobolev inequality which holds for submanifolds in FEuclidean space. In 2020, using the ABP
technique, Brendle [2] established a sharp logarithmic Sobolev inequality for submanifolds in
Euclidean space without a boundary. He [3] also gave several Sobolev inequalities for manifolds
with nonnegative curvature by using the same technique. Combining the method in [3] with
some comparison theorems, the authors of [5] proved some Sobolev inequalities for manifolds
with asymptotically nonnegative curvature. In 2021, Yi and Zheng [10] proved a logarithmic
Sobolev inequality for compact submanifolds without a boundary in manifolds with nonnegative
sectional curvature. In this paper, we generalize the results of [2, 10] to the case where the
ambient space has asymptotically nonnegative sectional curvature. This curvature notion was
first introduced by Abresch [1]. We will use some comparison results for these kinds of manifolds
in order to prove our results. Complete manifolds with asymptotically nonnegative sectional

curvature belong to the class of complete manifolds with radial sectional curvature bounded from

*Received October 1, 2022; revised August 3, 2023. Supported by the NSFC (11771087, 12171091 and

11831005).
fCorresponding author

@ Springer



190 ACTA MATHEMATICA SCIENTIA Vol.44 Ser.B

below. Readers may find more general comparison results for manifolds with radial sectional
curvature bounded below in [9, 12].
In this section, we follow closely the exposition of [5]. Let A(t) : [0, +00) — [0, +00) be a

nonnegative and nonincreasing continuous function satisfing that
+oo
by := / sA(s)ds < 400, (1.1)
0
which implies that
—+o0
by = / A(s)ds < +o0. (1.2)
0
Recall that a complete noncompact Riemannian manifold (M, g) of dimension n + p is said to
have asymptotically nonnegative sectional curvature if there is a base point o € M such that
Secq > —A(d(0,9)), (1.3)

where d(o, ¢) is the distance function of M relative to o. In particular, if A = 0 in (1.3), then
this becomes the case treated in [10].

Let h(t) be the unique solution of
h(t) = A(t)h(t),
{h(O) =0, (0) =1.
By ODE theory, the solution h(t) of (1.4) exists for all ¢ € [0,400). According to [9, Theorem
2.14], the function

(1.4)

[{g € M :d(o,q) <r}|
(n+p)|BrHP| [ hntp=i(t)dt
is not increasing on [0, +00), and thus we may introduce the asymptotic volume ratio of M by
g€ M do,q) <7}
r=too (n+ p)|BrP| [ hrtr=l(t)dE
which satisfies that 8 < 1, by the volume comparison theorem. Moreover, we define a function
P :[0,400) — (0,1] as

0 .=

(1.5)

ntp (r+)2

z|+1)2 ntp o0
mw:mmhf/ ei%*m:@m“%m+mw“ﬂ/7ﬂ%%—4 dr. (1.6)
Rn+p 0

Obviously, P(0) = 1, and P(t) is a nonnegative decreasing function.
By combining the ABP-method in [2, 3, 10] with some comparison theorems, we obtain a
logarithmic Sobolev inequality which holds for submanifolds without a boundary in manifolds

with asymptotically nonnegative sectional curvature as follows:

Theorem 1.1 Let M be a complete noncompact (n + p)-dimensional manifold of asymp-
totically nonnegative sectional curvature with respect to a base point o € M. Let ¥ be a
compact n-dimensional submanifold of M without a boundary, and let f be a positive smooth

function on ¥X. Then

n 1+ bg
/2 f(logf +n +4n?b? + 5 log(4m) + (n+p—1) log(m) + 10g(€P(4nb1))) dvol

7/ IDjfz dvol,/ﬂmzdvolg (/fdvol) log(/fdvol),
by = = >

where ro = max{d(o,z)|z € ¥}, H is the mean curvature vector of ¥, 0 is the asymptotic
volume ratio of M given by (1.5), by and by are defined as in (1.1) and (1.2).
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2 Preliminaries

In this section, we prove some lemmas for later use.
Lemma 2.1 Let h be defined by (1.4). Then we have that
h(tC)

dmSay =6

where C' is a positive constant.
Proof It is easy to show that
t s " t s
(/ efo' TA(T)deS) > )\(t)/ efd TA(T)deS.

0 0
By Lemma 2.1 of [9], we have that h(t) < fot elo TMT7ds < tebo. This gives that

t t
' (t) = 1'(0) +/ R (s)ds =1 +/ Ahds < 1+ bge®.
0 0

Since h’ is nondecreasing and bounded from above, we can find that
R (tC)

im
t—00 h/(t)

Thus,

hiC) . CW(C)
A Sm A T ¢

Lemma 2.2 Let P be defined by (1.6). Then we have that
ntp 1 e ——
P(t)6‘ = rli{rolo ((4W)_Tm /]w e 4 dVOl(fL')),
where 6 is the asymptotic volume ratio of M and o is the base point.

Proof By the definition of the asymptotic volume ratio in (1.5), we obtain that

9: 1 |{q€Md(O7q)<r}| _ 1 OJ(T‘)
r=oe (n 4 p)|BrAP| [ hnte=l(t)dt rooe (n4 p)| BT (r)

where w(r) is the area of the sphere of radius r with respect to the base point o. Using Lemma
2.1, it follows that

. _ntp 1 _ (e 2
lim ((471') QPW /Me 4 dVO](l’))

r—00

+oo
BT _ntp w(T‘T) _(+t)?
= Jim (4m)™ 2 /0 rei)® T

dr

wie (T w(rr)  AMTPTH(rT) | (an?
— i (4o _tn?
im (47)~ 2 /O R 1(r) ) e” 1

T—>00

ntp +oo 1 _n?
— () +p)|B"+P|9/ L= 4l gp(y),
0

Lemma 2.3 Letting P be defined as in (1.6), we have that

nip 1 e —
P(t)9 = Tll)ng() ((471') 2 W_l(’{’) /M (§ 4 dVOl(QL'))7
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where 6 is the asymptotic volume ratio of M and dpax(z, X) = max{d(z,y)|ly € X}.
Proof Noting that ro = max{d(y,o)|y € £}, using the triangle inequality, we get that
|d(z,0) — 0] < dmax(z,X) < d(x,0) + 0.

Following the proof of Lemma 2.2, it is easy to show that

ntp 1 (dmaxT(IvZ) +6)2
Jim ((4m) = /Me T dvol(@))

ntp 1 (Uz0)tra 142
Z rli>nolo ((471') 2 m /M € 4 dVOl(l‘))

_ (1?2
4

—+oo
= () +p)|B”+p|9/ -l dr = 0P(1).
0

On the other hand, we have that

n+tp 1 (dmax(@.D) | )2
lim ((47T)_ 2 7/ o dVOI(w)>
M

r—00 rhtr=1(r)
. _nip 1 _ (MW“)Q
S 'r‘ll{rolo ((471') 2 W /M € 4 dVOl(Z'))

—+oo

_n+p n+ n+p—1 _ (1?2
— Um) )BT [ e T dr — 0P,

0
This completes the proof. O

3 Proof of Theorem 1.1

In this section, we assume that the ambient space M is a complete noncompact (n+p)-
dimensional Riemannian manifold of asymptotically nonnegative sectional curvature with re-
spect to a base point 0 € M. Let ¥ C M be a compact submanifold of dimension n without
a boundary, and let f be a positive smooth function on . Let D denote the Levi-Civita con-
nection of M and let D* denote the induced connection on ¥. The second fundamental form
B of ¥ is given by

(B(X,Y),V) = <DXY; V),

where X,Y are the tangent vector fields on X, and V is a normal vector field along 3. In
particular, the mean curvature vector H is defined as the trace of the second fundamental form
B.

We only need to show the proof of Theorem 1.1 in the case where X is connected. By

scaling, we may assume that
DZ 2
/flogf dvol—/ ﬂdvol—/ﬂm?dvol:o. (3.1)
) s [ b
By the connectedness of ¥ and (3.1), following the statement in [2], there exists a smooth
function v : ¥ — R such that

divs(fD*¥u) = flog f — D> 117

- flH]*.

For each r > 0, we denote by A, the set of all points (z,7) € T+ satisfing that

ru(e) + (e, exps(rD¥u(@) + r9))? > ru(®) + 52 (1D u(@)? + lgl?)
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for all € ¥. Define the transport map ®, : T+% — M by
. (2,y) = exp, (rD>u(x) + ry)

forallz € ¥,y € T+X.
The proof of the next lemma is identical to the proof of Lemma 3.2 in [10], so we omit it

here.
Lemma 3.1 For each r > 0, we have that ®,(A4,)=M.
Similarly to the proof of (3.20) in [5], it is easy to get an estimate for the Jacobian deter-

minant of ®,., we omit the proof of the next Lemma.

Lemma 3.2 For each r > 0, the Jacobian determinant of ®,. satisfies that

_ 1 1
|det D®,.(Z,7)| < (2011/|DZu(Z)|? + 72 + = + — (Asu(z)— (H(E), §))) " Pe(r+p=1)(2robit+bo)
T n

for all (Z,y) € A,. Moreover, we have that
1 1
(2bry/IDZu(@)? + 72 + — + —(Azu(z) ~ (H(2),9))) 2 0.

Lemma 3.3 For each r > 0, the Jacobian determinant of ®, satisfies that

(U2 @) |y, )2

0<e 7 |detD®.(7,7)| < e("+p_1)(2T°b1+b°)r"+pf(§7)e%_"_4"2b?e_%
for all (Z,7) € A,.
Proof Similarly to [3, 10], using the identity divs(fD¥u) = flog f — D217 fIH|?, we
f
obtain that
Asu(z) — (H(Z),7) < log f(z)
Due to the definition of A,., we conclude that

d(z, ®.(z,9)) = rv/|D>u(z)|* + 72

By Lemma 3.2 and the elementary inequality A < e*~!, it follows that

|D>u(z)]* +|y*  [2H(z) + g
+ 1 — 1 .

|det D®,.(z,7)|

11
< 0/ IDPu(@)? + 72 + 5+ (Asu(a) — (H(z), )" el )

Z'u, T 2 Yy 2 T Yy 2
< e(nerfl)(2r0b1+b0)rn+pe%+2nb1 \Dzu(i’)\2+yz+logf(:fz)+‘D ( i‘ +1y] 7‘2H(4)+'/| —n

, D+9l2  (VIDTu@ P 5% +anby)?
:e(nerfl)(2rob1+bo),r,n+pf(i,)e%7nf4n2b?ef|2H(T4)+y‘ e( |D>u(@)|°+5° F4nb)

(AEL@D) | 4y
e 4

n 2H (2)+g|?
_ e(n+p—1)(2rob1+b0)rn+pf(j)67—n—4n2b§e—' (2)+7]

(U@ @) |y, )2

Dividing the above inequality by e~ E completes the proof. O

Proof of Theorem 1.1 Let z = ®,(z,9) for (z,7) € T+X. Using Lemma 3.3 and the
formula for the change of variables in multiple integrals, we find that

( dmaxr(w,E) Fanby)2
e T dvol(z)
M

(@2 @) 442 B
< / ( / e |detD(IDT(:E,g)|1AT(f,gj)dgj)dvol(f)
» NJTin
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< e Hp=1)(2rob1+bo) ntp g % —n—dn b?/ 1z (/ e_‘zH(i)+gl2)dV01(.’f)

T+%
— o(n+p=1)(2robi+bo) ntp 3 —n—anb] (4m) 5 / f(@)dvol(z). (3.2)
Moreover, by (1.4), we obtain h(t) > ¢ and
tllgloh' —1—|—/ h(s d5>1+/0003)\(s)ds:1—|—b0.

Dividing (3.2) by rh"*P~1(r) and sending r — 400, and using Lemma 2.3, we have that
e(2r0b1 +b0) )nerfl

n+p
= <
(47) 52 0P (4nby) < ( i

—n—dnbl (45 z) dvol(Z).
e (4)/Ef()d I(z)

Thus,

n 1+5b
n+ 463 +  log(4m) + (n + p — 1) log( 5—5) + log(6P (4nby)) < log ( /E f dvol).

Combining the above inequality with (3.1), we obtain that

n 1+ by
/Ef(logf +n +4n?b? + 5 log(4m) + (n+p—1) log(m) + 10g(6P(4nb1)))dvol

7/ |D2ff|2 dvol—/f|H|2 dvol < (/fdvol) log(/ fdv01)~
s b2 2 =

This completes the proof of Theorem 1.1. O
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