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Abstract We present a mathematical and numerical study for a pointwise optimal control
problem governed by a variable-coefficient Riesz-fractional diffusion equation. Due to the
impact of the variable diffusivity coefficient, existing regularity results for their constant-
coefficient counterparts do not apply, while the bilinear forms of the state (adjoint) equation
may lose the coercivity that is critical in error estimates of the finite element method. We re-
formulate the state equation as an equivalent constant-coefficient fractional diffusion equation
with the addition of a variable-coefficient low-order fractional advection term. First order
optimality conditions are accordingly derived and the smoothing properties of the solutions
are analyzed by, e.g., interpolation estimates. The weak coercivity of the resulting bilinear
forms are proven via the Garding inequality, based on which we prove the optimal-order
convergence estimates of the finite element method for the (adjoint) state variable and the

control variable. Numerical experiments substantiate the theoretical predictions.
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1 Introduction

In this paper we study the following optimal control problem governed by a Riesz-fractional
diffusion equation (RFDE) with variable diffusivity coefficient:

min J(y, u) := l/ﬂ(y(z) _yd(x))QdH%/ w?(z)dz (1.1)

wEUaq 2 Q

subject to

{ — D[K(z)I* *D]y(z) = f(z) + u(z), z€Q:=(0,1), a€(1,2), 12
y(0) =y(1) =0.

Here y refers to the state variable, Dy(x) = y'(x) is the first-order derivative of y(x), ya

represents the target function, and w is the control variable in the admissible set U,q given by
Und = {u€ L*(Q): a <wu(z) <bae inQ with a,b € R and a < b}. (1.3)

K (z) refers to the variable diffusivity coefficient and the operator I2~® := ([2=%+,I; ™%, where
the left and right fractional integral operators oI2~® and ,I7~* are defined via the Gamma
function I'(-):

2—« _ 1 * g(T) T

2 -« — 7)ol
—a 1 ! T
1t tate) = ey | e

The optimal control problem governed by FDEs plays an important role in many engineering
problems, e.g., contaminant transport in heterogeneous media [5, 18, 23] in which the pollution
sources are controlled in order that the concentration of pollutants in the water reaches an ideal
value with a low cost. From a mathematical point of view, this process can be formulated as
an optimal control problem constrained by an RFDE, which models the anomalously diffusive
transport of the contaminant in the heterogeneous surrounding.

In recent years optimal control problems governed by FDEs have attracted extensive at-
tention from researchers; see e.g., [3, 4, 10, 11, 13, 19, 20, 25, 28-30, 35]. However, to the
best of our knowledge, almost all of the existing works focus on constant-coefficient space-
fractional optimal control models, while the corresponding investigations on variable-coefficient
problems are relatively meager. The variable-coeflicient FDE models are distinguished from
their constant-coefficient analogues in the following respects:

(a) The solution structures of the constant-coefficient FDEs are clearly specified in, e.g.,
[1, 14]; this leads to the regularity estimates of the solutions. However, the variable coefficient
complicates the models and invalidates the analysis tools developed in the literature. Though
there are some regularity results for variable-coefficient FDEs in weighted Sobolev spaces [32,
34], the corresponding non-weighted estimates, which are required in the error estimates of,
e.g., finite element methods, remain untreated.

(b) Commonly-used (weighted) Jacobi spectral methods for constant-coefficient FDEs (cf.
[8, 9, 14, 21, 22, 31]) do not apply for their variable-coefficient analogues due to the impact
of the variable coefficient. Recently, some indirect spectral methods for variable-coefficient
FDEs were developed, in [32, 34], by converting them into constant-coefficient FDEs. However,
such transformation methods may not be extended to the study of high-dimensional problems.
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Furthermore, the indirect methods are not derived from the variational framework, which makes
the error estimates of the discretization of the optimality conditions intricate.

(c¢) In the finite element method of variable-coefficient FDEs, the corresponding bilinear
form may lose the coercivity [26, 27] that is critical in error estimates. In [33], an indirect
finite element method for a variable-coefficient FDE was proposed and analyzed by expressing
its solution in terms of that of the constant-coefficient FDE. For this reason, such an indirect
method could not be extended to high-dimensional cases.

In this paper we address the aforementioned issues to carry out rigorous mathematical and
numerical analysis for the optimal control problem (1.1)—(1.2). We first analyze the smoothing
properties of the solutions by, e.g., interpolation estimates, and based on this we study a finite
element approximation to the optimality conditions of the model. To overcome the loss of
coercivity of the resulting bilinear form, we follow [15] to rewrite the state equation (1.2) as a
constant-coefficient FDE by adding a variable-coefficient low-order fractional advection term.
Instead of assuming that |K’(z)/K ()| is small enough as in [15], which ensures the coercivity
of the bilinear form and thus facilitates the numerical analysis, we prove the weak coercivity of
the bilinear form via the Garding inequality to find the optimal-order convergence rates of the
scheme. The proposed numerical analysis techniques could be directly extended and applied in
high-dimensional problems; this distinguishes this method from those mentioned in (b)—(c).

The rest of the paper is organized as follows: in Section 2, we introduce the preliminaries to
be used subsequently. In Section 3 we derive the first-order optimality conditions and analyze
the regularity of the solutions to the optimality system. We then present the finite element
approximation of the optimal control problem and prove a prior error estimates for the state
variable, the adjoint state variable and the control variable in Section 4. Numerical experiments

are carried out in Section 5 to substantiate the theoretical findings.

2 Preliminaries

Let N be the set of non-negative integers, let LP(2) with 1 < p < oo be the space of
pth Lebesgue-integrable functions on €2, let C*°(€Q)) denote the space of infinitely differentiable
functions on Q := (0,1), and let C§°(Q2) be the functions in C*°(§2) that have compact support
within 2. Accordingly, the Sobolev space Wz} (Q) is defined as the collection of LP functions
whose derivatives also belong to LP(£2). In particular, H'(Q) := W} (). All of these spaces
are equipped with standard norms [2]. Let w?(z) := (1 — z)P2# for some 3 > —1 and denote
by L?;(Q) the weighted L*(€2) space equipped with the inner product and the norm

(q,0) s = /Qq@)u(x)wﬁ(x)dx, lallws = (a,9)7, Ya,0 € L24(9).

Denote by H?(2) with 0 < 6 < 1 the fractional Sobolev space equipped with the inner product,
norm and semi-norm

1/2
e B (¢(z) — q(y))?
(0.0) = lalE e ol = ([ [ S0 qeay )

lall oy = (lallZ 20y + |Q|§{9(Q))1/27
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and let HE(Q) refer to the closure of C§°(Q2) with respect to || - [|zo(q). Accordingly, the
fractional Sobolev space H'*?(Q) is equipped with the norm [2, 6]

1/2
vl e ) = (HUH%P(Q) + |’U/|%19(Q)) . (2.1)

Furthermore, we define the left and right fractional derivative spaces Hf () and H?(Q) via

the following norms:

|Q|Hﬁ(sz = ||01179q 22, H‘JHH9 Q) = (”‘J”L? @t |Q|H9(Q))1/2=
lal o0y = oIt 04 20y Nall oy = (lallEa (o) + lal% o). (2.2)
r (@)
Define the pointwise projection P, onto the admissible set U,q by
Py, (u) = max{a, min{b, u}},
with the property [17]
1 Pu.s (W)l o ) < llull oy, Yu € H(Q), 0<0<1. (2.3)

Let C represent a generic constant that may assume different values in different cases. The

following properties of the aforementioned spaces hold [12]:

Lemma 2.1 For 1/2 < 6 < 1, the spaces Hg(Q),HﬁO(Q) and Hf)O(Q) are equal with

equivalent semi-norms and norms.

Lemma 2.2 For 0 < 6 < 1, the following relation holds for ¢ € Hf(Q):
(Dol ™%, DaIi™"q) = — cos(0m) | Doy’ qll72() = — cos(0m)|| Do 1y 4|72 q).

Lemma 2.3 The left and right fractional integral operators are adjoint in the L? sense,
i.e., for any 6 > 0, it holds that

(0110%’0) = (Q7II?’U)7 unv € LQ(Q)
Lemma 2.4 Suppose that ¢ € H{ () (or H(Q)) with 0 < § < 1. Then it holds for
0 <t < 0 that

|Q|H;Y0(Q) < C|Q|Hﬁo(ﬂ) (or |Q|H;YO(Q) < C|Q|Hf10(ﬂ))-
Lemma 2.5 Suppose that g € HﬁO(Q) (or Hf)o(ﬂ)) with 0 < 6 < 1. Then

l9llz22) < Clalgg, () (or llallzz@) < Clalgo (o))

Lemma 2.6 ([24]) Suppose that 0 < 6 < 1 and that g(z) is Lipschitz continuous on €.
Then there exists a constant C' > 0, depending on ||q|| (o) and the Lipschitz constant of g(x),
such that

9!l ze ) < Cllgllzee @ llallme )
In this paper, we make the following assumption on the data:

Assumption A K € W1 (Q) with a positive lower bound K, K’ is Lipschitz continuous
on Q and f, yg € L3().
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3 Analysis of Optimal Control Model

In this section we analyze the optimal control model (1.1)—(1.2). Using the product rule
for K(z) - (I*~*Dy(x)), the variable-coefficient diffusion operator in (1.2) can be rewritten as

follows:
—D[K(z)I*"“D]y(z) = —K(z)DI*"*Dy(z) — K'(z)I*~* Dy(z).

Consequently, the variable-coefficient RFDE (1.2) can be converted to its constant-coefficient

analogue with the addition of a variable-coefficient low order term
Ly(z) :== (T + Mi)y(z) := —DI* “Dy(z) — @12—%);;(3;) = +
| R K () K@) " K@)

In the rest of the paper, we will frequently use this equivalent form of (1.2) to facilitate the

fl@) | ulx)

analysis.

3.1 First-Order Optimality Conditions

Theorem 3.1 Suppose that (y,u) is the solution to optimal control problem (1.1)—(1.2).
Then the following first-order optimality system holds:

f(2) | ulz) O — v — o
K "Ry T v == 3.1)

Lp(e) = y(x) —ya(r), e p(0)=p1)=0

Ly(z) =

and

/Q(vu(x) + Ip{(x) Y(v(x) —u(x))dz >0, Yv € Uu. (3.2)

Here
K'(z)

£* .= —DI*>®D 4 D[*>~@
" K(@)

= T+M2

Proof To derive the first order optimality system, let .J(u) = J(y(u),u), where y(u) is
the solution of the state equation associated to u. The optimal control problem (1.1)—(1.2)

reduces to the optimization problem m[i]n J (u). Then the first order optimality condition takes
u€Uaa

the form

J'(u)(v —u) > 0,Yv € Upg.

By simple calculations, we have that

P =) = Jim_ o | (et Ao =) =90 = (00) = 50 da

+ /\11}1%1+ % Q((u + v —u))? —u?)dz

— [ 0 =5y ()~ widz + 7 [ ufo - ude
Q Q
In order to simplify the above inequality, we introduce z = y'(u)(v — u). It follows from the
state equation (1.2) that
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By adjoint property of fractional integral operators, we obtain from the adjoint state equa-
tion in (3.1) that

[ =@ - e+ [ uto = s

Q

= / 2*p~zda:—|—’y/ u(v—u)dx:/ll%pd:z:—l—’y/ u(v — u)dx
Q Q Q Q
= /Q(”yu—!— %)(v—u)dx > 0.
Combining the above equations, we obtain that
J' (W) (v —u) = /(Wu—i— %)(’U —u)dz >0, Vv € Uy,
Q
which completes the proof. O

Remark 3.2 We observe that the adjoint state equation in (3.1) can be rewritten in the
following equivalent form:

* _ 2—a p(‘r) _ _
£p(e) = =PI K@D (05 )] = (@) = vate) (33)
Compact with (1.2), this is indeed a different kind of variable-coefficient RFDE if we consider

p(z)/K (x) as a new unknown variable. Furthermore, we follow [7] to conclude that the condition

(3.2) is equivalent to
p
K
v
3.2 Existing Results for State (Adjoint) Equations

u= Py, (— (3.4)

To achieve the regularity of the solutions to the optimal control problem (3.1)—(3.2), we

refer the following lemmas for future use:

Lemma 3.3 ([16]) The homogeneous boundary value problem of 7 g = 1 with ¢ € L?(Q)
admits a unique solution g € H'/2+2/2=¢(Q) for 0 < € < 1 such that

91l 1/240/2-c 0y < CllllL20)-

Lemma 3.4 ([34]) Let f(z) + u(z) € L*(Q). Then the state equation in (3.1) admits a
unique solution y(z) € L2 _,,,(Q) satisfying the equivalent problem
. A
—I*"“Dy / f(s) + u( K@) (3.5)
where A := [K(2)I*~*Dy(z)]|z=0 satlsﬁes |A| < CONf 4 ullp2()-
Lemma 3.5 ([33]) Let y(x) — ya(x) € L*(2). Then there exists a unique solution p(z) €
L>(Q) to the adjoint state equation in (3.1). In particular, if p(x) solves the homogeneous
boundary value problem of Tp = y — yq4, then the p(z) can be represented in terms of p(x) as

“ Dp(s) L w2 (s)
K(x)/ ds — C’*K(:z:)/ ———2ds, (3.6)
o K(s) 0 K(s)
where 1 Dats)
p(s
T 1 wa/2 l(s)d
o K(s) 5

satisfies |C*| < Clly — yallL2(q)-
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3.3 Smoothing Properties of the Optimal Control Problem

Lemma 3.6 The function x®/2~1 € H(@=1/2=¢(Q) for 0 < ¢ < 1.

Proof Let ((z) € C*°[0,00) denote the cutoff function satisfying that {(z) =1 on 0 <
x <1/4 and ¢(z) =0 on = > 3/4. Then we have, for some o > 0, that

B B 1, for 0 < z < 0/4, .

Co(x) = ((z/0) = 0. for 2 > 30/4. 3.7)

Let v(z) := 2%/?71 = v(x) + p(x), where v(z) = ((z)v(x) and pu(z) = (1 — {(z))v(z). Tt is
clear that

30/4
||v||2L2(Q) < C/o r* 2dz < Co® ™. (3.8)

Next we consider u(x) as
I (@)] < OJ1 = Go ()72 + C2®2 7Y (1 = G (2))]. (3.9)

Using (3.7), we find that the first right-hand side term of (3.9) vanishes for # < ¢/4 and the
second right-hand side term vanishes for z < ¢/4 and « > 30/4. Then,
1

30/4
||,LL||§{1(Q) < C/ |/ Pda < C'/ z*dx + C'/ o %2 2de < C(1+0%73).  (3.10)
Q c/4 c/4
By (3.8) and (3.10), we can get that
x(t,v) = inf ([[v—uwlr2q) +tlwllm @)

weH(Q)
< olle2) + el g @) < Cle @72 411 4+ o 7272)).

We know that

dt

s e, = [ PR (311)

Note that for ¢ > 1, we may choose w = 0 such that x(t,v) < ||v| 12(q). For 0 <t < 1, we take
o =1 to obtain that

X(t,v) < O™V 4 (1 4 ¢0=32)) < orla=D/2,

We incorporate the above estimates to obtain that
1 o)
Il @, . < O/ p2ota=1-1gy | O/ 20714t < oo
: 0 .

for p < (a —1)/2, which completes the proof. O

Theorem 3.7 Suppose that Assumption A holds. For 0 < € < (o — 1)/2, the solutions
(y,p,u) to the optimal control problem (3.1)—(3.2) satisfy

y(x) € HAPPV24Q), p(a) € HOPH22E(Q),  u(z) € HY(S),
and the following stability estimates:
[yl frerzt1/2-cy < CIIf +ullz2(y,
[Pl ez t1/2-c (@) < Clly — yallL2(e) (3.12)
[ull mr10) < Clly = Yall2(0)-
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Proof We can derive from (3.5) that

f +u L, [" 1y,
= dy — A(=)". 1
e+ ) |+ umay - Alg) (313)
By Assumption A, the right-hand side of (3.13) belongs to L?(Q2), which, together with Lemma
3.3, implies that y € H®/2t1/27¢(Q) with the first stability estimate in (3.12). Then we incor-
porate y — y4 € L*(Q) with Lemma 3.3 to conclude that the solution p introduced in Lemma
3.5 satisfies

—DI* Dy

p e HY*12=¢(q). (3.14)

Then, in order to determine the regularity of p, we differentiate (3.6) on both sides to obtain

that
Tz of2-1
/ S d8+ — C*w a/2-1 KIC*/ w (S)dS
K S 0

K(s)
. _  K'(s) * af2—1
_K(x)p(:v)—i—K()/O P()Kg(s)ds—i—p C*w®/
T woz/2—1 s
—K'(:C)C*/O T)()ds. (3.15)

By (3.14), Lemma 2.6, Lemma 3.6 and the Assumption A, the right-hand side of (3.15) is finite
under the semi-norm || gra/2-1/2-¢(q). We incorporate this with the definition of ||-|| gr1/2+a/2-¢ ()
(cf. equation (2.1)) and the observation that the right-hand side of (3.15) belongs to L?(2) to
conclude that p € H*/?1/2-¢(Q) with the second stability estimate in (3.12). Finally, we apply
p € HO2H1/2=¢(Q) ¢ H'(Q), (2.3) and (3.4) to arrive at u € H'() with the third stability
estimate in (3.12), which completes the proof. O

4 Finite Element Approximation to the Optimal Control Model

We develop the Galerkin finite element approximation for optimal control problem (3.1)—

(3.2) and prove the corresponding optimal-order error estimates. Define the bilinear forms

/ o
A(p,v) :== (I'"2Dp, I'" 2 Dv) — (%IQ‘O‘DM, v), Yu,v € HZ (Q). (4.1)

Then the weak formulation of the control problem reads as m[i]n J(y,u), subject to
u€lUaq

f a
Aly,v) = (K + E V), Yv € HE (Q). (4.2)
To derive the variational problem of first order optimality control condition, we define the
following Lagrangian functional:
f U
S =J =4+ —=,p)—A .
(Y pyu) = J(y,u) + (5 + 72.0) = Ay, p)
Then we have that

Ay =L+ e H @),
A(v,p) = (y — ya, ), Vv e Hg (Q), (4.3)
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To define the finite element scheme, we introduce a uniform partition €2, of the interval
Q with the mesh size h > 0. Let V}, represent the continuous finite element space consisting
of piecewise linear polynomials on 2. and define the piecewise linear interpolation operator
Iy : HO% (Q) — V}, with respect to .. The following interpolation error estimate holds:

lw = Tnwll g ) < QR[] Yw e HE+37¢(Q). (4.4)

HE+275(Q)’
Then the finite element approximation for optimal control problem is to find (yp,upn) €
Vi N H () x U,q satistying Hli[I]l J(yn,up) subject to
Uh €Vad

o o K’
A(yn,vp) :== (I'"2 Dy, I' ™2 Dyy,) — (ffzfo‘Dyh, vy), Yup, € Vi

In a manner analogous to the derivations of the continuous optimality conditions, we have the

discrete first order optimality conditions

U
Ayn,vn) = (% + Eh, Vn), Yy, € Vi,
A(vn,pn) = (Yn — Ya, V), Y € Vi, (4.5)

/(’yuh + &)(Vh —up)dz >0, Vv, € Uyg.
Q K

Next, to achieve a priori error estimates of the finite element approximation we need to introduce

auxiliary problems and results:

u
Al ) = (5 +22m), Y € Vi

A(wh, pr(u)) = (yn(u) = ya,vn),  Yvn € Vi, (4.6)

A(thph(y)) = (y — Yd, Vh)a VV}L S Vh'
Theorem 4.1 Under the Assumption A, the following estimates hold for v, w € HO% (Q):

lv]l? < C(llvl1Z2 () + Alv,v)).

(v, w)] < Cllo] ? i

H%(Q)Hw||H%(Q)7
Proof We apply integration by parts and Lemma 2.3 to obtain, for w,v € HO% (Q), that

(Tv,w) :/(szo‘Dv)Dwdx
Q

= / (0 I1=2Dv) (I}~ ** Dw) + (I} *> Dv) (o I~/ Dw)da.
Q

Then, by (2.2), we obtain

(Tv,w)| < CloLk= "2V || 20y lody =0’ | 200y + Clladi ™ >0 | 20 o2~ %0 || 120
= C|v|

wl 5 4 Clol

i? @ wlys

12 (©) B2 @) ag @

We apply Lemma 2.1 and 1/2 < a/2 to get that

[(Tv,w)| < Cllv (4.7)

s o 10l 2% o)
Duetoa—1 < a/2for 1 < a < 2, we apply Lemma 2.1, Lemmas 2.3-2.6 and the zero boundary
conditions of v and w to get that

KI — —
|(M1U=w)|§||?(015 Do+, I;7D) || 20y | wll 120
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KI —Q —
§||?Hoo|\off Dv +, 17 Dvl| 2o wl 2

< C(lvlgp—1) + [olge -1 @) lwll 20
< Cllvll 5 g + 01,3

< CHU”H%(Q)HMHLQ(Q)' (4.8)

H2(Q Nwllz20)

We then set w = v and use Lemmas 2.1-2.2 and the zero boundary conditions of v to obtain

(T0.0) 2 Qlol g - @ > 0. (19)
By (4.8), (4.9) and the Cauchy-Schwarz inequality, we have that

Aw,v) > QI o) — mw@awmmm>

02
>mwuﬂﬂ <|H@MQ Tl

Finally, combining (4.7), (4.8) and (4.10) yields the results for A(-, ).
Due to (Mjv,w) = (Maw,v) and

K’ —«a —«
[(Mov,w)] < [ 5= llscllvll 22 llo L2 Dw +4 I~ Dw]| 2

< Clolgerllwlyg < Cllvll s lwll s,

the estimates for A(-,-) of the adjoint state equation follow from those of A(-,-) in the state
equation. O

Theorem 4.2 Under the Assumption A, the following convergence and stability estimates

of the auxiliary problems hold for a sufficiently small A and € > 0:
ly = yn(W)llz2(0) + 2y — yn(u)ll ;5 @ = Cr' =yl HEri-e

lp = pr()llzz (@) + 12 lp = Pr(W)ll 5 (o) < OB IIpll 548

@)’
@’
19 (Wl g% ) < CIF +ullz), IPr®)llys o) < Clly = yallL2o)-

Proof As the existence and uniqueness of linear problems are equivalent, we prove the
uniqueness of solution yp, (u) to show its existence. If there exist two solutions yx1 (u) and ypa(u)
to the first equation of (4.6), the difference y;;(u) = yn1(u) — yn2(u) satisfies that A(y; (u), vn) =
0. Next, let y* be the solution to the homogeneous boundary-value problem of £y* = 0. By
Lemma 3.4, we have that y* = 0, and thus that A(y*,v,) = 0. Let m be the solution of the

homogeneous boundary-value problem of £*m = y* — y; (u), so we have that
Alvm) = (5" — i (u),v). Vv € Hg (2.
We take v = y* — 5 (u) to obtain
" = yn(u)y" =i (u) = A" = yu(w),m) = Aly" — yi(w),m — Iym).
Using Theorem 4.1 and (4.4) we can get that

Iy = i (W72 = Ay* = yi(uw),m — Iym)
@ Springer
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<|ly*— yZ(U)HH%(Q)”m - IhmHH%(Q)

< OB Ny = )3 Il 53

< O ly* =y ()l 5 o ly* = vi (Wl L)
This implies that

ly* =y (@)l 2) < Oy = 4 (W) g (- (4.11)
By Theorem 4.1 and (4.11), we obtain

Clly* ~ 930) ey + A" — 93 ()" — 93 (u)
Ch = Ny" = vr (5 o) + AW = (), y" = Iny"))
C(

B2y — g )2 ) + I = 90 8" — Ty 5 )

<
<

By (4.4), we can derive, for a sufficiently small h, that

* * 1/2—e¢ *
Iy = @)% gy < CRV N4 (1.12)
Thus we have that
Y =yp(u) =0;

that is, yn(u) exists. Let w be the solution of the dual problem

K/
—DI*“Dw + DI*® K((;)w =y — yn(w); (4.13)

Then we incorporate y —yp,(u) € L?(Q) with Lemma 3.3 to conclude that the solution w satisfies
w e H3T27¢(Q). Next, we have that

A(v,w) = (y — yn(u),v), Vv € Hi (Q).
We take v = y — yp(u) to obtain
(y — yn(u),y — yn(u) = A(y — yn(u),w) = A(y — yn(u), w — Ihw).
Using a similar procedure as to that above we can get that
ly — yn(u)llL2(@) < ChM?~<|ly - yh(u)“H%(Q) (4.14)
and
Iy = 915 ) < CPY2 Nyl g3 g (4.15)

The stability estimate of yp,(u) follows from (4.15) and Theorem 3.7. The analysis for the second
adjoint state problem in (4.6) can be performed similarly and is thus omitted. O

Theorem 4.3 Under the Assumption A, the following error estimates between the exact
and numerical solutions hold for a sufficiently small h and € > 0:

ly = ynllL2) + I = pallz2@) + lu — unl L2 < CR'T2,
Hy - thH%(Q) + ”p - ph“H%(Q) < Ohl/zié'
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Proof To derive the error estimate, we first decompose the errors y — y; and p — pj, into
Y=y =y = yn(w) + yn(u) = yn, (4.16)
p—ph =P —pn(y) + pu(y) — Pn- (4.17)

It is easy to see that y,(u) and pp(y) are the finite element approximations of y and p. By

Lemma 4.2, we have that
Iy = wn (@)l 220y + 22Ny = gn (@)l o) < ORI, (4.18)
lp = pa()llz2 (@) + 12 llp = (W)l 5 ) < OB (4.19)

By (4.3) and (4.6) we have that

U Up

F — ?, Vh).
If we consider yp(u) — yp as the numerical solution of the state equation with the right-hand

Alyn(u) = yn,vn) = ( (4.20)

side term u — up,, which belongs to L?(€2), then a procedure similar to that of Theorem 4.2
yields that
1yn(w) = ynll2@) < Cllu = unllL2@), lyn(w) —ynll s o) < Cllu —unll2@)- (421)

In a similar way, we can derive that

1P (y) = prllLz@) < Clly = ynllez), 1Pa(W) =Pl ) < Cly = ynllz)- (422)

Under (4.16)-(4.17), (4.18)(4.19), (4.21) and (4.22), this leads to
ly = ynll2) + Il = pallLz@) < OB 72 + llu — unllr2(q)), (4.23)
=l + 19— sy < OOV 4 Iy —mliz). (429

Now, it remains to estimate ||u — up||. Note that

Jp(u)(v —u) = /Q(”yu + phl(:))(v — u)dz.

We can prove that

T (W) (w = up) = Jh () (u = up) > 5llu = upF2q)-
In fact,

Ji () = wn) = Jp () = up) = /Qm $ 20 P )

= y/ﬂ(u — up)?dz + /Q(phl({u) - %)(u — up)dz.

Using the state equation, we deduce that
pu(u)  pn U Up
R =B — s = [ () =) (g — o)

= [ () = P DI Dl () — ) — [ () = pr) T Dl la) = )
Q Q

!

— [ (=D Dlpu(a) = p)an(w) — s + [ (D () = ) an(w) — )i
Q Q

= /Q (= DI* *D(pn(u) — pp)dz + DIQ*Q%/(%(U) —pn)) (yn(u) — yp)dz
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= [ on (@) = ) onw) = )z >0,
This implies the result. Then we have that
= unl 2y < Jh(w)(w = un) = i (un)(w = up)

— [+ 22— = By - s

= (yu+ o= wn) = (un + 22—y

<0+ 0+ Cllp = pr(u)| 2 llu — unllL2(0)-
Thus,
lu = unl[2) < Cllp — pr(u)l2(0)-
Letting p — pn(u) = p — pr(y) + pu(y) — pr(u), by (4.6), we have that
Awn, pr(y) — pa(u)) = (y — yn(u), vn). (4.25)
By Theorem 4.2, we can obtain that

pn(y) — pr(W)llz2(0) < Clly — ya (W)l r2(0).- (4.26)

Then we have that
lu—unllL2) < lp —2rW)|lL2) + ly — yn(w)]L2(0) < Ch'~2. (4.27)
Finally, combining (4.23)—(4.24) and (4.27) yields the results of the theorem. O

5 Numerical Experiments

In this section, we present numerical experiments to compare the experimental rate of
convergence of the approximation with the theoretically predicted rate in order to demonstrate
our theoretical findings.

Letting K (z) = e, the solutions to problem (3.1)-(3.2) are given by y = 2% (1 — )%,
p=10z% (1 —2)% and u = max{a, min{b, —,YKL@}}, where y = 1,a = —1.6 and b = —0.2. The
f and yq4 are given by

flz)==-21+ ) cos(?) - cos(%)l"(l +a)2z—1) —u,
ya(z) =y — (-2 (1 + «) cos(%) + cos(?)l"(l +a)(2z —1)).

The errors and convergence rates for state, adjoint state and control with different o are shown
in Tables 1-5, from which we observe that the convergence rates of the errors in the L? norms

and the H? norms are consistent with the theoretical results presented in Theorem 4.3.

Table 1 Errors and convergence rates of y,p,u with a = 1.30

h lly—wynllez rate |[p—pnllez rate [lu—unll,2 rate
1/100  7.45¢ — 04 8.30e — 02 3.30e — 03
1/200  4.0le—04 0.90 4.50e—03 0.90 1.90e —03  0.79
1/400  2.11le—04 093 230e—03 093 1.10e—03 0.85
1/800 1.1le—04 0.94 1.20e—03 095 5.68—04 091
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[9]

Table 2 Errors and convergence rates of y,p,u with o = 1.50

h lly—ynll;z rate [lp—pallp2 rate  Jlu—unlz2  rate
1/100  4.22e — 04 4.50e — 03 1.90e — 03
1/200  2.24e—04 0.91 2.40e—03 091 1.10e—03 0.84
1/400 1.17e—04 094 120e—03 094 577e—04 091
1/800  5.99¢ —05 0.96 6.4le—04 096 299 —04 0.95

Table 3 Errors and convergence rates of y,p,u with a = 1.80

h lly—ynll.z rate [lp—pallp2  rate [lu—unlr2 rate
1/100  7.53¢ — 05 8.00e — 04 4.01e — 04
1/200  4.06e —05 0.89 4.3le—04 089 220e—04 0.87
1/400  2.12e—05 0.94 225¢—04 094 1.15e—04 0.94
1/800 1.09¢ —05 0.96 1.15¢—04 0.97 5.87e—05 097

with different o

Table 4 Errors and convergence rates of |ly —yx| ¢
AN 1.3 rate 1.5 rate 1.8 rate
1/100  2.90e — 03 1.70e — 03 4.33e — 04

1/200 2.20e —03 0.41 1.30e —03 0.45 3.10e —04 0.48
1/400 1.60e —03 0.44 9.13e—04 0.46 2.2le—04 0.49
1/800 1.20e —03 0.46 6.45¢ —04 0.48 1.57¢e—04 0.49

with different «

Table 5 Errors and convergence rates of ||p — px|, ¢
AN 1.3 rate 1.5 rate 1.8 rate
1/100 | 3.06e — 02 1.77e — 02 4.50e — 03

1/200 | 2.23e —02 0.46 1.26e—02 0.49 3.20e —03 0.51
1/400 | 1.61e —02 0.46 9.00e —03 0.48 2.20e —03 0.50
1/800 | 1.16e —02 0.48 6.50e —03 0.49 1.60e —03 0.50
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