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Abstract A global weak solution to the isentropic Navier-Stokes equation with initial data
around a constant state in the L'N BV class was constructed in [1]. In the current paper,
we will continue to study the uniqueness and regularity of the constructed solution. The key
ingredients are the Holder continuity estimates of the heat kernel in both spatial and time
variables. With these finer estimates, we obtain higher order regularity of the constructed
solution to Navier-Stokes equation, so that all of the derivatives in the equation of conservative
form are in the strong sense. Moreover, this regularity also allows us to identify a function
space such that the stability of the solutions can be established there, which eventually implies

the uniqueness.
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1 Introduction

The compressible Navier-Stokes (NS for short) equation is one of the most classical and
important fluid models, and it has been widely studied in various communities, including math-
ematics, physics, chemistry and engineering, etc.. In this paper, we will focus on the isentropic
case in the Lagrangian coordinates, which reads as

vy — Uy =0,

), =0 “‘”

Ut+(p_
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Here v is the specific volume, u is the velocity, p is the viscosity of u, and p denotes the pressure.
Throughout the paper, we assume the pressure p(-) to be analytic around a constant state v = v.
In particular, the usual polytropic law p(v) = v~ 7 satisfies this assumption, and we will assume
that v = 1, for simplicity. It is also worth mentioning that the Lagrangian formulation can be
formally derived from the original compressible NS equation in Euler coordinates; see [2] for
details.

The study of the local well-posedness of the compressible NS equation was initiated by
Nash [3, 4], and further developed by Itaya in [5], where the initial data was assumed to be
Holder continuous. In these works, the equation for the velocity field was written as a nonlinear
parabolic equation with variable diffusion coefficients. Then the solution was sought by an
iteration scheme, where the fundamental solution for the variable coefficient parabolic equation
played a key role. Based on these pioneer results, a priori energy-type estimates were derived to
construct the global solutions, see [6, 7] for both Eulerian and Lagrangian coordinates. Later
on, for initial data as a regular small perturbation of a constant state, the global existence
for the 3-D NS equations using an energy method was obtained by Matsumura-Nishida [8],
and then extended to more general hyperbolic-parabolic systems by Kawashima and Shizuta
[9, 10]. After these seminal works, the energy methods were extensively developed and applied
to various fluid and related models, and the well-posedenss of the compressilbe NS equation
with large initial data or vacuum was also studied [11-15].

On the other hand, when the initial data is not regular, the classical local theory is not
generally applicable. This is due to the quasi-linear and hyperbolic-parabolic structure of the
NS equations. In fact, the initial singularity in a density field will propagate along time, for
which one has to deal with the parabolic equation for a velocity filed with a rough diffusion
coefficient. Thus, the criteria for the Holder continuous case in Nash’s works cannot be directly
applied. It is then natural to focus on the study the weak solution. The approach of Hoff
[16, 17] was based on piecewise energy estimates, and a total variation estimate was obtained.
The approaches of Lions [18] and Feireisl [19] were applied to more general data. However, in
all of these cases, there is neither the well-posedness nor the quantitative structure for a weak
solution analogous to that of the classical solution. We refer readers to [20-23] for more theories
on the NS equations.

Recently, Liu and Yu [1] considered (1.1) with initial data of small total variation, and
established the local-in-time well-posedness and time asymptotic behavior of weak solutions.
The key ingredient here was the construction of a fundamental solution for the heat equation
with BV conductivity coefficient which completely respects the effects of the singularities of the
density field. Therefore, the idea in [3, 5] can be extended to the BV framework, and a weak
solution was successfully constructed with a continuous dependence on the initial data. The

local well-posedenss result in [1] can be summarized as follows:

Proposition 1.1 ([1]) For polytropic gases with p(v) = Av™" and 1 < v < e, suppose
that the initial data (vg,ug) satisfies

lvo = 1[Lr + [lvollBv + [luollzr + lluolBy <8 (1.2)

for § < 1. Then the Navier-Stokes equation (1.1) admit a global weak solution such that the
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following estimates hold for some constant C":

[(v =D Ol + IVE+ 1w = 1) D) + [[(0 = D ) BY
+|lu, )|l + IVE+ Tu(, )|l + [|VE+ 1ug (- )| pe + |Ju(, )]sy < C§, t>0.

Moreover, suppose that two initial data, (v$,ud) and (v5,ud), satisfy (1.2). Let (v®,u®)
and (v®, u®) be the two weak solutions of the Navier-Stokes equation (1.1) constructed as above.
Then, for any positive constant T, there exists a positive constant C(T') such that

ssup (0 0) =)+ 1) = () ) < COT) (e =L+ 1§~ ) - (1)

As there is a lack of the time derivative estimate or equivalent second order estimates on
u, the derivatives in (1.1) are still in the weak sense for the weak solution in Proposition 1.1.
Moreover, the uniqueness of the solution with initial condition (1.2) has not been resolved. One
may think that (1.3) can imply uniqueness, since it looks like a stability estimate. However,
according to the statement in Proposition 1.1, the estimate (1.3) holds only for solutions con-
structed exactly as in Proposition 1.1, which means that (1.3) depends on the iteration scheme
in the proof of the proposition. In other words, if (v®, u®) or (v*, u?) is constructed in a manner
different from the iteration scheme in Proposition 1.1, then it is unknown wether or not (1.3)
holds.

As a continuation of [1], in the present paper, we will refine the results in Proposition 1.1
in three respects. As indicated by the above discussions, the motivation for this arises from the
following three questions:

e Can we relax the initial requirements of (1.2) and obtain the same results in Proposition
1.17

e Based on the same initial conditions of (1.2), can we gain a higher regularity than
Proposition 1.1 when ¢ > 0, so that the derivatives in (1.1) are in the strong sense?

e Based on the same initial conditions of (1.2), can we prove the uniqueness of the con-
structed solution in Proposition 1.17

In later sections, we will provide affirmative answers to above three questions. In the
introduction, we will first give a brief description of our strategies and main results.

First, starting from the small perturbation vg — 1 € L' N BV and ug € L' N L™, we
successfully construct the weak solution to (1.1). Note that the evolution equation for v is
hyperbolic, and the one for u is of a parabolic type. Then, the singularities of v will remain
in the evolution, while u will automatically gain regularity when time ¢ > 0. Therefore, the
initial conditions for u can be relaxed compared to vg. Due to the relaxation, the L' estimates
of u becomes more singular, and thus we need more careful treatments on the iteration scheme
estimates. In particular, we do not require the pressure to be of any special form, such as the
Gamma law. Instead, we only require the pressure term to be analytic around a background
constant state. Please see Proposition 4.8 in Section 4 for more details.

Second, the detailed regularity of the constructed weak solution is studied for both initial
conditions (1.2) and the relaxed one, and it is shown that all of the derivatives in the conservative
form (1.1) are in the strong sense. The main difficulty is to gain the estimates of the time
derivative of u, which requires the use of higher order estimates on the heat kernel with BV
diffusion coefficients. Therefore, we refine the estimates of the heat kernel based on the Laplace
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Wave Train criteria in [1], and obtain the pointwise estimates of Hy,. Moreover, we prove
the spatial Holder properties of the heat kernels (see the Holder properties in Lemma 3.1 and
Lemma 3.2 for details), which eventually implies that u; is of Holder class C* in z for any

€ (0,1). Then, all of the derivatives in the conservative form (1.1) are in the classical sense.
We emphasize that, although u, and v are not differentiable individually, the flux formed by
their combination in (1.1) is much more regular.

Third, if ug € BV, based on the regularity estimates obtained, we are able to give an
affirmative answer to the uniqueness of the weak solution. The key point and difficulty is to
show that the BV norm of v is continuous with respect to ¢ around ¢ = 0, so that a proper
function space with higher order regularity can be identified; see (1.6). So far, this regularity
can be obtained by combining the BV norm of uy and the Holder estimates of heat kernels.
Then, all of the solutions with this kind of regularity induce a corresponding heat kernel, which
can be used to represent the solution in an integral representation. Finally, thanks to the
comparison estimates of the heat kernel, we are able to show the stability of the solutions in
this function space, which immediately implies the uniqueness of the solution.

Our main results are stated in the following two theorems:

Theorem 1.2 (Existence and Regularity) Suppose that the pressure p(v) is an analytic
function of v around constant 1, and that the initial data (vg, ug) satisfies the following condition
for a sufficiently small positive number ¢:

[ = 1lr + [lvollBy + [luollLr + [luollze= < 6. (1.4)

Then there exists a positive constant t; such that the Navier-Stokes equation (1.1) admits a

weak solution (v,u) for t < ¢4 in the following function space:
v(z,t) —1 € C([0,ty); L'(R) N L=(R)) N L™ (0,ty; BV(R)),
u(z,t) € L (0, L' (R) N L®(R)),  vtug(z,t) € L= (0,t; LYR) N L¥(R)),  (L5)
tuy(z,t) € L™ (0,ty; L'(R) N L°(R) N CY*(R)).

Moreover, if ug is further assumed to be of small total variation |Jug|lpy < d, then the con-

structed solution is more regular, and in a subspace of (1.5), i.e
v(z,t) — 1€ C([0,t); L'(R) N L=(R) NBV(R)) ,
u(z,t) € L= (0,t; WHH(R) N L=®(R)),  Vtuy(z,t) € L (0,t; L(R)), (1.6)
Vituy(z,t) € L= (0,t; LYR) N C™*(R)),  tuy(z,t) € L™ (0,15 L°(R) N C**(R)).

Theorem 1.3 (Stability and Uniqueness) Suppose that there are two weak solutions
(v*,u®) and (v®,u®) to the Navier-Stokes equation (1.1) in the function space (1.6), subject to

initial data (vg,ug) and (v8,u}), with the condition that
[volly + [lvo = Llzr + [luollBy + [JuollLr < 6,

where 0, is sufficiently small. Then, there exist positive constants t, and C, such that the
following stability holds for 0 < t < t,:

F [va — b ut — ub]
< Gy (Jlug — ubllzs + llug — wbll oy + 1§ = vflloy + 10§ — vfllzce + Ilvg — vhllay )-
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Here % is the functional defined in (4.39). Moreover, this immediately implies the uniqueness

of the weak solution in the function space (1.6) for ¢ € [0, ).

Moreover, the constant C' in Proposition 1.1 is uniform bounded for arbitrarily small é.
Therefore, according to Proposition 1.1, we can choose sufficiently small initial data such that
the constructed solution exists globally in time with small L' and BV norm. Therefore, our
local-in-time results in Theorems 1.2 and 1.3 can be applied to arbitrarily large time, which
immediately implies the regularity and uniqueness of the global solution. Then, we have the

following corollary:

Corollary 1.4 Suppose that the pressure is p(v) = Av™7, that 1 < v < e, and that the

initial data (vo,ug) satisfies the following condition for a sufficiently small positive number §:
llvo = 1| zr + llvollBv + lluollzr + [[uollBv < 6.
Then, the NS equation (1.1) admits a unique global solution in the function space
v(z,t) — 1 € C ([0,400); L'(R) N L=(R) N BV(R)),
u(x,t) € L% (0,+o0; WHHR) N LP(R)),  Viug(z,t) € L= (0, +00; L=(R)),
Viu(z,t) € L™ (0,400; L'(R) N CO*(R)), tuy(z,t) € L™ (0, +00; L=(R) N C**(R)) .

Remark 1.5 1. For a weak solution (v,u) constructed in [1] or function space (1.5), if
one makes an a priori assumption that ||v(-,¢)||pyv is small, then the uniqueness still follows.
However, in order to rigorously verify this a priori assumption, we need to require the smallness
of J|uo|[Bv-

2. In the above corollary, as we directly apply the global existence results in [1], we have
to choose the same setting p(v) = Av~" as in Proposition 1.1. However, according to the proof
in [1], the large time behavior is mainly governed by the linearized Green’s function of (1.1)
around a constant state, and the second order Taylor expansion of p(v) is enough to gain the
global existence. Therefore, we can also assume that for the pressure p(v) to be analytic around
1 and for p'(z) < 0, we can follow similar arguments as to these in [1] to yield the global unique

solution.

The rest of this paper is organized as follows: in Section 2, we will introduce some prelimi-
nary concepts and the heat kernel H(x,t;y, s; p) with a BV coefficient. The pointwise estimates
and comparison principles will be listed in the Appendix, for convenience. In Section 3, we fur-
ther study the Holder estimates of the heat kernel in both the time and spatial variables; this
plays an important role in the regularity analysis in later sections. Next, in Section 4, we will
construct the local solution for relaxed initial assumptions (1.4), and obtain the Holder continu-
ity of the solution. In Section 5, we will represent the solution by a nonlinear integral formula,
and further study the regularity of the solution. The Holder continuity eventually yields the
uniqueness of the solution. The detailed proofs of Theorems 1.2 and 1.3 will also be provided

in this section. Finally, Section 6 provides a summary.

2 Preliminary

In this section, we will provide some preliminary concepts and results that will be used
in later sections. We first give the definitions of the weak solutions, then we introduce the
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fundamental solution for the heat equation with the conductivity of bounded variation, which
is the kernel for constructing the integral representation of the solution to (1.1). In what follows

we denote that

Z:Cl)+
O I ICUILEESD S IOt
R\ 2€9 =
Ifllo= sup 1z A= swp 17y Wlly = sup £, lav.
o€ (0,ty) o€ (0,ty) oe(0,ty)

2.1 Concepts and Definitions

As we study the solution with rough initial data, it is very natural to consider the solution
in a weak sense. We propose the following definition of the weak solution in the distribution
sense:

Definition 2.1 (v,u) is called a weak solution to the equation (1.1) if the following
assertions hold:

1. (v, u) satisfy the equation (1.1) in the distribution sense. More precisely, the following
equations hold for any test function p(x,t) € CE(R x [0, +0)):

/O+OO/R[<PwU—SDtU] dxdt:/R@(w,O)U(:v,O)dx?

/OJFOO/]R {% (#ZI _p) - ‘Pt“} dzdt = /Rw(w,O)u(x,O)dx.

2. The flux of u given by #2= — p is continuous with respect to .

The weak solution of the linearized equation can be similarly defined. Next, we introduce

the equivalent definition of a BV function in [1].

Definition 2.2 A function u(z) is BV if the following assertions hold:
e The function u(x) can be represented as the sum of an absolutely continuous function

and a step function as follows:
u(z) = ue(x) +ug(x), wuc is absolutely continuous, wuq(z) = Z [u](a)H (z — ).
a€ED,a<lz

Here a € 2, and 2 is the discontinuity set of u(x), and H(-) is the Heaviside function.

e The total variation of u(z) is finite, i.e.,
+
/ |ug |dz + Z’U}Z*’ < 400.
R\2 acPD

Note that when u € L., the total variation is actually a norm, and we will denote it by
|lu|lgv. Hereafter, the following notation is frequently used when integrating the derivative of

a BV function:

/ |0u(x)|dz = /|8zuc(:17)|d:17. (2.1)
R\2 R
Here u, is the absolutely continuous part of w.

2.2 Heat Kernel with BV Conductivity

We will briefly review the fundamental solution for a heat equation with BV conductivity,
which was first introduced in [1]. Consider the following equation for a heat kernel H with the
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coefficient p(z,t) being a BV function with respect to z:

{ (875 - 3zp($7t)3x)H(Iat§y,to;P) = 07 t> th

(2.2)
H(z,to;y,to; p) = 6(z — y).

Here the BV coefficient p(z,t) satisfies the following properties for some positive constants C
and §*:
() = Cllr <67, () llBY < 67,
1
B)|loo <0 max | —,1), 0<6* <1, 2.3
o1 (1) (23)

2 :={z | p(z,t) is not continuous at z} .

We emphasize that there is an implicit requirement in (2.3) that the discontinuity set & of
p(x,t) is independent of t. Then, according to [1], the equation (2.2) has a weak solution in the
distribution sense, i.e., there exists a solution H(z,t;y,to; p) such that the following equality
holds for all test functions ¢(z,t) € C3 (R x [0, +00)):

—+oo
/ /(—(th(x,t;y,to;p) + ¢ p0: H(z,t;y, t0; p)) dadt
to R

= /]R (b(xa tO)H(Ia tO? Y, th p) = _¢(ya tO)

In [1], the pointwise estimates of the heat kernel H(z,t;y,to; p) were established (we list these
estimates in the Appendix). These estimates in [1] are necessary but not sufficient to gain more
regularity on the solution to (1.1). Therefore, in the next section, we will introduce new Holder
estimates of the heat kernel; this plays an important role in this paper. We finish this section

with a simple remark.

Remark 2.3 According to [1], we make the following remarks:

1. In order to balance the equation (2.2), we actually have that p(z,t)H,(z,t;y,s;p) is
continuous with respect to z, and also that p(y, s)Hy(z,t;y, s; p) is continuous with respect to
Y.

2. The weak solution of the heat equation (2.2) can be defined similarly as to Definition

2.1. In fact, if the equation (2.2) has a source term in the form

ut(xvt) = (p(a:,t)uz(a:,t)—i-g(x,t))w, (24)

then the mild solution constructed by Duhamel’s principle is also a weak solution to (2.4) in
the distribution sense, provided that g(z,t) is a BV function with respect to . Furthermore,
the flux term p(z, t)uy(z,t) + g(x,t) is continuous with respect to x if one of the following two
conditions holds:

(a) g(z,t) is Lipschitz continuous with respect to x, or equivalently,
192(-, )00 < 003
b) g(x,t) is Holder continuous with respect to ¢ in the sense that
g

)|§M

, O<s<t, O<ax<l.
SO{

|g(.’L‘,t) - g(I,S
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3 Holder Estimates of Heat Kernel

The Holder continuity in space and time of the heat kernel is very important in this paper.
First, the Holder continuity in time allows us to obtain the smallness of v — 1 in the initial
layer, which is essential for the proof of uniqueness. On the other hand, the Holder continuity
in space yields more regularity regarding the flux of u, and thus we can expect the regularity
of u; according to the balance in (1.1). The next two lemmas contain the Holder estimates we
need in later sections, and we will only prove Lemma 3.2 for simplicity, since the essential idea
of the proofs are similar. The interested reader is also referred to [1] for more details about the
techniques.

Lemma 3.1 (Holder continuity in time) Suppose the conditions in (2.3) hold for p. Then
the following estimates hold when ty < s < t < 1:

(t = s) llog(t — s)|
(s—to)(t—to)

t—s) [log(t — s)|

(E—to)s —fo

(t —s)[log(t — s)|
HI at7 at ; _HI 83 at ; < C* )
[Hey (- 5y, to; p) y(5 8910 P)l o (s — t0)3/2(t — to)

(t — s)[log(t — s)|
Hw 7t7y7t07p _HLE 787y7t07p SC* .
([ Hay( ) u( ) (s —to)(t — o)
Lemma 3.2 (Holder continuity in space) Suppose that the conditions of p in (2.3) hold,
that the discontinuity set Z is the same for all ¢ > 0, and furthermore, that for 0 < ty < s < t,

|He (st y, to; p) — Ha (-, 839, t0; p)| oo < Cs

| Hx (- t5y, tos p) — He (-, 39, t0ip) ||y < C*(

p satisfies that
t — s)|log(t — )|
\/E )

/ 1pal,t) — pal, s)] da < 64
R\2

5 : ;

; (3.1)
- p('v S)
z€ED

z

o(t—s)
N

Then there exists a positive constant C. such that Hy,(z,t;y,to; p) satisfies the Hélder conti-

p(~,t>

S

z z

nuity in x-variable

|Ht('r+h7tay7t07p)_Ht( yat()ap
z—y+h

t—t w?
I [Log [1]]* + (¢ — to)™ /V " 0= du,

Vi—to

<_ 0
Tt —to)Vit

|th(.’l,' + h7t7 y7t07p) - th(.’lf,t7 y7t07p)|
2

z—y+h
0 w

§7|h||log|h|| (t — to) /Vt © e E duw,
(t—to)2Vt S

/|Ht(‘r+h7t7y7t07p)_Ht(x7t7y7t07 ) t_tO %|h|7
R

d h|[log |1
Iyw\/—\[l |[log Al|* +

b
|Hyy(x + R, 5y, to; p) — Hey(2, 5y, to; p)| dy S —————=]h|[log |hl|” + (t — to)~2|hl,
~/]R Y v (t — to)V/1 | I

when |h| < 1.
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Proof Here we only give the proof for Hy,; the estimate for H; can be done similarly.
For fixed tg < T < T <'t, set

p'(x) = pla, Th), p"(x) = p(x, To),

N —t —t
H(z,t;y,0) = X(j tO)H(x,t;y,o;uTl) + (1 — X(j to))H(x,t;y,o;uTz) for o € [to,t].
—to —to
(3.2)
Consider the following identity:
/ /H I,t,z,a 3 H(z,0;y,to; p) —az(p(z,0)8ZH(z,U;y,to;p))}dsz: 0. (3.3)

Performing the integration by parts and using the equations satisfied by the heat kernel, we
find the integral representation of H(z,t;y, to; p) in terms of H as follows:

H(x,t;y,to; p)

G’ t()
t;y,t0) / / - (¢ tt‘) (I,t;z,a;uﬂ) —H(x,t;z,a;uT“’)}H(z,G;y,to;p)dzda
to —to

/ / t t ($7t§270§NT1)[P(270) _p(Z7Tl)j|Hz(270';yato;p)dZdo

+/tO/R 1—x(

Differentiating with respect to ¢t and y, one has the integral representation of Hy,. Taking the

¢ :t;)))Hz(xat7 2, U;MT2) |:p(27 0) - p(27T2):| HZ(Z7 o; y7t07p)d2d0

difference of this evaluated at x + h and z, and setting T7 = tg, 1> = t, we obtain the following

equation:
Hyiy(x + h, t;y, to; p) — Hyy (2, £y, 103 p)
= th (x + h,t;y,t0) — th(:zr Y, to)

X/la' to _X/)
/ / X T — X)) [(H(:z:—l—h,t;z,a;uTl)_H(‘T+h’t;z’a;”T2))

t—to
- (H(x,t;z,a;u 1) — H(x,t;z,a;uTz))}Hy(z,o;y,to;p)dzdo

t ’
+/ /t Xt {(Ht(x""h’t;zvo?ﬂﬂ)—Ht(:c+h,t;z,a;uT2))
to JR T — 0

- (Ht(:E?t? Z,0; /J'Tl) - Ht(.’[],t7 2, U;MTZ)):| HU(Zu 03Y, tOvp)dZdO—

X' 53
(z,0) = p(z, Tl)]sz(z, o3y, to; p)
to R

t—to
[ (z+ h,t; 2,0, pu™) — Hz(a:,t;z,a;uTl)}dzda
—to
# [ A o) plas i) it

{th (x+ h,t; 2,0 4T — th(a:,t;z,a;uTl)} dzdo

/t / 1_ U—to)} [p(z,g)—p(Z,Tz)}sz(z,cr;y,to;p)

6
[ Hi@ bt 200 0™) = His(o, 82,00 0%) | dzdo = 30T
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Here 77 = tg, T = t, and we may assume that h > 0, and for simplicity omit the argument

O'—t()

F— of x. Next, we shall estimate Z;, j =1---6 one by one.

For 7, from (3.2), we have that
E[ty(xa t; Y, 0) = th(:E? t; Y,0; MT2)'
It then follows from the estimate of the heat kernel of the time-independent coefficient that

|Il| < ‘th :E+h t; y7t07 ) th(.’lf t y7t07M )|

2

z+h e C('* (;Ei[)) I/Tyto efg_f
< — 7dw. (3.4)
z (lf—to)‘”’/2 N (t —10)?
t—tg
For 75, we have that
to+2 (t—to) e~ élu(;i)j) e_c(:(;f)fo)
|Z| 5/ / / dwdzde
to+ 4 (t—to) ]R\@ (t— tO (t—o) (0—to)
ath o~ &5 S
5/ ﬁdw < (t—to)_2/ T e E du. (3.5)
«  (t—to) N
The estimate of Z3 is similar, and we have that
z—y+h .
Tl S (t—10)> [ V7 e dw (3.6)

For Zy, using |0,p(z,0)| < %, we have that

)2

t0+ t tO) e C('*(t )a) 5(0- —t ) e Ci(aito)
|Z4| §/ / / 0 dwdzdo
t0+ (t—to) R\@ t - to t — 0’)3/2 \/E (0’ - t0)3/2

< 6/w+h e C*(t t()) < 5 /IQ y,t:; 7w_2d (3 7)
e Sxaw. .
R (t—t0)3/2\/— (t —to)Vt J ==
=

For 75, thanks to the cut-off function, the high time singularity ¢ = ¢ does not show up, and
we have that

2

to+ (t—to) xz+h *c*(r (r) 6( —t ) c(*(a )to)
€ g 0) €
<
|I5| / / / t 5/2 \/_ (7 — to)s/g d’LUdZdO’

x+h e c*(r rU) I/ityt:: w2
< (5/ / e S« dw. (3.8)
2 (t—to)g/Q\/_ (t —to) \f
From the above estimate, we know that 7;, j = 1,---,5 are actually differentiable in the

z-variable when ¢ > t.
However, we do not have such differentiability for Zg, because of the high singularity at
o =t. We want to transfer the z-derivative to the other terms to reduce the time singularity.

From the equation of the heat kernel H(z,o;y,to; p), we can rewrite things as
1 z
H Y, tos p) = ——— H Y, to; p)dC.
zy(Z,nyy, Ovp) p(Z,U) [OO Uy(<7gay7 Oap) C
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Using integration by parts and the continuity properties of the derivatives of the heat kernel,
we have that

Ts = // [1—x th(a:+h ,a;uT2>—th(x,t;z,cr;ﬁ)}
R\@

[ ,0) — PZTz

p(z,0)

/ Hoy (¢, 059, to; p)dCdzdo

/ / 1_ Ht(x_'—h aG;IUJTZ)_Ht(xvt;ZaG;/LTZ)]
to JR\2

2 (2, , T (2, T2)
P (Z U) (Z 22) P (Z 2 Z z / Hcry C,O' yat()? )dCdZdU
p*(z,0)

t
+/ [1 - X} Z |:Ht('r+ h,t;O&,O’;ILLTz) - Ht(.I,t;Oé,O';,UJTZ)jl

to ae@

. |: (Z TZ):| / Hgy <7g y7t07 )dcdo_

// [1—x Ht(£v+ht20’u) Ht(w,t;z,U;MT2)]
R\2

[t Tz)
p(z,0)
=:TZ61 + Lo + ZLgs. (3.9)

}Hgy(z o3y, to; p)dzdo

For Zg1, we first write
Pz (Zv O’)p(z, TQ) — Pz (Za TQ)p(Z, 0)
= [p:(2,0) = p-(2,T2)| p(2, T2) + p=(2,T2) [p(z, T2) — p(z,0)].

Then we have that

z—y2
|I|</ / / emg)| (2, T2) = pa( )|e_C(*Tjt°)d d=d
61 pz(2,Ts p:(z,0)| ———=zdwdzdo
t()-‘r t t()) R\@ 2 ( _t0)3/2
__G=w?
e C*(t o) e Cxlo—tg)
+/ / / |pz(2 T2)| |p(2 T2) (Z 0')| dedzdd
to+1(t—to) JR\2 —0)? (o0 —to)
= 161;1 —I—IGLQ. (310)

Noticing that

R e () eozth -8 1 h
/ — w—/ dw < min (1, —),
- (t—o0)? (t—0)3/2"" ™~ (t—0)3/? Vt—o

and recalling the Holder-in-time assumption (3.1),

ylog (t— O')‘
\/E 3

[ o) = e o)l dz 5 6%
R\2

we obtain that

K 5 h (t — o)|log(t — o) 1
To11 S ————min(1, d
61;1 S /toJr%(tto) (t— 0)3/2 mlﬂ( m) NG (o — t0)3/2 o
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= 75 /% [ log o] min (1 i)do
S (t—to)ivE o NG G

h2 t=to
< ] i / |1oga|da+/ 3 h|loga|da
(t—to)svt [Jo Vo h2 o

6
S— {h| log h| + h|log k| ] for h < 1. (3.11)
(t—to)2 VT
Here we assume that h? < %, and the estimate still holds for other cases, as can easily be
seen.
As for Zg1,2, we have that
t
1 h it — o) 1
To1:2 5/ ———min(l, —— {/ lp2(z,T2)| dz do
ey T =D, VTR
t— to h
min —)do
Seorih | v
62
5—————{h+hbiﬁ, for h < 1. 3.12
T e (3.12)

Next, we consider Zgs. In view of the identity
[p(szz)]z_a+ _ (p(a®,Ty) — pla”, o)) (ple”, 0) — pla”, T))
p(:0) | o plat, o)pla=,0)
[(pla® T) = pla™ T2)) = (plat,0) = pla™, ) |pla™ . T2)
oot o)pla=0)

+

)

the estimate

T2 5(t — o)
z,To) — p(z,0)| = (z,7)dr| < ,
e T) = pleo) = | [ prtem) —
and the Holder continuity assumption (3.1), namely that
at at 52t —o)
) T: - 1% 5 - 5
Do | To)| = (o) 7

acg

we have that

(w—a)?

t z+h T —o)
€
Teo| < ——dw
| 62| ~ Zo+§ — Z /; (t - 0)2

(t—t0) aeg
(a=y)?
at 5(1}_0) ot ot e Cxlo—tg)
. [‘p(,Tg)‘a \/E + ’p(.7T2)‘a* —p(.70')’a7 :| mda
</* min ( )82(t—0) 1 .
o
~ to+ 3 (t—to) (t_a)g/Q Vi (U—to)g/2
h
min (1, —=)do
S 1) \f/ 7 (b 72)
62
<———|h+hllogh for h < 1. 3.13
T o, (313)
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For Zg3, by Lemma A.1 and property of p, we directly have that

2

z+h C*(t a) 5 t— c(*(a = y
|Z63] </ / / ¢ (t-o)e " dwdzdo
to+i(t—to) JR\2 (t—o) Vit (0 —t9)?

x+h e C*(t 10)
—————dodw
(t —to) \/_ toti(i—ty) Vi—0
2

z—y+h
Vi—to _%
« dw. 3.14
t—fo \/_/ ( )

Eventually, combining the estimates (3.5)—(3.14), we can conclude that, when |h| < 1,

Ith(x + h,t;y, to; p) — Hyy (2, 85y, t0; p)|

z—y+h
JVi—t w?
|h||1og|h|\ (t —to)™ / *em o duw.

tto

(t

Now we address the issue of how to adapt the proof to get the Holder-in-space estimate

of Hy(x,t;y,t0; p). Instead of using the approximate heat kernel H in (3.2), we consider the

following equation:

t
/ / H(z,t;z,05u") [BUH(Z, oy, to; p) — 0 (p(z, 0)0.H(z,0;y, to;p))}dzda =0. (3.15)
to

We use integration by parts to yield that
H(x7t7y7t07p) H‘T t; y7t07 )
/ / H.(z,t;z,00u") [p(z,T) —p(z, 0)] H.(z,0;y,t0; p)dzdo.

Differentiating with respect to ¢ and setting 7" = ¢, one obtains the following expression of
Ht(xa t7 Y, t07 p)

Ht(‘r7 t7 Y, t07 p) = Ht(xa t7 Y, tOv Mt)
t
+ / / Hyi(,t; 2,05 1) | p(2,t) — p(2,0) | H.(2, 03y, to; p)dzdo.
to JR
Taking the difference of the result evaluated at = 4+ h and x, we have that

Hi(z + h,t;y, to; p) — He(z, 85y, to; p)
= Hy(z + h,t;y, to; ) — Hy(x, 5y, to; 1)

L (t+to)
/ / [Heo(z + bty 2,05 1') = Hyz (0,8 2,05 1) [p(2, £) — p(2, 0)]Hz (2, 03y, to; p)dzdo
to

+/ / th(x+h,t;z,a;ut)—th(I,t;z,a;ut)} [p(z,t)—p(mU)}Hz(z,cr;y,to;p)dzda
t-‘rto)

=Nh+T+ T3
The estimates of J; and J> are straightforward, and we have that
z—y+h R z—y+h 5
|71 S (t—to 7%/ MemEdw, RIS / L ¢ Eaw
sy Vi— tmf

Vi—to
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The estimate of J3 is analogous to the term Zg in (3.9), and following the similar argument
we find that

|T5] < h|logh|2, for h < 1.

0
(t—to)Vt
Finally, if we first integrate with respect to the y-variable for Zg; in (3.10) and Zgs in (3.13),

then, following a similar argument, we get that

2 _
/Ith(x+h,t;y,to;p)—th(x,t;y,to;mldyﬁ h|[log |h]|” + (t — to)~|Al.
R

)
(t—to)Vt

Similarly,

2 _3
/IHt(w+h,t;y,to;p)—Ht(:v,t;y,to;p)ldys |hf|log |h]|” + (t — to) % |hl.
R

5
Vi—toVt

We have therefore completed the proof of this lemma. O

Remark 3.3 We remark that in obtaining the integral representation of Hy,(x,t;y, to; p),
we first take the derivative with respect to ¢ and y, and next set 77 = ¢y and 15 = ¢, so every
term is well-defined. If reversing the order, namely, if we first set 77 = to and T5 = ¢, and next
take the derivative, then one needs to calculate the variation of the heat kernel with respect
to the conductivity coefficient, which makes the estimate more complicated. The rationale of
our computation can be justified as follows: when we represent H(z,t;y,to; p) in terms of H
in (3.3), we can replace the time integral interval to [t1,t2] with tg < t1 < t2 < t, and get the

time boundary terms

/H(z,tz;y,to;p)fl(w,t;z,h)dz and /H(z,tl;y,to;p)ﬁ(:&t;z,tl)dz,
R R
rather than

H(‘T7t7y7t07p) and ‘H(‘T7t7y7t0)

respectively. When the integral does not touch the time singularity ¢y and ¢, the differentiation
with respect to ¢ and y works well. After that, we set 171 = tg and T» = ¢, and let ¢; tend to
to and to tend to . Now, because of the choice of T} and 7%, the space-time double integrals
are all well-defined, while the boundary integral tends to Hy, and ﬁty in the distribution sense.

We thus get the integral representation of Hy, in terms of flty.

4 Local Solution with Holder Continuity

In this section, relying on the heat kernel for BV conductivity, we will design an appropriate
Picard iteration scheme, and show that it is convergent, which in turn constructs a weak
solution that is local in time of system (1.1). Moreover, the Holder continuity of the iterative
approximated solutions will directly imply the Holder continuity of the limit solution.

For simplicity, we set the constant state of perturbation to be (v,u) = (1,0), and assume
that the initial data (vo,uo) = (1 4 v§, ug) satisfies that

logllBv + llvgllLr + llugllzee + llugller <& < 1. (4.1)

Note that the infinity norm of L'-integrable functions can be bounded by their BV norm, so we
actually know, from (4.1), that the L° norm of v is bounded by §. Denote the discontinuity
set of v; by 2.
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4.1 TIteration Scheme

In this part, we will construct the iteration scheme and the corresponding approximate
solutions. As the lower order estimates can be constructed similarly as to [1], we will omit
the detailed proof. Instead, we mainly focus on the higher order estimates and, in particular,
the Holder estimates; that is new contribution, and plays an important role in the uniqueness

criteria. We consider the following standard iteration scheme for n > 0:

n+1 n+1 __
‘/t - Uz - Oa

n puz n
Uttt - (1+V") =—p(1+V")a, (4.2)
(VnJrl’UnJrl)‘ _ (v87u8)

Here the initial step is set to be
(V2,U°) = (0,0).

Next, we estimate (V1,U!), which is governed by a homogeneous equation, since the right-
handside of (4.2) vanishes due to the choice of the zeroth step. As the estimates are classical,
we omit the details and directly provide the following estimates:

Lemma 4.1 Suppose that the initial data (v§,u) satisfies the condition (4.1). Then,
there exists a positive constant Cy such that the following estimates hold for V! and U*:

ma ([0 0 s 00 s VEIUEC Oy VETRC O s ORI} < Cob,

max{ﬁuvf«,wuw, [ v o Vol ||v1<w,t>||m} <0<t

, 2€92, 0<t<],

t —
/ |Vzl(x,t)—le(x,s)|dx§Cn—sé, 0<s<t<Ll
R\2 t

Now, in order to apply mathematical induction to construct the estimates of the sequence of
approximate solutions in (4.2), we need to propose an appropriate ansatz, which is inspired by
Lemma 4.1. Suppose that

0<d,ty <1,

and the following induction hypotheses hold for the solution (V™,U™) to (4.2) when n < k:
0<6, typ<l, 1<n<k, 0<t<ty,

max { |07 (0l W07 e s VENUZC O s VEIUZC 0] | < 2G50,

max / |Vz"(x,t)|dx, ”Vn('vt)Hle an('vt)”L,w’ \/E”V;n(vt)”Loo < 201157
R\2 e ° ° (4.3)

/ [V (x,t) — V. (z, s)|da < 2Cn(5[t_—s + (t — s)|log(t — s)ﬂ, 0<s<t,
R\2 t

$:Z+ $:Z+

Vn('at)

<2

v ()

By Lemma 4.1, the initial step (V!,U?!) fulfills the ansatz (4.3). In what follows, we will show
that (VKL UFH1) also satisfies the ansatz (4.3).

, Z€9.

r=z

r=z

@ Springer



1690 ACTA MATHEMATICA SCIENTIA Vol.43 Ser.B

Remark 4.2 Note that in ansatz (4.3), the L' norm [|U;(-, )1 has singularity \/LZ near
t = 0; this is because we only assume the smallness of ||u||1npe. This singularity causes some
difficulty when we close the ansatz (4.3). Moreover, we lose the continuity in time of V" in BV
norm when ¢t = 0, so that we cannot prove the uniqueness of the solution in this case.

On the other hand, if we further assume that ug satisfies assumptions stronger than (4.1),
ugllzinBy <0 <1,

then in the initial step, by transferring the spatial derivative to the initial data, we can easily
get that [|[UF1(-,t)|| 11 < 2C48. Thus, the Holder estimate of the BV norm of V™ becomes
t—s

Vit

Then we take s = 0 to imply that V™ is Holder continuous in the BV norm at ¢ = 0; this plays

/ Vo)~ V(e slde < 2060, 0<s<t,
R\

an important role in the proof of the uniqueness of the solution.

Now we are going to close the ansatz (4.3). For simplicity of presentation, we introduce
the notations

7
/Jzk = H—‘/k, le(w,t) = — mp(l + Vk) (44)

From the initial condition (4.1), the iteration scheme (4.2), and the above ansatz (4.3), we know
that U¥*! is governed by heat equations with BV conductivities and sources. Notice that the
ansatz (4.3) implies that the conductivity p/(1 + V*) satisfies (2.3). Therefore, according to
Lemma A.1 and Remark 2.3, one can apply Duhamel’s principle to construct the weak solution
(VF+L UF+1) to equation (4.2) as follows:

t
U t) = [t o) ity + [ [ () p0 Vs, (49
0
t

VR (1) = v (2) —I—/O U (2, 5)ds. (4.6)

We shall prove that, for sufficiently small § and ¢4, which are independent of &, the ansatz (4.3)
holds for (VK +1 U*+1) as well, which implies that the ansatz holds for all £ > 1, by induction.
As the proof is lengthy, we will split it into lemmas concerning the estimates of U**! and VF+1,

respectively.

Lemma 4.3 (U¥T!) Suppose that the initial data (v, uy) satisfies the condition (4.1),
and that the ansatz (4.3) holds for n < k. Then, the equation (4.2) admits a weak solution
(VEHL UF+1) with the flux % — p(1 + V*) being continuous with respect to x. Moreover,
for sufficiently small 6 and t;, the ansatz (4.3) holds for U**! when 0 < ¢ < t;.

Proof The existence of the solution is guaranteed by Lemma A.1 and Remark 2.3. Note
that U1 is a weak solution to the second equation in (4.2), which can be written in conservative
form with the flux (ﬁlﬁjkl —p(1+ Vk)). Therefore, the continuity of the flux follows from
Remark (2.3). In what follows, we will only provide the first order estimate in infinity norm,

and the other estimates can be constructed similarly. From the representation (4.5), we can

derive a representation of U1 as follows:

t
Ukt :/RHI (2,t;y,0; %) UE‘>(y)<1y+/O /R\@ Hay (2, 83y, 5 4%) p(1 4+ VF)dyds.
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One applies Lemma A.1 to get that

(z—y)2
. e~ Cxt . xC3 . Cyd
/!Hx (x,t;y,O;u’“)\IuO(y)IdySO*/ —dylluglle =/ —llugllee < “ @
R R t t \/E

where C is constructed in Lemma A.1, and Cy is adjusted so that /7C? < Cy. One splits the

inhomogeneous term into two parts:

t
// Hey (z,t1y, 53 4%) p(1+ V¥(y, 5))dyds
0 JR\2

t
/ / Hay (., 5:6%) p(1+ V¥ (y, 1)) dyds
0o JR\2

+ / / Hay (2,159, 5 1) (p(1+ V¥ (5, 8)) — p(1+ VE(y,1))) dyds
0o JR\2

For the estimate of 71, one applies integration by parts and takes into account the discon-
tinuities of V* to yield that

t
L:// Hyy (z,t;y, 5 1%) p(1 + VF(y, 1)) dyds
0 JR\2

:/ [_/ Hy (2,3, 5:6°) 9y (p(1+ V*(y,1))) dy
0 R\2

Y=z

+ > He (9,5 6%) p(1+ VE(y,1)| +]ols =T + Tho.
2€9 v=

For 713, one combines the ansatz (4.3) and the estimates of the heat kernel in Lemmas A.1 and

A2 to obtain, for 0 < ¢t <y, that

|Z11| =

t
// Hy (,ty,550%) p' (14 VE(y, 1)V, (y, t)dyds
0 JR\2

z—y|?
—om [ e M =0t [ Wi
where the last inequality holds for sufficiently small ¢;. For Z;2, noticing that Lemma A.1 shows
that H, (x,t;y,s;u¥) is continuous with respect to y, and that p'(1 + V*(y,1)) is uniformly
bounded thanks to ansatz (4.3), one combines Lemma A.l, initial condition (4.1), and the
ansatz (4.3) to have, for 0 <t < ty, that

t y=z"
|Il2| = Z/ Hw ($7t7y787uk) p(l + Vk(yvt)) +d8
2€9 70 y=s
_le—yl® X y=2" _de—ul® N
< C,e Tl Z Vv (y,t)’ N < C,e T-9 2|vg () )
z2ED v=z 2€9 =
Cyd
< O)||lvg < —
<OWlillov < 22

for sufficiently small ¢;. This finishes the estimates of Z; in (4.8). Next, for 7, one applies
Lemma A.1 and the ansatz (4.3) to get that

|Zo| =

/ / Hey (z,t;9,551%) (p(1 4 V*(y, 5)) — p(1 + V¥ (y, 1)) dyds
0 Jr\2
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t t
/ / Hyy (2, t;y, 5, 17) / 8y (p(1 + VE(y,7))) drdyds
0 JR\Z2 s

t t
_o(1) / / / |Hay (2 81y, 5 18] |V (9, )| drdyds = 0(1)5vE < Z22,
0 JR\? Js ‘ 4Vt

where the last inequality holds due to the smallness of t;. Now we combine (4.7), (4.8), the
estimates of 711, Z12, Z> and the representation of Uf"’l together to yield that

Cyé 2C46
Ut e < 25 4|7y | + |To| + |T5] < 225, 4.9
[0S+ 3 < 2 + 1T + [T + T < =% (4.9)
The other estimates can be obtained in similar manner. O

Lemma 4.4 (V¥t1) Suppose that the initial data (v, ug) satisfies the condition (4.1),
and that the ansatz (4.3) holds for n < k. Then, the equation (4.2) admits a weak solution
(VEFL Uk+1) and the ansatz (4.3) holds for VF+1 when 0 < t < t4 for sufficiently small § and
ty. In addition, the following Hélder continuity holds for 0 < s <t < ty:

t—s
> <O0(1)5—.
2€9 \/E

Proof We will only show the jump estimates and the Holder estimates; the other esti-

2t 2t
T an(7 S)

z

V(1)

x

2=

mates are constructed similarly.

x:z+
o (Estimate of ‘Vk+1(~, t) |w:z7 ) We estimate the jump of the specific volume. According
to Remark 2.3 and Lemma 4.3, we know that (% —-D (1 + kal)) is continuous with
respect to x for £ > 1, which implies that
2t ot 1+ Vk uUk-i—l 2t
Vk+1 . t — U]i?"rl . t — T 1 Vk 1 V]i}
t (,)z* x (7)27 L 1+Vk p( + )+p( + ) —
1+ VR Ut 1+ VE) (p(1+ V) ="
12 z~ 1 + V 12 z~
VEet Ukt L+ VF) (p(14VF)) ="
_ (,u T k_p(1+vk)>+( )(p( ))
z~ 1 + V 12 z~

We integrate the above equality with respect to time from 0 to ¢, and apply the ansatz (4.3)
and the estimates in Lemma 4.3 to yield that

2t 2T t k(. g 2t k+1
vl < ol |+ | [ (R (S - vh) G
N (L+V*(,s) (p(1 4 VE(, 5)) z+)ds‘
u -
Nl R A B L ool
<Jiel |+ 5 <1—||Vk||L;o +O(”> RSEALGSRE
N t 1 o
< Uo(') B +O(1)/O (1—1—%) ds Uo(') zf
- (1+O(1)t+0(1)\/i) v (<2060 |, o<t<t,  (a10)

where the last inequality holds for sufficiently small ¢;.
e (Holder continuity of fR\@ |VEFL(2,t) — VFH (2, 5)|dr)  We study the Holder continuity
of the specific volume V**1. Actually, the Hélder continuity of V**1 relies on the Holder
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continuity of V¥, which is assumed to hold in ansatz (4.3). For x ¢ 2, we can express V.*+1(x,t)
as follows:

t
VI at) = (), + [ U (@0)ds
0

t
+/ /Hm (2, 83,0, 1%) g (y)dyds
0 R
t s
+ / / / Haay (2,55, 7 1%) p(1 + VE(y, 7))dydrds. (4.11)
0o Jo JR\2

Using this, one has the estimate

/ ’Vf"’l(:v,t) — ka"’l(:v, 3)’ dz
R\2

t
S/ / /Hm(w,o;y,o;uk)ué(y)dydo
R\Z |Js JR

t o
+/ / / /Hmy(af,cr;y,r;uk)p(l +V¥)dydrdo
R\2 |Js JO JR
=711+ 1o. (4.12)

dx

dx

When s < t/2, by the estimate of fR\@WIkH(x’ t)|dz, one directly has that
/ ‘Vf“(m,t) — VY (a, s)| da < / ’mG"’l(:v,t)‘ dz +/ ’Vf“(m, s)| dz < O(1)s.
R\2 R\2 R\Z

Therefore, it suffices to consider the case where t/2 < s < t. We shall estimate Z; and Zo,
respectively.

o (Estimates of Z;) For the first term Z; in (4.12), we recall the definition of u* in (4.4)
and apply Lemma A.1 to obtain, for x ¢ 2, the following estimates:

t
/ Hyo(z,05y,0; 4%)do

= Vf(x,O)/ (H(w,t;y,0; %) — H(w, s;y,0; p")) dw

t 1 1
+ Vzk(a:,O)/S <1 + Vk(x,0) 1+ V’“(:v,O)) Ha(2,079,0;u")do
(1—|—V’C ) ( (z,t;y,0; 1) —H(:C,s;y,O;uk))
(1+V¥*(,0)) — (14 VF(z,0)) Hy(x,05y,0; uk)
)/ ( 1+ V¥k(z,0) )&E( 1+ Vk(z,0) )do

"o (L VR@,0)) = (1+V¥z,0))\ (Hlz,03y,0;4%)
+(1+V’f(gc,0))/s aw( TV 0) )( T+ VE(r.o) )da.

+ (1+V¥(z,0)

We integrate the above representation with respect to y and x for ¢t < ¢4, apply Lemma A.1
and the ansatz (4.3) to obtain the estimates of Z; in (4.12) as follows:

7, <

wa(, 05y, 0; 1*)do| |ug(y)|dyda

R\2

g0(1)52/ —do +0(1 52/ / |VF(, HLaodTTda—i—\/wC?’ 1+ 2C40) 5/ —do
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t
+0(1 5// |VEC,7)|| poedr— d0—|—0( )62/ .

s Vo
< (V/7CF + 0(1)5) dlog( yyo)st=2
Vit
t— t
<0y S, S<s<t<h <l (4.13)

Here the last 1nequality holds for properly large Cy and sufficiently small J.
o (Estimates of Z3) Next we consider the second part Z; in (4.12). We change the order of the
integration, and apply integration by parts to obtain that

S t
Izé/ / / U Hm(x,a;ym;uk)dff] Oyp (1+ V¥(y, 7)) dydr
R\Z |J0O JR\Z LJs

:a+

+~/R\@ / 2 [/ Haa(, 03y, 75 p")dop (14 VE(y, ))} dr| da

a€ED y=a~

dx

t ¢
+/ / / U Hm(af,cr;y,r;uk)do} Oyp (1+V*(y, 7)) dydr| dz
R\2 |/s JR\Z T
y=a*t
—I—/ / Z [/ Hy, (x,05y,T; 1 )dap (1+Vk(y, ))} dr|dz
R\2 |J/s Q€D y=a~
=T+ T+ T35+ Ty (414)

In what follows, we will denote the pressure term p (1 + V*(y,7)) by p(y,7), for short. Now,
similarly to before, we will take advantage of the estimates of the time integral of H,,(z, o;y, 7;
u*). Actually, for T}, we can use the heat equation to represent H,, by H; and split the integral
into several terms as follows:

T1§/ // Vi (x,T) U (H(z,t;y,r;uk)—H(z,S;y,T;uk))dZ}ayp(y,f)dydf
r\2 |Jo JrR\2

— 00

dx

° E(pk (2, 0)—pF (2, T

+/R\@ /O/HWVI’“(LT) V GG )M” &, ))Hx(x,a;yﬁ;#k)da] Oyp(y, 7)dydr| da
+/]R\@ /OS /R\@ (14 V(. 7)) [H o, try, 73 0%) = Hw, 39,73 1%)] 0,p(y, 7)dydr| da
+ o / /R\_@ (1+ V¥, ) 8yp(y,7)

[ @ il;(x’T)) Op (1" (z,0)Hy (x, 03y, 75 1)) da] dydr|dz

/\_@ / /R\@ (1+V*(x,7)) 8yp(y, 7)

' l/ O <(uk(x Zg(xi];(x TD) ﬂk(faU)Hx(I,U;y,T;uk)da] dydr|da

- ZS:T”’ (4.15)
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where ¥ = /(1 + V*) is as defined before. Now, we apply Lemma A.2 and the ansatz (4.3)
to obtain the estimates of T7; of (4.15) as follows,

ta<om [ [ [ [ VEen| S 0.7 dodydrds
R\2 Jo JR\2 Js og—T
0(1)52(15 —s) |log(t — s)].

Here the last inequality holds due to the fact that 0 < s <t <ty < 1. With similar arguments,
we obtain estimates of the other parts as follows:

Ti, sO(l)/R\_@/OS A\@Lt|vzk<x,r>|

(z—y)?
T Cu(e-7)
sup [VhoVF(z, h)’ 7—67 |0yp(y, 7)| dodydrdz
r<h<o Vo
<0(1 )(53@,

e C*(U T)
rasom [ 1] [ e byl dodudrds < 036 - ) ot )1
R\2 R\2

oo [ [ [
R\2 R\2

(z—y) (z—y)

2

o5 b e~ Tioom
CErS Tk + |Vx I,O’)‘ E— |0yp(y, 7)| dodydrdz
t—s)s
o=
<0(1) v

T y2
s bk A e
ts<om [ [ [ [ (Vimo) + Vi) S 0,p( )] dodydrda
R\2 Jo JR\2 Js o—-T
(

1)6%(t — s) [log(t — s)]|.

Collecting the above estimates of T7; and combining with the estimate (4.15), we obtain the

estimate of T; as follows:

T, < O(1)8 [(t _ o) [log(t — s)| + & \_/;)85} . (4.16)

The estimate of the other terms can be obtained in a similar way, therefore we omit the details

and directly provide the following estimates:

T, < O(1)8 [(t _ o) [log(t — s)| + & ?/;ﬁa} , (4.17)
T3 < O(1)8(t — 5), (4.18)
Ty < O(1)d(t — s). (4.19)

Now we substitute the estimates of T; in (4.16), (4.17), (4.18) and (4.19) into the estimate
(4.14), and apply the fact that § < 1 and 0 < s < ¢t < 1 to obtain the estimate of Z as follows:

T, < O(1)5(t — s)llog(t — s)|.
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Now we substitute the estimates of Z; and 7 into (4.12) and choose Cy properly to obtain that

/ VI (2,t) — VEY (2, 5)| da < 20,15[“—8 + (t = s)llog(t — s)] .
R\2 t

Z+ Z+
e (Hélder continuity of Y |VF(-, )| —VF1(-,s)|_|) In the final step, we will pro-
z2ED
vide the Hélder continuity of the total jump, and thus we know that the BV norm of V" is

Holder continuous with respect to t. The proof follows directly from the representation in Step

3. Actually, we apply the representation of V**1 and follow the estimates of (4.10) to obtain

that
S ol —veres [<om [ (1422 ) e S0 | < oms =2
V., ot -V "8 <0(1 / (1+—) dr v5 (- < 0O(1 .
2€9 = = 8 VT 2€9D = Vi
This finishes the proof of the lemma. O

Remark 4.5 We provide several remarks on the a priori estimates.
1. The construction of Cy depends only on C, and the coefficients of the initial step, i.e., u,

x and ¢,. When § < 6* for some fixed positive number 6*, we have that will be uniformly

bounded according to the ansatz (4.3). Thus we immediately obtain th;‘;he coeflicient C is
uniformly bounded when we apply Lemmas A.1 and A.2 to the estimates of (4.2), because the
heat equations in (4.2) have uniform bounded heat conductivity ﬁ Therefore, we conclude
that Cy and C, are both uniformly bounded when ¢ is small. Moreover, as the choice of the
small time ¢4 only depends on Cy, we know that ¢ is small but uniform when § < §*.

2. Note that in Lemma 4.4, we obtain that V**! is BV in the sense of Definition 2.2.
Actually, we obtain the expression of U¥ as follows:
14+ VFE Ukt
- (1 TVF

P

U§+l('7 t)

z

(V) 101 +v’f>)

Since (H“V—U,f,l —-p (1 + V’“_l)) are continuous, the above formula immediately implies that
VF+1lis BV if and only if V¥ is BV in the sense of Definition 2.2. Therefore, we only need
to show that V! is BV. As U! is a solution of a homogeneous heat equation with a constant
coefficient, we know that U! is smooth. Thus, V! is BV as v is BV, and it has the same
discontinuities as the initial data vj. Therefore, we can combine the estimates in Lemma 4.4
to conclude that V*+1 is BV in the sense of Definition 2.2.

3. From the ansatz (4.3), we have the BV estimate of V™ as follows,

HV"nBv:/ 0.V, )lde + 3
R

z2€D

P

V’ﬂ

<2046 +2)
z€ED

v ()

< (2Cy + 2)4.

4. According to the analysis in Section 2, we know that Hy,(x,t;y,to) is a well defined
function when x and y are not at the same discontinuity. Moreover, from the expression of

H,.(z,t;y,to) in Section 2, the following integrals are also well defined functions for x ¢ 2:

/ /Hm xsy,Ou)uO )dyds, / / / Hypy :Csy,Tu) p(1 + VF)dydrds.
R\2

4.2 Convergence of the Scheme

In this part, we will show the convergence of the sequence of approximate solutions (V™ U™)

constructed from the iteration (4.2). We will mainly focus on the jump error estimates between
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Vntl and V™, in which we carefully take advantage of the analyticity of pressure p to yield the
control of the error.

By taking the difference at the (n + 1)-th and n-th steps, we get the equation for the
difference between two consecutive steps:

o, (vt —v™) — o, (U —U™) =0,

n+l ny _ K (Un+1 - Un)x _ /J’Ug (Vn — Vn_l) n n—1
G ‘%( v )T % e vma gy ) TN
V" (z,0) = V™(z,0) = U (2,0) — U™(z,0) = 0.

(4.20)
Here, for simplicity of presentation, we employ the notations
u n m— n n—
/Lk = H—‘/k, Nl _Nl 1:—8;3 (p(1+V )—p(1+V 1)) (421)

Lemma 4.6 (U™t} — U™) There exists a positive constant C, such that, for sufficiently
small 6 and ¢, the error of velocity between two iteration steps has the following estimates
when 0 <t < ty:

|@ =0 (0l < G (Vi 8) IV =V

|t =vm) (ol < 6 (Vits) [[ve - v

1°

\/E n n n n— n n—
H%HW%“—anumusq(ﬁ+@mw_wfwu+mv_v oy
n n—1 \/F n n—1
v =yl + || @z -oey)||).
\/E n n n n— n n—
Togg U5 = U2) (0l < 6 (VE+8) (Ve = vt + IV = v,
n n—1 \/; n n—1
IV =Vl + || e @2 -0

\/F n _ yrn—1
[log 7| (Um Us )

|

L)

Proof For simplicity, we will only show the detailed proof of the zeroth order estimate,
as the higher order estimates can be obtained similarly. From the equation of difference (4.20),
one has the representation

t ur(vr—yn-l
(Un+1 _ Un) (x,t) — / / Hy(;zj, ty, T ‘un) (M Y ( )
0 JR

T+VY) 1+ VD)

(y, 7)dydr (4.22)

+/0 /RHy(w,t;y,T;u") (P(L+ V™) =p(1+V"h) (y,7)dydr.

By Lemma A.2 and iteration estimates (4.3), we apply the representation (4.22) to obtain the
following L°° error estimates:

(
(o]

t -5 5 B
(U™ —U™) (2, 8)| < 0(1)/O /RetTF V" =V (y, 7)dydr

z—u)2
‘ eic(w*Tij) n n—1

+O(1)/ /7t [V =V (y, 7)dydr
0 JR - T
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Dafffv = vl + oV - vl (4.23)

With similar calculations, we find the Ll error estimate as follows:

oty
/ ‘(U”Jrl -U") (x,t)’ dx < O(l)/ / / wi ’V” — V"il‘ (y, 7)dydrdz
R
e~ C*(t 7—) .
+0(1 / / / -vn | (y, 7)dydrdx

Laffv — v 1IH1+0 Wvellvr=veily. o @24)
O

Next we study the iteration error estimates of V™. Differently from the previous estimates
for U™, as V" is a BV function, we need to further estimate the evolution of the error for the
discontinuities. The estimates are summarized in the following Lemma;:

Lemma 4.7 (V"T! — V") There exists a positive constant C, such that, for sufficiently

small 0 and ¢y, the error of velocity between the two iteration steps has the following estimates
when 0 <t < ty:

Vi (a,t) = V@, t)] < Gy (54 VE) IV = Voo,

HVn-i-l(.,t) =V, t)h <G, (6+ \/E) }an - V"_lwp

Z+ Z+
(VP (1) = V(1)) <G, (5 + \/E) Vit sup (V1) = V(1)
z= o<r<t z-
waa (v - v+ | g e - ),

IVt = Vrealey < G (Vi) (v = v+ v = vy

#0 (V4 8) (17 =V + | 2

(Un+1 Un

|

|log 7|
Proof First, one directly has the equation for V"1 — V™ as follows:
o (VM =V =0, (UM —U") =0,

o, (Un+1 _ Un) 9, (:u (U"Jrl — U")w)

1+vn

S N (4.25)
——8x(p(1+V")—p(1+V"—1))+3x(“(V _V)Uw>7

(1+Vn)(1+Vn-1)
Vrl(z,0) — V™(x,0) = U™ (2,0) — U™(z,0) = 0.

Then one applies Duhamel’s principle to solve the error of U™ in the second equation of (4.25),
and substitutes it into the first equation in (4.25) to obtain that

VnJrl(Ia t) - Vn(xa t)

t t
= [ ][ s (14 V) < b0+ V) (g r)dsdyr
0 JR\2 JT

t t n n—1 n
p(Vr-v )Uy
+// /Hz T, 8y, T " — y, T)dsdydr. 4.26
o S ), T Na+vmasvey ) w7 (420
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Now, for the L norm and L! norm estimates, the equation of the iteration error is used to
yield the desired estimates. For the jump estimate, the representation of the jump in (4.10)
and the analyticity of pressure p are employed. Moreover, the Holder continuity proven before
plays a crucial role in the estimates of the BV estimates. For simplicity, we will only show the
detailed proof of the BV estimates.

e (Step 1: Jump part) First, for the jump estimate, recalling the representation of the
jump in (4.10), one has the following representation of the jump error:

d n+1 n =
S =vien) [
Vel Vn—l 2t /J,Un+l
=(—- z 1+ V"
(u I )z(HV" Pl + )>
LV (ot ) (v
0l 1+ Ve A+VrD(1+Vvn)

+p(l+ V" —p(1 + V"))

z

2t 1 vn + 1 Vn—l s

(p(l + V(M) —p(1+ V"_l(z+)))

2t V(z Vn—l — P Vn—l —
Now, all of the above terms in (4.27) have proper estimates except for the last term, in which

z

+p(1+ V")

(4.27)

we have to take advantage of the good structure of pressure p to yield the desired estimate.
Indeed, as p(s) is analytic around s = 1, without loss of generality, we may assume that p(s)
has the following expansion around 1:

+00

p(s) =Y (s —DF, [s—1] <rp < 1. (4.28)

k=0
Then, the jump of the comparison of pressure can be expressed by the expansion (4.28) as
2t

1+V") —pl+V"h)

2=

(n(
400 k

=Y e (VP =V = (Vi =V Y (R vy
k=0 i=1

+oo k k

+ Z cr (fol _ Vlzfl) (Z(Vf)k—z(vny—l _ Z(Vfl)k—i(vnl)i—l)
k=0 i=1 =1
=71, + Lo. (4.29)

Now we assume d to be sufficiently small such that 2C4d < ro. Then, for Z; in (4.29), we simply
apply the ansatzes (4.3) and (4.28) to obtain that

400 o+
[T < 0 | (Vi - V) - (V]rl1_Vn1)‘Z|Ck|k5k_lSo(l)‘(vn_vn_l) ‘

2=

k=1
Similarly, for 75 in (4.29), we apply ansatzes (4.3) and (4.28) to yield that
+oo k
|Z2| < |Vf71 _ V_nfl‘ Z Z |Ck| |(Vf)k71(v_n)zfl _ (fol)kfl(vizfl)zfl‘

k=0 i=1
R

=2 ke
k=0 1i=1
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(VS = VTR VT () () = ()
+|too k

<o v IS e
7 lk=0i=1
. (’Vf _ Vfrl71’ (k _ i)ék—i—léi—l + }Vf _ Vil*l’ (Z _ 1)51'—251@—1')
ot +oo k
<om vt vt =verl SN lexl(k —1)6%2
k=0 i=1
2t 00
<o |Vt v =Vl S feklk(k — 1)8
R k=0
som v v = vl
Combining (4.29) and the above estimates of Z; and Z,, we obtain the following estimates:
P
(p(1+ V") =p(L+ V") |
Z+ Z+
<o) ’(V” vy [ o | ’ v = v (4.30)

Then, we note that the initial error of the comparison in (4.27) is equal to zero. Therefore,
we integrate (4.27) with respect to ¢ and recall (4.30) and the BV estimate in Remark 4.5 to
obtain the following estimate:

z+
(V"+1(-,t) _ V"(-,t)) )
t L P 6
=01/ |74 Ve (——i—l)d
(1) ; ( ) I\ s
VT n+1 n
Bl et Teg 7] (Ut —um) H |log s| 5 -
n—1 o) n—1 _ yn
+0(1)/0 v NG + (\/5+1) vt = v )as
t z+ t z+ z+
+0(1)/ wr vy [ ds+O(1)/ (‘V" 7 +‘V"1 ) >ds|||vn—v"1|||m
0 0 N
< (5—|—\/Z) Vit sup (V"(-,T) —V"_l(-,T))
o<r<t z-
i n+l _ grrn n _ yn—1
+ 6V't|log t| og 7] (Ut Ul + o[V =V (4.31)

Taking the summation of z, one then obtains that

>

2€ED

2t

(VnJrl(', t) _ Vn(', t))

z

Srn (I -Vl I vl o <o)

|1o v

HOO> (4.32)

e (Step 2: Absolutely continuous part) Next, for allz ¢ 2, the derivative of V"1 -V can
be defined almost everywhere from the representation (4.26). Therefore, we have the following
estimate:

/ VI (@, 8) — V1) da
R\2

@ Springer



No.4  H.T. Wang & X.T. Zhang: GLOBAL WEAK SOLUTION OF NAVIER-STOKES EQUATION 1701

t
< L LU et rigtgmae] b7 m) -7 0] agar s
-I—/ /t/ {/t Hypy(z, 00y, T; 1 )da} Ve —ve) Uy dydr|dz
2 |Jo Jr L/r R I A (I+Vm) 1+ Vr-1)
=T+ T (4.33)

For simplicity, we use the following notation to represent the pressure term for the time being:

pn(yv 7-) = p(vn)(yv 7—)'

Then, from the heat kernel estimates in Lemma A.1, we obtain that

! 1
/ mey(‘T?U;yuT; —)dU
T v

= vu(zr) Um (H, (2 by, 7) + (2 — ))dz—/: (U(;U) - U(;’T)>ny(x,o;y,7')da}

—I—v(a:,r)[H(a:t )+5/(a:—)—/:(v(1 - 1))Hmy(x,0;y,7;%)da]

z,0)  v(z,T

v(a:,r)/:ax (U(l - )>ny(x,a;y,7';%)da. (4.34)

z,0)  v(z,T

Plugging (4.34) into previous expression (4.33), one has that

(z—y)>
t eic*(tfr)
I, < 0(1)/ / /IVm"(I,T)I — |p"(y,7) —p" Ny, 7)| dydrdx
rR\2 Jo JRr Vt—T1 ’ ‘

t
1>/ / |an(17,7')| |pn(17,7') —pnil(I,T)|d7’d;p
R\2 JO
' ‘ do—71)e CST);
1)/ /// [V (x, 7)] P (y,7) — p" Ly, 7)| dodydrdz
rR\2 Jo JrRJr Vo (o— 3/2‘ ’
t _ (@2
e Cyx(t—71) n o1
O(l)/ //ti‘p (y,7) —p" 'y, 7)| dydrda
R\2 JO JR - T
t
(1)/ / i (z,7) — pp~ (2, 7)| drda
R\2 JO
-
(c—7)e Tle—7 L
/ /// )2 ‘p (y,7)—p 1(y,T)’d0dydex
R\2
_ a—p?
S n—1
/ /// V' (@, 0) = Vo' (@, 7)) 3/2 ’p Y, T)—p (y,T)‘dodydex
R\2 (

7
> T
j=1

For 175, one observes that

P, 7) = pi = (,7)
=P+ V" ) (V7 = V) () + V() (P (L + V) = p (14 V) (2, 7)
DV =V + o) v = v v
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Hence we have the estimate
Tis < OV gy ||V = V|, + O@)[[[V" = V|5, -

To estimate 777, we apply Holder estimates in Lemma 4.4 to obtain that

117§O(1)/0t/:

< O)sVE(L +tlogt) ][V =V,

n n 1 n n—
L Vi) = Vi de| e - v

The other terms can be directly estimated by using similar calculations, so we omit the details

and provide the following estimates:
T <OV gy IV = VoI, Taz < OOV sy [V = V7Y s
Tis < OV [y [V = V" Yl Tas <OQVE|[V™ =V,
Tis < O()t|[v™ = vr=Hf],.

Now, combining the above estimates, and in view of (4.3), we have the following estimate of
Ili

7 < OWE(IV" =Vl 4 IV =V =V )

)

Together with (4.33) and (4.35), we conclude the error estimates of the BV norm of V" as

follows:

[ vt = vl ae < o) (Vi) (Jlve = vet o+ v - v,
R\2

Similarly, we can obtain the estimates of Z5 as

\/F (Un _ Unfl)

72 003 [V =V, v vl + | e - v

\/7_' (U;z _ Unfl)

-1
+|an_vn |HBV+ log T x

). (4.36)
O

Now we are ready to provide the main result of this section, i.e., the local-in-time existence

.

of the weak solution to the nonlinear Navier-Stokes equation (1.1).

Proposition 4.8 Suppose that initial data (vg, ug) satisfies the condition (4.1) for small
d. Then there exists a sufficiently small positive constant ¢4 such that equation (1.1) admits a
weak solution in the sense of Definition 2.1, (v,u) = (v*+1,u*), t < t;. Moreover, the solution

has the properties
0>0, O<t<tyxl,

max {Ju(, Ol s NuCs )l s VE (Dl s V(8] e | < 2650,

max {/ |UI(.’L',t)|d$, HU('vt) - 1||Lé ’ ”’U('vt) - 1”Lg° ’ \/Z ”Ut('vt)HL;O } < 201167
R\ 2 (4.37)

+

H(zx—2z), wv}isAC,

z

z

*
vt =k v, vi(x,t) = E v*

2<x,2€D
z=zT y z=zT
v(-, 1) . < 2v5(+) | #E 2,
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where H(x) is the Heaviside step function, and AC means “absolutely continuous”. In partic-
ular, the total variation of v(x,t) is Holder continuous in time for any ¢ > 0 in the following

sense:

ot 1) = o 9)llmy < 2058+ (¢ = s)llog(t — )l], 0 <5 <. (4.38)

Proof We will split the proof into four steps.
e (Step 1: Strong convergence) For simplicity of notation, we define the following func-
tional of the iteration error:
F [VnJrl _ Vn, UnJrl _ Un]
= [Vt = vl + IV = vl + vt = vy + 0 = ol

| e ez o

[logr| **

. (4.39)

+lo - o, + | 1

\/7_’ n+1 n
| log 7| (Uz _Ux)

Here we denote that

and similarly for other ||-||| norms.

YTt o)

[log | **

\/F n+1 n .
|10g7_| (Uz _Ux)(aT)

3

L

H = sup
00 0<T<ty

Then we combine Lemma 4.6 and Lemma 4.7 to obtain that the iteration error has the

following contraction property for sufficiently small § and ¢;:
F vt —yr urtt — U] <G (64 1) F [V -V ut—UnT.

From the analysis performed in Remark 4.5, we know that C, is uniformly bounded when
0 is sufficiently small. Thus, for enough small §, F [V"+1 —Vvr,untt — U"} is a Cauchy
sequence. As the L™ and L' spaces are complete, we immediately obtain that the iteration

scheme admits a strong limit (v*,u*) in the following functional spaces:

{v*(a:,t) € L™ (0,t5; L' (R)),
1

) (4.40)
w*(z,t) € L= (0,t;; LY (R) N L®(R)),  Viui(z,t) € L= (0,15 L' (R) N L¥(R)) .

Now we let (v,u) = (v* + 1,u*). Then, the strong convergence immediately implies that (v, u)
is a weak solution to the original Navier-Stokes equation (1.1) in the distribution sense. Indeed,
we can multiply a test function to equation (4.2) to get the weak formulation for the iteration
equation. Then, by strong convergence, we can pass to limit to prove that these are weak
solutions to the original nonlinear equation.

e (Step 2: Regularity) Second, for the regularity of the solutions, according to Lemma
4.3 and Lemma 4.4, we know that ||[V"||gy and v¢||U?||z1nr~ are uniformly bounded for n.
Moreover, from the above analysis, V™ and U™ are convergent in the L' sense. Therefore, we
apply Helly’s selection Theorem and the estimates in Lemma 4.3 and Lemma 4.4 to conclude
that the limit (v*,u*) has the following properties:

[v* (-, B)llBv < 2C48,  VEluy( )l zinr= < 2C30. (4.41)

Similarly, as the Holder continuity estimates of V"(x,t) in Lemma 4.4 are uniform, we apply
the convergence of the iteration scheme and Helly’s theorem to conclude the Holder continuity
estimate of the limit solution v(z,t).
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e (Step 3: v is BV) Third, we need the jump estimate. According to Remark 4.5, we

know that V" is a BV function, i.e., it can be decomposed as follows:

2t

=Vr(,t)| , Vs AC.

V=V 4+ Vg, Vi(z,t) Z d"(z,t)H(x — z), d"(z,t) ”
z€ z-

2<x,2€ED

Here AC means “absolutely continuous”, and H(x) is the Heaviside function. From Lemma
+
z

(VL (L t) = V(1)) B

the jump at time ¢ admits a limit d(z,t) for z € 2. Now we follow [1] to construct the step

4.7, we can actually show that is also a Cauchy sequence, and thus

function

vy(x,t) : Zdzt (x—2), l|d(z,t)] <2

z<x

v ()

, z2€9, (4.42)

where the estimate of |d(z,t)| is due to the strong convergence and the uniform boundedness
of the jump at each iteration step. From the above analysis, we know that V' converges to v}
pointwisely, so we need to show that v} contains exactly all of the discontinuity of v*. Indeed,

according to (4.11) in Lemma 4.4, we have the following estimates:
|0, (V' (z,t)| = |V (2, t)] < |(vg()),| +2C40, 0<t<ty, ae x¢P.

As the right-hand side in the above formula is independent of ¢ and n, we conclude that V.
are equi-continuous and uniformly bounded in any bounded closed interval, which yields an

absolutely continuous limit v} (z,t), by Ascoli-Arzela. Finally, we conclude that

v = lim V"= hm V> + hm Vi =l + ). (4.43)

n—-+0oo n—-+oo
Thus, the solution v* is a BV function, and has the exactly the same discontinuity as the initial
data.
e (Step 4: Flux continuity) Finally, we show the continuity of the flux of w. In fact, we

can substitute v into the equation of u and obtain an inhomogeneous linear equation of u as

- 7(#% )
Ut = —p .
v x

This is of the same form as in Remark 2.3. By virtue of the regularity of v and v; = u,,, we infer

follows:

that v is Lipschitz continuous with respect to ¢, which also follows from the Lipshitz continuity
of p(v), since p(v) is analytic.

Therefore, we apply Remark 2.3 and immediately conclude the existence of the solution u,
and the continuity of the flux for the linear equation. Again, as the equation is linear for u, it
thus has a unique weak solution. Therefore, © must coincide with @ and thus has a continuous
flux.

Now, we combine the above assertions, i.e., the strong convergence in the sense of (4.40),
the estimates in (4.41), and the property of v in (4.42) and (4.43), to finish the proof of the

desired properties of the solution. O

Remark 4.9 We close this section with the following remarks:
1. As pointed out in Remark 1.5, if uf satisfies the stronger assumption ||uj||Linpy < 1,

then the constructed weak solution satisfes that

|ua(, )l < 2C46.
@ Springer



No.4  H.T. Wang & X.T. Zhang: GLOBAL WEAK SOLUTION OF NAVIER-STOKES EQUATION 1705

2. From Proposition 4.8, the solution has the following regularity with respect to x:
v*(z,t) € L™ (0, t4; L' (R) N L™(R) N BV) ,
u*(z,t) € L (0,8 L'(R) N L¥(R)),  Vitul(z,t) € L= (0,t; L' (R) N L= (R)) .

However, we have not shown that u is also regular with respect to t.

3. Proposition 4.8 states that v* is a BV function in the sense of that it can be represented
as a sum of the step function and an absolutely continuous function. Moreover, v* has the same
discontinuity as initial data v§. Moreover, according to (4.38), the total variation of v(z, t) may

not be Holder continuous at ¢ = 0.

5 Regularity and Uniqueness

By Proposition 4.8 and Remark 4.9, for the weak solution constructed in Section 3 as the
limit of iteration scheme (4.2), we already have the first order regularity with respect to x and
the continuity of the flux. In this section, we further investigate the regularity of the solution;
for instance, the regularity with respect to t. As a consequence, we will show that the weak
solution we constructed is actually the unique weak solution in the function space it belongs
to, and thus finish the proof of Theorems 1.2 and 1.3.

5.1 Regularity and Proof of Theorem 1.2

According to Proposition 4.8, the constructed solutions (v, ) are small in the short time.
In particular, the smallness of the BV estimates of the specific volume v allows us to apply
the results in Section 2 to construct the corresponding heat kernel H (z, ¢;y, to; %) when ¢ < ;.
Then, we can take advantage of the integral representation of u to study the regularity of u
with respect to t.

Lemma 5.1 Suppose that the initial data satisfies (4.1), and that (v,u) is the weak
solution constructed in Proposition 4.8. Then wu(z,t) is well-defined for any x when ¢ > 0.

Moreover, it has the following property:

) )
lueCs Do <OM) 5, el D@ < O1)7,
) 52 1) 2
lut(z + h,t) — ug(z, )] < O(l)t?’7|h| + O(l)(m + ;) |h|[log |n||"  for || < 1.

Proof We proceed with the proof in three steps.
e (Step 1: L estimate) We can follow the arguments in Lemma 4.3 to use the heat kernel

to construct the representation

1 1
ug(w,t) —/RHt(x,t;y,O;;)uO(y)dyﬂL/R\@Hy(x,t;y,t;;)p(v(y,t))dy
2 1
+/ / th(x,t;y,s; —)p(v(y,S))dde
0 JR\2 v

+ /; /R\@ Hy, (x,t; Y, S; %) (p(v(y,s)) — p(v(y,t))) dyds

_|_/R\@ (/% Hy, (a:,t;y,s; %)ds)p(v(y,t))dy
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=T+ +1Is+ 1y +I5. (5.1)

Now, according to the estimate of Hy(z,t;y,to) and Hy(z,t;y,t) = —§'(z — y) in Section 2,
Lemma A.1, we directly obtain the estimates of Z; and Z5 in (5.1) as follows:

e (mcj*yf )
17| < 0(1)/ - up(y)dy < 0(1);7
]R 2

To= [ (05 ) P00 )y = 00 (oo, 1).

For 73 in (5.1), we note the vanishing of the integration of Hy, with respect to y. Then we
apply the estimate of Hy, in Lemma A.1 in Section 2 and the zeroth order estimates of v in

Proposition 4.8 to obtain that

1T, = / / Mo (w,t;y,s; 3) (p(v(y,5)) — p(1)) dyds

5// eC*Hdd<0()5
S
r (t—s)? Y Vit

For Z, in (5.1), again by the estimate of Hy, and the time derivative estimate of v in Proposition
4.8, one obtains that

e C*(t 5)5( ) /
4 <01 dyds < O(1)d ——d < O(1).
= //R\_@ P ERV A A Vi—svss = oW

Next, for Zs in (5.1), we apply integration by parts with respect to y to obtain the following

representation:

7= [ () e (st 3 as == Yot nan+ [ e = ntot )
= [ (f (st s st =) )ty
= (/ < e %) ds+5(x—')>p(v('vt)> )

+ 0zp(v(z, 1))
zZ€ED

=151 + Iso + Is3.

z

Then we apply the time integral estimate of H; with respect to s in Lemma A.1 and the BV

estimate of v in Proposition 4.8 to obtain that

(zy)
e c* 6
Zgo1/ E 0 (. t)]dy < O(1) =,
51 ()R\_@ 7 vy (y, t)|dy ()\/E
zJr )
Iso < O(1 <0(1)—.

Note that in Zo and Z53, p, only appears for z ¢ 2, and it has no global L* bound. Fortunately,
when we combine 75 and Zs3, the two terms p, cancel out. Therefore, we combine the estimates

above to conclude that Z; is dominant in (5.1), and that

1)
||ut('ut)||L°° So(l)g, 0<t<ty.
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e (Step 2: L! estimate) The L' estimate of u; can be constructed in a similar manner
as to L™ estimate. Actually, according to the cancellation in Step 1, we have the following

estimate:

1
/ lug(z, t)|de < H, (x,t;y,(); ;) uo(y)dy‘ dz
R

R [JR
+/R /0% /R\@ Hy, (wat;y,é’; %) p(v(y, s))dyds
—i—/R /; /R\@ Hyy (w,t;y,s; %) (p(v(y, s)) — p(v(y, 1)) dyds

dx

dx

+/R /M (/t H, (x,t;y,s;%) ds+5(:17—y)> 9,p(v(y, 1))dy| da
+/R %(/ Ht( o ;%>d5+5(:r—~)>p(v(~,t)) + dz
e LA Do+ T3+ Tu+Ts. (5.2)

For the estimates of the last four terms, we only need to add the integration of x to the terms
in the L™ estimates in Step 1. More precisely, for the estimate of Z5 in (5.2), we have that
dz

- [ Hi, (x iy ,1><p@my,s»<—1>dyds

R\2

/ /R\@/ etc_*(; S) z | (p(v(y, ))—1)Idyds§0(1)%.

For the estimate of Z5 in (5.2), we recall from the estimates in Proposition 4.8 that vy = u,
and that ||ug||z1 is of the order §/v/t. Therefore, we obtain the following estimates:

dx

R

/ /W/ (|
<0(1) <// luy(y, o |dyda>ds

g 1 6t
SO(l)/;(t_s)é \[ ds < O(1)s.

For the estimates of Z4 and Zs in (5.2), the integration of the heat kernel with respect to z
yields a v/t factor. Thus, we have that

H@(%ﬂygi)@w@w»—mw%w»mms
\2

t
v (y,0)do

) dyds

_(z—yp)?
fesod / / —dx (Joy(y, 1)) dy < O(1)5,
R\2
%3 o
=0l Z/ p(w(- )| | <08

@ Springer



1708 ACTA MATHEMATICA SCIENTIA Vol.43 Ser.B

Finally, for the estimate of Z in (5. 2) by the estimate of H; in Lemma A.1, we have that

4]

3 (5.3)

U 1
7 <0(1 // t3/2 |uo(y)|dydax < O(1 )H OtHL <om?.

Combining all of the estimates of Z; in (5.2) above, we find that Z; and Z, are dominant,
hence we conclude that [lus(:,t)||L1mr) < O(1)2.
e (Step 3: Holder estimate of us(z,t) in ) Starting with the representation u; in (5.1),

and evaluating at  and x + h and taking the difference, we obtain that

’U,t(I + ha t) - ut(xa t)
1 1
= / {Ht(er h,t;y,0; =) — Hy(z,t;y,0; —)}UO(y)dy
R v v

1 1
+ / [Hy (x + h,t;y, t; —) - H, (I, t;y,t; —)}p(v(y,t))dy
R\@ v
1
/ th x+h,t;y,s; —) — Hyy (2,9, 5; —)}p(v(y, s))dyds
R\2 v
1 1
+ / th (x4 ht;y,s3—) — Hyy (2, b5y, 5 —)} (p(v(y, s)) — p(v(y,t))) dyds
R\2 v v

1 ¢ 1
+/ / th £C+h t;y, s; )ds —/ th(x,t;y,s;—)ds}p(v(y,t))dy
R\2 v L v

=T+ +1Is+1y+I5. (5.4)

In what follows, we will only show the detailed estimates on Z4; the other estimates can be
obtained in a similar manner.

For 7,4, using integration by parts, we transfer the y-derivative to pressure p to get that

a:/ [Huar+ ity 50) = H(o, 1, 550)] 0,09, 1)) — yp(u(y, )] dyds
t JrR\2 v

+

/ Z Ht (x4 h,t; o s; ) — Hy(z,t; o, 53 %)} [p(v(-,t)) —p(v(-,s))}a ds.  (5.5)

2 ae? a
To take care of the singularity of the heat kernel when s is close to ¢, we need to gain some
factor of (t — s). Thanks to the Holder estimate (4.38), we have that

/ 18,0(0(y.£)) — Byp(v(y, 5))| dy

R\2

s/ (19 (0(0.1)) — 9/ (00 )] oy ()] + 1903 )] o (9.8) — vy (0] g
R\2

82(t — s) t—s

< 7 +6 — + a(t — s)[log(t — s)|. (5.6)
For the second term in (5.5), direct calculations show that
at
(o 1) = p(o(5)]
/ [p’ (a™,0) —p'(v(a™,0))vs (a_,a)} do

= / [(p’(v(oﬁ, o)) — p/(v(af,cr)))vg(oﬁ, o)+ (via, U))(vg(oﬁ, o) —vs(a~, U))}da.
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In view of vy (2,0) = u.(z,0) and the continuity of flux p + £=, one can rewrite things as

ve(at,0) —v,(a™,0)
=uy(at,0) —u.(a”,0)
_wv(at, o) olat. oM — plvla-. o v(at, o) —v(a ,U)u oo
= 1 (p( ( ) )) p( ( ) ))) + v(of,a) m( s )
Therefore, we have that
> | [po ) = ptot )]
acPD
/ Z (¥ o)) —p' (v(a,0)))vs (e, 0)|do
5 ae2
=[5 Ptam 0" ot o) — o, o) 0o
5 aep K
/ Z (a+ a)iv(a ,o)uz(a_,a) &
S a9 U(a ’0)
) ) 5% (t — )
5/5[5\/5””\/5} 7 S0t =9)+ = (5.7)

Plugging (5.6) and (5.7) into (5.5) and using Lemma 3.2, we obtain that

t ) t—s
TS [, g sl o[ + (¢ = slog(t — s

o fmin (1 ) gt - o=

1 5
S 0%Ihl og RII* |7 + Vltog ] + FIltoglh] + i alllog]l (5.8)
Then, we apply similar criteria for 71, Z3 and Z5, and obtain the following estimates:
] < tg/zlhl + tg/zlhl llog |A]1*, (5.9)
5
|Zs] < —Ihllloglhll + Ikl (5.10)

Ihl slog Al”
.

|Zs + Z2| < —|h| log |R||? +6 (5.11)

Now, we combine (5.4), (5.8), (5.9), (5.10) and (5.11) to conclude that, for 0 < ¢t <« 1 and
[kl <1,
52 5 2
|’U/t($+h,t)—’ut(.’li,t)| ~ t3/2|h|+ t3/2 ? ’hHIOgM’H :
O

Now we are ready to give a rigorous proof of Theorem 1.2.
Proof of Theorem 1.2 The existence and regularity of w has been investigated in
Proposition 4.8 and Lemma 5.1. Therefore, we only need to take care of the regularity of v.

For the first assertion, we combine the strong convergence in Proposition 4.8 and the Holder
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estimate of the total variation of V™ in Lemma 4.1 to imply that

/ |0g (2, 8) — va (2, 8)|da < 20@[
R\2

t—s
t

}, 0<s<t.

This, together with the regularity obtained in Proposition 4.8 and Lemma 5.1, gives that the
constructed solution with initial condition (1.4) lies in the function space (1.5).

Next, for the second assertion, ug, satisfies the stronger assumption ||uf|| L1 npv < 1. There-
fore, by a similar argument as to that of Remark 4.2, one can obtain the following estimates of
w: 5

[ua (- Dlly <O)S, Jua( )Ly < 0(1)%-
Thus the solution gains more regularity in ¢ than Proposition 4.8 and Lemma 5.1. Then, with
similar arguments as to those of Remark 4.2, we can refine the estimate of the total variation
of v and obtain the key estimate

t—s
Vg (2, t) — vz, s)|dx < 2C40 , 0<s<t,
J el t) =i < 2007

which is Holder continuous in the time variable in [0, ¢;]. Thus the solution belongs to (1.6),
and we have finished the proof of the theorem. 0

5.2 Uniqueness and Proof of Theorem 1.3

In this part, we will continue to study the stability of the weak solution constructed in
Proposition 4.8 and Theorem 1.2; this will imply the continuous dependence on initial data and
the uniqueness of the solution. We first state that the weak solution continuously depends on
the initial data without proof, provided that it satisfies the smallness condition (4.37).

Lemma 5.2 Let (v, ud) and (v}, u8) be the initial data satisfying (4.1). Let (v%,u%) and
(Ub,ub) be two weak solutions, in the sense of Definition 2.1, to the Navier-Stokes equation
(1.1), and assume that they satisfy the smallness properties (4.37) in Proposition 4.8.

Then, there exists a positive constant C}, such that we have the following error estimates

showing the stability of the solution:
F [va — o u® — ub}
< O (I — wbll e + Il = wh o + 1106 = vhllea + 1v§ = vflloe + 1o — vhllnv )-
Here .# is the functional defined in (4.39) of Proposition 4.8. Moreover, the following L'
stability holds:
o = ol + [l =, < G (1o = flles + 1 — whllzs)-

Remark 5.3 The proof of this Lemma is similar to that in [1], where a stronger assump-
tion ug € L' N BV is assumed. Indeed, thanks to the smallness requirement, one can construct
an associated BV coefficient heat kernel and obtain integral representations of the solutions
(v*,u®) and (v’,u’), and then follow the arguments in Lemma 4.6 and Lemma 4.7 to complete
the proof. In particular, the weak solution constructed in Proposition 4.8 automatically satisfies

the smallness condition (4.37), which implies that it depends on initial data continuously.

Lemma 5.2 shows the continuous dependence on the initial data of the solution, if it satisfies
the smallness condition (4.37). However, given initial data satisfying (4.1), and a weak solution

@ Springer



No.4  H.T. Wang & X.T. Zhang: GLOBAL WEAK SOLUTION OF NAVIER-STOKES EQUATION 1711

(v,u) in the function space (1.5), we do not know in advance whether or not the weak solution
is small, thus do not know whether or not our constructed solution is unique in function space
(1.5). In the next lemma, by further assuming that ||uf|svy < d, we prove that all possible
solutions to (1.1) will be small in the function space (1.6).

Lemma 5.4 Let the initial data satisfy the following smallness condition for small J,:
llvollBv + [lvo — 1|21 + [JuollBV + [Juollzr < 6+ < 1.

Let (v,u) be any weak solution to (1.1) in the function space (1.6). Moreover, let Cy and ¢
be the parameters given in Proposition 4.8 and Theorem 1.2. Then, if d, is sufficiently small,
there exists a small positive constant ¢, such that the following smallness properties hold for
the solution:

max {u(, Oy s Nuls Ol IalDllgy s VElunls )l f <266, 0<t<te.

Proof According to Proposition 4.8 and Theorem 1.2, at least one weak solution exists
in the space (1.6), provided that the initial data is sufficiently small. If the solution is exactly
the one we constructed before, then the smallness of the solution immediately follows from
Theorem 1.2 and we are done. In general, suppose that the solution satisfies condition (1.6)
with sufficiently small initial data. Then, we first note in Remark 1.5 that v(x,t) is continuous

in the short time. Therefore, there exists a small ¢, such that
[|v(-,t) — 1||L; < Céy,  w(eyt) — 1HL;° < Coyy  v(,t) =1y < Chy, 0<t <t <1,

which provides the smallness of v(x,t) in the short time. Then, as ¢, and t. are sufficiently
small, we can follow the arguments in Section 2 to construct the heat kernel H(z,t;y,7;%).
Then, mulitiplying H (x,t;y,7; £) to the second equation in (1.1) and using integration by parts
to yield an integral representation of w,

u(a:,t):/RH(x,t;y, u(y,0 dy+/ /H z,ty, T —) (y, 7)dydr. (5.12)

In what follows, we will show the smallness of u(x,t) in short time. Actually, the estimates of
u(x,t) are very similar to Lemma 4.3. First, for the zeroth order estimates, we directly apply
the representation (5.12), the properties of H, and the regularity of the solution to obtain, for
t <t. <1, that

ot < [ [0l 00 + [ [ [Bytotiv s ) It ) o0
< 0(1)5, + O(1)Vt
[|u(z,t) |L1<//‘H:vty, ; ‘Iuy, )|dyda
/ [ }H .73 ) Ip(y,7) = p(1)|dydrda
1), +0(1

Then, for the first order estimates of u(z,t), we deal with the L estimate first. Actually, we
follow the representation (5.12) to obtain that

uz(a:,t):/Hz(:zr,t;y, u(y,0 dy—i—/ /ny T, by, T; —) (y, 7)dydr. (5.13)
R
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For the homogeneous term, the initial data will provide the small factor §, and we follow the
proof in Lemma 4.3 to get that

p 0x
cy.0: 2 < -
‘Aﬂm(w,t7y,0,v)U(y,0)dy —0(1)\/5

Then, for the inhomogeneous term, we also follow (4.8) in the proof of Lemma 4.3 to obtain

(5.14)

the estimates. Actually, as the estimates are very similar to the estimates of (4.8), we omit the

details and provide the following estimates:

I
my(:b? t; Y, T3 Z)p(yu T)dydT

I
ey(T, ty, T —)p(y,t)dydf +

e 59,73 5) 0y 7) = p(y.1)) dydr

e C*(t 7')
<o(1)+0(1 // T (/ Vo (v, )Idff)dydT
-7)

<0(1)+0(1 )/0 ) </: \/lgd:y) dr < 0(1)(1+V1). (5.15)

Now, since ¢ < t, < 1, we combine (5.13), (5.14) and (5.15), and let ¢, be sufficiently small, to
obtain that

o (2, 1)] < 0(1)% Lol < 0(1)%5, 0<t<t.

Similarly, we have the L' estimates as follows:

lluz (- t) |2y < O) (0 + Vi), 0<t<t,.

Now, we combine all of the above zeroth and first order estimates to conclude that, for suffi-

ciently small é, and t,, the following estimates hold:
mae {uC,Oll gy s Il Olle s leaCoOll gy VE )l } <2658, 0 <t <t

Here Cy and ¢ are given as in Proposition 4.8 and Theorem 1.2. 0

Lemma 5.4 shows that if the initial data is sufficiently small, then for any weak solution
in the function space (1.6), we can find a small time ¢, such that the weak solution will be as
small as the solution constructed in Proposition 4.8 and Theorem 1.2 in the short time period

€ [0,t.]. Now, with Lemma 5.2 and Lemma 5.4 in hand, we are ready to show the proof of
the second main result, Theorem 1.3, regarding the local-in-time stability and uniqueness of
the weak solution.

Proof of Theorem 1.3 Taking all of the above, Proposition 4.8 and Theorem 1.2
guarantee the existence of the two weak solutions if §, < § and ¢ < t;, where § and 3 are given
as in Proposition 4.8 and Theorem 1.2. Next, Lemma 5.4 guarantees the smallness of the two
solutions for ¢ € [0,t,). Therefore, for ¢ € [0,%.), we can apply Lemma 5.2 to obtain the error
estimates

F [va —vb,ua—ub]
< Cy (I — wbll e + Il = whlley + 11§ = vbllog + g = vblloe + 106 — vhllmy ), 0 <t < t..
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This finishes the proof of the first part. Then, if the two solutions have common initial data,

b

one immediately has that .% [v“ —v°ul — ub} = 0, which shows that the two solutions coincide

with each other almost everywhere. O

6 Summary

In the present paper, we have studied the regularity and uniqueness of the weak solution to
the isentropic compressible Navier-Stokes equation (1.1). The key point is the representation
of the solution by heat kernels with variable BV coefficients and the corresponding Holder
estimates. The delicate estimates of the heat kernels allowed us to gain the existence, regularity
and uniqueness of the solution to (1.1) in local time. Finally, combining the estimates of Green’s
function to (1.1) linearized around a constant state, we have followed the criteria in [1] to
conclude the global existence of the solution. We refer to [1, 24-27] for details regarding the
Green’s function and global existence. Moreover, this method can further yield a pointwise
structure of the solution, and can also be naturally extended to the non-isentropic case, which
will be left to our future works.
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Appendix

1. Estimates of Heat Kernel

Lemma A.1 (Pointwise estimate of heat kernel, [1]) Suppose that the conditions of p in

(2.3) hold. Then the heat equation (2.2) admits a weak solution in the distribution sense.

Moreover, there exist positive constants 3 < 1 and C, such that the following pointwise

estimates hold for the heat kernel when ¢y <t < tg + t;:

_ _(z—y)?
e Cx«(t—tg)

H 7t7 7t7 SC*77

to <t <to+tg,

e*c(f&ﬂz)
|Ho (2,859, t0; p)| + [Hy(z, 5y, p)| < C*ﬁa to <t <tp+ty,
—tg
o oo (IE):) y
|Hey (2,859, t0; p)| + [He(2, 859, 05 p)| < C*ma lo <t <to+ty,
—to
Gy tosp)| < Co———5s to <t <tog+ts
| ty(x Y,to p)| (t—t0)2 0 o+ i

Furthermore, we have the following estimates for the time integration of the heat kernel when
to <t <to+ty:

t
5 _
/Hmy(IaT;yvtO;p)dT_ (z—y)
to

t
Hy(z, 73y, to; p)dr
to

t
H,(z,ty, s; p)ds

_ _(z—y)?
S C*e C*(t—t0)7

3

to
¢ oz, to)—pla, 7) o

- : : H va;yatO;pdT SO - T
/to p(z, to) o ) " VE—to

p(z, to)
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‘ : _ _(@—y)?
é(z —y) / p(y,t) — ply,s) e Ot
H,y(z,t;y,s; p)ds + - H, (z, t;y,s;p)ds| < Cy————,
t t
5z —y) 1
H;E;E $7T;y7f0;PdT:— - aw / p\r, T _p:E?tO H;E .’L’,T;y,to;pdT
f, M= oty ey L, T T At A :
_ _(@-y)?
O1) [ 10zp(x,t0)|e” C(:(:E)fi) + e o forz ¢ 9
+ zP\T, 10 m ) )
t 1 t
[ Henomivetosir =~ (5=~ [ 02 [(o(0.7) =l o)) Hay 7500 ) 7|
to p(z,to) to
8mp(x7t0) |: /t
YRS (Sl'—y— plx,7) — p(z,to H, LL’,T;y,tQ;pdT
pg(x’to) ( ) to ( ( ) ( )) ’lj( )
_ _(z—y)? _ _(z—y)?
e Cx(t—tg) e Tx(i—t)

+O(1) | [0zp(z,t0)|

, 2,
T— 1o * t—to orz ¢

t (z—y)?
Hy(z,t;y, s;p)ds = H(z,t — to;y; p') — 6(x — y) + O(1)due” &), b = p(-,t),

/t p(y,t) — py, s)
to p(yv t)

to

t
/ Hyy(z,t;y, s3p)ds = Hyy(z,t;y, 85 p)ds
to

1 /U
o ) o) ot )

Note that the estimates for the terms involving twice z-derivatives do not hold when x € 2,
which is due to the appearance of the Dirac delta functions in H,, if x € 2. Moreover, the
zeroth order estimate can actually be extended to global time, while the higher order estimates
have only been obtained for the local time so far.

In addition to the estimate of fundamental solution itself, we also need the comparison
estimate of two fundamental solutions to heat equation (2.2), associated with different heat

conductivities p® and pP.

Lemma A.2 (Comparison estimates [1]) Suppose that the conditions in (2.3) hold for p®
and p®. Then there exist positive constants t; < 1 and C, such that the following estimates
hold when tg <t < tg + t4:

(z—y)?

|H(z,tiy,t0; ") — H, iy, tos p7)| < O |07 =
Y ) bl Y ) bl —_ * m 007

’Hw(x7t7y7 t07 pa) - Hw(‘r7t7y7 t07 pb) Hu(x7t7y7 tOvpa) - Hu(x7t7y7 tOvpb)’

)

_ _(z—y)?
e Cx(t—tg)

< S o= 0 [ = A+ =

=Tl = A, + ozl | 20, [0~

]

|Hay(x, 5y, t0; p°) — Haoy(x, 15y, t0; )|, | He(, t;y, to; p*) — He(z, ty, 103 p°)|
_ _(z—y?
e Cx(t—tg)

S e [uog(t =to)l [l = P’ lllc + [ll* = £l
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)

Furthermore, we also have comparison estimates for time integrals of the heat kernel as follows:

t
/ [Hy(z,t;y,s;p%) — Hy(z, ;9,8 p")] ds

to

Tl = A, + ol | 20 [0~

)

t
/ [Hm(xaT;yutO;pa) _HI(‘T7T;y7tO;pb)] dr
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(z—y)?

< e Il = P+ = Pl + o =7l + || oo = 0|
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t
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to

t
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t
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Next, according to the symmetry of the heat equation, we can obtain the following identities
of the heat kernel (as the proof can be constructed directly from proper integration of the

equation (2.2), we omit the details):

Lemma A.3 For the heat equation in conservative form (2.2), the solution has the fol-

lowing properties:

/H(I,t;y,r;p)dx :/H(I,t;y,r;p)dy =1,
R R

/Hx(x,t;ym;p)dx = / Hy(x,t;y,7;p)dy =0,
R R

/Hy(x,t;ym;p)dx = / Hy(z,t;y,7;p)dy = 0,
R R

/Ht(x,t;y,r;p)dx:/Ht(x,t;ym;p)dy:(),
R R

/Hr(x,t;y,f;p)dx = / H(z,t;y, 7 p)dy = 0.
R R
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