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Abstract In this work, the Poisson-Nernst-Planck-Fourier system in three dimensions is
considered. For when the initial data regards a small perturbation around the constant
equilibrium state in a H> N H~*(0 < s < 1/2) norm, we obtain the time convergence rate of

the global solution by a regularity interpolation trick and an energy method.
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1 Introduction

The Poisson-Nernst-Planck (PNP) system is a very important mathematical model de-
scribing the movement of charges under a concentration gradient and a electrostatic potential
generated by themselves. The system has many applications such as in semiconductor tech-
nology, chemical science and biology (see [4, 8, 9, 18, 19, 29, 31, 34, 38-40] and the references
therein). In the usual PNP model, the temperature is assumed to be homogeneous and inde-

pendent of time. However, the heating effect plays a very important role in many applications.
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For example, in biological science (see [5, 35]), the charge transport is found to be sensitive
to changes in temperature. The ion-channels which are gated by the temperature will adjust
the internal homeostasis and disease-related processes when the temperature changes. This
suggests that it is necessary to take the influence of the temperature into consideration to fully
understand the behavior of the electrothermal motion. In order to model the dynamic process
with temperature, the mechanical equation should be coupled with the thermal equation. By
an energetic variation method, the authors in [17, 25] deduced the following Poisson-Nernst-
Planck-Fourier (PNPF) equations:

opi + V- (piu;) =0, i = =,
vipi(ui —uo) = —kpV(piT) — ziepiV e,
—€eAp = Z Pi€Zi,
= (1.1)
Z kpCipi0/T + Z keCipiu; - VT + Z kepiTV - u;
i=0,+ i=0,% i=t
= kAT + /\0|Vu0|2 + Z vipilu; — u0|2.
i=t

Here ug is the velocity of the solvent and satisfies

divuo = 0,

VP, + Z vipi(ug — u;) — MoAug = 0, (12)
+

while, p; and z; are the density and the valence of cations, respectively. p_ and z_ are the
density and valence of anions. v; and v_ are the diffusion coefficients. e is the elementary
charge. kp is the Boltzmann constant. T is the temperature. ¢ is related to the dielectric
constant and the Debye length. w4 denotes the flow map of cations and anions. Cy and Cj
are the heat capacities of cations and anions of the solvent. k is the thermal conductivity. ug is
the velocity of the solvent. A is the solvent viscosity. This system is inferred by employing the
given free energy function and entropy production where the conservative forces are deduced
by least action principle and the dissipative forces are inferred by the maximum dissipation
principle. More details on the process of deducing this system can be found in [25].

While T" = 1 and wug is equal to some constant, the PNPF system will be reduced to
the original PNP equations. One can check [23] and its references for a detailed derivation
process of the PNP system. There have been a variety of studies on the well-posedness and
the properties of the classical PNP equations and some modified versions. Gagneux and Millet
[13] studied the well-posedness of the Nernst-Planck-Poisson system in both one dimension and
higher dimensions, and obtained the global existence of the solution by using the Schauder-
Tikhonov fixed-point method; they also established the properties (energy and entropy laws,
influence of an external electrical field, Boltzmann distribution) of the global solution. By
employing Schauder’s fixed-point theorem, Hsieh [15] obtained the global existence of the weak
solution for a modified Poisson-Nernst-Planck system with steric effects in a bounded domain
of RY(d < 3). Ogawa and Shimizu [32] studied the well-posedness for a normalized Poisson-
Nernst-Planck system in a 2D critical Hardy space H'(R?), then Deng and Li [6] considered the
well-posedness and ill-posedness of this system in a 2D Besov space. One can check [3, 12, 27]
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for the well-posedness theories for some other modified systems. There are lots of works on the
stability and the small parameter (as € tends to zero) problems where the boundary layer may
be involved; see [2, 11, 16, 22] and the references therein. The steady problems were investigated
in [1, 10, 24, 33] and the singularly perturbed problems are discussed in [20, 26]. The authors
in [17] consider the global existence of classic solutions to the PNPF system without a solvent
equation.

The well-posedness theory and the problem of the time decay rate are important topics
in the theory of partial differential equations. The continuity and continuous dependence on
initial data of the unique solution are particularly important for problems arising from physical
applications. In addition to this, the asymptotic behavior of the solution also attracts a lot of
attention. In these cases, the primary mathematical tasks are to characterize the solution of
the partial differential equations and show the explicit rate of convergence. While the initial
data is near the constant equilibrium state in three dimensions, based on the energy method
and the interpolation estimates, we want to investigate the global existence and the algebraic
decay rate of the solution. As mentioned before, the purpose of the PNPF system is that it
models the influence of the temperature on the movement of the charges. In particular, the
system includes the solvent equation, which is much more physically accurate. From the point
view of mathematics, the PNPF system couples the drift-diffusion equations with the nonlinear
elliptic equation (1.2); the PNPF system (1.1) cannot be simply seen as the PNP equation and
a temperature equation. This elliptic equation (1.2) brings difficulty to the proof. Indeed, by
the properties of the elliptic operator, we cannot directly get the L? estimates of ug. During
the process of obtaining the a priori estimates, we need to avoid the presence of the L? norm
of ug. We will explain these things clearly after stating our main result.

According to [25], the PNPF system is deduced by energy varaiation methods. The free
energy and entropy dissipation can form a closed inequality. When we try to do the estimates
in L? space, their L? estimates cannot be closed, but this system can be closed in the H?
norm. The density pg of the solvent is equal to some positive constant. We propose the initial

condition
(P45 P—, T)(‘T7O) = (p+(0),p_(0),T(0))(.CL') - (1/27 1/27 1) as |‘T| — 0.

Before stating the main result, we introduce some notations. ||f||;. denotes the L? norm
of the function f. In a similar way, we can define the usual Sobolev norm || f|| ;5. The notation
1(F. )l s means that £l + lgll s~ The norm | - [ with s < 0 is defined by [If] 5. :=
[ASfllz2, and Asf := Z~1(|€]*f), where .Z~! is the inverse Fourier transform. We denote
a < b if there exists some constant C, independent of a and b, but dependent on the coefficients
in (1.1), such that a < Cb. In addition, in this work, the viscous coefficients v are equal and

the valences z; and z_ are opposite. The main result of this work is as follows:

Theorem 1.1 For some constant ¢ > 0 small enough, which is only dependent on the
coefficients in equations (1.1), if we have the initial data (p4 (0), p—(0),T(0)) € HY with N > 3,
V$(0) € L? and

1o:4(0) + - (0) = Uizs + l+(0) = - (O[5 + I T(0) = Uzps + I VO(O)z2 < G0, (1.3)
then system (1.1) admits a unique global classical solution which satisfies the following estimates
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for any t > O:
o4 (8) + p—(8) = UTpw + o+ (8) — p- D3 + 1T (@) = L Fw + VIl
4 [ (I904) + oDy + 1045) = p— (D wes + VTG + 9132 ds
0

< lp+(0) + p—(0) = 15n + [lp+(0) = p—(O) [ + [T(0) = 1[[5zn + [[VH(0)]| 2 - (1.4)

Moreover, if we have the initial data (p (0), p_(0),7(0)) € H—* with 0 < 5 < 1/2, the solution
has the following time decay rates for ¢ > 0:

V¥ (1 () + p— () = 1, () = p_ (), T(t) = 1),

< Co(1+1)~" %, fork=0,1,2,...,N — 1, (1.5)
and
k _ktl+s
V¥ (t) = p—(1)]| o < Co(l+t)~ =, fork=0,1,2,...,N —2. (1.6)

In the process of getting a priori estimates of the classical solution, the first step is to
deduce the linear equations (A.2). Except for the Poisson equation, the solvent equation (1.2)
is a nonlinear elliptic equation. This brings new difficulty in terms of the linearization and
deducing the energy estimates. Noticing that the solvent equation is a type of steady Stokes
equation, with the help of the Leray projector (see [37]), we can represent uo by the density
function and the electric field. As in [14, 41, 42], while the initial data is small enough, one can

establish a priori estimates like

d

3 Ek(0) + Di(t) <0, (1.7)
where & (t) and Dy, are defined in (5.2). Based on (1.7), we can prove that

(o1 (8) + p- () =1, py(t) = p-(t), T(t) = Dl - < Co. (1.8)
Then, with the help of the interpolation between positive and negative Sobolev norms (see

Lemma A.4), one can infer that

d 1+;
— s <
dtgk + (&) T <0,

and obtain the time decay rates of the solution.

The nonlinear terms containing ug in the right hand side of (2.1) cannot be absorbed by
the dissipation Dy, since the dissipation Dy does not contain ug. To obtain (1.7) and (1.8), we
must make full use of the structure of equations (2.1). With the help of (1.2) and (1.1)2 and
the Helmholtz projection, we can bound the L? estimates of Vug by the electic field, which is
the key point for closing the energy estimates. In the whole space, however, by the properties
of elliptic operator, we cannot get the L? estimates of ug. This is why s is less than one half.

Remark 1.2 This theorem shows that the constant equilibrium state (1/2,1/2,1) is sta-
ble in H? space. Our result can be generalized to the N ions case and to general constant
equilibrium (see [21] for the existence of the general case).

Remark 1.3 This work mainly studies the well-posedness and the time decay rates of
the global solution around the constant equilibrium in R3. When the equilibrium state is no
longer constant and with a strictly positive lower bound, one can obtain similar results, but the

computation is very complicated and long. We will study this problem in a forthcoming paper.
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The next sections are devoted to proving Theorem (1.1). The uniform estimates are deduced

by the energy method in Section 2. We will construct the local classical solution and then extend

the local solution to a global one in Section 3. The negative Sobolev estimates will be derived

in Section 4. In addition, by a regularity interpolation trick, we get the time decay rates of the

classical solution in Section 5.

2 The Energy Estimates of the Nonlinear Equations in L? Norm

In this section, we will try to deduce the linearized equations and then infer the uniform

estimates of the solution to the nonlinear equations (1.1). Motivated by [16], we can set

m=py—p-, p=pyrtp-=1+p, T=1+0,

and denote
a- = (:Ti - ;Tfi)aw = (:Ti + :TEi)ado = % + Copo,
b = (% n ;;—f),m - (% - g;—f),ao —ezy.
The linearized equations will become
om — arAm + b+a0m =91,

where

Op — ayAp — a1 A0 = gs,
—eA¢ = agm,

f 7
do0if — arAp — (a4 + k—)AG = Zgi,
B i=3

g1 = ar:A(m0) + b div(pVe) — div(muyg),
g2 = a: A(pf) + bypdiv(mVe¢) — div(puo),

_ dyp+d-m k
9= T dop +dom AP T (@ +p2)A0),
= ___ VO (a3 V(PT) + ay V(mT) + by pV¢)
doVo
——— (b5 —(do +d d_
do+d+p—|—d_m( va¢ ( O+ +p+ ’fl’I,)’l,Lo)7
do
95 = m'(aJrA(p@) — ay Vp-Vo(1 —0))
dO b+a0 2
* d0+d+p+d7m(a+(9+p9)A9 m*(1+9)),
do ,
= [4 VO +b V)1 + 6 9
g6 d0+d+p+d_m[ (a+Vp-VO + 0, Vm-Vo)(1 +0) + a4 |VO|?]
do 5  zeby )
T T dop 7 dom [ PIVOE + SR VR p) + 20, VE-Vém],
doXo

|V’U,0|2.

97 = kB(do +dip+ d,m)
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A detailed calculation is included in Appendix A. For convenience, we introduce some

notations, i.e., defining
2 2 2 2
En(t) = llmllg~x + P~ + 105y + IVl

and
2 2 2 2
Dn(t) = [Imllgn1 + [ Vollgy + [VOln + IV 7 -

In order to derive the uniform estimates for the nonlinear system (2.1), we should assume the

following a priori estimates for some sufficiently small ¢y:
Es(t) = (m:p, )5 + IV9ll12 < Coo. (22)

Since &£3(t) is sufficiently small, it is enough to make sure that 1+ p and 1+ 6 have the positive
lower and upper bounds.

The main task in this section is to establish the following lemma:

Lemma 2.1 While sup &3(s) < Cé for some T > 0, there exists some constant ¢g > 0
0<s<T

independent of T" such that

MHV om,p V30, VW) + e (198l + [V 61+ [99]1 + [0, )
0 (1+VE®) (VP[5 + 1970150 + [Vl + IV V92 ) - (2.3)

Proof We apply the operator V! with [ > 0 to equations (2.1) and multiply Equations
(2.1),, (2.1), and (2.1), by V'm, V!p and V'0, respectively, then integrate over R?, to obtain
1d

2 9 ) )
5& (||VlmHL2 + HvlpHL? +do HVIHHLQ) +a4 HVHlm”Lz

+ a4+ HVlJrlpHig + (a+ + %) HleeHiz +2a, /}R3 VZHp ) vlﬂedx

bJr ap

IVl

7
:/ Vlgl-Vlmdx—l-/ Vng~ledx—|—§ / Vig; - Viodz.
R3 R3 = JR3

Noticing that

atk CL+kB+
2| [Tyt nan < SR T, o S e,
we get that
atk
sty 190l + g 9l

< 2ay /R VI pVI T de + ag Hvl+1p||; + <a+ + i) NGl

Let ¢4 be the most minor among zafgﬁ, %, a4 and b*“" . Tt follows that
1d
537 (IFmll5 + VP[4 do V1617, + ca ([[V'mll5 + 19" pll7 + V0] )

IN

7
g Vig - Vimda + /R Vigs - Vipdz + /R Vig; - Viodz. (2.4)
=3
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Before estimating the nonlinear terms on the right hand side of (2.4), we get the estimates of
ug. By virtue of (1.2) and (1.1)2, we have that

—/\0AUO = —V[PO + kB (p + 60+ p9)] - aOngb. (25)
We can conclude that
[Vuollp2 < Cllmll s VOl e - (2.6)

In fact, we can multiply (2.5) by uo and employ integration by parts and Young’s inequality to
get

o | Vuoll72 = ao

/ mV¢ - updx
]R3

S Il s IVl 2 lluoll Lo
S Il s IVl g2 ([ Vuoll >
2 2 2
< Gy llmlps [VollLz +nlVuolle ; (2.7)

the term 7 |\Vu0||2L2 can be absorbed by the left side of (2.7), since 7 is sufficiently small.

By [37], let P, be the Helmholtz projection from L?(R) to L2 (R), where L2(R) is a subspace
of L2(R) with a divergence free vector in the distribution sense. Noticing that ug is a divergence
free vector, we then get

ao

ug = Prug = —A—O(—A)*Ph(mw). (2.8)

In virtue of (2.8), and with the help of the electric field equation, we can get that

[V ol o < 191 m- Vo)
Slml s [V 710 o + 1V s [V ml| 6
< Ul + 196l s) (IV'ml| . + V'V .)
< (Il 2 19miZs + 19002 [926]27) (19" + 999 ,.)

SVE® ([Vimll . + [[V'VE|.) - (29)

Now, we turn to estimate the nonlinear terms on the right hand side of (2.4). By employing
Holder’s inequality, the product estimates (A.4) of Lemma A.2, and Gagliardo-Nirenberg’s
inequality (A.3), we can deduce that

a+/ VIA(mA) - Vimdz = —a+/ VIV(mb) - V'Vmdx

R3 R3

< ay [V mO)| o [V

ot (101l o [Vl 2+ Imll e (V0] 12) |97 |

as ][ (m, )] ||V (m 0)] |

1 1

as [V m,0)| 72 [V (m, O)|| 2, [V (m, 0)] .

ar (IV(m. )] 2 + [[V2(m. 0)[| ) |7 (m. )] .

asV/E() ||V (m,0)| 5, - (2.10)
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We derive, by using integration by parts, Holder’s inequality and the product estimates
(A.4) of Lemma A.2, that

b+/ Vidiv(pVe) - Vimdz < by [V (pVe)|| . ||V m]] .
R3

<br (Pl V'Vl 1o+ 16l s (192l o) [V m] s
< by (Il + 1961 ) (9 0ol + V' V9]3.)
<o VE&D (|9 m)|[5. + IV'99]. ) (2.11)
With the help of (2.6) and (2.9), we can deduce that
/ Vidiv(mug) - Vimdz
R3
< 1V o) o [V ] o < (o |90l o + Tluoll e V'] 2) [Vl
< (uoll o + o) (|9 (wo, m)|f3 + [|V'm]7.)
1 1 1 1
< (IVuol 7 V2ol 72 + limil 7. 1Vml1Z. ) (/19" (o, m) [ + (V']
&(t) (1+V&®) (v (wo,m)|[ 7. + [ 7'ml7. )
S VE® (14 VE®) (192, + [V, + [9V6]2) 212)
It follows from (2.10)-(2.12) that
/R Vg Vimde S VEW®) (14+VE®) ([ 0mp ) [ + [Vim [ + V6] .)
(2.13)
Since the dissipation Dy (t) does not contain V'p, the term div(pug) in g2 cannot be esti-

mated the same in (2.12). We must deal with this term carefully. When ! = 0, by the fact that

divug = 0 and (2.6), we can infer that
/RS div(puo) - pdz S [pll s [[woll e VPl L2 S Pl s [[Vuoll L2 IVl 2

< & (199132 + 1991132 ) - (2.14)

When [ > 1, by integration by parts, Holder’s inequality, the product estimates (A.4) of Lemma
A.2 and Gagliardo-Nirenberg’s inequality (A.3), we get

/ Vidiv(pug) - V'pda
R3
SV a0l (1972l 2 S (Il [Vl o + ol < [19°P]|2) V2] 2
Sl VP12 9" ol 9 5l + 90l £ 17200 | £ 198l 948l - (2:35)
By virtue of (2.6) and (2.9) with [ = 1, we can deduce that
1 L
[Vl 2 1V 2uo 7. [[V'7] .

1 1 1 1 1
Sz IVl 22 ImVel 2 [[V'pll o S 1Vl L2 [ImllFs [[ml| 2 [|V'p]] .

20—1

20+1
SIVol |Vl o] 7 [l [ ] g el
SVE® (1+VEW®) (19 ] 2 + [9'm]] 2) - (2.16)
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Plugging (2.16) into (2.15), together with (2.14), we get for I > 0 that

. 2 2 2
/3 Vidiv(puo) - V'pde S VE() (14 VE®) (V' ][5. + [V'ml5. + V'V . ) -
R
(2.17)
The other two terms in g2 can be estimated by an argument similar to that of (2.10) and (2.11).

Thus, we have

SVEW® (14 VED) (197 @07 + [ 'mll5 + [9'Ve]l L)
(2.18)

For g;, i > 3, since the denominator contains dy 4+ d4+p + d_m, the strict positive lower

/ Vigy - Vimdz
RS

L bound of dy + dyp + d—m is needed. Under the assumption of the a priori estimates (2.2),
there exists CZQ such that
d -
30 <do+dyp+d_m<dy. (2.19)

In what follows, we deal with g; (¢ > 3). When [ = 0, it holds that

/ gsfdx
R3

d+p+ d_m k
/Rs Tt dop s AP+ (e + )80

dyp+d_m k
/R3 o d+p+d,m[a+vP+ (a+ + kB)VH]Vde

+

dip+d-m k
V(—— \Y% —\Vo1]6d
VG s Vpt (0 + o) V86

S pVpVol L + [[[VOPp]| . + ImVpVo| L + ||m|Ve||,,
+ [IVp20]| 1 + 10V DVl 1 + [T mVpbll 2 + |9V mVo) 1.
2 2 2
S VEW® (199132 + 190132 + Imlf3,) (2:20)

When [ > 1, we can use integration by parts, Holder’s inequality, the product estimates (A.4)

of Lemma A.2 and Gagliardo-Nirenberg’s inequality (A.3) to give that

dyp+d-m
l +P ol
/]R3 \% {—do AT dm(a+Ap)} V'lda

dyp+d_m
- _ l ‘f‘p— . H—lod
/Rsv [do+d+p+dm(a+vp)} v

dip+d-m
| Vv (—ET Vp)| - Vied
/Rs { (d0+d+p+d—m> (a+ p>] !

dip+d_m
< ||yt | AP a-m I+1
~ H {d0+d+p+d_mv4HL2Hv 0

d+p+d_m
v (@) v
dyp+d-m
Hdo-f—d.:,.p-f—d_m
+‘ l( dyp+d-m
do+dyp+d-m

L6

Vol
L35

S

el .

)| iwetis 1561,

dip+d_m
I+1 +P I+1p
A e | IO

@ Springer
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d+p+d_m
- HV (do +dip+ dm) L3
SN )l [V 0 o V0] Lo + 198l s [V ()] ([V10)]
IV (m, )l s |V |2 [V

S VE®) [V (m, p,6)

IVl 19716

Iz (2.21)

The second term in g3 can be estimated by the same argument as that in (2.21). Thus, for
[ > 0, we finally have

2 2
]/R Vigs - Vioda| S V&) (1+VE®) (I 0. 0|l + [V'm]) . 2:22)
For the term g4, when [ = 0, by the facts (2.19) and (2.6), we have that
/W gabdzx S V0| 2 [V (BT) + V(mT) + pV el 2 10l e + VO]l L2 [mV O L2 0] L

+ VO L2 lluoll o 1101l Lo

S VO L2 [[0m, 5, T o< 1V (2, 2, 0) | 2 101l e + (VO] 2 [1P]] oo [V 12 [16]] o
F VOl 2 lImll o 1Vl 2 101l e + VO 2 Vol 2 1161l s

S IVl 1V (s p, Ol L2 101 oo + VO]l 2 [Vl 2 (1] Lo
H VO L2 [l Lo 1Vl 2 161l Lo + (VO] L2 [V uoll L2 [16]] s

< &(t) (IV0m,p,0)l32 + IV61[32 ) - (2:23)
For when [ > 1, we will estimate each term of g,. By Holder’s inequality, we get that

[ P 900 5 |9l 1900 5 (9 22)

Since p=14p and T =1+ 0, we can easily get that
[ d

v o Vo

_do +d+p+d_m
[ do Vo

_do +d+p—|—d,m Lg
[ do V0 . doV8 }
———V + ||V | ————Vb
|do +dyp+d_m } X H [do+d+p+dm

doVo
+ |V ———— V(pb
H Llo Tdoprdm P >]

aiWﬁT)]

6
L5

= ||V a;wp+9+p9)]

N

vl

6
L35

. 2.25
Lt ( )

By the product estimates (A.4) of Lemma A.2 and Gagliardo-Nirenberg’s inequality (A.3), we
have that

6
L5

[ WV }
do+diptdm 't
‘ do V6

do+dyp+d-m do+dip+d-m
SVl s [V 2] e + 1VD s

(Frm)
do+d+p+d_m I3

do
vif—
(do +dip+ dm)' 16

|19+ 191,

L2

v,

+VelLs (VO] s
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S 19005 (19 2] o+ I9P1 s 94262+ 9Pl V611 [[94 (m,)] .
30 (14 VED) [V (0, 0,m)] . (2.26)

AoV
v |— Y7 g
H [d0+d+p+d el 4t )}
<‘

do Vo H
SIVOI L [V )| 2 + IV (O] 0

and

)
L5

VL O)[| Lo + IV (09)] o

do + d.,.p + d_m

v

do+dyp+d_m L2

(@aa)
do+d+p+d_m I3

SIVOILs . Ol g [V 0. O)][ 12 + 12, O e 1V (2, Ol o [V 2
+ 1@, o 1V, 0 s (VO] o [V (2, )]
O (14 VE®) 9 (. 6,m)]| (2.27)

We can estimate the rest of the terms of g4 by arguments similar to those in (2.26)—(2.27) and
(2.15)—(2.17). Thus, we have

2 2 2
/W Vg V'ode S VE() (1+VEW®) (97 @.0,m)||}. + [ V'm]|j. + [ V'90]3.)
(2.28)
In what follows, we will estimate the term gs. The term g5 will be divided into four terms.

+ V@)l s IVl s

First of all, we want to get the estimates of the first term of g5. By employing integration by
parts and Holder’s inequality, it follows that

do
V| ——————A(ph)| - V'od
~/]R3 |:d0 +dyp+d-m (p )] .

do
- _ vil— "9 v(ps)| - Vitled
/Rs {do+d+p+d-m (v )] !

do
- ViV — \v0d)| - Viod
/Rs [ <do+d+p+d-m> v )} !

d
< l 0 +1
v [rairamron] | Iv ol

" Hvl [V (M%) W@)] HL IVl o - (2.29)

From (2.29), for [ =0, it is clear that

d,
i s a0 s

do
< |V v v(— "  \y
S (P9)||L2 [ 9||L2 + H[ <d0 d d_m> (pﬁ)} L8 ||9HL6

< ll(p, 9)||Loo IV, )l 2 (VO 12 + [V (s m) | 2 [V (O) || 13 (VO] 12
(1 +VE () ) IV (p, 0, m)] 2. . (2.30)

For | > 1, by employing the product estimates (A.4) of Lemma A.2 and Gagliardo-Nirenberg’s
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inequality (A.3), we can deduce that

do
Vil— % g
H {do+d+p+dm (p )} Lo

do dO
S \ G diprdm||, NV Ol + Hvl <m> IV @0) o
S ||(p7 HLDO ||vl+l p7 HLz + ||V(p,9)HLg H(p7 HLDO ||vl+l m,p HL2
O (1+ V&M [V 0,0 (2.31)
and
Hvl {v (—do > -V( 9)}
do +dip+d_m PO e
d d
< 1+1 0 0 l+1
SV |l |V <—d0+d+p+d_m> . + HV <—d0+d+p+d_m> [V (00) ]|,

S @, Ol IV, 01 s [V (0, )| o + IV (0, m0) | s (2 O o [V (2, )]0
D (14 V&) 97 (m,p,0)] . (2.32)
The estimates (2.31)—(2.32), together with (2.30), finally give that

/]Ra V! [L((MFA(?G‘))} V!0dz < V/Es(t) (1 + M?g(t)) HVHl(maPﬁ)H; '

do + d+p +d_-m

(2.33)
Second, for the second term of g5, with the help of (2.19), it is clear that for [ = 0,
do
- . — <
| (a0 9001 - 0)] 00 S [V 901, 101~
E) IV(p, )72 - (2.34)

While [ > 1, we can use Holder’s inequality, the product estimates (A.4) of Lemma A.2 and
Gagliardo-Nirenberg’s inequality (A.3) to obtain that

d
L S A v A v T v
/gv [ 5 (a+Vp-VO(1 9))] Odx

do

<|IV|—
|7 [
5‘ 1-06
v (= e o o ||V
do+dip+d-m L L2

SIV@ O [V R 0. Hvl“eHLz +[1VDl o [1V0]] s |V (2, 0)]] 2 | V10,
SIVE O s [V 0,0)]] 12 [[ V0] L

(a+Vp- V(1 — 9))} HL

Voo g Vel

l+1

+ 193l [VF6

) (1+ VEs(t) ) Hvl“ (m.p.0)|[} (2.35)
From (2.34) and (2.35), it holds for I > 0 that

T 0 . I [, )] 9410,

d
[ . _ v
/Ra V {do Tdp (axVp-VO(1 —0))| - V'0da
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) (1 + \/5—3(15)) V5 (m, p, 0)]| 2, - (2.36)

Next, we estimate the third term of g5. It holds, by employing integration by parts, that

do
vi|l—= 1 A0 | - V'od
L a1+ p000)| - Vo

doa (1 +p) 1
= [ v |- TP gap)| - vied
/Rs [do+d+p+d_m( ) o

= _/ v [M(@vg)} -V”ledx—/ v [M(vgvg) Viode
R3 R3

do+dyp+d-m do+dyp+d-m

_/RS v [v (M) (veve)] . V'0dz. (2.37)

do + d+p +d_m

For when [ = 0, it is clear that

do
S 14+ p)0AG)| 0d
a1+ 000) s

SN0l oo [IVOl 12 1VO| 2 + 161 oo [V (m2, ) oo (VO] 12 VO] 2
2 (1) (1 + \/53(15)) 1v)2, . (2.38)

For I > 1, by using Holder’s inequality, the product estimates (A.4) of Lemma A.2 and
Gagliardo-Nirenberg’s inequality (A.3), we get that

doa (1 +p) 1
v |- TP ggg)| . vitted
/Rg [do+d+p+d m 0V0) .

<[ [t e
L2
L2
G R O AT LA

d0+d+p+d m
( d0+d+p+dm

doa+ (1 +p)
S (Iv'eve] . + Hvl“ m, )| a2 18] (V6] 2) [V .
S (101 V520 o + 19611 a [I940]] o + 197 (s 9] o 6] e 19001 2) [[ 910
0 (1+VE®) [V 0m,p, 0. (2.39)

The other two terms in (2.37) can be dealt with by the routine of using Holder’s inequality and

Gagliardo-Nirenberg’s inequality (A.3). We can employ an argument similar to that of (2.39)
to deduce that
d 1
/ W [M(vgv(g)} Vigde
R3 do+dyp+d_m

[ doa+ (1 +p)
d0+d+p+d m

doa+ (1 +p)
do + d+p+ d_-m

Vl< doay (1 +p) >
do+d+p+d_m

S VOl [0l o [V720] Lo + 1961l e VO] s [V (o) ] 2 [ V476
) (1+ V&®) [ (.0 (2.40)
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and

doay(1+ p)
l 0 l
\YARAY Vove)| - Viod
/R3 |: <d0+d+p+d_m>( ):| .

doat+(1+p)
< |V _ 208+ TP
S ‘ v [V (d0+d+p+d m) (V@V@)]

( doa (1 +p)
d0+d+p+d m

9]
)| It wewe. (v,

Vv . \

vi+l ( d0a+(1 +p) )
do + d+p + d_m

SIVE e V6] [[7516] 2 [[9716]]
VOl VO [V (map) e V70 2
0 (14 VED) 9 0 2.4
Plugging (2.39)-(2.41) into (2.37), together with (2.38), it holds for [ > 0 that

do
v 1 OA0)| - V'od
L e a4 0080) | Vo

) (1 + \/5_3@)) [V (2, p, 0)| 2 (2.42)

Finally, we deal with the last term of g5. For [ = 0, we have that

I T P
R‘

s |do+dyp+d-m €
2 2
< e mlyo 1910 < V&) (190122 + i)

When [ > 1, by employing Hélder’s inequality, the product estimates (A.4) of Lemma A.2 and

I,

Gagliardo-Nirenberg’s inequality (A.3), we have that

d b
/Re v {do + d+I§J+ d_m +ea0 1+ H)mﬂ Viods

vl do b+a0

~ do + d+p + d_m €
d0b+a0(1 + 9)
e(do +dyip+d-m) ||

vl ( d0b+a/0(1 + 9) )
G(do —+ d+p + d,m)

Slmliga [V'ml| o (1970 o+ liml o Nl |9 (. 9, 6)
30) (14 VE®) (9 0.0+ [V )

Thus, for I > 0, we finally get that

d bya
! 0 +a0 2| .l
/R3V [d0+d+p+dm - (1+6‘)m] V'édx

3() (14 VE(®) (V4 0m,p,0)|[5. + [ V'm][5.) (2.43)
In terms of (2.33), (2.36), (2.42) and (2.43), we get that
/ Vigs - Viode S VEs(t) (1+VEW®) (9 tmp. ) e+ [V'm]l}.) . (244)
R3
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By an argument similar to that for estimates (2.40), we can get that

Vigs - V'0da + Vlg7 -V!odx
R3

(1 VED) (19 0+ [l < [50l) o)
In light of (2.13), (2.18), (2.22), (2.28), (2.44) and (2.45), we obtain that
1d 2 2 2 2 2 2
Sd (Hvlme FI9'le + do[9'612) + ca (I mll5 + 9 0170 + 19746172

® (1+VE&®) (V@05 + 19'm[ + [[9'V6]5. ) - (2.46)

Unfortunately, we note that the term V!V¢ appearing on the right hand side of (2.46)
can not be absorbed by the left hand side; that is, the energy estimates cannot be closed.
Therefore, we must obtain the estimates of V¢, since this is necessary to close the energy

estimates. Plugging (2.1), into equation (2.1),, we get that

CLQbJr an

OdG — ap A(AY) + = Ag = —Zg,. (2.47)

We can apply the operator V! with [ > 0 to equations (2.47) and multiply by V'¢ to deduce

that
a0b+

T 196l + a9l + 22 [9Ve, =22 [ Vg Vidn  (2a8)

2 dt
Integration by parts, together with Holder’s inequality, implies that

/ VA (mo) - Vipdz < ||V (mo)]|,, [ V'V,
]RS
SN Ol o [ (m, 0] 2 ([ VIV
SVED (Vo). + [V'V6;.) (2.49)
A similar argument to that of (2.49) gives rise to
[, Vaiv(e9e) - Tiods £ [V V0], 9V

Sl o [V 22 + 1Vl s V7P| o [[V/ V]
S VEs(t) (HVHIPHZ + HVWH;) (2.50)
and

Vidiv(mug) - Vi¢da < ||V (muo)| . ||V V| .
R3

S lluoll o HVlmHL2 "vlv¢||L2 + [lmll s ||Vlu0||L6 ||VZV¢HL2

D (14 V&) ([IV'ml5. +[IV'V6] 5. ) - (2.51)
It follows from (2.48)—(2.51) that

a0b+

o ||v Vol +ay [Vm][L: + 22 9
0 (1+ VE&®) (|IV'( p,m,9 e+ 9" mll7a + [ 9'99][5.) (2.52)
Summing up (2.52) and (2.46), we can obtain (2.3). O

From Lemma 2.1, we directly obtain the uniform estimates as follows:
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Proposition 2.2 If there is some sufficiently small ¢ > 0 and some T > 0 such that

sup &;(t) <¢, (2.53)
0<t<T
then it holds for N > 3 that
t
SN(t) +/ DN(S)dS S CgN(O), (254)
0

which proves (1.4) of Theorem 1.1. By a standard continuity argument, the a priori estimates
(2.2) can be closed when we take N = 3.

3 Approximate Solutions and Global in Time Solution

3.1 Local in time solution

In this section, we will try to construct the local in time solution to (1.1) under the as-
sumptions of Theorem 1.1. We shall sketch the idea of constructing the approximate solutions

by an iteration method. These processes are routine. The approximate system is as follows:

bra
&mn — a+Amn + + Omn = 0gn—1,1
0 A AG,, =
ByPr = A+8Pn — A+ 80n = gn-1.2, (3.1)
B} k !
dO&Hn —atAp, — (ag + g)Aﬁn = ;gn,u.

Here gn—1, (1 < i <7) are like g;, in which the unknowns p, m, 0, ¢, ug are replaced by pn_1,
Mp—1, On_1, Pn_1, Uo,n—1. In particular, ugn,—1 = Prugn_1 = —i—ﬁ(—A)_IPh(mn—lv%—l)-

Let pg = 0,mp = 0,60 = 0,up,0 =0, and
Pu(0) = p1(0) + p(0) = 1,mn(0) = p4(0) — p_(0), 6,(0) = T(0) — 1, Vn € N*.

For each n € N*, system (3.1) is reduced to the linear parabolic one with source terms. By
the parabolic theorem, the existence of a H? solution to system (3.1) can be established while
the source terms belong to the H? space. In what follows, we will show how to deduce the H?
bound of the source terms for each n € N7,
Let
Ealt) = ([[VPmall7 + [Vpall7. + do [ V67, ) (0,
and
Du(t) = (| malla + [V *pull7s + 19015 ) (0

When n = 1, the source terms vanish. In a manner similar to that used to deduce (2.4), we
obtain that

sup &1(s) + 2 /Ot Dy (s)ds < £1(0).

0<s<t

By arguments similar to (2.13), (2.18), (2.22), (2.28), (2.44) and (2.45), and according to (2.54),

we can deduce that .
t
[ S92 s < .
0 =1
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By induction, we can infer that, for any n € N* and ¢ > 0,

t 7
[92g,.i(s)||3. ds < oc.
0
=1

Recalling that there exists the denominator do + d+p + d—m in each g, (3 < i < 7, we have
that the denominator must be positive with a strict lower bound. This also requires that the
initial data should be small in the H? sense. With the help of (2.13), (2.18), (2.22), (2.28),
(2.44), (2.45) and (2.54), by employing the Picard iteration method and the induction method,
we can deduce the uniform upper bound of the H? bound of approximate solutions with respect
to n € Nt for small enough T' > 0; by the Sobolev embedding inequality, their H3 norm can
be obtained. Then for small enough time, we can prove that (p,,my,0,) is a Cauchy sequence

in the H> norm and the uniqueness of the local in time solution can be obtained.

3.2 Global solution

By combining the local in time existence and the uniform estimates (2.54), we can get the

global classical solution in the framework of [28].

4 The Estimates in H—° Norms

In this section, we are trying to deduce some useful estimates of the solution in the negative
Sobolev norms. These estimates will be very helpful in the process of deducing the time decay

estimates of the solution.

Lemma 4.1 It holds for s € [0,1/2] that

2dt HA (m, p, \/dofh, V) ¢ H +ca (|[A*(Vp, V6,V 6)|| 7. + [[A~m],)
< (Il + 199,003 + 196132) |A=(m. .6, 90) D)7 (4.1)
and
A= m., VAo, V9) |, < Co. (12)

Proof We apply the operator A~* to equations (2.1);, (2.1), and (2.1),, and multiply by
A=%m, A=°p and A%0, respectively, then integrate over R3, to deduce that

1d

2 dt

Fa AR, + (a+ n ) 4790], +204 | A~Tp-A-*Vo0

b+ ao

(HA—smHi2 n HA—spHi2 +do HA—SHH;) + a4 HA_Sva; HA ° Hiz

= A%g - A7 mdz —i—/ A %go - A %pdx + Z/ A %g; - A™%6dx.
R3 i—3 /R?

R3
Note that
I e <a+ n i) |A—vol?,
R3 kB

atk

s k —s 2
mHA Vo + 35 17"V
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It follows that

1d s 112 e 2 a2
3 (1Al APl + do[A0]2.)

e ([[A7mll5 + A7 V|3, + A7 V0) )

R3

7
< A %g1 - A™°mdx —|—/ A %gy - A %pdx + Z/ A*g; - A—%0dx
R3 i—3 R3

7
ST gl A7 m| o+ A2 (A7 Pl o + D AT 0o [IAT6]] o (43)
=3

Now, we estimate the nonlinear terms on the right-hand side of (4.3). Employing estimates

(A.5) in Lemma A.3 and Gagliardo-Nirenberg’s inequality (A.3), we can get that

(AT AmO)| . S [[mV?0 + VYO +0Vim| 4
S lmllpss (1V20]] o + 1Vmllse (V012 + 1101 o [[V2m] 2
SNV O [V (m, 6) |27 |V, 6)]
[P [P H” Ve
SV, 0) e (44)

An argument similar to that of (4.4) gives that

A2 div(pVe)|| 12 S [[pVZ0 + VPVl s SIpllssr [V26l 12 + V8] po- 1V 12

1/2 s 1/2+s 1/2—s

1/2+s
S IVpIE V20| ||m|\L2+Hv2¢H V26|15 VD]l 12
SVl + Imli (4.5)
an
do VO B Vo ~
V T < ||| ——— aI V(T
H Ll0+d+p+d m® VP )] szH[dOﬂde*-dm% 7 )] LT/
Vo
] VG S 1980 [0+ 0+ 96)]
<NV s pr + e>||L2 + V0]l oy 1V (00)]] 12
1/2+s 1/2—s 1/2+s 1/2—s
SVl IV T IV@ O + el (V205 V26 s IV (e, )l e
SV, 0)|3e - (4.6)
Because divug = 0, we can obtain that
1A= div(muo)| . < lluoVml s < uoll - [Vm]]
s 1/2—s
S Vol |52 V20012 19ml] s
Sl + IVel 7. - (4.7)

The rest of the terms in g; can be estimated in a manner similar to (4.4)—(4.7). Then, we get
that

A1l 1> S Il + 1V, 0052 + Vo7 - (4.8)
By (4.8) and (4.3), we can deduce (4.1).
@ Springer



No.3 L.L. Tong et al: DECAY RATES OF POISSON-NERNST-PLANCK-FOURIER SYSTEM 1099

We denote £_4(t) to be equivalent to HA*S(m,p,H,V(I))(t)HQN . From (2.54), we can take
N = 3 to get that

t
| (1901 + 19015 + 19815 + i) ds < Co. (49)

With this fact, we can integrate (4.1) in time to obtain that
¢
Eut) <Ea0)+C [ (Iml + 190,613 + [V0]3-) VETIdr
0
< C’o(l + sup \/875(7')).

0<r<t

This implies (4.2) for s € [0,1/2]. O

5 Time Decay Rates of the Global Solution

In this section, we will prove the decay rates. First, we use (A.6) of Lemma A.4 and (4.2)
to obtain, for s € [0,1/2] and k + s > 0, that

1

19" (m.p,0,96)|| .2 < | (m.p.6, V)| 5

k+s
VE (m, p,0, V)| 557

k+

_kTs
s

< Co [V¥H (m,p, 0, Vo) || 127 . (5.1)
We take
koo |12 k|12 kgl|2 k 2
E = [V + [[Vopll . + [[VFOl[ . + [[VEVE[
Dy = [ V*m | + IVl + [Vl + V5V 8. (5.2)
By (5.1), we obtain that
Dy, > Co (&) 7. (5.3)
By (2.3) and (5.3), we deduce that
d
&+ (E)TTE <0,
By solving the inequality above, we obtain that
Er < Co(1 41)~hF), (5.4)

Then we prove (1.5). With the help of the electric field equation, we can easily get (1.6) from
(1.5). The proof of Theorem 1.1 is completed.

Appendix

In this appendix, we give the main steps for deducing the linearized equations (2.1).

et C,+C c,-cC
B
2 2
Then
Cr+C . Cy—Co

Cipy +Cop_+ Copo = 5 D 5

m+ Copo = d4p+ d_m + Cypo. (A1)
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Let
kB kB kB kB zea_ zeay
(ke ke (ke ke, _zea- ~4
“ (21/+ 2u) i (21/+ + 2u> ’ kg " kp 0 e
0 - Cikp B C_kp 7@3 _ Cikp n C_kp by = Zea?_,b;’ _ zea;’7
2u4 2u_ 2, 2u_ kp kp

and then, by (A.1) and (1.1)2, we have that
> Cipiui = —aF V(pT) — a3 V(mT) — by pVé — by mVe + (do + dyp + d_m)u.
i=0,+
Let
G

_ kBN ks|Vp-|®
Viyp+ V_p—

and by (1.1)2, we have that

> piTdivu; = —(ay Ap+ a-Am)T + GT* — (ay V+ a_Vm)TVT
i=%
—T(asp+a_m)AT — (b_p + bym)TAd.
It is likely that we can get that
|V(kBT + zeg)|?

k3 Vo TP | 2k
kg [Vo+ TP + 2BV, TV (kT + zed) + ps ’
vy P+ vt o

vipilug —uol? =

and

k% |[Vp_T|> 2k V(knT — 2
y_p_|u__uo|zzu_3w+ B V(kpT — zeq)|

—Vp_TV(kpT — zep) + p— ,
pe v_ v_

which imply that
vipyluy —uol* +vop_lu —ugl?
= GkpT? + 4kg[(as VP + a_Vm)TVT + (b_Vp + by Vm)TV e
+ kp|VT*(arp + a_mn) + 2e|VP|* (byp + b_m) + 2kpVTVP(b_p + bym).

Letting dg = dy + Copo, T =1+ 60, and p = p + 1, the linearized system becomes

0 b
—m—arAm —a_A(p+0) + +a0m:0,
ot €
b_
%p—aJrA(p—l—G) —a Am+ =0 = 0, (A.2)
€
k b_
dOQG—aJFA(p—I—G)— SN0 —a_Am+ =2 = 0.
ot kB €
From the solvent equation (1.2), we have that —\gAug = —[V(Py+kppT) +aomV¢|. By virtue
of the Leray project operator, no linear term can be split from ug. When b_ = 0, we can get

the closed L? estimates for any e.
In what follows, we list some useful inequalities which are frequently used for obtaining the

energy estimates of the solution.

Lemma A.1 (Gagliardo-Nirenberg’s inequality) The parameters satisfy that 0 < k,m <1
and 2 < p < 00, so we have that

IV e SIVEFIL IV e (A.3)
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where 0 < 9 < 1 and m satisfies

m+3(%—%) = k(1 — ) + 10.

Notice that if p = oo, we require that 0 < 9 < 1.

Proof The detailed proof can be seen in [30], p.125. |

Lemma A.2 (Product estimates) For the integer [ > 0, we have that

IV' D o S Nl oo V' F Il on + 199l oo 1F 1] s - (A.4)

The parameters p, p1, p2 and ps € [1, +o0] satisfy 1/p =1/pg + 1/p1 = 1/p2 + 1/ps.

[1]
2]

Proof We can prove this lemma in the same way as Lemma A.1 in [7]. O

Lemma A.3 (Sobolev embeding inequality) If 0 <s < 3/2, it holds that

1l S AN s (A.5)
where 1 <p<2and1/2+s/3=1/p.
Proof See [36] p.119, Theorem 1. O
Lemma A.4 Suppose that s,£ > 0. Then we have
IV Fll e S IV FI 1A, where 9 = ﬁ (A.6)
Proof One can see Lemma A.4 in [14] for the detailed proof. O
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