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Abstract We consider a Prandt]l model derived from MHD in the Prandtl-Hartmann regime
that has a damping term due to the effect of the Hartmann boundary layer. A global-in-time
well-posedness is obtained in the Gevrey function space with the optimal index 2. The proof
is based on a cancellation mechanism through some auxiliary functions from the study of the
Prandtl equation and an observation about the structure of the loss of one order tangential
derivatives through twice operations of the Prandtl operator.
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1 Introduction and Main Result

We study a Prandtl type system with a damping term induced by a Hartmann magnetic
field that was derived by Gérard-Varet and Prestipino in [11]. Suppose that the fluid domain
is R} = {(x,y) ERY z e Ry > O}. Denote by u and v the tangential and normal

components of the velocity fields. Then the dimensionless magnetic Prandtl model in R? is

given by
(O +u- 0y + 09y — O2)u+dpp+u—U =0,
6;E -u + 6y’U = 0,
(uvv)|y:0 =(0,0), lim uw=U, (1.1)
l Yy—+00
Uli=0 = Uo,
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where 0,p and U are the traces of a given Euler flow satisfying the Bernoulli law
(0r+U - 0,)U + 0yp = 0.

System (1.1) is derived from the incompressible MHD system in the mixed Prandtl/Hartmann

regime, where the leading order equations are

(O + w0y + 00y — 02)u + dyp = 9y b,

Oyu + 8§b =0,

(u,v)]y=0 = (0,0), 11111 (u,b) = (U, B),
y——+oo

U|t:0 = Uo,

where b stands for the tangential magnetic field satisfying that dyb trends to 0 as y — +o00. By
the second equation in (1.2) and the boundary conditions of (u,b), the magnetic fields b can

be determined in terms of w; that is,
—+oo
Oyb=—(u—-U), sz—i—/ (u —U)dy.
Yy

Then system (1.2) reduces to (1.1). We refer to [11] for the detailed argument. Compared with
the classical Prandtl system, there is an extra damping term in (1.1); this does not lead to
any additional difficulty in the local-in-time existence and uniqueness theory. Hence, the local
well-posedness theories of the classical Prandtl system in Sobolev or Gevrey function spaces
established in [2, 5, 16, 28] hold for (1.1). On the other hand, we can expect a global-in-
time solution to (1.1) because of the damping effect. In fact, some results in this direction
were obtained in Xie-Yang [37] and Chen-Ren-Wang-Zhang [3] in the analytic and Sobolev
spaces, respectively, about the 2D global stability of the Hartmann layer that satisfies Oleinik’s
monotonicity condition. This paper aims to study the global-in-time property of the system for
general data without any structural assumption.

Compared with the local-in-time well-posedness theory (see, for instance, [2, 4-7, 9, 12—
14, 17, 20, 24, 38-41] and references therein), the global-in-time property of the Prandtl system
is much less known so that it is far from being well understood. Here we refer to an early work
on weak solutions by Xin-Zhang [38], and a work on analytic solutions by Paicu-Zhang [29] and
the improvement to Gevrey class 2 by Wang-Wang-Zhang [36]. We also mention some other
related works [13, 39, 41]. For the Prandtl system with a suitable background magnetic field,
the local solutions in Sobolev or Gevrey function spaces were obtained in [19, 21, 23, 25], and
the global analytic solution was established recently in [15, 26]. Note that all of these global-in-
time existence results are in 2D setting under some suitable structural conditions on the initial
data. Hence, the global-in-time properties of these systems in 3D setting remain unknown.

On the other hand, there have been some recent studies on the global well-posedness of
hydrostatic Navier-Stokes equations (also called hydrostatic Prandtl equations); these can be
used to describe a large scale motion in atmospheric and oceanic sciences, and are derived as
a limit of the Navier-Stokes equations in a very thin domain. The hydrostatic Navier-Stokes
equations have the same degeneracy structure as in the classical Prandtl system, so that the
analytic regularity is sufficient to obtain the local well-posedness theory for general initial data
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without any structural assumption. Moreover, due to the damping effect, by combining the ver-
tical diffusion and the Poincaré inequality in the vertical interval, the global-in-time property
of the hydrostatic Navier-Stokes equations was recently verified by Paicu-Zhang-Zhang [31].
However, differently from the classical Prandtl equations, the analytic regularity is necessary
for the well-posedness theory of the hydrostatic Prandtl equations without any structural as-
sumption (cf. Renardy’s work [32]). Hence, in order to investigate the well-posedness theory
in a larger function space than analytic, some structural conditions are required. We mention
that the well-posedness in Sobolev space of the hydrostatic Navier-Stokes equations remains
unknown. Under the convex assumption, Masmoudi-Wong [27] established the well-posedness
in a Sobolev space of the hydrostatic Euler equations which is the inviscid version of the hydro-
static Navier-Stokes equation. However, under the same convex assumption, the well-posedness
has been proved for the hydrostatic Navier-Stokes equation only in the Gevrey function space
by Gérard-Varet-Masmoudi-Vicol in [10], with the Gevrey index being up to 9/8, and in [8, 35]
up to 3/2 that is believed to be optimal. Furthermore, the global well-posedness theory of
the hyperbolic version of the 2D hydrostatic Navier-Stokes equation was obtained recently by
Aarach [1] and Paicu-Zhang [30] in analytic and Gevrey function spaces, respectively, with the
extension to the 3D case in [22]. A similar well-posedness result on the hyperbolic Prandtl
equations in Gevrey class was proven in [18]. These results imply that the hyperbolic feature
may lead to some kind of stability effect compared with the parabolic counterparts.

This work aims to combine some kind of intrinsic hyperbolic structure with the extra
magnetic damping term to derive the global-in-time well-posedness for general Gevrey classes
with sharp index 2 initial data without any structural assumption. More precisely, inspired
by [5, 16], we introduce some auxiliary functions to cancel the nonlocal terms involving the
loss of tangential derivatives, and then investigate the intrinsic hyperbolic feature for evolution
equations of the auxiliary functions.

In the discussion that follows, we assume that U = 0 and that d,p = 0. We expect the
approach can be applied to the case with a more general outer flow satisfying some suitable

conditions; that is, we consider system (1.1) as
(8t+u-8z+v8y—8§)u+u20,
Op - u+ 0yv =0,

1.
(u,v)|y=0 = (0,0), lim w=0, (13)
) y—+oo

U|t:0 = Uy.

Note (1.3) is a degenerate parabolic system with a loss of tangential derivatives in the nonlocal

normal velocity given by

Yy
ot y) = — / 0, - ult, 2, §)dj
0

as the main degeneracy feature of the Prandtl type equations.

Notations In what follows, we will use | - ||z2 and (-,-),» to denote the norm and inner
product of L? = L*(R"), and use the notation | - |2 and (-,-);. when the variable z is
specified. Similar notation will be used for L*°. In addition, we use ITQLZ = LP(R" L LI(Ry))

for the classical Sobolev space. For a vector-valued function A = (A4, Ag, -+, Ag), we use the
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convention that |A]|2, = > ||4;]|%.. Throughout the paper, (y) := (1 + y?)1/2,
1<j<k
Definition 1.1 Let £ > 1/2 be a given number and let 7 = 7y be a given weight function

defined by
() = v (y) = (N +92)", (1.4)

with N > 1 a fixed integer depending only on ¢ such that

0+3 £2+£<1
N1/2 N — 8

The space X, of Gevrey functions with the Gevrey index 2 consists of all smooth (scalar or

(1.5)

vector-valued) functions h such that the norm ||h|x, < 400, where
%, = Y D Lijagllr™o505hl,
0<j<3 aez

with
PR+ (4 1)10
Lyy=—Fr3",
’ (k1)?

Theorem 1.2 Let the dimension be n = 2 or 3, and let the initial datum wg in (1.3)

keZy, r>0. (1.6)

belong to X5, for some py > 0, compatible with the boundary condition in (1.3). Suppose that

[woll x,,, < €0

for some sufficiently small g > 0. Then the magnetic Prandtl model (1.3) admits a unique
global solution w € L* ([0, 4+o00[; X,) with
po . Po
p=plt) =5+ e, (1.7)

Moreover,

too 1/2
4(po +1
sup et/4||u(t)|\x,,(t) + (/ et/2|8yu(t)||§(p(t)dt> < QEO
t>0 0 Po
Remark 1.3 Note that the same argument shows that the global well-posedness property

holds for a Gevrey function space with the Gevrey index in the interval [1,2].

2 A Priori Estimate in 2D

To have a clear presentation, we give a detailed proof of Theorem 1.2 in 2D. For n = 2, we
have the scalar tangential velocity u, and then the magnetic Prandtl model (1.3) can be written

as
(O + u0y + vy — 8§)u+u =0,

Ozu + Oyv =0,

(u,v)|y=0 = (0,0), lim u =0, 2.1)
’ y—+oo

’U,lt:o = Up-.

The key part is to derive an a priori estimate for (2.1) so that the existence and uniqueness
stated in Theorem 1.2 follows from a standard argument. Hence, for brevity, we only present
the proof of the following a priori estimates for solutions to (2.1) with Gevrey regularity:
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Theorem 2.1 Let X, be the Gevrey space given in Definition 1.1. Suppose that the
initial datum wu in (2.1) belongs to Xs,, for some py > 0, and let v € L> ([0, 4+o0[; X,) be
any solution to (2.1) satisfying that

/O (I, , + 18,u(®)]%, ) )it < +oo, (2.2)

where p is defined by (1.7). If

[uol| x2,, < €0 (2.3)

for some sufficiently small g > 0, then

+oo 1/2 4(
po+1)
sup a0l + ([ IR, ar) <
t>0 0 Po

2.1 Methodologies and Auxiliary Functions

The main difficulty for the well-posedness of Prandtl type equations comes from the loss of
tangential derivatives. To overcome the tangential degeneracy, the abstract Cauchy-Kowalewski
Theorem is an effective method, for example, for the local existence and uniqueness in an
analytic setting, cf. [33]. However, it is not trivial to relax the analyticity regularity to a larger
function space such as Gevrey space for well-posedness. For this, some intrinsic structure of
the system needs to be used, cf. [5, 16]. As was shown in [18, 22, 30], the well-posedness is
well expected in the Gevrey class rather than the analytic setting for the hyperbolic Prandtl
equations without any structural assumption. This indicates that the hyperbolic feature may
act as a stabilizing factor for the Gevrey well-posedness theory. In this paper, with the extra
damping term in magnetic Prandtl model, we will prove the global-in-time existence in a Gevrey
function space by exploring the intrinsic hyperbolic feature for auxiliary functions.

In order to clarify the stability effect of the hyperbolic feature, let us use the following toy
model with a hyperbolic factor 87 to illustrate the main idea in the proof:

8t2h, + h@zh — 8,3h, = O, h,|t:0 = ho and 8th,|t:0 = hl, (24)

where one order z-derivative is lost in twice-time differentiation. Denoting that g = 0:h, the

above Cauchy problem can be rewritten as
O¢th = 9,
Org — hdzh — 9;h =0, (2.5)
(h, 9)lt=0 = (ho, h1).
To overcome the loss of the z-derivative, we introduce a decreasing function of radiusp = p(t).
In what follows, p depends on time ¢, but we only write it as p instead of p(¢) for simplicity of
the notations. Moreover, we denote by p’ and p” the first and the second time derivatives of p,

respectively. Now we derive estimates on the Gevrey norm

T m41

+
P m m m
> i 102 hll 2 + 11059y k|2 + 11057 gllz2)

m=0
where (h, g) solves the Cauchy problem (2.5). By direct calculation and using the fact that
P <0, we have that

1d p2(m+1) . N i
2dt (W(Iax hl[7: + 1070y hlF 2 + (|0} gll%z)
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/m+ 1 p2(m+1)

(95" Rl Z2 + 1070y hlI7= + 1107 glI72)

P
2(m+1)
+ L (harth, Og) . + Lot
m+1p Pt o m
< p’T (l0:8,hlZ= + 107 gll72)
(m + 1)2 pm+2 m—+1 pm—i-l m
+T|\h|\L°° m”am Rz WH(?I gllze | + lo.t.,

where l.o.t. refers to the lower-order terms that can be controlled directly. Moreover, we have
( cf. Subsection 2.2 for details) that

(m—|— 1)3 p2(m+1)

,m —+ 1 p2m+1)
7Hamg|\m <p" e — 6mh||2, + lo.t..

In summary,

1d <p2(m+1)

(I8 RIZa + 1020, % + 07 g]22) )

2dt
1 m<+1 p2(m+1) - - 1 (m+ 1)3 p2(m+1) .
< §p/TW (o7 ayhl 7= + 1107 gl172) + 50/3 S v 107 h]1 72
1 m+ 1 pQ(m 1 - (m+ 1)3 p2(’m+2) .
§||h||L°° ”a gHL2 +5 ||h||L°° pg (m + 1)[4 ”aw +1hH%2 + lLo.t.
If we define a norm ||| - |||y, by
—+o0 —+oo
m+1p(m . . m—|—13 2mtl)
&I, = (030 llZ> + 1105 ikl 72) + 19 hll7-,
p  mH m!
m=0 m=0 m
(2.6)
then it follows from the above inequality that
p m m e
4 ( S L (07 + 1070, + 02l) )

1
< §(max {p, 0%} + HhHLoo) IRy, + Lot. < Lot

provided that ||k L~ is bounded by | max {p’, p’*}| because p’ < 0.

Differently from the hyperbolic toy model (2.4), the magnetic Prandtl model is a parabolic
initial-boundary problem. If we perform estimates for the 2D magnetic Prandtl model (2.1)
directly, the above energy estimate cannot be closed in the Gevrey norm || - | x,. In order to
overcome the loss of derivative difficulty, as in [5, 16], some anxilliary functions are needed. More
precisely, for a solution u € L* ([0, +oo[; X,) to (2.1) satistying the conditions in Theorem 2.1,
let U be a solution to the problem

Y Y
(0r + ud, 4 v0, — 82) / Udy + / Udj = —dv,
" Jo 0 (2.7)

Ult=o =0, ayu|y:0 = u|y—>+oo =0.

The existence of U follows from the standard parabolic theory. In fact, one can first apply the

existence theory for linear parabolic equations to construct a solution f to the initial-boundary
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problem

{ (90 +udy +00, =) f + f = 00, (2.8)
Flizo =0, fly=0 = 0y fly— 400 =0,

and then set f = foyu(t, x,7)dg. Moreover, under condition (2.2), we use the parabolic regu-
larity theory to conclude that, for £ > 1/2 and for any m > 0,

)~ o / Ut a,)di = (5) O € L2 ([0, +ool: L)

U = 0,07 f € L* ([0, +oo[; L2H,) .

(2.9)

The above auxiliary functions are slightly different from those introduced in [16] which were
inspired by [5]. As in [16]. by & and

Y
A= 3u — (ayu)/ Ut,z,4)dg, (2.10)
0

we can cancel the term involving v with the highest tangential derivative as shown in Subsection

2.2. The two auxiliary functions have the relation
(8 + udy +v0y — O )U + U =0p X + (020yu) /Oyu(t, z,9)dy + (Ozu)U. (2.11)
In addition,
(8¢ + udy +v0y — 07) O A + p X = —4(0pu)Iyu — 3(03v) + Lo.t.. (2.12)

Recall that the main structure of (2.4) or (2.5) is that the loss of the one order z-derivative
occurs in the twice-time differentiation. If ¢/ behaves like the 3-order z-derivative of u, then
(2.11)—(2.12) admit a similar structure as shown in toy model (2.5). More precisely, we have the
loss of one order z-derivative in the twice application of the Prandtl operator instead of a time
differentiation so that the pair (U4, 0;A) plays a similar role as (h,g) in (2.5). Inspired by the
triple norm defined in (2.6), we define the norms on the solutions and the auxiliary functions

as follows:

Definition 2.2 Let U, A be defined as in (2.7) and (2.10), respectively. By denoting

d: (u7u, A)?
we define |d|x,,|d]y, and |d|z, by
+oo
|C_i|§(p = |U||X Z L2 o072 + Z L2 sl 07U 72,
m=0
. m +] + 1 m+3
s, = > Z Ly i T8 0ul 22 + Z —— L 207N 2
0<_7<3m 0 m=0 P

(m+4)° m
+ Z TLi,erB”az u”%%

—+oo —+oo
@, = 10yul%, + D Ly ol 007 A7z + D L3 1 ys 050U 2,
m= m=0
where || - [|x, and L, are given as in Definition 1.1.
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Remark 2.3 The norms defined above satisfy that
lullx, < ldlx, and [|9yulx, <ld|z,.

If p <1, then

|(_]:|Xp S |(_]:|Yp'

In view of the above remark, the a priori estimate given in Theorem 2.1 holds from the

following theorem:

Theorem 2.4 Under the same assumption as in Theorem 2.1 we have that

4 1
(po + )50-

t/4) = e 2120112 1/2
sup e |a(t)|Xp(t)+(/0 2t dt) < -

t>0

The proof of this theorem is given in Subsections 2.2-2.4. To simplify the notations, we will
use C' to denote a generic constant which may vary from line to line and depend only on the
Sobolev embedding constants and the constants ¢ and po in Definition 1.1 and (1.7). Observe
that X,, C X,, for r; > ro. Then we can assume, without loss of generality, that the initial
radius pg < 1. We now list some facts that follow directly from the definition (1.7) of p. For
t>0,

[2<p(t)<po<1, p)<p®<0, p'(t)— P _ poe” /2 >0 (2.13)
Lo s p S po > 14 = p ) 14 p(t) 288(1 + eft/12) - U. .
Recall that L, ,, is defined in (1.6). Then
d 1
Ym0, L= PR (2.14)
We will use the following Young’s inequality for discrete convolution:
0o m 271/2 ) 1/2 &
S (Tran)] = (X)) Sm (2.15)
m=0 ;=0 m=0 =0
Here {p;},., and {g;},,, are positive sequences. As an immediate consequence of (2.15),
D pitmgrm < ( > qgn) ( > T?n) > v (2.16)
m=0 j=0 m=0 m=0 7=0

holds for any positive sequences {p; }j>0 A }j>0 and {r; }j>0 .

2.2 Estimate on the Auxiliary Functions
The following proposition is the main part of the proof for Theorem: 2.4.

Proposition 2.5 Under the same assumption as that in Theorem 2.1, we have that

1d X . .
G 2 (BmealO2 N + 22 esllOzus )
“+o0
3 (B2l 020N + L, a0 0,U113 )
m=0

“+o0
1 m m
5 3 (12 a0+ L2 l0r 3
m=0
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“+oo

m+4 m 1 m+4 m
PO 12, sl + Z %L%Hna Ul

»-lkll—'

d

dt

-~ m+3, m (m+4)° my 112
Z( L} 421103 )‘||L2+TL m+3103 U”m)

m=
~12 ~12 )
+C (Jalx, +alk, ) (13, +1f2, ) -
First of all, the auxiliary function A satisfies the following equation:

(8 + udy +v0y — 0]) A+ A

IN
»Jkl)—'

Yy
— 4(0pu)03u — 3(020),0yu — 3(02u)? — 3(9,0)020yu + 2(O2u)U + (dyu) / Udj.
0
That is,

(8¢ + udp + 00y — )N+ A =H, (2.17)
with

Yy Yy
H = — 4(0,u)\ + (ayu - 4(8mu)8yu) / Udjj + 3(0,0,u) / A(t, 2, §)dg
0 0

Y g
3(8m8yu)/ ((8yu)(t, x, g)/ U, x, r)dr) dg
0 0
— 3(07u)* — 3(0xv)020yu + 2(0u)U. (2.18)
By the definition (2.10) of X and the fact that A|y—¢ = Aly— 400 = 0, and the assumptions (2.2)
and (2.9), we have, for all m > 0, that

oA € L2 ([o, toof; L2 (Rz; Jif (R+))) and 9702\ € L2 ([0, ool L2 (RI; H‘l(R+))) :

and

O H, 97 (u0yA 4+ vdyA) € L? ([0,400[; L?) .
This implies that

8 0m\ € L? ([0, tool; L2 (RI;H”(RJF))) .
Thus,

t— [0 AB)1Z:

is absolutely continuous on [0, +o00[, and, moreover,

1d
2dt

where (-, -) stands for the pairing between L? (Rm; H’l(]RJr)) and L2 (Rz; H} (R+)). Hence,
by (2.14),
,m 4+ 3

1d m m m m
L2 ’ITL+2H6LE )‘H%? P T 7714—2”a )‘”Lz +Lp m—+2 <at61) )‘7 am )‘> .

”am)‘”L2 = <8ta;n)‘7 8;nA>7

24t
Consequently, we apply 97 to (2.17) and then take the pairing with 9" A between

PR ®)) ma 2(RaER),

together with the factor L2 .5, to get that

S Z L2 cal O8N+ 3 L2 ol 070N + Y L2 ol 07 A
m=0 m=0
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+o00 too
m+3 m m m
= p/ E P 7714—2”a )‘”Lz + E Lp m+2 (6LE H7 am )‘)L2 ) (219)

m=0 m=0
where H is given in (2.18).
The next lemmas are for the estimate on the last term on the right side of (2.19).

Lemma 2.6 Let |d|x,,|d|ly, and |d]z, be given as in Definition 2.2. Under the same

assumption as in Theorem 2.1, we have that

Yy g
ZLP w2 (9 [3(0,0,u) /O ((ayu)(t,x,gj) /0 U(t,x,r)dr>dg], ora) | < Clalk, lak,.

(2.20)
Similarly, it holds that

Z 2 m+2( [ (O2u)U + (ayu - 4(3xu)3yu) /O ! udg}, a;nA) .,

< Clalx,ldlZ, + C(ldlx, + lal%, )|y, -

Proof It suffices to prove the first estimate because the second one can be obtained
similarly.
Step 1 For simplicity of notation, set

L(u,U) = /Oy <(8yu)(t, 2, ) /Ogu@, z, r)dr) dg. (2.21)

We first prove the following two estimates for £ (u,U):

—+oo
(m+ 4) m 12 2
(X BhmpallOn 2w t)lEs ) < Clal, laly, (2.22)
m=0
and
= 2 m 2 1/2 =2
(Y L2 slor 2@ wlic) < Clafk,. (2.23)
In fact, Leibniz’s formula gives that
(m +4)%? m
TLp,erBHaz L(u,U)| 12120 < Am + by, (2.24)
with
[m/2]
m! m + 4)3/2 L m—+3
- C Z P

P32 Lpj+sLpm—jts

14 pe—
x (Lp sl @)™ fwyuHL;OLi) (Lpim—s+3 009U 12)

m _ C Z m' (m —|— 4)3/2 Lp,m+3
j'( - .7)' p3/2 LP;j+1Lp,m—j+5

=[m/2]+1
041 o i
><(Lp,a‘+1|| ()™ 20yull ) (Lom—jas 05Ul o),

where [m/2] represents the largest integer less than or equal to m/2. Direct computation shows
that, for any 0 < j < [m/2],

m! (m+4)°%2%  L,mis e 1 (m —j+4)3/2 _.C (m —j +4)%/?
jlm =)t p¥2  LpjrsLpm—jrs ~ p*i+1 p?/2 T+l p3/2
@ Springer
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where we have used the fact that pg/2 < p < po in the last inequality. Then

400 [m/2 ] 41 A4 . 2
Lpjsll () 020yullLeorz (m — j + 4)3/2 _
Z a,, <C Z [ Z 1 52 Lpm—j+3l107" U] 12
m=0 L j=0

20 Ll ) B0, ul e \ 2 £ (
p.g+311 \Y 2OyU|| Lo .
t ) C12 0l

< C(Z = .
= J+1
< Olaf, laf},.

Jj=0

where we have used Young’s inequality (2.15) for discrete convolution. Similarly, by using the

estimate
m! (m + 4)3/2 Lpm+s < c
JHm =3t p¥2  Lyjilpm—jys ~ m—j+1

we obtain, by observing |d@|x, < |d]y,, that

V [m/2] < j <m,

+00L

) pi+sll0U Lo rz \2EX G4 aja 12
Zb <cC z 1 > Lyl ) 0loyullz,
j=0

< Clalxp < Clalk, laly, -

Combining the above estimates with (2.24) yields (2.22).
Step 2 To prove (2.20), Leibniz’s formula gives that

Z Lp m+2( (a 8 ’U/)g(’u,u)], (9;”)\)L2 <L+ I, (225)
where
400 [m/2] m I B p2
I =3 ( > p,m L HaJJr o, UH o
1 mZ:O j:ZO J Lp7j+4Lp,m—j+3 ( -7+ 4)%(m + 1) p,Jt+4 LeL?

(m — j+4)%/? . (m +1)1/2 N
x (Tme—j-l-SHam Jf(u,U)HLgL;o) <7p1/2 Ly m+2|0; )\||L2),

m L,m+2 i
DY <)—L R L o0 Dyl

m=0 j=fm/2+1 V7 pit2lpm—jts
X(Lp,mfﬁsll@;” 72 (u,U)| o) (Lpmr2]| 07 Al 12).-

Straightforward calculation shows that

. m)! L,mais p? C
VO0<j<|m/2], = : pym+ : < - .
ST A TN T Ly meres (= T DR T D < 511
Thus,
L 2 L a0 0l e 2

11<CZZ ;+1

m=0 j=0
(m_j +4)3/2 m—7j (m+ 1)1/2 m
X( p3/2 Lp,m—j+3H6m J.,?f(u,M)HLiL;o)(TLP,W&H&E )\”Lz)

2 Ly iall03 0 u e e, 2 s
p.j+4ll0z " OyUf|Leor2 (m+4) m 3,
<Oy (3 e Lhmsall 07 2wt 22 )
j=0

m=0
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< Clafk, laly,,
where we have used (2.16) in the second inequality and (2.22) in the last inequality.
For I, by (2.23) and the estimate

m! Lp,m+2 < 9
W m = LpjiaLlpm—jrs — m—j+1

¥ [m/2]+1<j<m,

we have that

+oo 1/2 , +oo m

| Ly |07 2 ()=

I < C<Z L§7j+2||8i+1ay“”%2> < Z ’ m+1 b,
=0

m=0

< Clay, < Clalk, laly, -

Substituting the above estimates on I; and I into (2.25) yields the first estimate of (2.20) in
Lemma 2.6.

Step 3 It remains to prove the second estimate in Lemma 2.6. For this, write

3" L0 200, 02),

<2 . . it : L 830%u||
- 'rnZ:O jgo JUm = ) Ly j+5Lpm—jts (m — j +4)3/2(m+1)1/2( pitsl <)
(m —j +4)%/? . (m + 1)1/ .
(i Demasa 07U ) (5 Lm0 A2
9 f i m/! Lpm+2 (L I >1/2 816%u|| 12)
+ . . - ,J+2 Yy T U\l L2
m=0 j=[m/2]+1 Jt(m = j)! Lpjvo2Lpm-jts P Y
X (Lpym—j+5107 U Lo ) (Lpm+20105 Al £2).- (2.26)

Similarly to the previous step, we conclude that the first term on the right hand side of (2.26) is
bounded from above by C|d|x, |a]3 , and the last term is bounded from above by Clal% |d]z,.
Thus,

}j%mﬂ( 2020U),07°)) | < Clalx, lal}, + Clalk, ldlz,
< Clilx, lal}, + Clalx, lil?,.

Similarly,

Z 12 207 (00 — 4(00w) 0y /Oyuolg], o) |, < Clalx, + [ak, )laf,.

Combining the above two estimates gives the second estimate in Lemma 2.6. This completes

the proof of the lemma. O

Lemma 2.7 Let |d|x,,|d|ly, and |d]z, be given as in Definition 2.2. Under the same

assumption as in Theorem 2.1, we have that

Y
Z LP m+2( {3(6Iauu)/0 )‘(tv T, ﬂ)dﬂ}, a;n)‘) 12 < C|5:|Xp|(_i|§/pv
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and

+oo
D7 L2 e (0 40000 = 3(020)* = 3(8,0)020u), 07N) |
m=0

< Clalx, lafy, + Clalx,ldlZ,.

Proof By Leibniz’s formula, we have that

3 L0800 [ 3en s 02)

+oo [m/2]

=22 ( > L ol () 027 0y ull e 13 1077 Nl 2 |07 A 2
m=0 ;=0
- Z Z (J)LQ 2l W) 0T Oyul| L2 |07 TN Lo L2 197 Nl 2, (2.27)
m=0 j=[m/2]+

where we have used the fact that

Yy . .
[ il < oz
0

for £ > 1/2 with (y) = (1 +y*)'/2. By

! Lpm C
VO<j<[mfl, et <
g{m = ) Lpjpalm—jrz — j+1
we have that
+oo [m/2] ‘ ‘
3 3 () Bl 002 0yl 10N o0 N
m=0 j5=0
+oo [m/2] j+1
;]+4H > am auu”Li"Lf, m—7j m
IDY 1 (L2907 M 12) (L2l 05 Al 2)
m=0 5=0
oo Ll () I 0, u| e T2
P4l \Y) Op "OyUljLeer m .
<c - LY Ll OFAIE: < Clal, (225)
§=0 =

where (2.16) is used in the second inequality and

2 Ly jaall (W) 0310yl e . 1/2
p.j+4 LeeL 1 . )
jz::O j+1 < C(ZL joall () 03° ayu||Lm) < Clilx,

is used in the last inequality. Similarly, by noting that
m! Lp,m-‘r? C

VIim/A2l+1<j5<m, - - < - s
m/2] J Jim =) Ly jrolm—jya ~ m—j+1

we have that

D3 () meall 0" 020y 0N 1102 A

m=0 j=[m/2]+1

3, +oo %+OOL Ham/\”
. m pym~+4|(Vyg LgOLi
<ZLJ+2| Yoroulis) (X alorals) S 0
m=0 m=0

< Clafk, -
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By substituting the above inequality and (2.28) into (2.27) and observing that |d|x, < |d]y,,
we obtain the first estimate in Lemma 2.7.

A similar argument as that above gives that

+oo
>0 L2 o (0 — 40 = 3(020)), 0°A) | < Ol
m=0

and
pm+2(a 3(0,)020,u), a;u)m
/2] . _ _
oSS ( )EEmiall ) 04l 0220, 02 A
m=0 j= ‘]
ey () B2l 0" 0272l 20,150 N
m=0j=[m/2]+1

< Cldlk, ldlz, < Clalk, + Clilx,ldlZ, ,

where v = — foy Ozu(t, z,9)dy is used. Combining the above estimates and observing that

ld|x, < |d|y, gives the second estimate in Lemma 2.7. Hence, the proof of the lemma is
complete. O
By the definition of H given in (2.18), the estimates in Lemmas 2.6 and 2.7 yield that

+oo
ST L2, (00 H, 90N . < Cldlx, |y, + C(|dlx, + lal,)|aR -

m=0
Therefore, we have, by the equality (2.19), the following corollary:

Corollary 2.8 (Estimate for A\) Under the same assumption as in Theorem 2.1, we have
that

+oo
3 dt Z L2 o lOT A7 + Z L2 ol 0N 72 + > L2 ol O A7 2
m=0
+oo
<P S IOmARs + Clalx, lag, + C(alx, + |l ) al?
Y P pym+211Yz L2 Xp Zy Xp Xp Y,:
m=0

‘We now turn to derive the estimate on .

Lemma 2.9 (Estimate on ¢/) Under the same assumption as in Theorem 2.1, we have

+oo —+oo
th Z L2 ysllO7 U7 + Z L2 sl 070U 7 + 5 Z L2 sl 07U 72
m=0 m=0

1 o=
<3 Z Ly mi2llOF A7 + Cldlx, |l -
-

Proof By (2.9) and the boundary condition that 0,U|y=0 = U|y=+c = 0, the energy
estimate on (2.11) gives

+o0 too I
1d § : m E : m § : m
5(1_ L m+3H6;E u”%? + L/27,m+3||aw 61}]/[”%2 + Lz,m+3Ha;E u”%ﬁ

m=0 m=0
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—+oo +oo
<y S amy L2 N e U
<p p L2 sl 13- + Z m3ll [l 22|l Il 22
m=0 m=0

+ZLPm+3( [86u/bldy+(8 u)u},a;”u)

L2

Note that the first term on the right side is non-positive and the second one is bounded from

above by
—+oo —+oo
1 m m
5 Z L 1n-|-2||a )‘HLQ + 3 Z L m+3H6;E MH%Z
m=0 m=0

For the last term in the above inequality, a similar argument as that for Lemmas 2.6 and 2.7
yields that

Z L2 s (92| (D20,) /Oyucig+ @], 7)< Clalk, < Clalx, |},

Comblmng the above estimates completes the proof of the lemma. O

Proof of Proposition 2.5 Combining the estimates in Corollary 2.8 and Lemma 2.9
gives that

+
>3 ( 2 lOmAR +Li,m+3||a;”u|%z)

N —
D—-|Q_,

+
3 (22 al0m o + Li,m+3||a$ayU||%2>

3
<

m=0

12

+5, (Li,mﬂm;”xnb + Li,m+3||a;“u|iz)

=0

! m+ m 212 |72
oY T L maall O AR + Ol laty, + O(alx, + Ik, ek,

m
—+oo
m=0

o too /3 too
m+3 m m+3 m
Z L2 a0 A7 2 + 2 Z L2 o llO7 A7 2

e (|a|xp +lt, ) (1al3, + |a'|zp) , (2.29)

where we have used the fact that p'/2 < p®/2 < p3/4 in the last inequality.
It remains to estimate the first term on the right hand side of (2.29) as follows:

—+o0 —+o0
1, m+ 3 m 1d o (m+4)2
37 2 Lhmeall NI + 4dtZ —

m=0

1y X (m+4)? "
+t5p Py TLQ mal| 05U 72
m=0

p1n-|—3||87nZ/{HL2

(m —i— 4)3 m
p”° Z L2 sl 07U 72 +C|G|X |a|z +C|G|X |G|Y (2.30)
Then, Proposition 2.5 follows by combining (2.29) and (2.30).
To prove (2.30), denote that

P =0, + ud, +vd, — 9; + 1. (2.31)
@ Springer
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By applying 07" to (2.11), we obtain that

O HIN = PO™U + K, (2.32)
where
o . . _ _ y
K, = Z (T) [(92u)0 =3+ U + (920)0r T 9,U] — O [(818yu)/ Udj + (8zu)u] (2.33)
j=1 0
Then, by observing that
+00 +o0
1 m+ 3 m 1 m+4 m
27 2 T Lol 07Nz < 30 L =L sllO A,
m=0 m=0

and . 1 ]
SN0 + S KllF < /1 POTUI

because of (2.32) and the fact that p’ < 0, we have that
—+oo

1 3
37 2 L A
m=0
1,+Oom+4 m 1,+Oom—|—42 9
< S L PORU = 50 S T L Kl (239)
m=0 m=0

The two terms on the right hand side of the above inequality will be estimated as follows:
(i) Estimate on the last term on the right hand side of (2.34). Noting that —p'/p <
1, by the defintion of K,, in (2.33), we have that
—+o0
1 m+4 4
_5,/ p L2 sl K7 < Z (m+4)L2 sl KmlF2 < 51+ Sz + Ss, (2.35)

m=0

where

2
51_42 (0 pm+3Z oz 12

' ) 2
82—42 <m+4 /me+3Z—j)|\<aﬂ >a;“ayunL2) ,

and
+oo

2
S0-4 3 (0 0" Lpmrall07 (@00 [ s+ 0.004] 1)

m=0

We first estimate S;. Note that

Vi<i<m) g M e O (m ST
JMm =) Lpjyslpm—jra — J+1 p3/2
and
m/! Lp,m+3 C

Vim/2l+1<j<m, (m+4)"?

JMm =) Ly jirLpm—jre ~ m—j+1
By (2.15), we obtain that

400 m/2]

Lpj43)|0%ull e (m — j +5)3/2 - ?
S <C Z < Z = Jj+1 p3/2 Lpm—j+all0F 71U 2
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oo il Lpm—i+6ll07 U oo 12\ 2
. p,m—7+6 ||y L L
I S e
=

m=0 m/2]+1
< Clafy, laly, + Cllx, < Clalk, lal,.

Similarly, we have that

+oo ,[m/2] L. j+1 2
pirall () O | poe 2 .
> (X T LemesslOE 0l

Sy <
m=0 7j=1
. L m_‘+5|‘am_j6yUHLooL2 2
L 6J+1 P J T 1 z Ly
+z( Z gl ) O p
j=[m/2]+
< C|G|Xp|a|zpa

and
Sz < Clal%, laly, -

Substituting the above estimates into (2.35) yields that

+oo
1 m+4
—§PI Z P —0L m+3||K HL2 < C'|UL|X |a|z +C|G|X |G|Y (2.36)
m=1

(ii) Estimate on the first term on the right hand side of (2.34). Direct calculation

gives that
m+4 m m+4 m (m +4)3 m
P L s lPORUIL = = P (L sl ) [+ = L2 U
m+4)? m m
— 2p’2u (P(Lpm+305U), Lpmi307U) .

2
For the last term in the above inequality, by (2.31), one has that

(P(Lpm+307U), Lpmis0yU) > 2dtHLP m30 U T2 + L3 5| 07U 7 2.

Thus,
,m+ 4 m
p m-|-3||‘Pa u||L2
m+4 m m+4 m
<O gz oruis 22T 2 orue.
(m +4)? d .
/QT&HLPWH@ U||7z.
Here, the last term can be written as
m+4 m
% 1L pm+307 U172
d( p(m+4)° + 4?7 - (m +4)? -
== (" L2 sl OZUIEL) + 20" (0 = 92 p) T L2 00U
d ( p(m+4) "
< g (T Bl ul).
where we have used (2.13) in the last inequality. Hence,
m + 4 m
pr———L3 sl POTU| T

@ Springer



2360 ACTA MATHEMATICA SCIENTIA Vol.42 Ser.B

m+4 m m+4 -
R N 1 P Y A UL W S T T
d (o (m+4) .
- = (0P iU )
Substituting the above estimate and (2.36) into (2.34) yields (2.30). Thus, the proof of propo-
sition is complete. O

2.3 Estimate on the Tangential Velocity
We now derive the estimate on [|ulx,.

Proposition 2.10 Under the same assumption as in Theorem 2.1, the estimate

—+oo
l4k k l4k k
Z Lp mkllT oo U”L2 + Z Lp mellT * 5;716@,““”%2

2dt
1 {+k k
+Z Z Li,erk”T * 8;n8yu”%2
m=0
—+o0
1 m+k+1 R . R
< 19’3 > TLi marl T EOT Opul|T . + O (ldlx, + |dfk, )lafy,

holds for any 0 < k < 3, where 7 is defined as in (1.4).

m=0

Proof We will basically give the estimates in the cases of when k¥ =0 and k = 3.
(a) The case of when k = 0. We first derive the estimate on tangential derivatives.
Applying 92" to the first equation in (2.1) gives that

(O + udy + v0y — 85)8;”11 + 0T'u
m—1
= Z ( ) w9y Tl Z (Zl) (B;U)(’?;’T_jayu — (07"v)0yu
Jj=1

Multiplying by T”Bmu on both sides of the above equation and then integrating over R2 1, we
have, by observing |9,72¢| < N~1/2(72¢ and [027%¢| < N=1(€ + ()72, that

1d m m .

5 g o ulie + 10,07l + || 0l

1 6 L am L am 1€+€2 {am 2
< gz v O ull el 07 ull 12 + 5 —5— 1705 ull 2

Ui m—1
_; (’;‘) (Te(a;u>ar—j+1u, Tea;"u)m P> (’;‘) (Té(agv)agl—jayu’ o 3%)“

J=
— (Te([?;”v)ayu, Te(?;”u)
This, with (1.5) yields that

2

+00 too

2 = Z L2 orulze + 3 L2, 70,00 ull 3 + - Z 12,70 ul|2a
m=0 m=0

—+o0 m+1 —+o0

< Y I Nrtaruli. + C S L2, lort ol a0 o
m=0 P m=0
+oo m ) )
+y Z( ) L2 17 (@) | a0 ) 2

m=0 j=1
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+oco m—1
'y Z( ) 12 74 (@50)0m 0, ul] 2 |7
m=0

Jj=1
Z L2 1740 0)0yul e || 7402 ul | e
Direct calculation gives that
o0
D L wllort 0l pe |7 0 ull 2 < Clalk,-

Similarly to the proofs of Lemmas 2.6 and 2.7, we have that

+oo m

ZZ( ) ol T (02w T | L2 || 70y w2

m=0 j=1

+oo m—1

Y ( ) L2, |74 (@50)0m 0 ull g2 |70 ull 2 < Cli|x, |3,

m=0 j=1

It remains to estimate the last term in (2.37). Direct calculation gives that
VO<m<1, Lj[IT°(070)dyull e |70 ul 2 < Clafk,.

For m > 2, by recalling . (u,U) given in (2.21), we use (2.10) to write that

Yy
oy = — / o u(t, e, §)dg
0

y
:_/ OM ANt z, g)dg — O~ 2/ (Butacy / L{twr)dr)d .
0 0

=Z(u,U)

Thus,

ZL (0T 0) Dyl 2 | 70O | 2
< £|a|3 +OZL2 7 D || oo 2 |07 2N 2 | 7407 u | .2
= p5 X, pym y UL Ly Y L f L

oo
+C Z L?),mHT”lay“HL;oLg||3;7172$(U7U)||L§Lg°||Teaglu|\m

—+oo

(m + 2)3/2 (m +1)/2

< Clalk, + Clilx, Z TLP,W-HHagcn_2$(uau)HL§L§° TLp,mHTZ

m=2

< ¢ (jalx, +la, ) lak,.

(2.37)

(2.38)

(2.39)

8;"UHL2

where we have used (2.22) in the last inequality. By substituting the above estimates and
(2.38)—(2.39) into (2.37), and by using the fact that p’ < p’® < p®/4 <0, we have that

—+o0

2dt = =

m + 1 m
PP Z Lyl 0 ul 72 + C(ldlx, + laf%,)1aly, -

1d X 13X
ohT Z Lyl T O ull Tz + 3 L3 mllT 0,05 ullfe + 5 D Ll 05wl
m=0
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Thus, Proposition 2.10 holds for k£ = 0.
(b) The case of k = 3. We apply 8;”85 to the first equation in (2.1) to obtain that

8t8;”8§u - 8;”8;% + 8;”8§u = —8;”85 (udpu + vOyu). (2.40)
The assumption (2.2) implies that each term in the above equation belongs to
L2([0, +00l; L((3)**))
with

L2(()*) = {f e 8 ) rer?}.

Then we multiply both sides of (2.40) by —d, (7’2(”3)8;”83u) € LQ([O, +oo[;L2(<y>7(e+3))),

and then integrate over R?. By using d2ul,—o = 0, we have that

1d 0 0 L
5Tl + TR Or Ol + 17O Ol

_ / (0 0u) (8, 72+%) 0 Pu dady
R

2

T
+/
R

For the terms on the right hand side of the above equality, we have that

/2
R

where we have used the fact that |9,7216| < %T%J’_G < 7246 and

J

1
< 5 (I 2020 ullie + 17207 gullis) + 4|20 05 (udau + vOyu) | 7.

(0702 (udu + v0yu) |0, (290050 dady.

2
+

m m 1 m m
(am 83“‘) (ayT2l+6)am 831’dedy < 5 (||Te+38m 8,3’&”%2 + HTZ+381 8311’“%2) ;

(0202 (udu + v0yu) |0, (20703 ) dedy

2
+

Hence,
1d XX 1=
¢ ¢
2 dt Z L;Q),m+3HT +38;”8§’u||%2 + 1 Z Li,m+3HT +3a;na;lu||%2
m=0 m=0
1
7 Z L2 s T P07 Oul|7 -
m=0
—+oo m+4 —+oo
<0y TL§7W+3||#+38;”8§U|\§2 +4 3 L2 PO 02 (udsu + vdyu) |3
m=0 m=0

Moreover, similarly to the proof of Lemma 2.6, we can show that
—+o0
4312 ST 02 (udeu + vdyu) |12 < Cldly, < Clalk, a3y, -
m=0

Therefore, by noting that p’ < p’® < p’3/4, it holds that

1d too - 1 +oo N
5& Z L;27,m+3||7-e+36m ag“”%z + Z Z L2,m+3|‘7—£+36;p a;lu”%2
m=0 m=0
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1 <X
1 30 Ll ol
m=0

<1 3+Oom+3 0+39m a3, 112 ~12 (o2
Z Z erSHT az ay’u’”L2 +C|a|Xp|a’|Yp'
This proves Proposition 2.10 for k = 3.
The cases of when k = 1,2 can discussed similarly, so we omit the details, for brevity. The

proof of proposition is complete. 0

2.4 A Priori Estimate in 2D

We will apply the following abstract version of the bootstrap principle given in [34] to prove
Theorem 2.4:

Proposition 2.11 (Proposition 1.21 of [34]) Letting I be a time interval, and for each
t € I we have two statements: a “hypothesis” H (t) and a “conclusion” C(t). Suppose that we
can verify the following four statements:

(i) If H(t) is true for some time t € I, then C(¢) is also true for the time t.

(ii) If C(t) is true for some t € I, then H (¢') holds for all ¢ in a neighborhood of ¢.

(iii) If t1, ¢, - - - is a sequence of times in I which converges to another time ¢ € I and C(t,,)
is true for all ¢, then C(¢) is true.

(iv) H(t) is true for at least one time ¢ € I.
Then C(t) is true for all ¢ € I.

For each T € [0, +o0l, let H(T') be the statement

. 1t 2(1+p3
Vtel0,T], et/2|a(t)|§(p(t) + Z/0 e*/? |a(s )|Zp(s) ds < %587 (2.41)
0
and let C(T') be the statement
— 1 ’ s — 2 1 + P2
vie.T], ea)fk,, + 1/0 P2 fi(s)13,, ds < L0, (2.42)
0

where pg,eo are the constants given in Theorem 2.1. In the discussion that follows, we will
verify that the conditions (i)—(iv) in Proposition 2.11 are satisfied by H(T') and C(T') defined
as in (2.41) and (2.42). Note that @;—o = (uo, 0, 93up). Thus, H(0) holds because of (2.3) and
the fact that

a(0)l,, = luolk,, + Z Ly, my2llOFPuol|72

IN

(m+3)* _
HUOH*%(/JU + Z()Tpgzl (m+3)L§p0)m+3Ha;nJrSUOH%?
m=

P0+1
< pe l[uoll,, - (2.43)

Hence, the condition (iv) in Proposition 2.11 holds. Moreover, the conditions (ii)-(iii) follow

from the continuity of the function

1 t
t— et/2|ﬁ(t)|§<p(t) + Z/ e*/2)a(s)]5,  ds.
0

p(s)
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It remains to check the condition (i) in Proposition 2.11; that is that
H(T) is true for some time T' > 0 = C(T') is also true for the same time 7.

By Definition 2.2, we combine the estimates given in Propositions 2.5 and 2.10 to get that
1d

S olalk, + —|a|%p+—|a|§
+ZEZ -_ m+3|\8 MHL2+8 7L2m+3”6x MH%Z
<

o, + o (|a|xp +lalk, ) lal, +C (|a|xp + |a|%g,) a3,

" " " 1 " " "
< C(jalx, +lalk,)lal, + (Zpls +Clalx, + C|a|§(p) a3,
Note that
~ 12\ (2 L+p5 o Lo
C(lalx, + |Q|Xp)|a|zp <4C 2 goldlz, < §|a|zp
and that

L Clalx, +Clay < —S(2 3e*t/4+4c”—p3€*t/4a <0
4 g X =g\ 24 P 0=

provided g is sufficiently small. Combining the above estimates implies that
1d iz t/2 2 1d 4 2 7”4‘4) 2
a — L oru <0.
SreRlal, + e al, + e §: L |0

By integrating the above estimate over [0, ] for any ¢ € [0,7] and using U|,=o = 0, we obtain

that . )
g 1 S pd 2 - 1 + p
vte0.7], eawlk,, + Z/o e5/2 ja(s)lz,., ds < a0, < 7 0c2
where we have used (2.43). This yields (2.42) if (2.41) holds, so that the condition (i) holds.
Therefore, by Proposition 2.11, the estimate (2.42) holds for any 7" > 0, and the proof of

Theorem 2.4 is complete.

3 A Priori Estimate in 3D

The discussion on the 3D magnetic Prandtl model is similar to that of the 2D case. For
this, we will use vector-valued auxiliary functions instead of the scalar ones used in the previous
section. More precisely, denote by w = (u1,u2) and v the tangential and normal velocities,
respectively, and by (x,y) the spatial variables in R? xR, with x = (x1,72). As the counterparts
of U and A defined by (2.7) and (2.10), we define U = (U, Us) and X = (A1, A2, A3, \4) as follows:
let U;, j = 1,2, solve the initial-boundary problem

y y
((%—l—u Ox + v0y —8)/ (ta:y)dy—l—/ Z/{j(t,x,g)dg:—agjv,
0 0
uj|t:0 =0, 8yuj|y:0 = uj|y*>+oo =0.
Accordingly, set
y y
A =05 uy — (3yul)/ U(t, 2, 5)dg, Ao =85,u1 — (Oyua) [ Us(t,z,5)d7,
0

Y
Z/{Q (tv Zz, g)dg

Y
)\3 = 8£1’UJ2 - (8yU2)/ L(l (t, Z, gj)dﬂ, /\4 = 82211,2 — (8y’u,2)
0
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Denote that @ = (u,U, X), and define |d|x,, |d|y, and |d|z, as in Definition 2.2.

Then the a priori estimate in Theorem 2.4 also holds for the function @ as stated in the

following theorem:

Theorem 3.1 Suppose that the initial datum wug in (1.3) belongs to X, for some py > 0.

Let u € L™ ([0, +o0[; X,) be a solution to (1.3) satisfying that

/0 (@, + 19,0, )dt < +oo,

where p is defined by (1.7). If [[uol|x,,, < €o for some sufficiently small eg > 0, then we have

that "
+oo 4(po + 1)
t/4) = t/2| = (4|2 Po
supe”’*|a(t)|x —i—(/ e’ “la(t dt) < ——¢p.
>0 | ( )| p(t) 0 | ( )lZp(t) pO
Thus,
+o0 1/2 4(
po+1)
sup et/4|u(t)|xp(t) + (/ et/2|8yu(t)|§(p(t)dt> < ———F6.
t>0 0 Po
The proof of Theorem 3.1 is the same as that of the 2D case, so, for brevity, we omit the
details.
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