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Abstract The fixed-time synchronization and preassigned-time synchronization are inves-
tigated for a class of quaternion-valued neural networks with time-varying delays and discon-
tinuous activation functions. Unlike previous efforts that employed separation analysis and
the real-valued control design, based on the quaternion-valued signum function and several
related properties, a direct analytical method is proposed here and the quaternion-valued
controllers are designed in order to discuss the fixed-time synchronization for the relevant
quaternion-valued neural networks. In addition, the preassigned-time synchronization is in-
vestigated based on a quaternion-valued control design, where the synchronization time is
preassigned and the control gains are finite. Compared with existing results, the direct
method without separation developed in this article is beneficial in terms of simplifying the-
oretical analysis, and the proposed quaternion-valued control schemes are simpler and more
effective than the traditional design, which adds four real-valued controllers. Finally, two

numerical examples are given in order to support the theoretical results.
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1 Introduction

Quaternion-valued neural networks (QVNNs) were proposed in 1995 for the study of color
image recognition [1], in which the state of each neuron is represented by a quaternion. One
of the strengths of QVNNs is that they can express 3-D affine transformations efficiently and
compactly. In addition, QVNNs have significant advantages over real-valued neural networks
(RVNNs) and complex-valued neural networks (CVNNs) when dealing with high-dimensional
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data [2-4]. However, because of the incommutability of quaternion multiplication, the progress
of research on QVNNs was held back for many years. Recently, however research on QVNNSs has
become increasingly abundant, due to the improvement of quaternion theory and the associated
research analysis methods. By decomposing QVNNs into two complex-valued systems, several
sufficient conditions were established in [5-7] to achieve global p-stability. By decomposing
QVNNs models into four real-valued systems, several sufficient criteria to ensure exponential
stability were derived in [8-10].

In addition to dynamics analysis, in view of the potential applications in secure commu-
nication and image encryption, research on the synchronization control of QVNNs has begun
to attract the attention of more and more scholars. Actually, synchronization is a significant
dynamic phenomenon in chaotic neural networks, and this has important applications in fields
such as information processing [11] and secure communication [12]. Many synchronization re-
sults about QVNNSs have been published, including global asymptotic synchronization [13, 14],
exponential synchronization [15, 16], and finite-time (FNT) synchronization [17]. As opposed
to asymptotic or exponential synchronization, it is allowed in FNT synchronization to achieve
synchronization in a finite time, and has the advantages of faster convergence and stronger
anti-interference. However, the settling time (ST) of FNT synchronization relies on the ini-
tial states, which indicates that it is extremely difficult to discuss FNT synchronization for
systems with unknown initial values. To overcome this shortcoming, fixed-time (FXT) con-
trol and synchronization were proposed [18, 19|, here the estimate of the ST was improved
to become independent of the initial values. So far, the FXT synchronization of RVNNs and
CVNNSs has been extensively studied [20-25], but the related results on QVNNs are relatively
few. In [26, 27], the FXT synchronization of QVNNs was discussed by a separation method
and by designing nonlinear control schemes. Based on the separation technique, the FXT
synchronization for a class of QVNNs without delay was discussed in [28], this was achieved
by designing pure power law control strategies. By proposing nonlinear and delayed feedback
controllers for the separated real-valued submodels in [29, 30], FNT synchronization and FXT
synchronization were investigated for memristor-based QVNNs with time delays. The authors
of [31] studied FNT and FXT anti-synchronization of QVNNs with inconsistent Markovian and
reaction-diffusion terms by designing discontinuous control laws for the separated real-valued

systems.

Note that the FXT synchronization in [26-31] was analyzed based on the separation method,
which greatly increases the redundancy of the theoretical calculations. In addition, FXT syn-
chronization was achieved by adding four real-valued controllers, which not only increases the
cost of control, but also reduces the feasibility of control strategies. Therefore, it is a natural idea
to directly design quaternion-valued control schemes for analyzing the FXT synchronization of
QVNNs. Inspired by the complex-valued sign functions proposed in [20], Li et al. proposed the
quaternion-valued sign function in [32], and discussed the FNT anti-synchronization of QVNNs
with continuous activation functions based on the non-separation method. Subsequently, Peng
et al. studied the FNT synchronization and FXT synchronization of QVNNs with continu-
ous activation functions based on the non-separation method by designing quaternion-valued
controllers in [33] and by switching control strategies in [34]. However, it is noted that neu-

ral networks with discontinuous activation functions are ideal models for describing nonlinear
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physical problems with high slopes [35]. Furthermore, it has been shown that neural networks
composed of discontinuous activation functions can deal perfectly with dry friction problems,
optimization problems, and switching problems in electronic circuits [36]. Thus, the study of
neural networks with discontinuous activation functions has great theoretical value and practical
significance.

In addition to FXT synchronization, preassigned-time (PAT) synchronization has been a
hot topic in recent years. Differently from FNT synchronization and FXT synchronization,
the convergence time of PAT synchronization is preappointed based on practical and specific
needs that are independent of the initial states and model parameters [37]. Although syn-
chronization may also be realized for an appointed time by adjusting control parameters in
FXT synchronization controllers, this approach is not the best choice because the relationship
between the convergence time and control parameters is unclear, and the adjustment is blind
and time-consuming. Therefore, it is of great significance to study PAT synchronization by
designing feasible control laws for a specified convergence time. At present, there are many
research results on FNT control [38] and FXT control [39], but the PAT synchronization of
complex systems needs to be further explored [40-42]. In [28], by introducing four real-valued
controllers, the PAT synchronization problem of a class of QVNNs without delay was consid-
ered by the separation method. As pointed out in the above discussion, the separation analysis
undoubtedly results in a large amount of calculation, a high control cost and low feasibility in
terms of practical applications. It would be valuable to develop a direct analysis technique to
investigate the PAT synchronization of QVNNs.

This article aims to develop a direct analysis method and propose quaternion-valued control
schemes to discuss the FXT and PAT synchronization of QVNNs with time-varying delays and
discontinuous activation functions. The most innovative elements of this work are as follows.

(1) Differently from QVNN models with continuous activations in [33, 34], a class of QVNNs
involving discontinuous activation functions is here considered and several important properties
of the quaternion-valued signum function are established in order to effectively deal with the
QVNN model in the quaternion field.

(2) Based on the quaternion-valued signum function and the established properties, a direct
analytical method without separation is proposed and quaternion-valued discontinuous control
schemes are developed in order to investigate FXT synchronization of QVNNs. Compared with
the separation method and real-valued design in [26-31], the direct approach developed here
greatly reduces the amount of calculation needed in the theoretical analysis and improves the
feasibility of control strategies in applications.

(3) In addition to FXT synchronization, PAT synchronization for QVNNSs is investigated
by designing discontinuous quaternion-valued control laws, where the synchronization time is
prespecified and is independent of the initial states and model parameters. Note that the
control scheme here is implemented in the quaternion field, which is more feasible and effective
in comparison with the separation-based real-valued design in [28].

The rest of this article is organized as follows: Some basic preparations and research models
are provided in Section 2. The FXT synchronization and PAT synchronization for QVNNs are
studied in Sections 3 and 4. In Section 5, two numerical examples are given to verify the

theoretical results. Finally, a brief summary of this paper is given in Section 6.
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Notations In this article, 7 = {1,2,--- ,n}, R™ is a space consisting of n-dimensional
real vectors and H" is a space composed of all n-dimensional quaternion vectors. 0, denotes
an n-dimensional vector where all the entries are zero. § = C([—7,0],H") is a set composed
of all continuous functions on [—7,0]. The 1-norm and the 2-norm of a are defined as |ja||; =
laf®| + |af| + |a”| + |a®]| and |a|l2 = V/aa, respectively, where a = af* — ali — a’j — afk
represents the conjugate of a. Denote that d = R, I, J, K, and for a discontinuous function f,
let f~(z) and f9*(x) be the left and right limits of the real or imaginary parts of f at =, and
let f9(z) and f?(z) be the minimum and the maximum between ¢ (z) and f9*(z). Define the
convex hull as @l f(x)] = w0l f*(x)] + wlf! («))i + Tl (2)]j + X (@)]k = [FR(x), ()] +
(@), FL @i+ [ (@), 7 @) + [ @), £ @)k,

2 Preliminaries and Model Description

Consider the following QVNN model consisting of n neurons and involving time-varying
delays:

n n
ip(t) = —&pap(t) + Z apqfq(Tq(t)) + Z bpq9q(@q(t — Tpg(t))) + Ip(t), p € 7. (2.1)
q=1 q=1
Here z, € H is the state of the p-th neuron, £, € H is the feedback self-connection weight, f,(-)
and gq(-) : H — H are discontinuous quaternion activation functions without and with time
delays. apq, bpg € H denote the connection weights of the gth neuron on the pth neuron at ¢
and ¢t — 7pq(t), Tpe(t) is the time-varying delay satisfying 0 < 7,4(¢) < 7, while I,,(t) € H is the
external input function. The initial condition of system (2.1) is provided by

—

xp(s) = U;D(S)7 s € [_Tv 0]7 pemn,

and o(s) = (o1(s), - ,0u(s))T €3F.
Let model (2.1) be the master model. The slave model is given as

Up(t) = —&pyp(t) + Z apq.fq(yq(1)) + Z bpq9q(Yq(t — Tpq(t))) + Ip(t) +up(t), peii, (2.2)
g=1 q=1

where y,, € H denotes the state variable of the slave model, u,(t) € H is the external controller

and will be developed later, and other parameters are defined as in model (2.1). The initial

condition of system (2.2) is provided by

and 5(s) = (61(s), -+ ,,(s))T € F.

Assumption 1 ([19]) For ¢ € i, f, and g, are continuous except on countable sets of
isolated points {uZ} and {vZ}, respectively, and f¢~(u?), fa+(ul) and gi—(vd), got(vd) exist.
Moreover, in every bounded compact interval, there are a finite number of jump points at most

for f, and g,.

Definition 2.1 ([20]) A continuous function vector x(t) = (21 (t),- - , 2, (t))T : [-7,To) —
H" is called a solution of system (2.1) on [—7,Tp) if

(1) x is absolutely continuous on [0, Tp);
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(2) there exist measurable functions o = (aq,--+,a,)T : [0,Ty) — H" and & = (ay, -

an)t

3

o [=7,To) — H" satisfying oy € TO[fy(2q)], &4 € TOlgq(x4)] such that
p(t) = —&pap(t) + Zapqaq + Z bpgOiq(t — Tpq(t)) + Ip(t), peR (2.3)

for almost everywhere (a.e.) t € [O, To).

Similarly, for slave model (2.2), there exist measurable functions (3, € @[f,(y,)] and 3, €
€0[gq(yq)] such that

Up(t) = =&pup(t) + Z apgfq(t) + Z bpaBq(t = g (1)) + Ip(t) + up(t), pei (2.4)
qg=1

for a.e. ¢t € [0, Tp).
Denoting that e,(t) = y,(t) — zp(t) with p € 7, from (2.3) and (2.4), the following error
system is derived

ép(t) = — Epep(t +Zapq Bq(t) — ag(t ))

+ prq (511 — Tpq(t )) — 0y (t - qu(t))) +up(t), peT (2.5)

Definition 2.2 ([40]) QVNNs (2.1) and (2.2) are said to be FXT synchronized if there
exists a time point 0 < T' < +o0o which is related to the system parameters, for any solutions
of (2.1) and (2.2) denoted by

T

T

a(t) = (z1(t),z2(t), -+, 2a(t)” and  y(t) = (y1(t),y2(t), - (b))
and with any different initial values o, & € §, there exists a time point 0 < T(0,5) < +oo
called the synchronous ST such that

lim [ly(#) — (@)l =0, y(t) — 2(®)]| = 0 for all t > T,
t—T
and T(0,6) < T for all 0, & € §. Furthermore, QVNNs (2.1) and (2.2) are said to be PAT
synchronized within the preappointed time T}, if
dim [ly(e) — 2O =0, [ly(t) — #(6)] = 0 for all ¢ > Tha,
where Tp,at > 0 is completely independent of initial values and system parameters.

Definition 2.3 ([32]) The signum function for a quaternion variable a = a* +a’i+a”j+
a®k € H is defined as

[a] £ sign(a’) + sign(a’)i + sign(a”)j + sign(a®™ )k,
where sign(a?) is the signum function of a4, d = R, I, J, K.
According to Definition 2.3, for any a € H, the convex hull of [a] is defined by

o([a]) = co[sign(a™)] + co[sign(a’)]i + co[sign(a”)]j + co[sign(a™)]k,

where
{1}, a >0,
co|[sign(a )} =< [-1,1], «? =0,
{-1}, a <0,
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and e €R,d=R,I,J, K.

Lemma 2.4 For any a € H and any measurable selection a &€ %([a]), the following
properties hold:

(1) lala + ala] = 2][a]l|1; (2) @a + aa = 2||ally > 2|all2.
Proof When a¢ > 0,d=R,I,J, K, one has that

lala+ala] =2(1+i+j+k)(1+i+j+k)=8,

and similarly, one can prove that

[ala + ala] = 8 = 2]|[a]|x
always holds for a¢ # 0.

For the case where one of a? is equal to 0, one has that

[ala + ala] = 6 = 2][a]]|x-

Moreover, when two of a? are equal to 0, it is easy to get that

[a]a + ala] = 4 = 2||[a] .

Furthermore, when three of a? are equal to 0,

[ala + ala] = 2 = 2][d]1.
In addition, for the case in which a = 0,
[ala +ala] = 0 = 2||[a]||1.

Hence, for any a € H,

[ala + @la] = 2]|[a]l]x.
Similarly, it is easy to derive that
g + Ga = 2(|a®| + [a'] + la”| + %) = 2]lall1 > 2]al].
The proof is finished. O

Remark 2.5 The proof method used in Lemma 2.4 is similar to the proof of Lemma 4 in
[20]. ©o([a]) in [20] has a total of 9 cases, which are on the complex field. Since the quaternion
numbers have two more imaginary parts than the complex numbers, there are 81 cases in ﬁ( [a])
in this paper; this is much more complicated than the proof of Lemma 4 in [20]. In addition,
the cases in this paper include the cases in [20]. Therefore, Lemma 4 in [20] can be regarded

as a special case of Lemma 2.4 in this paper.

Lemma 2.6 ([32]) For any a,b € H and any e(¢) : R — H, the following properties hold:
(1) a=a; (2) a+a=2a" < 2|all2 < 2||al; (3) ab = ba;

() el — 4 (e 242 + 0 le(o)]).

Lemma 2.7 For any a, b, c € H, the following inequalities hold:

(1) (0 = 1o = o7 = [p"]) alls < ([al]ba)™ < (b7 + [b'| + [b7] + [b%) lall1:

(2) =[lbllllells < (falbe)® < [bll1llel]s-
@Springer
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Proof According to the Hamilton criterion,
([a]ba)™ = (sign(a™)b® + sign(a’)b! + sign(a”)b” + sign(a™)p¥) - a
+ (sign(a")b" — sign(a’)b" — sign(a”)b" + sign(a”™ b]) i-al
+ (sign(a™)b” + sign(a’)b™ — sign(a”)b" — sign(a™)b’) j -
+ (sign(a™)b™ — sign(a’)b” + sign(a” )b’ — sign(a’™)b") k - aKk
= |a®b® 4 sign(a’)a! + sign(a”)ab” + sign(a”)ao¥

—sign(a®)a’b! + |a’|b" + sign(a”)a’b® — sign(a®)a’b’
—sign(a®)a’b’ — sign(a’)a’ b + |a’ |p? + sign(a®)a’ b’

ByaKpK Da®b” —sign(a”)a™b" + [a™ b5

— sign(a + sign(a

On the one hand,
([a]ba)™ < [a®[b% + |a™|[b!] + |a™[[b”] + |a||p"]
+a|[b] + la”[b% + [a”|[b%] + [a” ||b”]
+a”[[b7] + [a”[[b%] + [a”[b7 + a”]]b!]
+ (D] + a7 + [a™[[bT] + |a™ "
= (b%+ [p"| + b7 + |5 [a®] + (b7 + [b7] + [b7] + |b%]) |a” |
X (b [T+ 67|+ 1) a7 [+ (07 + [bT] + 67| + [ "]
= (b"+ [T + [b7] + [b%]) | al|1-
On the other hand,
([alba) = [a® (b — |a™||b!| — |a™[[b”] — |a||o"]
— la"[[b"] + [a"[b™ — |a'[[b%| — |a’|[b”]
= la”|[b7] = |a”[|b"] + |a” " — |a”|b"|
= [a™[[b"] = a"|[b7] = [a" |[b"] + o™ [b"
= (6% = [b"] = o7 = X[ a”] + (b — b7| = [b7] = [b")|a”]
+ (b7 = [ = b7 = (b5 ) [a”| + (07 — o] — 7] = [b"]) ||
= (b = [b"| = [o7] = 1" ])llal]:-
According to the above discussion,
(O =161 =167 = 1o Dllalls < (alba)™ < (% + b] + 7] + [b%]) llall1,
which implies that property (1) is true.
Applying a similar method to property (2),
([abe)™ = (sign(a™)b? + sign(a’)b” + sign(a”)b” + sign(a™)b™) - ¢
+ (sign(a®)b" — sign(a’)p® — sign(a”’)b* + sign(a”™ b]) il
+ (sign(a™)b” + sign(a’)b™ — sign(a” )b — sign(a™)b’) j - ¢’
+ (sign(a®)b™ — sign(a’)b” + sign(a”’ )b’ — sign(a™)b%) k- Fk
= sign(a®)bfc? + sign(al )b’ ™ + sign(a” )b’ + sign(a’)p* 7
—sign(a®)b!c! + sign(a?)bRe! 4 sign(a’ o ¢! — sign(a® )b’ !
€\ Springer
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— sign(a™)b”’¢” — sign(a’)b¥ ¢’ + sign(a”)b%e’ + sign(a® )bl e’
— sign(a®)b® & 4 sign(a? )b’ — sign(a? )b’ & + sign(a®)pF K.
First,
(falbe)® < B[] + [T [e®] + o7 [[e"] + [p%[|] + b [le!| + ][] + ™! | + [0 ||
+ b7+ "] + [pF[le”] + b |le” |
HBF |+ o7 e ]+ B[]+ [
= (Ib5] + b + 7] + (D) [+ (185 + [bT] + [b7] + ")) ]
< (IDF]+ [T+ b7 + [ ) e+ (16%] + [b7] + [b7] + 165 [) [
= [Ioll1llellr-
In addition,
([a]be)™ > — (Ib%| + 7| + [b7| + [p5]) [ = (|b7] + [b"] + 7] + [p5]) |
= (7] 6]+ 17+ 1B ) 7] = (167 + b + b7 + [ ]) e
== [Ibllalells-

Therefore,
—lbllllell < ([a]be)™ < [[b]l]le]ls-

The proof of Lemma 2.7 is finished. O

Lemma 2.8 ([40]) Assume that there exists a C-regular function V(e) : R" — R such
that

%V(e(f)) < KV (e(t) — VO (e(t) =V (e(t),  e(t) € R\ {04},

where k € R, ¢ > 0,1 > 0,0 <6 < 1 and d > 1. Denote that @ = (1—0)/(6—0), 1 = 4prp — k2.
Then
(i) if K <0, then V(e(t)) =0 and e(t) =0 for ¢ > Ty, where

T = ﬁ (%) csc(wm);
(ii) if 0 < K < min{p, ¥}, then V(e(t)) =0 and e(t) = 0 for ¢t > T», where
_ mesc(w) v \'"7 P
ST (w—%) I(sﬂﬂ/)—ff’w’l_w)

7 cse(w) e \7 ®
"0 <w—n> I<w+w—n’1_w’w)’

and I(r,p,q) is the incomplete Beta function ratio given in [40];
(iil) if 0 < kK < 2¢/pYp and § + 6 = 2, then V(e(t)) = 0 and e(¢) = 0 for ¢ > T3, where

T3 = Li z—i—aurctaun (i>
P12 Ny
Remark 2.9 The lemma cited in [26, 27, 29, 30, 33, 43, 48] requires that

d
3V () < —oVP(e(t) =9V (e(t), e(t) € R™\ {0,},
where ¢ > 0,19 > 0,0 <6 < 1and § > 1. Obviously, the condition is only a special case of

Lemma 2.8. Therefore, Lemma 2.8 introduced in this paper is more general and gives a more

accurate estimate of the ST.
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Lemma 2.10 ([40]) If there exist a C-regular function V(e) : R” — R and constants &,

>0,9>0,0<6<1,d>1, Tpa > 0 such that
d T

—Vie(t)) < —
COEE

then V(e(t)) =0 and e(t) = 0 for ¢t > Tpaq, where

(=rV(e(®) + VO (e(t) + ¥V (e(t)), e(t) € R"\ {04},

Tlu KSO?
T = T2, 0<k S min{@vw}v
T3, 0<K<2vpy, 04+0=2.

Remark 2.11 Note that the upper bound of convergence time given in Lemma 2.10 is
quite different from the counterpart in Lemma 2.9. In fact, the upper estimate Ty in Lemma 2.8
with ¢ = 1,2, 3 is dependent upon other parameters, but the convergence time T}, in Lemma

2.10 can be prescribed in advance and is unaffected by other parameters.

Lemma 2.12 Ife, >0,0<6<1,§>1, then
n n (4 n n
Sz (Sa). Saze(Xe)
p=1 p=1 p=1 p=1

Assumption 2 For m = 1,2 and p € i, there exist positive real numbers L, E;}l and
G} such that

0

Hﬁp_apHm SLzlnyp_xp”m"‘Lzla ng(')Hm < G;nv

where oy, € €0[fp(xp)] and B, € €O fp(yp)] With z,,y, € H.

3 Fixed-Time Synchronization

To analyze the FXT synchronization, the following discontinuous controller is designed:

up(t) = = (1p + &pllep 1) [ep ()], p €. (3.1)

Here § > 1 and pp, e, € R are positive real constants.

For convenience, denote that

by = ?g{m gl N — R 1S |aqp|1}, 62)
q=1
w1 :Z <[L—2ZG;HZ)P¢1”1_E;Z”apqm)a (3.3)
p=1 q=1 q=1
Py = én'0, (3.4)

where [i = min{p,, p € i} and € = min{e,, p € 7i}.
Theorem 3.1 Based on Assumptions 1 and 2, under the controller (3.1), if ¢1 > 0, then

(1) the master-slave systems (2.1) and (2.2) are FXT synchronized, provided that k; < 0
and the ST is estimated by

o0 4= (35) (2) = (3)
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(2) if 0 < k1 < min{p1,11}, the networks (2.1) and (2.2) are FXT synchronized and the
ST is evaluated by

o mese(E) (g ' ( e 1 1)
(0:0) < Tp P16 <<P1—k1> o1+ Y1 — k4’ 5

+7TCSC(§)< $1 )31( $1 71_1,1);
16 1 — Ky p1+ Y1 — k1 d'6

(3) in particular, when § = 2 in controller (3.1), the networks (2.1) and (2.2) are FXT
synchronized if 0 < k1 < 2v/p111 and the ST is estimated by

T(0,5) < Ty = (15\/2_ (” + arctan (%)) ,

where 11 = 4191 — k? > 0.

Proof Note that the controller (3.1) is discontinuous, so by the theory of non-smooth
analysis [44-46],
up(t) € = (up + epllep()[19) 0 ([ep (1), p €7

By virtue of the measurable selection theorem [45, 47], a function v, (¢) € €o([e,(t)]) can be
found such that
up(t) = — (Hp + EpHep(t)”(l;) YW(t), pe,

which, combined with (2.5), gives that

degt(t) =—&ep(t) + Z apq (Bg(t) — g (1)) + Z bpg (Ba(t — Tpq(t)) — gt — Tpq(t)))
q=1

— (up +epllep®ID)n(t), pef.

Choose the Lyapunov function

= lles®]n,

where e(t) = (lex(®)11, [e2(®) 1, , len(®)]1)” € R™. Calculate the derivative of Va(e(t)) for
e(t) # 0, from Lemma 2.6, one has that
%mu»——éﬁxmam@w+5€@mw0
+§§:§:( DM (84(8) = a(8)) + g (Bal0) — a0 ) es(0)])
+%§§2( — Tog(t)) — gt — g (1))

+%@w—%@w%@ﬂmmwmm

%1; ( Nbp e () + ppyp(t)[e (t)])
1 i t)lepllen(t ”171)( )+ pllen®)I37p (1) en(t)]) - (3.5)
2
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Next, we will analyze each term separately in (3.5). By using Lemma 2.6 and Lemma 2.7,

__Z(ep Tpen(t) +§pep<>[p<t>1)=—i(m&)%<t>)R

p=1
n

<= (-1 =18 = 165D el (3.6)

p=1

According to Assumption 2, Lemma 2.6 and Lemma 2.7,

5 ZZ (Tep g (Ba(t) = q(t)) + apq (Ba(8) — ag®)) len()])

=1q=1
= 3 (@ (Bat) ~ aa(®))) < 323 s l182(6) — g ()]
p=1qg=1 p=1g=1
<O lapgll (Lglleg@®lls + L) = D>~ (Lyllagpllllep(t) 11 + Lillapg1). (3.7)
p=1qg=1 p=1g=1

Similarly,

%ZZ( Pq 611( qu( ))_dq(t_qu(t)))

< ZZ 1bpqll1 Hﬁq( — Tpq(t)) — Gq(t — Tpg(t)) Il < 222 [[bpq 1 Gl (3.8)

p=1g=1

1
Moreover, based on Lemma 2.4,

—%Z ([ep(t)]uﬂp( ) + kp1p(t) ) Zupll ep(®)]|l1,

and

Z ( tlepllep(t Hl’yp( )+ epllen®l§ (1) ) ZEPH ep(®)]ll1llen(t )”(1S (3.9)

l\D|P—‘

Pluggln (3.6)—(3.9) into (3.5), and from Lemma 2.12, for e(t) 75 0,

d n n
MATOESS (|§;| el €K - € IS ||aqp|1> len®l:

p=1 q=1
n

-3 (upn[ep(tml 23" G byl — Ziélapqll)
q=1 g=1
—Zepn ep(®)]11llep(®)]12
< Z lew®lls - Z (n Y Ye Zz;namh)
q=1 g=1
n )
(Znep ||1)

= k1Vi(e(t)) — o1 — VY (e(t)). (3.10)
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If k1 <0, for e(t) € R™\ {0,},

d

7 V1) < —p1 — VP (e(t)), (3.11)

which, with Lemma 2.8 (i), gives that the networks (2.1) and (2.2) are FXT synchronized within

the time 7. Similarly, the remaining results in Theorem 3.1 can be easily obtained from Lemma

2.8 (ii) and (iii). O
Theorem 3.1 is presented under 1-norm; in fact, the FXT synchronization can also be

ensured under 2-norm.

The controller is designed as

up(t) = = (1p + &pllep5) [ep ()], p €7, (3.12)

where § > 1, up,ep € R are positive real constants.
Denote that

1 n

s = glgg{g S (JagplloL2 + lapgll2L2) - 55} , (313)
q=1

Y2 = glein {_ Z (2G3Hb;ﬂq”2 + LiH%qHz) + M;D} ) (3.14)
g=1

Yy =én'T, (3.15)

where ¢ = min{e,,, p € ii}.
Theorem 3.2 Based on Assumptions 1 and 2, under the controller (3.12), if w2 > 0, then
(1) the networks (2.1) and (2.2) are FXT synchronized provided that ks < 0 and that the

ST is estimated by
~ = 2m ©®2 ? ™
T <h=(—)* =3
(0,6) <Ty (@25) (1/J2> CSC((S)’

(2) if 0 < ko < min{eps, 12}, the networks (2.1) and (2.2) are FXT synchronized and the
ST is evaluated by

T 1—3
T(O’, 5-) < T2 = 27TCSC(F) ( w2 ) I (L7 %71 - 1)

)20 w2 — ko w2 + P2 — ko 4]

1
9 ™ 3
N wcsc(é)( ©2 > I<L,1—l,l>;
P20 P2 — ko P2+ 2 — ko 66

(3) in particular, when § = 2 in controller (3.12), the networks (2.1) and (2.2) are FXT
synchronized if 0 < ky < 24/p21)2 and the ST is estimated by

~ . 2 2 (x ko
< = — — _—
T(o,0) <T; 5_1\/E<2+arctan(\/5)>,

where 15 = 4dpathy — k3 > 0.

Proof Similarly, a function v,(t) € ©([ep(t)]) can be selected such that

=—&pep(t) + Z Apq (ﬁq(t) - aq(t)) + Z bpg (ﬁq(t — Tpq(t)) — aq(t — qu(t)))

q=1

dep ()
dt

— (pp + 5p||ep(t)||g)'7p(t)a p € ii.
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lep(®)[13, where e(t) = (lex(t)]]3, le2()]]3,

- ||en(t)||§)T € R™. From the error system, when e(t) # 0, one has that

Choose the Lyapunov function Va(e(t)) = 3

3
-

Ly ety - %;X@% Jer ) + a0 D)
+§§é§@m@o—%m@m+%@%wwwwww
- %ZZ ( i (8)) — gt — (1)) )
+ (b (Bt = T34 (1)) = Gyt = 73 (1)) )

_ % Z (,upyp(t)ep(t) + Gp(t)ﬂp'}’p(t))

- %Z (Ep’Vp(t)Hep( )”2617( ) +ep(t )EPVP(t)Hep(t)”g)' (3.16)

According to Lemma 2.6,

1 n
——Z(fpep ep(t +€p( )Epep(t ) 52 Epllep(t ||2+€p() ()fp)
p=1
%Zm&p )llep (1) Z§R|ep IIE- (3.17)

Moreover,

-
M=

(apa (Balt) = @a(0) @) + €(t)aq (,(0) = g 1))

7
I
-

e
Il
-

NIE
NIE

lapq(Bq(t) = aq(t))ep(t) ]2

3
Il
s

_Q
Il
-

(lapgll2LZlleq@)llzllep(®)l2 + Lillapgll2llep(®)]l2)

M=
M=

p=1qg=1
1 n o n n o n
<5 YD (lagpllLy + llapgll2Llen@®lIz + D> Lillapgl2llep(®)]l2-
p=1qg=1 p=1qg=1

Similarly,

=1
<2 > bpall2Gillep(t)ll2- (3.18)
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Moreover, from Lemma 2.4,

Z HpYp( )ep( )+ ep(t )/Lp'}’p Zﬂp”ep )2, (3.19)

p=1

l\DI»—A

|
N | =
(7=

(EP’V;D(t)Hep( )H2ep( ) +ep(t)eprn(t)llen(t) Z‘EpHep ||5+1' (3.20)

S
Il
-

According to (3.17)—(3.19),

d ~ (1
T Vele®) <D [25 lagpll2Ly + lapgll2L3) —551 lex(®)113
p=1 Lg=1
-3 (- 2ZG2||bpq||2 ZL?Hapqnz) lepft)le Zspnep Ol
p=1
= kaVa(e(t)) — @2V (e(t) — aVs * (e(t)). (3.21)
Therefore, it is easy to get, based on Lemma 2.8, that the networks (2.1) and (2.2) are FXT
synchronized. O

Remark 3.3 Compared with previous studies on the FXT synchronization of QVNNs
using the separation method [26-30], it is clear that the non-separated direct method used in
this paper can significantly reduce computational redundancy. At the same time, by virtue of
introducing a quaternion sign function, the 1-norm and the 2-norm, the quaternion controllers
(3.1) and (3.12) are designed directly in this paper, this is a method that is more concise and

efficient than adding four real-valued controllers as in [26-30].

Remark 3.4 The authors in [33] only introduced the 1-norm to analyze the FNT syn-
chronization of QVNNs with and without delay. In this paper, the FXT synchronization of
QVNNs is explored based on 1-norm and the quadratic norm. More specifically, Theorem 3.1 is
established by applying the 1-norm to construct Lyapunov function and to design the controller,
but Theorem 3.2 is obtained by introducing the quadratic norm. Note that the two results,
including synchronization criteria and the estimates for the synchronization time, are totally
different. Hence, our results are more plentiful and flexible compared with related work that is

only based on a single type of norm.

Remark 3.5 In [48], the authors discussed the problem of FXT consensus for a class of
heterogeneous nonlinear multiagent systems based on the result of fixed-time stability given in
[18]. As opposed to that work, the FXT synchronization of QVNNs is investigated based on
the improved theorem of fixed-time stability [19]. It has been revealed that the estimate for
the settling time provided in [19] is more accurate compared with that of [18], which indirectly

improves the estimation accuracy of synchronization in our paper.

4 Preassigned-Time Synchronization

The PAT synchronization of QVNNs (2.1) and (2.2) will be analyzed below. To achieve

this, the following control strategies are proposed:

up(t) = —TTTl (hp + pllep®S) [ep(®)], p e, (4.1)

@ Springer



No.3 W.L. Wei et al: FIXED/PREASSIGNED-TIME SYNCHRONIZATION 1453

T

up(t) = —szt (1p + epllep®1) lep(®)], P €T, (4.2)
up(t) = —% (1p + epllep(®7) [ep(®)],  p € 7. (4.3)

Here 6 > 1, pup, > 0, €, > 0, Tpas > 0 is a preassigned time, and Ty is defined as in Theorem 3.1
with ¥ = 1,2, 3.

Theorem 4.1 Under Assumptions 1 and 2, the following PAT synchronization results
are established:

(1) if By < 0, the networks (2.1) and (2.2) are PAT synchronized within the preassigned
time Tyt satisfying that 0 < Tpae < Ty under the control law (4.1);

(2) if 0 < k1 < min{1, 91}, the networks (2.1) and (2.2) are PAT synchronized within the
preassigned time Ty, satisfying that 0 < Thae < Tg under the control law (4.2);

(3) if 0 < k1 < 2y/111, the networks (2.1) and (2.2) are PAT synchronized within the
preassigned time Ty, satisfying that 0 < Thae < T3 under the control strategy (4.3).

Proof This is similar to the proof of Theorem 3.1. Note that 0 < Tpa < Tl and k; <0,
so when e(t) # 0,

d n o n Tl § ~ n Tl L
V) < =303 (= Gl — Ellalh ) — 3 o ent = el
p=1q=1 pat p=1 pat
Tl )
< - t(801 + 1 VP (e(t)))

pa

According to Lemma 2.8, QVNNs (2.1) and (2.2) are PAT synchronized within the time Tay.
For the case where 0 < k1 < min{¢1,1}, it is easy to obtain that

d T2 TZ

FE0) € M) = 71— 0V el
Therefore, when e(t) # 0,
Dyr(e) < — 2 (“kaVale(®) + o1 + 6V (e(t)))

dt That

which implies that QVNNs (2.1) and (2.2) achieve PAT synchronization within the time Tpqs.
For the case where 0 < k1 < 2v/p1¢1, the proof is similar to the above analysis, so is
omitted here. g

Next, the following control strategies based on 2-norm are proposed in order to realize PAT

synchronization of networks (2.1) and (2.2):

T

up(t) = _m (Mp + Ep”ep(t)Hg) [ep(t)], p € 1, (4.4)

(1) = = (1 + allenlO1) fen(®), P 7 (45)

up(t) = _m (Mp + €P||ep(t)||§) [ep(t)], pE . (4.6)

Here 6 > 1, pup, > 0, €, > 0, Tpas > 0 is a preassigned time, and Ty is defined as in Theorem 3.2
with ¢ = 1,2, 3.
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Theorem 4.2 Under Assumptions 1 and 2, the following PAT synchronization results
are established:

(1) If k2 < 0, the networks (2.1) and (2.2) are PAT synchronized within the preassigned
time Tpat, satisfying that 0 < Tpay < Ty under the control law (4.4);

(2) if 0 < ko2 < min{ps, 12}, the networks (2.1) and (2.2) are PAT synchronized within the
preassigned time Tpas, satisfying that 0 < Tha < T, under the control strategy (4.5);

(3) if 0 < ko < 2/21bg, the networks (2.1) and (2.2) are PAT synchronized within the
preassigned time Tp.¢, satisfying that 0 < Tpa < T4 under the controller (4.6).

Remark 4.3 If the preassigned synchronized time is Tpat > Ty (¥ =1,2,3) as in Theorem
4.1, it follows from Theorem 3.1 that the PAT synchronization can be also achieved under the
controller (3.1), since the synchronization has been realized within the time T. Similarly, if
the preassigned synchronized time is Tphay > Ty (0 =1,2,3) as in Theorem 4.2, it follows from
Theorem 3.2 that the PAT synchronization can be also achieved under the controller (3.12).

Remark 4.4 Recently, much has been published on the synchronization of QVNNs, in-
cluding on global synchronization [13, 14], exponential synchronization [15, 16], quasi synchro-
nization [50, 51], FNT anti-synchronization [32], FXT synchronization [26, 27, 29, 30, 33].
However, there are few results on the PAT synchronization of QVNNs. In [28], the PAT syn-
chronization of QVNNs without delay was analyzed based on four real-valued controllers by
a separation method. In Theorems 4.1 and 4.2 in this paper, we have studied PAT synchro-
nization of QVNNs with a time-varying delay by designing quaternion controllers based on the
unseparated method. It is evident that the quaternion controllers designed in this paper is
simpler.

Remark 4.5 Note that the synchronization can be also solved for a specified time in
advance under the FXT control schemes (3.1) and (3.12) by adjusting the control parameters.
However, the adjustment may be seriously troublesome, since the relation between the con-
vergence time and the parameters are not clear. Moreover, the quicker convergence time may
result in larger control costs. To avoid these shortcomings, the control protocols (4.1)—(4.6)

have been developed in order to achieve the preassigned-time synchronization.

5 Numerical Examples

In this section, some numerical examples are presented in order to verify the correctness of
the above theoretical results.
Example 5.1 Consider the QVNN
L(t) = —€a(t) + Af(x(t)) + Bg(z(t — 7(1))) + 7, (5.1)

where x(t) = (21(t), 72(t))T, and the activation functions are given by

1) + 5 f (21 (1) + kA (2 (1))
F3H (@l (8)) +ifs (x5(t) + 5 f3 (x5 (1)) + kf3* (25 (1))
and
g1t (@1 () +igi (x1 () + jgi (21 (1)) + kgf* (21 (1))
(5 () + g5 (x5 (1)) + jgs (3 (t)) + kg3 (x5 (1))

)
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where f§(zd(t)) = sin(z2(t)) + 0.01sign(x2(t)) and gd(xd(t)) = (lzd(t) + 1] — |zd(t) — 1])/2,
¢ =1,2. Obviously, L} =1, INJ}I = 0.02 and G = 4. The time-varying delay is 7(t) = e’/ (1+-€").

In addition,

, 0.6 + 0.5i — 0.45 — 0.1k 0
§ = diag(&1,&2) = , _ :
0 0.2+ 0.1 — 0.55 — 0.5k

—0.440.8; —0.25 + 0.6k 0.1 —0.479 —0.45 — 0.8k

A = (apg)axz = )
0.1+0.6i4+0.7j — 0.5k 0.3+0.4i — 0.2 + 1.0k
0.2—-0.5:—-0.7—0.1k 0.540.4i —0.25 — 0.3k

B = (bpg)2x2 = . . ; : ’
—0.240.5¢ — 0.3 — 0.1k 0.4 —0.47 — 0.45 + 0.5k

—2.0+1.00 4+ 1.25 — 2.5k
JI=(Lp)ax1=

1.5+ 0.4¢ —1.85 + 0.6k

The dynamic behavior of system (5.1) is presented in Figure 1.

AU

0
£

Figure 1 Dynamic behavior of system (5.1)

The response system is described by

y(t) = =€y(t) + Af (y(t)) + By(y(t — (1)) + T + U(t), (5.2)
where y(t) = (y1(t),y2(t))T, U(t) = (u1(t),u2(t))T is the controller, which will be shown later.
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First, the FXT synchronization of networks (5.1) and (5.2) will be verified. Consider the

controller designed in Theorem 3.1:

up(t) = - (Mp + Ep”ep(t)”(l;) [ep(t)], pe {172}- (5'3)
By a simple calculation, we get that k; = 4.90. Select py = 25.5, o =25.5, 61 =7.5,e0=7.5
and § = 1.5. It is evident that, g = 25.5 and &€ = 7.5. Therefore, o1 = 5.25, ¥; = 5.30,
and the inequality 0 < k1 < min{py,11} is satisfied. According to Theorem 3.1, the FXT

synchronization is ensured and the ST is estimated by 77 = 3.1215. The simulation result is

presented in Figure 2 by picking random initial values.

o
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1 e |
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J
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Figure 3 PAT synchronization of master-slave systems (5.1) and (5.2)
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In what follows, the PAT synchronization of networks (5.1) and (5.2) will be verified.

Selecting Tpas = 0.8, the control scheme is given as
T

—7— (e +elle@In) 0], pe {12}, (5.4)
pa

in which pu1 = 25.5, uo = 25.5, &1 = 7.5, e2 = 7.5 and § = 1.5. According to Theorem 4.1,
systems (5.1) and (5.2) are PAT synchronized within the preassigned time Tpa, = 0.8. The

up(t) =

corresponding numerical result is illustrated in Figure 3, by picking random initial values.
Next, the FXT synchronization and the PAT synchronization under 2-norm will be verified
in Example 5.2, according to Theorem 3.2 and Theorem 4.2.
Example 5.2 Consider the QVNN

(t) = —&x(t) + Af(z(t)) + Bg(x(t — 7(t))) + 7, (5.5)
where x(t) = (z1(t),72(t))T, and the activation functions are

@) +iff (@1(0) + 5/ (21 (1) + kf (21 (1))

[ @E () +if3 (23(8) + 3 f5 (23 (1) + K f3 (25 (1))

and

T 1(t)) {
g5 (31 ()) +igs (3(1)) + jg3 (3 (1)) + kgs* (37 (1))
where fJ(z2(t)) = tanh(zl(t)) and g¢(z2(t)) = (|d(t)+ 1] —|=2(t) — 1)/2, ¢ = 1,2. Obviously,

L?=1,12=0and G2 = 2. The time-varying delay is 7(t) = e*/(1 + e'). In addition,

—0.04 — 0.10¢ + 6.805 + 3.10k 0

§ = diag(&1, ) = , ,
0 0.02 + 0.01i — 1.505 — 2.00k

0.6 +0.5i +0.5j — 0.6k —0.3+ 0.1 — 0.1 + 0.4k

2 = (apg)axz = _ _ , _
0.2+ 0.66 —0.25+ 0.5k 0.1+0.2¢+0.35 — 0.6k

0.6 +0.9i + 0.1 + 0.1k —0.6 + 0.4i — 0.1j + 0.6k

B = (bpg)axz = , _ , _
—0.1—0.7i +0.2j — 0.4k 0.5 — 0.3i +0.4j + 0.2k

—0.1-0.1:—-1.25+ 1.3k

J=(lp)ax1=
0.5+ 1.4i — 1.8 + 0.6k

The dynamic behavior of system (5.5) is presented in Figure 4.
The response system is described by

(t) = =€y (t) + Af (y(1)) + By (y(t — 7(1))) + T + U(1), (5.6)

where y(t) = (y1(t),y2(t))T, U(t) = (u1(t),u2(t))T is the controller, which will be shown later.
First, the FXT synchronization will be verified. Consider the control strategy designed in
Theorem 3.2:

up(t) = — (Mp + Ep”ep(t)”g) [ep(t)], pe{1,2}. (5.7)
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Figure 4 Dynamic behavior of system (5.5)

1 and ¥9 = 2.1213. Select p; = 9.1371,

5 and § = 2. Then, ks < 2y/@21)9 = 5.8259. According to Theorem

1.7835, @y =

By a simple calculation, ko

3) €2

7.2860, 1
3.2, the FXT synchronization is realized within the time 75

pi2 =

3.8726. The simulation result is

presented in Figure 5 by picking random initial values.
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In what follows, the PAT synchronization of networks (5.5) and (5.6) will be verified.

Selecting Tpas = 0.8, the control scheme is given as

up(t) = —Ti (hp + pllepIIS) lep®)], b€ {1,2}, (5.8)

in which p; = 9.1371, py = 7.2860, &1 = 3, 2 = 5 and § = 2. From Theorem 4.2, systems (5.5)
and (5.6) are PAT synchronized within the preassigned time Tpa, = 0.8. The corresponding

numerical result is illustrated in Figure 6 by picking random initial values.

10 T T T T T T T T T
el
e |1
e\
et |1
el
4 &)
—ef

2 0]

e T =08
pat

e"().e'(t).e”(.e(t)

Figure 6 PAT synchronization of master-slave systems (5.5) and (5.6)

6 Conclusion

In this article, the FXT synchronization and the PAT synchronization for a class of QVNNs
with time-varying delay and discontinuous activation functions were achieved by designing a
direct quaternion controller based on a non-separation method. Compared with the existing
results [26-31, 33, 34], our results have the advantage of less computation, a simpler control
design, lower conservatism and more accurate estimation of ST. It is noted that stochastic
disturbance and the switching effect are inevitable in neural circuits and practical problems
[52, 53], so it would be valuable and meaningful to investigate the FXT and PAT synchronization
of QVNNS; this will be one of the directions of our future research.
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