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Abstract This paper is concerned with the existence and multiplicity of solutions for sin-
gular Kirchhoff-type problems involving the fractional p-Laplacian operator. More precisely,
we study the following nonlocal problem:
|| Py [P Ju(z) — u(y)|” s .
M daedy | Lou = Q
u=20 in RV \ Q,

where £;, is the generalized fractional p-Laplacian operator, N > 1, s € (0,1), a1, a2, € R,
Q c RY is a bounded domain with Lipschitz boundary, and M : R(}L — RFL f:Q—->R
are continuous functions. Firstly, we introduce a variational framework for the above prob-
lem. Then, the existence of least energy solutions is obtained by using variational methods,
provided that the nonlinear term f has (6p — 1)-sublinear growth at infinity. Moreover, the
existence of infinitely many solutions is obtained by using Krasnoselskii’s genus theory. Fi-

nally, we obtain the existence and multiplicity of solutions if f has (6p—1)-superlinear growth
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at infinity. The main features of our paper are that the Kirchhoff function may vanish at

zero and the nonlinearity may be singular.

Key words Fractional Kirchhoff equation; singular problems; variational and topological
methods
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1 Introduction and Main Results

Let N>1,p>1,q>1,7>0,0<a<1,qa B, v€R be such that

and

%-ﬁ*%:a(%ﬁ-a};l)-f—(l—a) G+%)

In the case a > 0, we assume in addition that, with v = ac + (1 —a)8, 0 < a—0o < 1 if
Ty =+

Caffarelli, Kohn and Nirenberg [5] proved the following well-known Caffarelli-Kohn-Nirenberg
inequality:

el ul - vy < C el Vullg vy il |, for € CRRY).
In particular, if @ = 1, this inequality becomes
2 ull pr vy < C 2]Vl pogny for u e Cg(RY).

After that, existence and multiplicity of solutions for singular elliptic problems have been inves-
tigated by using the Caffarelli-Kohn-Nirenberg inequality. Indeed, due to the Caffarelli-Kohn-

Nirenberg inequality, one can study the existence and multiplicity of solutions for some singular

elliptic equations like
—div(a(x)|VulP"2Vu) = b(z) f (u),

where a(z) is a nonnegative function satisfying infa(x) = 0 and b is a function satisfying
xr

inf b(x) = 0. For instance, Felli and Schneider in [17] considered the equation

—div(|z|72Vu) — Mz|?TH Dy = (1 + ek(z))|z|PuP~! in RV,

The authors obtained the existence of positive solutions and non-radial solutions as ¢ small
enough. Ghergu and Rédulescu [16] studied the singular elliptic equation:

—div(|z|72Vu) = K (x)|z| P |u|P~?u 4+ Ag(z) in RV,

Under suitable assumptions on K, the authors obtained two distinct solutions as A small enough
by using Ekeland’s variational principle and the mountain pass theorem. In [10], Chu et al.
studied the existence and the qualitative properties of solutions for the singular p-Laplacian
type problem

—div(|z|~Pa(z, Vu)) = A\f(z,u)  in €,

u=20 on 0,
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where the operator div(|z|=%a(z,Vu)) is a general form of the singular p-Laplacian
div(|2|*?|Vu|P~2Vu) and f satisfies (p — 1)-sublinear growth at infinity. The authors obtained
two nontrivial solutions by using variational methods. In [9], Caristi et al. discussed the

following nonlocal degenerate problem:

-M </ |:C|ap|Vu(x)|pd:v> div(|z| 9P| VuP~2Vu) = Az| PO f(u) i Q,
Q
u=20 on 01},

where M : Rt — RT is a continuous function satisfying that mot®~! < M(t) < mt*~! for

all t € RT, where m; > mg and1<a<min{ N_ N—platl)te

N—p’ N—plat) }, and the nonlinear term f

satisfies the following conditions:
(A1) there exists a constant v > “222 such that 0 < vF'(t) <tf(?) for all t € R\ {0};
(Hy) lim . —o.

oo 1t1ePTT

Underlt‘thgO above conditions, the authors obtained the existence and multiplicity of solutions.
However, it seems that assumptions (A;) and (H;) can not hold simultaneously. The paper
[21] extended the Caffarelli-Kohn-Nirenberg inequality to the case of variable exponent Sobolev
spaces and obtained the existence of solutions for a class of singular p(x)-Laplacian equations
by using variational methods.

The issue of the Caffarelli-Kohn-Nirenberg inequalities in fractional Sobolev spaces is quite
delicate. Very recently, Nguyen and Squasssina in [28] proved that the following fractional
Caffarelli-Kohn-Nirenberg inequality (see also [1] for a special case): Let s € (0,1), a1, a2, € R
with o1 +as=a,and N>1,p>1,¢>1,7>0,0<a <1, 3, v€R be such that

1 v 1 a-s 1 B
;+N—a<2—?+ N>+(1—CL)(E+N>

In the case a > 0, assume in addition that, withy =ac+ (1—a)f8, 0<a—cand a —o < 1if
% + 3= % + 2% Under the above assumptions, Nguyen and Squassina in [28] proved that if
1+ 2 >0, then

2 ull oy < Cluliyeno@n) 2l ull o eny for u € Co(RY); (1.1)
if £+ 3 <0, then

a l—a
2 ull e vy < Cluliyema@my [[1217u]] ogr, for uwe G RN\ {0}),

B | 1P|y [ 2P () — uly)|P Y/
[U]Ws,p,a(RN) = (//R2N |{I; — y|N+ps d.’I]dy .

Inspired by the above works, in this paper, we study the following singular fractional

where

Kirchhoff type problem:

M (//R2N || P |y [o2P|u(z) — u(y)lpdxdy> Lou=lalflu) inQ

|z — y|NHes

(1.2)
u=0 in RV\ Q,

where N > 1, s € (0,1), aj,as € R, Q C RY is a bounded domain with Lipschitz boundary

containing zero, M : [0,00) — [0,00) is a continuous function, f : & — R is a continuous
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function, and L is the generalized fractional p-Laplacian operator which, up to a normalization
constant, is defined as follows:

(o = [ 0l )P 0) D) =20

|z —y|NHes

for all u,v € C§°(RY). Especially, as a; = ag = 0 and p = 2, the above operator reduces to the
well-known fractional Laplace operator (—A)®. Furthermore, if s — 17, then (—A)® becomes
the classic Laplace operator —A (see [14, Proposition 4.4]).

Since the pioneering work of Caffarelli and Silvestre in [7], a lot of attention has been
attracted to investigate problems involving fractional Laplace operator. Especially, much effort
has been focused on the subcritical and critical growth of the nonlinearities, which lead us to
study various variational problems using the critical point theory. Problems like (1.2) appeared
in many fields of real world, for example, continuum mechanics, phase transition phenomena,
population dynamics, minimal surfaces and anomalous diffusion. In fact, fractional Laplace
operator can be viewed as the typical outcome of stochastically stabilization of Lévy processes;
we refer to [2, 6, 14, 20] for more details.

Problem (1.2) also involves the study of Kirchhoff-type problems. In fact, such problems
arise in various models of physical and biological systems. In particular, the existence results
concerning Kirchhoff-type problems are more and more abundant in recent years. More pre-

cisely, Kirchhoff in [19] established a model governed by the equation
0%u po E [F 2 0%u
— —_ dz | =— =0 1.3
< + 2| 55 =0, (1.3)

Parr ~\n " 2L
where u = wu(x,t) denotes the lateral displacement, E is the Young modulus, p is the mass

%
ox

density, h is the cross-section area, L is the length and pq is the initial axial tension. In fact,
Equation (1.3) extends the classical D’Alembert wave equation based on a physical consid-
eration; that is, enclosing the effects of the changes in the length of the strings during the
vibrations. In particular, Fiscella and Valdinoci in [18] proposed a stationary Kirchhoff model
involving the fractional Laplacian by investigating the nonlocal aspect of the tension; see [18,
Appendix A] for further details.

Throughout the paper, without explicit mention, we assume that M : Rar — Rar is a
continuous function and verifies (Mp) or (M7) and (Ms) as below.

(M) There exist mg > 0 and § > 1 such that M (t) > mgt?~! for all t > 0;

(M) For any d > 0 there exists s := k(d) > 0 such that M (t) > & for all ¢ > d;

(M) There exists 6 € (1, N/N — sp) such that

0.2 (t) > M(t)t, ¥t >0,

where ./ (t) = fot M(r)dr.

A simple example of M is given by M(t) = ag + boft?~! for all ¢ > 0 and some 6 > 1,
where ag,bp > 0 and ag + by > 0. When M is of this type, problem (1.2) is called to be
degenerate if ¢ = 0, while it is named non-degenerate if a > 0. In recent years, Kirchhoff-
type fractional problems have triggered more and more attention. Existence results for non-
degenerate Kirchhoff-type fractional Laplacian problems were given, for example, in [30, 32].
While some recent existence results concerning the degenerate case of Kirchhoff-type fractional
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Laplacian equations were obtained; see [4, 8, 12, 22-25, 31, 33, 34] and references therein. It is
worth pointing out that the degenerate case is rather interesting and is treated in some famous
works concerning Kirchhoff theory; see for instance [13]. From a physical point of view, it seems
rational to describe a realistic model by M (0) = 0, which means that the base tension of the
string vanishes.

Throughout the paper, we assume that f : 2 — R is a continuous function. In the following,
we enumerate the assumptions concerning the nonlinear term f, but keep in mind that they
will not be fulfilled simultaneously:

(fo) f is odd, that is, f(—t) = —f(¢) for all t € R;

f(t)

fl) |t1‘iinoo T = 0;

(
(f2) there exists ¢ € (1,p) such that F(t) > |t|?, where F(t) := fot f(r)dr;
(f3) there exist ¢ > 0p and C > 0 such that

|f(t)] < CJt|9", for each t € R;

(f4) there exist p > 0p and T > 0 such that f satisfies the Ambrosetti-Rabinowtiz type

condition, i.e.,
pF(t) <tf(t), forall t| >T.
A simple example of function f satisfying (f1) — (f2) is given by

[t]2t + [t~ if |t <1,

f(z,t) =
20t|" 2t if |t > 1,

where 1 <r <p < ¢ <pk:=Np/(N — sp).

Remark 1.1 From (f;) one can deduce that f is (fp— 1)-sublinear at infinity, while from
(f4) one can deduce that f is (fp — 1)-superlinear at infinity.

Definition 1.2 We say that u € WP (Q, |z|*P) is a (weak) solution of problem (1.2), if
it holds that

o (//RZN |2[*1Ply|*2P|u(x) — “(y)lpdxdy> (Lou, ) = /Q 12 f (u)pdz

o = 4V

for all p € WP(Q, |x|*P).
We always assume that s € (0,1), aj,a2 € R, @ = a3 +az, N > 1, and Q C RV is a
bounded domain with Lipschitz boundary and 0 € 2. Now we are in a position to introduce

two existence results involving the case that the nonlinearity f is (p — 1)-sublinear at infinity.

Theorem 1.3 Assume that M fulfills (Mp) and f satisfies (f1)—(f2). If 8> (e — s)0p +
N(6—1), then problem (1.2) has a least energy solution in W** (€2, |z|*?) with negative energy.

Moreover, we get the existence of infinitely many solutions of problem (1.2).

Theorem 1.4 Assume that M fulfills (M) and f satisfies (fo), (f1) and (f2). If 8 >
(a — s)fp+ N(0 — 1), then problem (1.2) has infinitely many solutions in Wi'* (€, |z|*?) with
negative energy.
We also obtain the existence and multiplicity of solutions for problem (1.2) when the non-
linearity f is (6p — 1)-superlinear at infinity.
@ Springer
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Theorem 1.5 Assume that M fulfills (M;)-(Mz) and f satisfies (f3)—(fs). If 5 >
(o — 8)g + N(q/p — 1), then problem (1.2) admits a nontrivial mountain pass solution in
WP (€, 2]°7).

Theorem 1.6 Assume that M fulfills (M;)—(Mz) and f satisfies (fo) and (f35)—(fs). If
B> (a—s)qg+ N(q/p—1), then problem (1.2) has infinitely many solutions in W3 (€, |z|*?).

Remark 1.7 If oy = as = «, then we can define E; as follows: for any x € RY

x| |y|°P|u(x) — u(y) P2 (u(z) — u
||y I(?I_ﬁ])vlm(() (y))dy

L? =1
su(r) et RN\ B. (2)

along any u € C§°(RY).

To the best of our knowledge, Theorems 1.3—1.6 are the first existence and multiplicity
results for singular Kirchhoff-type problems in the fractional setting.

The rest of the paper is organized as follows: in Section 2, we introduce a variational
framework of problem (1.2) and give some necessary properties for the functional setting. In
Section 3, we obtain the existence of least energy solution for problem (1.2). In Section 4,
the existence of infinitely many solutions is obtained by using genus theory. In Section 5, a
mountain pass solution and infinitely many solutions for problem (1.2) are obtained by using

the mountain pass theorem and the symmetric mountain pass theorem, respectively.

2 Variational Framework and Preliminary Results

We first provide some basic functional setting that will be used in the next sections. Let
1 < p < oo and define W;"”(2) as the completion of C§°(€2) with respect to the norm

uly)|P Y/
— 2 77 dad .
e <// |x—y|N+ps y)

Let WP (€, |z|*?) be the completion of C§°(£2) with respect to the norm

| 1P|y |2P () — u(y)|P Y/

Using a similar discussion as in [32]7 the space W (9, |z|*P) is a reflexive Banach space. Let

1 < ¢ < oo and B € R. Define the weighted Lebesgue space

/ |:c|ﬁ|u<w>|de<oo},
fulls = ([ |x|ﬁ|u<x>|de)l/q.

The next fractional Caffarelli-Kohn-Nirenberg inequality will be used later, which was ob-

LY, |z|?) = {u : 0 — R is measurable

endowed with the norm

tained in [28]. In fact, by taking a = 1 in (1.1), we have
Theorem 2.1 Let s € (0,1), 1 <p < N/s,a > —(N —sp)/pand a —s < vy < a. Set
Pi~s = Np/(N —p(y —a+s)). Then there exists C(N,a, s) > 0 such that

1/Pg.q,s
(/ |:17|w‘1m5|u|pam5dx) < C(N,a, 8)|ul| for all u € C§°(RY).
RN
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Using Theorem 2.1, we have the following embedding theorem:

Theorem 2.2 Let s € (0,1),1 <p < N/s and o > —(N — sp)/p. Then Wy* (8, |z|*P)
is continuously embedded in L(8, |z|?), if 1 < ¢ < pf and B > (a — s)g + N(q/p — 1); the
embedding is compact if 1 < ¢ < p¥ and 8> (o — s)g+ N(¢/p—1).

Proof If g=p%and 8= (a—s)g+ N(g/p—1) = ap’, then by taking v = « in Theorem
2.1, the embedding WP (9, |2]|*?) — LP:(Q, |2|?) is continuous. If 1 < ¢ < p?, then we take
a — s <7y < «asuch that

Np Np
N —p(y—a+s) < N-sp
Let u € WyP(€, |x|*P). Then by the Holder inequality, we have

*

Ds-

q<Pap,s=

«
Pyos”d

* q
—vg) P P s " . PL as
/|x|ﬁ|u|qd:17 < </ |:1:|(ﬁ W)P?a,squ> ! (/ || Pes u(x)|pv,a,s) e (2.1)
Q Q Q

Since 8 > (v — s)g+ N(g/p — 1), we get

p*
_(5 _ fyq)% < N.
p'y,a,s —q

Thus, it follows that

* —
Pya,s—19

(B—vq) peus_ Plas
(/ || PrasTldg < 00.
Q

It follows from (2.1) and Theorem 2.1 that

q
* * Py a,s
/ |x|ﬁ|u|qusc< / |x|7pw|u<x>|ﬁws> < Ol
Q Q

which yields that the embedding WP (Q, |z|P) — LI(Q, |z|?) is continuous.

Next we show that the embedding WP (Q, |2|*P) — L%(1,|z|?) is compact. To this aim,
let {u,} be a bounded sequence in Wy*(9,|z|*?). For any R > 0 with Bg(0) C Q is a ball
centered at 0 with radius R. Then {u,} is a bounded sequence in W;*(2\ Bg(0)). By Theorem
7.1 in [14], we obtain that there is a convergent subsequence of {u,} in LI(Q2\ Br(0)). By
choosing a diagonal sequence, without loss of generality, we assume that {u,} converges in
L1(Q2\ Bgr(0)) for any R > 0.

On the other hand, for 1 < g < p%, we take & — s < v < « such that

4 <Panq,s <DPs

Since the embedding is continuous, we obtain that {u,} is bounded in LPa.s (€2, |z Pan.s).

Then by the Holder inequality, for any R > 0 small enough and n,m € N, we deduce that

/ 2] |t — 1 |9dz
Br(0)
Pa,y,s~ 4 q

—p*‘ 2 & s * * a s
(/ |x|(5*’>’q) pj;f:liq d(E) Pa,y,s (/ |‘,L.|’Ypa,%5 |um — un|p°‘*7~8dx) Pa,y,
Br(0) Q

Py o s—a

Y

_ Pay.s p’&’y s
gc(/ | W’p&wsqu) ’
Br(0)

IN
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* *
pa"‘lusiq pa"‘lusiq
E3 E3

R _ _ M .S _ P;,'y,s A
§C</ N 1+(8 vq)pgmsth) Pa,y, _O<RN+(6 vq)pamsq) Pa -, |
0

where C' > 0 denotes various constants independent of n,m. As § > q(a — s) + N(¢/p — q), it
follows that N + (8 — yq)—=22_ > (. Thus, for any ¢ > 0 there exists R > 0 such that

* —
pa,'y,s q

[ laflun —wfrar < 5 wnmen
Br(0) 2

Then we can choose ng € N such that

/ |27t — |7 < Cg/ [t — U, [?da < =
O\Br(0) Q\Bg(0) 2

where Cg = RPif B <0 and Cp = (diam(Q))” if 3 > 0. Therefore, we conclude
/ 2% [tn, — tm|?dz < e Vn,m € N.
Q

This means that {u,} is a Cauchy sequence in L?(, |z|?). O

To study solutions of problem (1.2), we define the associated functional I : W* (9, |z|*?) —
R as follows:
I(u) = ®(u) — W(u) for all u € WeN*(Q, |x]P),

where
(0] ———1 u|l?) and ¥(u) = 2|PF(u)dx

By assumption (f2), for any € > 0 there exists 7. > 0 such that
[F()] < elt®, it > Te.

Thus,
[F ()] <elt|P~ + max lf()], VteR. (2:2)
Furthermore,
€
Ft)| < —|[t|% t)||t t) € QA x R. 2.
| ()|_9p|| +\If|1§§|f()” |, V(z,t) € Qx (2.3)

Using (2.3), 8 > (o — s)f0p + N(0 — 1) and Theorem 2.2, one can verify that I is well defined,
of class CH (WP (Q, |z|*P),R) and

(I (u),v) = M(JulP) (Lo v) — / j2]® f(u)udz,

for all u,v € W5P(Q, |z|*?). Clearly, the critical points of I are exactly the weak solutions of
problem (1.2).

3 Proof of Theorem 1.3

In this section, we always assume that M satisfies (My) and f satisfies (f1) and (f2).

Let us now recall that the functional I satisfies the (PS). condition in WP (€2, |z|%P), if any
(PS). sequence {uy,} C W(Q, |z|%), namely a sequence such that I(u,) — ¢ and I'(u,) — 0
as n — 0o, admits a strongly convergent subsequence in W3 (Q, |z|P).

In order to study the existence of least energy solutions for problem (1.2) in the sublinear
case, we will use the following direct method in the calculus of variations:
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Theorem 3.1 Let X be a reflexive Banach space with norm || - || x. Assume that the
functional J : X — R is

(i) coercive on X, that is, J(u) — oo as ||ul|x — oo;

(i) weakly lower semi-continuous on X, that is, for any u € X and any sequence {u, } C X
such that u,, — v weakly in X,

J(u) < liminf J(up,).
n—oo

Then J is bounded from below on X and attains its infimum in X.

Lemma 3.2 The functional I is weakly lower semi-continuous on Wy (€, |z|*P).

Proof We first show that ® is weakly lower semi-continuous on W (Q, [z|*?). To this

aim, we define a functional H : W5*(Q, |z|*?) — R as

|z[**Ply|*P|u(x) — u(y)[? 5, a
H(u)z//R2N o= g dedy Yu € WP (Q, |z|P).

It is easy to verify that H € CY(WP(Q, |2|*P),R) and H is a convex functional. Furthermore,
H is sub-differentiable and the sub-differential denoted by OH satisfies 0H (u) = {H'(u)} for all
u € WyP(Q, |z|*?). Assume that {u,} C WP (Q,|z]|*?),u € WP (Q, |£|*P) and u,, — u weakly

in W3P(,]z|*) as n — co. By the definition of sub-differential, we have
H(uy) — H(u) > (H' (u), u, — u),

which yields that H(u) < liminf H(u,). Without loss of generality, we assume that ¢y :=
liminf H (u,) > 0. Since #(t) : [0,00) — (0, 00) is continuous, for any € > 0 there exists 6 > 0
such that for all |t — to] < d, it holds that

M (ty) —e < M(t) < M(Lo) + €.

Choose tg—0 < t1 < tg < ty < tg+6. By the assumption on M, we know that .# is a increasing
function. It follows that

M) —e < Mty) < M) < M) < M (o) +e VEE [t to].

On the other hand, by ty := lini inf H(u,), we obtain that there are at most finite numbers
n such that H(u,) > t;, and sno toﬁere are at most finite numbers n such that .Z(H (uy)) >
M (t1) > M (to) —e. Moreover, there are infinitely many n such that H(u,) < to. Thus,
there are infinitely many n such that #(H(uy,)) < A (t2) < #(ty) + . Then we get
linrggf M (||un||P) = ///(l%nil(gf ||lun]|P). Therefore, we deduce that . (||ul|P) < liggioréf A (||un|P),
which means that ®(u) = 1—1)///(||u||p) is weakly lower semi-continuous on Wy?(Q, |z|*P).

Next we prove that ¥ is weakly continuous on Wy (€, |z|*P). By (f2), there exists C' > 0
such that |f(t)| < C(1+[t|?P~1) for all t € R. Tt follows from Theorem 2.2 that WP (9, |z|*?) —
LP(Q, |z|?) is compact for 3 > Op(a — s) + N(# — 1). Using a standard argument, one can
deduce that U is weakly continuous on Wy (€, |z|*P).

In conclusion, we obtain that I'(u) = ®(u) — ¥(u) is a weakly lower semi-continuous func-

tional on Wy (Q, |z|*P). O
Lemma 3.3 The functional I is coercive and satisfies the (P.S). condition.
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Proof For any € > 0, by (M;) and (2.3), we obtain that for all u € Wy (€, |z|*?) with
[ul = 1,

mo 9 1 / 31,10 / 8
I(u) > —||lu P — X u pdfl? — max t x u|dx.

By Theorem 2.2 and § > (a — s)f0p + N (0 — 1), there exists C' > 0 such that
[ Jal?lupds < Clu)”
Q

and

/ 2P luldz < Cllul).
Q

It follows that
mo 3 7]
I >(_——O) p—C( t)
() 2 (52— 20 Jul — ¢ max 70)
for all u € WP (Q, ||*P) with ||ul] > 1. Now choose € = m(/(2C), we obtain

mg
>
I{w) 20p

which together with #p > 1 implies that I(u) — oo as |Ju|| — oco. Thus we have proved that T

[ull®” = C]lul,

is coercive.

Next we show that I satisfies the (PS). condition. To this aim, we assume that {u,} C
WP (9, |z]9P) is (PS). sequence; that is, I(u,) — ¢ and I'(u,) — 0 in (WP (Q, |2|%7))*. Since
I is coercive, {uy,} is bounded in WP (Q,|z|?P). Thus, up to a subsequence, we have

w, — u weakly in WgP(Q, |z]|%).

Moreover, by
(T (), um = )| < T (un)|[Jun = ul| < C|IT (un)]| — 0,

we deduce
lim (I'(up), up —u) = 0.
It follows that
M (lun P Lyt un — ) = [ ||’ f(un)(un — u)da. (3.1)

Q
By (2.2), we have

/ 21?1 (1 — w)da| < C / 121? (Jum — ] + [tn — ul?)da,
Q Q

which converges to zero by Theorem 2.2. It follows from (3.1) that
T M )5 1 — ) = 0,
which, together with the fact that (£ (u), u, —u) = 0, yields that
nh_)rrgo M (lunl?) [(Lotn, un — u) — (L5 (w), un —u)] = 0. (3.2)

If 1I;f1 llun]l > 0, by (3.2) and (M;) we have

im [(L5un, un — u) — (L5 (u), u, —u)] = 0.

n—oo p
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Then using a similar discussion as in [32, Lemma 3.6], we can obtain that u,, — u in W (€, |z|*?).

If 1I;f1 |un|| = 0, then up to a subsequence we obtain that u, — 0 in Wy (Q, |z|*P). O
nz

Proof of Theorem 1.3 By Theorem 3.1, Lemmas 3.2 and 3.3, the functional I has a
global minimizer u € WP (€, |z|*?), which is a least energy solution of problem (1.2). Now we
prove that u is nontrivial. Choose a nonnegative function v € Wi (€, |z|*?) with |lv|]| = 1 and

0< max v(z) < 1. Then it follows from the definition of I and (f2) that
rE

1
I(tv) = I;J/Z(tpHva) - /Q |z|P F(tv)dx
1
<= M(7))t? — Fljid
<= (s M) =10 [ fallofda

< 0 for 0 <t < 1 small enough,

thanks to p > ¢. Thus, we can choose some ¢ > 0 such that I(tv) < 0. Then by the minimality
of u, we have
I(u) < I(tv) < 0 =1(0),

which yields that u is nontrivial. 0

4 Proof of Theorem 1.4

In this section we study the existence of infinitely many solutions of problem (1.2). To this
end, we mainly use a classical result due to Clark (see [11]). Before stating our result, we first
recall some basic notions on Krasnoselskii’s genus and its properties.

Denote by X a real Banach space. Set
I'={Ac X\{0}:Aiscompct and A = —A}.
Definition 4.1 Let A € I' and X = R¥. The genus v(A) of A is defined by
7(A) = min{k > 1: there exists an odd mapping ¢ € C(A,R*\ {0})}.
If there does not exist such a mapping for any k& > 1, we set 7(A) = co. Note that if A is a
subset which consists of finitely many pairs of points, then y(A) = 1. Moreover, (@) = 0.

Now, we list some necessary results of Krasnoselskii’s genus.

Lemma 4.2 (1) Let X = R* and 99 be the boundary of an open, symmetric and bounded
subset Q C R* with 0 € Q. Then v(0Q) = k. In particular, let S*=! be a k — 1-dimensional
sphere in R¥, then ~(S*~1) = k.

(2) Let A C X, Q be a bounded neighborhood of 0 in R*, and assume that there exists an
odd mapping h € C(A,09Q) with h a homeomorphism. Then v(A) = k.

Theorem 4.3 (Clark’s theorem [11]) Let J € C'(X,R) be a functional satisfying the
(PS). condition. Furthermore, let us suppose that

(i) Jiseven,ie., J(—u)= J(u) for all u € X, and J is bounded from below;

(ii) there is a compact set A C I" such that v(A4) = k and sug J(u) < J(0).

u€

Then J possesses at least k pairs of distinct critical points, and their corresponding critical
values are less than J(0).
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Proof of Theorem 1.4 Set

I'n={AcCT:~v(A) >k}, c,= inf supI(u), k=1,2,...,
AerkuGA

then it follows from Lemma 3.3 that
—o<cp <<l ...<cp<cpy1 <
Next we prove that ¢ < 0 for all £ € N. For each k, we choose k disjoint open sets 2; such
that ij Q2 C Q. Fori=1,2,...,k let e, € (WP (Q,|z|*P) N C§ (%)) \ {0}, with |le;]] = 1,
and Tt
Ay, = span{ey,ea,...,er}.

Since Ay is finite dimensional, all norms on it are equivalent. Thus there exists a positive
constant C' > 0 such that

1/q
(/ |:v|ﬁ|u|qu) > C|lul| for all u € Ay.
Q

y (f2), we get

k
1
I(tu S—(maxM )tp xﬁFtuld
() < 5 ( max > | et
< ( M(r )tp td / Plug?d
< 5 (max Z || || "z

max M(7))t? —t? [ |z|Puldx
Q

< l( max M(T))tp — %,
p \7€0,1]

for all w € Sk and 0 < ¢t < 1 small enough, where S, = {u € Ay : |Jul| = 1}. Thus, we
can find t* = ¢(k) € (0,1) and e* = ¢*(k) > 0 such that I(t*u) < —e* < 0 for all u € Sy.
Set St = {t*u : u € Si}. Clearly, S is homeomorphic to S¥*. Then v(S%") = k and so

¢y < sup I(u) < 0=1(0).
uGS
Smce f is odd, the functional I is even. In view of Lemma 3.3, we know that all assumptions

of Theorem 4.3 are satisfied. Then the functional I admits at least k& pairs of distinct critical
points. Due to the arbitrary of k, we obtain the existence of infinitely many critical points of

I. Thus, the proof is complete. O

5 Proofs of Theorems 1.5-1.6

In this section we consider the superlinear case of problem (1.2). Without special mention-
ing, we always assume that M satisfies (M1)—(M2), and f satisfies (f3)—(f1).

In the sequel, we shall make use of the following general mountain pass theorem (see [3]):

Theorem 5.1 Let X be a real Banach space and J € C*(X,R) with J(0) = 0. Suppose
that

(i) there exist p,r > 0 such that J(u) > p for all u € X, with ||ul|x = r;

(ii) there exists e € X satisfying ||e||x > p such that J(e) < 0.
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Define 5 = {h € C'([0,1]; X) : h(0) = 1,h(1) = €}. Then

= 1 >
O ey T 20

and there exists a (PS). sequence {u,} C X.
Now we check that the functional I satisfies the mountain geometry properties (i) and (ii).
Lemma 5.2 There exist r, p > 0 such that I(u) > p if ||u|| = .
Proof By (M), one can deduce

M) > (), forall0 <t < 1. (5.1)
By (5.1) and (f3), we obtain
1 C 1 C
I(u) > = (1)|u] ™ - —/ ol *fu|*dz >~ (1) 7 = —ull, (5:2)
p q Jo p q

for all uw € WP (Q, ||*P) with ||u|| < 1. Here we have used the fact that the embedding from
WP (Q, |2|*P) to LY(, |x|?) is continuous by Theorem 2.2, since g € (0p, pZ) and 3 > (a—s)0p+
N(6 —1). Since g > 0p, we can choose r € (0,1) small enough such that %///(1)7“1’ - %rq > 0.
Then it follows from (5.2) that I(u) > p = %,///(1)747 — %rq > 0 for all u € W3P(Q, |z|*?),
with [Jul] = 7. O

Lemma 5.3 There exists e € W;"(Q, |z|*?) with ||e|| > r such that I(e) < 0, where 7 is
given by Lemma 5.2.

Proof By (M), we have
() < A1)t for all t > 1. (5.3)

Choose a nonnegative function ¢ € C§°(€2) such that ||¢|| = 1. Then by (f4) and (5.3), for all

7, with 7 > 1, we have

(1 F(T
I(tp) < J7'9” — TqL/ pldx + ( sup |F(t)|)/ |z|Pdz.
p TH  Jizeq:|o()|>T} t|<T Q
Since ¢ > Op, fixing 7 > 0 even large so that we have that I(e) < 0, where e = 7. O

Lemma 5.4 The functional I satisfies the (PS), condition.
Proof Let {u,} C W (Q,|z|*P) be such that
I(un) — ¢ and I'(u,) — 0 in (WP (Q, |z|*P))*

as n — oo. We first show that {u,} is bounded. Arguing by contradiction, we assume that up
to a subsequence,

1 < |lup|| = 00 asn — oo.

Using (f4) and (Ms), we deduce

€t tall = Tlun) = 2 1a). )
i_l wo 1P |, 1P — |8 ” _l w ) "
= (9p u) M ([Jun[|7)||un]| /QI 1P(F (un) uf( )un)d
. w(D)lunll” = 2P (F(u _1 Up ) Up )dx
> (= 3) sl = [ el () = )
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— sup{’F(t) - %f(t)t’ St < T} /Q |z|Pdz

> (- %) sl = s { [ - o] sl < 7} [ Japa

Dividing the above inequality by |lu,||? and letting n go to infinity, we obtain

o (5

which together with y > 6p yields a contradiction. Thus, {u,} is bounded in Wy (Q, |z|*P).
Then there exist a subsequence of {u,}, still denoted by {u,}, and u such that
uy, — u weakly in WP (Q,|z|*P),
un — u strongly in L(Q, |z|?),
Uy — U a.e.in €.

We first show that

lim |2]° f (un) (ty, — w)dz = 0. (5.4)

n—oo

Indeed, by (f3) and the Holder inequality, we have

= :
<C ( |x|ﬁ|un|qu) </ || |, — u|qu) . (5.5)
Q Q

Using Theorem 2.2, we obtain limofQ |||ty — u|9dz = 0. Then it follows from (5.5) that
(5.4) holds true.
Due to the fact that {u,} is a (PS). sequence, we have

/ 12l ()t — )z
Q

(I (un ), un — ) = M([[unl|")(Lpu, un = u) = o(1).

Then,
o(1) = M([Jun 1) ((Lpun, tn — u) = (Lyu, un — u)) — /Q 2l f (un) (un — u)da.
It follows from (5.4) that

lim M(Huan)(([ﬁ;un, Up — U) — (Lo, up — u)) =0.

Then by using a similar discussion as in Lemma 3.3, we conclude that ||u, —u| — 0 as n — oo.
In conclusion, the proof is complete. g

Proof of Theorem 1.5 By Lemmas 5.2-5.3 and Theorem 5.1, there exists a (PS).
sequence {uy} such that I(u,) — ¢, I'(un) — 0, where ¢ = hg}ff Jmax I(h(t)) > p and H# =
{h € C1([0,1); WP (2, ]z]*P)) : h(0) = 1,h(1) = e}. Furthermore, by Lemma 5.4, there exist
a subsequence of {u,} (still denoted by {u,}) and v € W' (Q,|z|*P) such that u, — u.
Moreover, u is a nonnegative solution of problem (1.2). O

We shall use the following symmetric mountain pass theorem to get the existence of infinitely
many solutions of problem (1.2) in the superlinear case:

Theorem 5.5 Let X be a real infinite dimensional Banach space and J € C'(X,R) a
functional satisfying the (PS). condition. Assume that J satisfies the following:
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(1) J(0) = 0 and there exist p,r > 0 such that J(u) > p for all ||u||x =r;

(2) J is even;

(3) for all finite dimensional subspace X C X, there exists R = R(X) > 0 such that
J(u) <0 for all u € X \ Br(X).

Then J possesses an unbounded sequence of critical values characterized by a minimax

argument.
Proof of Theorem 1.6 By (f1), we have
E(T)
F(t) > Th [t|* for all || > T.
Set
— F(T)
C = sup |F(t) — —=|t|*].
sup [F0) — e
Then, we obtain
F(T —
F(t) > z(m)|t|” —C forallteR. (5.6)

Let E be a fixed finite dimensional subspace of W3 (€, |x|*P). For any u € E with |Ju = 1,
and for all t > 1 we have by (5.3) and (5.6) that

1 F(T —
I(tu) < = (1)t — Lt“/ || |u|"dx — C'/ |z|Pdz — —o0 ast — oo,
p e Q Q

Thus,

sup I(u)= sup I(Ru)— —o0
lull=RueE lull=1,ueE

as R — oo. Hence there exists Ry > 0 so large such that I(u) < 0 for all w € E, with ||u|]| = R
and R > Ry. Clearly, I(0) = 0 and [ is even. In view of Lemma 5.2, we know that all
assumptions of Theorem 5.5 are satisfied. Thus, problem (1.2) admits an unbounded sequence

of solutions. O
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