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Abstract In this paper, we study the global existence and decay rates of strong solutions to
the three dimensional compressible Phan-Thein-Tanner model. By a refined energy method,
we prove the global existence under the assumption that the H® norm of the initial data
is small, but that the higher order derivatives can be large. If the initial data belong to
homogeneous Sobolev spaces or homogeneous Besov spaces, we obtain the time decay rates
of the solution and its higher order spatial derivatives. Moreover, we also obtain the usual
LP — L*(1 < p < 2) type of the decay rate without requiring that the L? norm of initial data

is small.
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1 Introduction

The theory of the Phan-Thein-Tanner model has recently gained quite some attention,

and is derived from network theory for polymeric fluid. This type of fluid is described by the
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following set of equations:
pe +div(pu) = 0,
plug +u - Vu) — p(Au + Vdivu) + Vp = padivr,
T+ u- V7 + Q(7,Vu) + (a + btr7)T = poD(u),
(p,u, T)|t=0 = (po,u0,70), (t,x) € RT x R3.

(1.1)

The unknowns p,u, 7, p are the density, velocity, stress tensor and scalar pressure of the

fluid, respectively. D(u) is the symmetric part of Vu; that is,
D(u) = %(Vu + (Vau)T).
Q(7,Vu) is a given bilinear form
Q(7,Vu) = 7Qu) — Q(u)7 + A(D(u)T + 7D(u)),
where Q(u) is the skew-symmetric part of Vu, namely,
Qu) = %(Vu — (Vu)T).

1 > 0 is the viscosity coefficient and p4 is the elastic coefficient. a and o are associated with
the Debroah number De = £2 (which indicates the relation between the characteristic flow time
and elastic time [2]). A € [—1, 1] is a physical parameter; we call the system a co-rotational case
when A = 0. b > 0 is a constant related to the rate of creation or destruction for the polymeric
network junctions.

To complete system (1.1), the initial data are given by
(p,u, T)li=0 = (po, w0, m0), = €R?, (12)
with the far field behavior
(pyu,T)(t,x) = (p,0,0) as || — oo, t > 0.

Let us review some previous works about model (1.1) and related models. If we ignore the
stress tensor, (1.1) reduces to the compressible Navier-Stokes (NS) equations. The convergence
rates of solutions for the compressible Navier-Stokes equations to the steady state have been
investigated extensively since the first global existence of small solutions in H? was improved
upon by Matsumura and Nishida [21, 22]. When the initial perturbation is (pg — 1,ug) €
LP N HY (N > 3) with p € [1,2], the L? optimal decay rate of the solution to the NS system is

l(p—Lu)(t)|r2 < C(1+1)"2G—2),

For the small initial perturbation belonging to H?3 only, Matsumura [20] employed the weighted
energy method to show the L? decay rates. Ponce [27] obtained the optimal LP convergence
rate. In [29], Schonbek and Wiegner studied the large time behavior of solutions to the Navier-
Stokes equation in H™(R™) for all n < 5. In order to establish optimal decay rates for the
higher order spatial derivatives of solutions, for when the initial perturbation is bounded in
the H=*(s € [0,2)) norm instead of the L'-norm, Guo and Wang [12] used a general energy
method to develop the time convergence rates

l+s
2

194 = L))~ < C(L+1)

@ Springer



1060 ACTA MATHEMATICA SCIENTIA Vol.42 Ser.B

for 0 <1 < N — 1. In addition, the decay rate of solutions to the NS system was investigated
in [5, 33] (see also the references therein).

If b = 0, the system (PTT) reduces to the famous Oldroyd-B model (see [25]), which has
been studied widely. Most of the results on Oldroyd-B fluids are about the incompressible
model. C. Guillopé and J.C. Saut [10, 11] proved the existence of local strong solutions and the
global existence of one dimensional shear flows. Later, the smallness restriction on the coupling
constant in [10] was removed by Molinet and Talhouk [23]. In [19], F. Lin, C. Liu and P. Zhang
proved local existence and global existence (with small initial data) of classical solutions for
an Oldroyd system without an artificially postulated damping mechanism. Similar results were
obtained in several papers by virtue of different methods; see Z. Lei, C. Liu and Y. Zhou [17],
T. Zhang and D. Fang [38], Y. Zhu [41]. D. Fang and R. Zi [6] proved the global existence of
strong solutions with a class of large data.

On the other hand, there are relatively few results for the compressible model. Lei [16]
proved the local and global existence of classical solutions for a compressible Oldroyd-B system
in a torus with small initial data. He also studied the incompressible limit problem and showed
that the compressible flows with well-prepared initial data converge to incompressible ones when
the Mach number converges to zero. The case of ill-prepared initial data was considered by
Fang and Zi [8] in the whole space R?, d > 2. Recently, the smallness restriction on a coupling
constant was removed by Zi in [39]. On the other hand, for suitable Sobolev spaces, Fang and Zi
[7] obtained the unique local strong solution with the initial density vanishing from below and a
blow-up criterion for this solution. Zhou, Zhu and Zi [40] proved the existence of a global strong
solution provided that the initial data are close to the constant equilibrium state in the H?2-
framework and obtained the convergence rates of the solutions. For the compressible Oldroyd
type model based on the deformation tensor, see the results [14, 18, 28, 37] and references
therein.

In this paper, we focus on the PTT model (b # 0). To our knowledge, there are a lot of
numerical results about the PTT model (see, [1, 9, 26]). Recently, [4] proved that the strong
solution in critical Besov spaces exists globally when the initial data are a small perturbation
over and around the equilibrium. [3] proved that the strong solution will blow up in finite
time and proved the global existence of a strong solution with small initial data. However, to
our knowledge, there are few results on the compressible PTT model, especially regarding the
large-time behavior. Compared with the incompressible models, the compressible equations
of the PTT model are more difficult to deal with because of the strong nonlinearities and
interactions among the physical quantities. The main purpose of this paper is to study the
global existence and decay rates of smooth solutions for the compressible PTT model. We
first establish the global solution of the solutions to (1.1)—(1.2) in the whole space R? near
the constant equilibrium state under the assumption that the H® norm of the initial data is
small, but the higher order derivatives can be arbitrarily large. Then we establish the large
time behavior appealing to the work of Strain et al. [32], Guo et al. [12], Sohinger et al. [30],
Wang [36] and Tan et al. [34, 35]. Moreover, we also obtain the usual LP — L?(1 < p < 2) type
of decay rate without requiring that the LP norm of the initial data is small.

Throughout the paper, without loss of generality, we set u = 3 = us =a=b=p=1.
Before stating our main results, we explain the notations and conventions used throughout.
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V! with an integer I > 0 stands for the any spatial derivatives of order I. When [ < 0 or
[ is not a positive integer, V! stands for A! defined by Au := F~1(|¢|*a(€)), where @ is the
Fourier transform of u and .% ! its inverse. We use H* (R?) (s € R) to denote the homogeneous
Sobolev spaces on R? with the norm || - || 5. defined by || f]| zo = [|Afllz2 = €15 f]|2, H*(R?)
to denote the usual Sobolev spaces with the norm || - ||z, and LP(1 < p < o0) to denote the
usual LP(R?) spaces with the norm || || z». Finally, we introduce the homogeneous Besov space,
letting ¢ € C5°(RE) be a cut-off function such that (¢) = 1 with [¢] < 1, and letting ¢(§) < 2
with €] < 2. Let ¥(€) = p(£) —p(2€) and 1, (£) = (277¢) for j € Z. Then, by the construction

>i(€) =1, if £ # 0, we set Ajf = .71« f, so that for s € R, we define the homogeneous
JEZL
Besov spaces B;q(RN) with the norm || - ”B’;,q by

1

(Zstanjﬂrgp(RN)) , 1<p<oo,1<g<oo,
1l ®Y) = \iZ
esssup 278 | A f || o wvy, 1<p<o0,qg=o0.
JEZL

We will employ the notation A < B to mean that A < CB for a universal constant C' > 0 that
only depends on the parameters coming from the problem. For the sake of concision, we write
(A, B)|x == | Allx + Bl x-

For N > 3, we define the energy functional by

N
En(t) =Y [IV'(0,u,7)l[72,
1=0

and the corresponding dissipation rate by

N N
Dy(t) =) [IV'elfe + Y (V" ullZe + | V'7lI72).
=1 1=0

Now, we state our main result about the global existence and decay properties of a solution

to the system (1.1)—(1.2) in the following theorems:

Theorem 1.1 Letting N > 3, and assuming that (pg — 1,ug,70) € HY, there exists a
sufficiently small o > 0 such that if £3(0) < dp, then the problem (1.1)—(1.2) has a unique
global solution (p,u, 7)(t) satisfying

sup &s(t) +/ D5(s)ds < C&3(0). (1.3)
0<t<oc0o 0

Furthermore, if E5(0) < oo for any N > 3, then (1.1)—(1.2) admits a unique solution (p, u, 7)(¢)
satisfying
sup En(t) —|—/ Dn(s)ds < CEN(0). (1.4)
0<t<oco 0

In addition, if the initial data belong to Negative Sobolev or Besov spaces, based on the
regularity interpolation method and the results in Theorem 1.1, we can derive some further
decay rates of the solution and its higher order spatial derivatives to systems (1.1)—(1.2).

Theorem 1.2 Under all the assumptions in Theorem 1.1, let (p, u, 7)(¢) be the solution
to the system (1.1)-(1.2) constructed in Theorem 1.1. Suppose that (pg — 1,ug,70) € H~* for
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some s € [0,3) or (po — 1,u0,70) € B;éo for some s € (0, 3]. Then we have

I(p = 1,0, 7) ()| . < Co, (1.5)
or
l(p = Lu.7)(D)ll g < Co. (1.6)
Moreover, for k > 0, if N > k + 2, it holds that
IV (p — Lu)(t)l| 2 < Co(1 + 1)~ (1.7)
IVEr(t)]| 2 < Co(L+1) = (1.8)

Note that the Hardy-Littlewood-Sobolev theorem (cf. Lemma 4.4) implies that for p €
(1,2], LP ¢ H~* with s = 3(% — 1) €[0,3). This, together with Theorem 1.2, means that
the LP-L? type of decay result follows as a corollary. However, the imbedding theorem cannot
cover the case p = 1; to amend this, Sohinger-Strain [30] instead introdu3ced the homogeneous
Besov space B;go, due to the fact that the endpoint imbedding L' C B;fo holds (Lemma 4.5).

At this stage, by Theorem 1.2, we have the following corollary of the usual LP-L? type of decay

result:
Corollary 1.3 Under the assumptions of Theorem 1.2, if we replace the H™* or B; s
assumption by (go, ug, 70) € LP for some p € [1,2], then, for any integer k > 0, if N > k + 2,

the following decay result holds:
V¥ (0, u)(t)l| 22 < Co(1+ 1)~

k+ltop

VR ()2 < Co(l+8) = . (1.10)

ktop
2
Y

(1.9)

el _ 1
Here o), := 3(;; — 3).
The rest of our paper is organized as follows: in Section 2, we establish the refined energy
estimates for the solution and derive the negative Sobolev and Besov estimates. Furthermore,

we use this section to prove Theorem 1.1. Finally, we prove Theorem 1.2 in Section 3.

2 The Global Existence of Solution

In this section, we are going to prove our main result. The proof of local well-posedness
for PTT is similar to the Oldroyd-B model (see [7, 13]), so we omit the details here. Theorem
1.1 will be proved by combining the local existence of (o, u, ) to (1.1)—(1.2) and some a priori
estimates as well as the communication argument. We first reformulate system (1.1). We set

0 = p — 1. Then the initial value problem (1.1)—(1.2) can be rewritten as
0; + divu = Sy,
ug + vV — (Au + Vdivu) — divr = Ss, (2.1)
7t + 7 — D(u) = Ss,

where the nonlinear terms S;(i = 1,2, 3) are defined as

Sy = —div(pu),
Sa = —u-Vu— f(o)(Au+ Vdivu) — g(0)Ve — f(o)divT,
Ss = —u- V7 —Q(1,Vu) — trrr,
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with
(0,u,7)(x,0) = (00, u0,70) — 0 as |z| — oo, (2.2)
and here,
_ P 0 _Pllo+1) P(1)
V= f(@)—m, g(0) = il (2.3)

For simplicity, in what follows, we set p’(1) = 1; that is v = 1.
Then, we will derive the nonlinear energy estimates for system (2.1). Hence, we assume
that, for sufficiently small § > 0,

l[(e; u, 7) (@) 2 < 6. (2.4)

First of all, by (2.4) and Sobolev’s inequality, we obtain that
1
- < 1<2.
5 Se@ +1<

Hence, we immediately have that

1f(o)l,19(0)l < Clal, [f®(o)l, 19" ()] < C for any k> 1. (2.5)

2.1 Energy estimates

Before establishing the global existence of the solution under the assumption of (2.4), we
derive the basic energy estimates for the solution to systems (2.1)—(2.2). We begin with the

standard energy estimates.

Lemma 2.1 If
sup (o, u, 7) ()| s <6, (2.6)
0<t<T

then, for any integers k > 0 and ¢ > 0, we have that

1d
2 dt
Proof For (2.1) on g,u, and 7, respectively, we get

1d
LA ol + Juf? + |72)da +/ (Vul? + [divul? + |7]2)dz
2dt R3 ]R3

:/]R3 { — (odivu +u - Vo) -0
—[u-Vu+ f(o)(Au+ Vdivu) + g(0)Vo + f(o)divr] - u (2.8)
—(u-V7+Q(1,Vu) + trrr) - T}dI

9
= Z Ml
=1

We shall estimate each term on the right hand side of (2.8). First, for the term My, it is

obvious that

1o, uw, Iz + (IVullZs + [divullze + [I71]72) < 61V (e w)ll7z + [I7lI72)- (2.7)

My = — /3 edivu - odz < [loll ol Vull z2llellzs < 6([Vell7e + | VulZ2)- (2.9)
R

My =~ / u- Vo odu S [lul sl Vellzallel e S 61Vel3e. (2.10)
R
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My = - / w- V- udze S Jlull | Vel zllull s S 8 VulZs. (2.11)
R3

Appealing to Hélder’s inequality, Lemma 4.1, Lemma 4.3 and Cauchy’s inequality, we obtain
that

Mym— | F@V?u-udz | f(0)lles|VPull 5 |l e
R

3 1
S @zeIVull £ 1 Viull fallulle < 0(IVellZ> + [VullZ2). (2.12)

By the fact of (2.6) and Holder’s and Cauchy’s inequalities, we obtain that

L6

Ms = — /W 9(0)Veo-udz S |g(o)| sl Vel zllullzs < 5([IVoll7z + [[Vull72). (2.13)

We integrate by parts and by Lemma 4.3 and Hélder’s inequality to get that

M= = [ fo)divr - udde S 17l dive] g s

< 1@ ol V2 ull o S 6(1VelZe + IVulZ2). (2.14)
My == [ -V rda S s 97l ssll22 S 81Vl + ) (2.15)
Mo= = [ Q@Vu)-rde S el Vullslrles S S0IVulSe +riE). (216)
My = - / 777 $ foeru 73 S 8l (2.17)

Summing up the estimates for M1—My, we deduce (2.7), which yields the desired result.
O

Lemma 2.2 Letting all of the assumptions in Lemma 2.1 be in force, for any k > 0, it
holds that

k+2 k+2

Yo IV e w2+ D IV ulfe + [ VidivaZa + [V'7)122)

I=k+1 I=k+1
k42

S8 Y IV llZe + IV ulZa + [ V'7)122). (2.18)
I=k+1

1d
2dt

Proof For any integer k > 0, by the V(I = k + 1,k + 2) energy estimate, for (2.1) on

o, u, and T, respectively, we get that
1d
2dt Jps

- / { — V! (odivu +u- Vo) - Vo
R3
— V' u-Vu+ f(o)(Au+ Vdivu) + g(0)Vo + f(o)divr] - Viu
—V(u- V74 Q(t, Vu) + trr7) - VlT}d,T

9
=Y. (2.19)

@ Springer
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We shall estimate each term on the right hand side of (2.19). First, for the term I, if [ = 1,

we further obtain that

I = —/ (Vodivu) - Vodx — / (oVdivu) - Vodx
R3 R3
S Vel ralIVel e lldivul| e + ol o [ Vdivull 22 [ Vell 2
S 6(IVellze + IV2ullZ2). (2.20)

If I > 2, then employing the Leibniz formula and by Holder’s inequality we obtain that

L =— [ Viedivu)- V'odx
]R3

l
= —/ Z CyVe oV =*divu - V' pdx
R3 s=0
1
<D CH(VE eVt divul| 2|V ol | 2. (2.21)
s=0

fo<s< [%], by using Lemma 4.1, we estimate the first factor in the above to get that

IV*oV' = divul z2 < V0l oo [ V'™ F |2

a 1—= s s 1—3
SVl IV el Lo I Vull L[V a2 !
S oIV ellLz + IV ul ), (2.22)
where « is defined by
s a 1 S 1 S
3G U-prE gy
Since 0 < s < [%], we have that o = Q(Z‘Ofs) e [%,3],

If [%] +1 < s <, by using Lemma 4.1 again, we estimate the first factor in the inequalities
(2.21) as follows:

V2oV~ divul|zz < [[Vo0ll 22|V ul| 1

= 1-4=2 1-i=2 =
SIVell 2 IV ell 2 IV ull e IV | LT

SOV ollL2 + V! ul| ). (2.23)
Here « is defined by
l—s+1 a 1 l—s [+1 1 l—s
T (S - ) x(1— L .
3 (3> U+ (5 =3

Since [£] 4+ 1 < s < I, we have that o = % +2¢€[3,3].
Combining (2.20)—(2.23), and by Cauchy’s inequality, we deduce that

L S 61V ollZe + IV ul22). (2.24)
For the term Iy, employing Lemma 4.2, we infer that

Iy

—/ (w-VV'o+ [V, u]Vo)  Viedz
R3

S IVullz= Vel Zs + [Vullz= Vel 2> + V" ul el Vel s [V el 2
S oIV ellzz + IV ullZ2). (2.25)
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For the term I3,

L=~ [ Vi(u-Vu)-Viudz
]R3

l
—/ > CiViu- VT V- Viude
R3 s=0

Vil

MN

SO IV T | g

L6- (2.26)

Il
=]

S

fo<s< [%], by using Lemma 4.1, we estimate the first factor in the above to get that

IVouV'= ul| o < [IV3ulla [ V| 2

L5 ™~

1— 5 s s 1— =
SVl TVl el E IV ] T

S 5HVH1U||L2, (2.27)
where « is defined by
s 1 a 1 s 1+1 1 s
373 G U ) g T ) e
Since 0 < s < [£], we have that o = 72(15:3175) e [1,1).

If [%] +1 < s <, by using Lemma 4.1 again, we estimate the first factor in the inequalities
(2.26) to get that

IVouV'= ul| o < [IVoull 2 V' | o

L5 ™~
< ull s IVl BT V| TV T
S OV | e, (2.28)
where « is defined by
l—s+1 1 o 1 s [+1 1 S
T C=(=-= )y x(1- .
3 IR A s T el VRN Gl s )

Since [£] 4+ 1 < s < I, we have that o = &1 € (3, 1].

Combining (2.27)—(2.28) and by using Cauchy’s inequality, we deduce that
I < 0|V |2, (2.29)
Now, we estimate the term Iy. If [ = 1, we integrate by parts and use Lemma 4.2 and
Holder’s inequality to get that
Li~ | F(@V?u-Viudz S [|f (o)l e V2ul s [ VPull 2 S (I Voll7z + [[VPullZ2).  (2.30)
R

If [ > 2, we integrate by parts and employ the Leibniz formula and Hélder’s inequality to

obtain

Iy ~ / VT (o) V] - VT uda
R3

-1
= / Z Cy Ve fo)VH =5 . ViTlude
R3 =0

-1
S DIV @V ull e [V e (2.31)
s=0
@ Springer
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Ifo<s< [%], by using Lemma 4.1 and Lemma 4.3 we estimate the first factor in the above
to be
IV (V' 5 ull 2 S IV f ()L V50l 2
o = 1-1=2 1-1=2 =
SVl Vel IVull . IVV el 2!
SOV oll L2 + V! ul|2), (2.32)
where « is defined by

s a 1 l—s l 1 l—s
3= G G )

Since 0 < s < [%], we have that o = 1 + 28:3 € (2,3
If [%] +1<s<1~-1, by using Lemma 4.1 and Lemma 4.3 again, we obtain that
IV F (V5 ull 2 SV ()2 IV ul| e
l=s 1—1l=s 1—1l=s l=s
SIVel 2 IVeell 2 T IVl T IV | 2
SOVl 2 + IVl 2), (2.33)

where « is defined by

l—s+1 a 1 l—s I+1 1 l—s
B SVl Gt ey Vi Vb s
Since [L] +1 < s <, we have that a = % +2€ (2,3

Combining (2.30)—(2.33), we deduce that

I S 6(IV el + IV ullZ2). (2.34)

Next, we estimate the term I5. If [ = 1, we integrate by parts and use Lemma 4.3 and

Hoélder’s inequality to get that
Is = /w (9()Ve) - Viude < [lg(o)llzel Vel s [V2ull 2 S 6([Vellf + IV3ulZ).  (2.35)
If I > 2, we integrate by parts to find that

152/ V' g(0) Vel - VT udz
RS

-1
:/ ZCf,lvsg(g)Vl_l_SVg-Vl“ud:v
R

3 s=0
-1
S IVEge) V' oll 2 [V e (2.36)
s=0

Ifo<s< [%], by using Lemma 4.1 and Lemma 4.3, we estimate the first factor in the

above to get that
IV°9()V' 0l S IV°g() ]l IV 0| 2

1—= E E 1—s
SVl TIVielallell -1V el 12
S0Vl L2, (2.37)

where « is defined by
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Since 0 < s < [£], we have that o = 2(13—£S) €[3.3.

If [%] +1<s<1-1, by using Lemma 4.1 and Lemma 4.3, we get that
1V°9() V' ollz2llz= < IV oll 1ol VE " g (o) | o
= 1-=2 - =2
SIVel =t IIViell " Vel IV el f
S8Vl Lz, (2.38)

where « is defined by

l—s a 1 l—s l 1 l—s
7~ G XU+ G- x

Since [£] 4+ 1 < s <, we have that o = % +2¢€[3,3].
Combining (2.35)—(2.38), we deduce that

Is S 6(IIV el + IV ullZ2). (2.39)
We now estimate the term Is. If [ = 1, by Holder’s inequality we get that
I = [ flo)divr - ude < [ f(o)llr<lldivrlpz]lull 2 S S(IV 772 + [VZul72). (2.40)
R‘

If [ > 2, we integrate by parts and employ the Leibniz formula and Hélder’s inequality to
obtain that

Iy = / VT f(o)divr] - VT ude
R3

-1
= / Z Cy \Vef(o) - VI " 4divr - VI uda
R3 s=0

-1
S NIV (VT divr || 2|V ) o (2.41)
s=0
Ifo<i< [%], by using Lemma 4.1 and Lemma 4.3, we estimate the first factor in the

above to establish that

IV (V' =2 divrll 2 S [V F (@)l V7|2

o pl=2 s s 1—s
SVl "IV ol L7l L=V 7 2
So(IVhellze + IV 22), (2.42)
where « is defined by
s a 1 s 1 S
- = (= = = 1 _ _ —.
3= (3= -3)
Since 0 < s <[], we have that o = 2(13715) €31

If [%] +1<s<1-1, by using Lemma 4.1 and Lemma 4.3 again, we obtain that

IV (V! 2 divrlle S IV F ()2 V' 757 e
-

l=s 1—t=s 1—1l=s l=s
SIVellz=" Vel 2 =TIVl IV Tl

So(IViellz + V' 7l ), (2.43)
where « is defined by
l—s a 1 l—s l 1 l—s
=S -)x1- Loz .
5~ G U+ 5 x
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Since [%]4—1 < s <1 —1, we have that a = 1+% € (3,2].
Combining (2.41)—(2.43), we deduce that

Is S 0(IV'ell72 + V7172 + IV ul 7). (2.44)

We now estimate the term I7. Using Lemma 4.2 and Hélder’s inequality, we get that

I;=— [ Vi(u-Vr) -Virdz
R3
=— [ Viu-VV'7r+ [V, uVr) - Virde
R3
S IVl V7122 + 1Vl 2 [V 7] 2 V7| 2
S oIV ullge + 1V 72) (2.45)

Similarly to I;, we can bound
Is S 0(I V' 2o + IV'7122). (2.46)
We now estimate the term Ig. If [ = 1, we further obtain that
Iy = — /RS V(trr7) - Vrde < V7| |I7ll72 S 8 V7Zs. (2.47)
If I > 2, by Holder’s inequality, we get that

Iy = —/ Vi(trrr) - Virde
R3

l
= / > ViRV T Virda
R3 s=0

l
S IV | 2 | Vi . (2.48)
s=0

fo<s< [%], by using Lemma 4.1, we estimate the first factor in the above to get that

[VotrrV o e S Vo ter|| e V1757 | 2

1—=2 s s 1—8
SVl IVl LTl L V7l e
SOV e, (2.49)

where « is defined by

s a 1 s S
3= g

Since 0 < s < [£], we have that o = 2(13—£S) €[3.3.

If [%] +1 < s <1, by using Lemma 4.1, we get that
IVoterV' o7 2 S V7|22 V' 57 Lo

l=s 1_1l=s 1_1l=s l=s
ol \a [ v PP [ il P A A [

S0Vl L2, (2.50)
where « is defined by
l—s a 1 l—s l 1 l—s
p— —_—— — 1— — J— .
3~ (3 x U+ -g)x
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Since [£] 4+ 1 < s < I, we have that o = ﬁ +1€[3,2).
Combining (2.47)—(2.50), we deduce that

Iy < 6| ViT||2,. (2.51)

Summing up the estimates for I;—To, i.c., (2.24), (2.25), (2.29), (2.34), (2.39), (2.44), (2.45),
(2.46) and (2.51), we deduce (2.18), which yields the desired result. O

We now recover the dissipative estimates of ¢ by constructing some interactive energy
functionals in the following lemma:

Lemma 2.3 Let all of the assumptions in Lemma 2.1 be in force. Then, for any k > 0,
it holds that
k+1 k+1

d 1
g Z /]RS Vi - Vi odz + B Z [VITol|2,
1=k 1=k

k+1
<G5y (IVH ol + IV 2ullZe + |V 7)172)
1=k
k+1
+ 3 IV )3 + 4 V2R, + 2V 3. (2.52)
1=k
Proof Applying V(I = k,k + 1) to (2.1)2, multiplying V*!p, and integrating by parts,
we get that

g Viug - Vi odx + ||V |2

= / ViAu - Vi odz + / Vivdivu - VI odz + / Vidivr - Vi pdx
R3 R3 R3

- / Vi(u-Vu) -V odr — / Vi f(o)Au) - VT pda — / Vi(f(o)Vdivu) - VT pda
RS RS RS

_/ Vl(g(gW@)-Vl“@dx_/ V! (f(o)Vdivr) - VI+ L oda
RS R

8
=> Ji (2.53)
i=1

For the first term on the left-hand side of (2.53), by (2.1); and integrating by parts for both
the t-and z-variables, we may estimate

- Vi - VI oda

R3

d
= —— Viu - Vi*tode — / Vidivu - Vi, dx
dt R3 R3

d

= —— [ V% VTede + || Vidivu|?z + / V!divu - Vidiv(ou)dz. (2.54)
dt R3 R3

Thus,

d
— [ Viu-V'Hlode + ||V |2,
dt R3

8
= Z Ji + | Vidivu||2. —I—/ Vidivu - Vidiv(ou)dz
i=1 R?
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8
=)+ [|Vidivul 3. + o (2.55)
=1

Now, we concentrate our attention on estimating the terms Ji—Jo. First, employing
Cauchy’s inequality, it holds that

T T2 < 71V ol + 4192l (2.56)
Js < IV ol + 2V (257)
Moreover, taking into account (2.27)—(2.28), we are in a position to obtain that
Jy = /R divV'(u- Vu) - V'edz < [|divV (u- Vu)|| ¢ [V' ol e
SOV el e + IV 2ull72). (2.58)

Similarly to (2.30)—(2.33), using Holder’s inequality, Lemma 4.1 and Lemma 4.3, the terms

Js, Jg can be estimated as follows:

l
Js S 1D CIVE f(o) V! = Al 2|V ol 2 S 81V ol 3s + [V 2ul[3.2). (2.59)
s=0
l
Jo S CLVE F() V! Vdivu 2 [V oll 22 S 81V oll72 + V! 2ull72). (2.60)
s=0

Furthermore, taking into account (2.35)—(2.38), applying Holder’s inequality, Lemma 4.1

and Lemma 4.3, we obtain that

l
T S CiVAg(0) V' ™ Vall 12 [ V' ol 12 S 6V ol 7. (2.61)
s=0

Similarly to the estimates of (2.42)—(2.43), we further obtain that

l
Ts S 1Y Ceve f(o) V! *divr| 2|V ol S 6(IV" o 72 + IV 7][72)- (2.62)
s=0

Finally, similarly to Iy, by integration by parts and Lemma 4.1, we get that
Jo = / Vidiv(ou) - Vidivudz < 6(| VT ol|22 + [V u)|2,). (2.63)
R3

Putting these estimates into (2.55), and summing up with [ = k, k + 1, we finally obtain
that

q =
— Viu-vittod - vit 12
dt;/w w V¥ ode 3 3Vl
k+1
<G5y (V' ol + IV 2ullFz + |V 7)172)
1=k
k+1
+ 3 (IVHF ul|Fz + 41V 2 e + 2 V).
1=k
Thus, we have completed the proof of Lemma 2.2. O
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2.2 Negative Sobolev estimates

In this subsection, we will derive the evolution of the negative Sobolev norms and Besov
norms of the solution. In order to estimate the nonlinear terms, we need to restrict ourselves
to the fact that s € (0, %] First, for the homogeneous Sobolev space, we will establish the
following lemma:

Lemma 2.4 For s € (0, 1], we have that

1d

2 2 2
5&”(97“77)”;173 +2([Vull—s + 17—
S IV, Wl llell - + UV (e, Wl + IVTlT)lull - + (IVullF + Il 7] -
(2.64)
and for s € (4, 2), we have that
1d
sqll(@w DI + 21 Vulf. +lI7ll7-.
5— % 35

S e us Mz 1V (e, uw, D72 1(Ve, Va, V2, )| 22 | (0w, 7)o (2.65)

Proof Applying A~* to (2.1), and multiplying the resulting identities by A~%90, A~*u and
A~57, respectively, summing up them and then integrating over R? by parts, we get that

1d
——/ (JA™%0)* + A" 5ul* + |A~57)?)d= —I—/ (IVA™Su|? + |divA*u* + |A~*7|*)dx
2dt R3 R3
= / A7 (—odivu —u - Vo) - A"
R3
—A7%u- Vu+ f(o)(Au+ Vdivu) + g(0)Vo + f(e)divr] - A™%u
—A7%u- V7 4+ Q(7, Vu) + trr7] - A™°7dx,
9
=Y Ki. (2.66)
i=1

If s € (0, 3], then & + 3 < 1and 3 > 6. Then, using Lemma 4.4, together with Holder’s

and Young’s inequalities, we obtain that
Ko = [ A (odiva) - A" g < fldival -l -
R3
S lledivull ool g-« < llell, 2 [[Vullzz ol g--
Lzt3 L

s+% 5—S

1
IVollz=2 1V2ell 72" I Vull 2llel -

<
< (IVellZ: + IV2ellZ: + IVullZ)lell - (2.67)

Similarly, we can bound the terms Ko—Kj5 by

Ky = - /RS A7 (u- Vo) - A odz S (| Vullze + IV2ullZ2 + Vel Za)lloll - (2.68)

K = _/ A= (u - Vu) - A *udz < ([Vull2a + 1Vl ull . (2.60)
R3

Ki == [ A7(f(@)(bu+ gdivu)) - A~ e

S (IVellZ: + 1IV2ellZ: + IV ull) ull - (2.70)
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K5 = - /RS A (g(e)Ve) - A" uda < (IIVellf2 + [IVollZ2)llull - (2.71)

K¢ =— /]RB AT (f(o)divr) - A™"udz S ([IVel7z + 1V2ellZe + IV7llZe)ull . (272)

K7 = —/ A (u-V7) - A7z < (| VullFe + IV2ull 2z + (IV7]| )] - (2.73)
RS

Ks = — » AT (Q(r, Vu)) - A% rdx S (IV7]|32 + IVP7l7 + [ Vulli) 7l g-..  (2.74)

Kg=— A (trrr) - A 5rda S (|VT)32 + V2732 + |71 22) 7] s - (2.75)
]R3

Hence, plugging the estimates (2.67)—(2.75) into (2.66), we deduce (2.64).

Now if s € (3, 2), we shall estimate the right-hand side of (2.66) in a different way. Since
s € (%, %), we have that % +5<land2< % < 6. Then, by Lemmas 4.5 and 4.1, we obtain
that

Ko == [ A (ediva) - A~ gds £ A~ (ediv) 12l -
R

S lledivull o (1A 0llz= S lloll 2 IVl 2ol -

L3t
s—1 3_g
< ol IV elli I vull ol - 2.16)
Similarly, we can bound the remaining terms by
s—1 3_g
Ky = — /3 A—S(u . VQ) A %odx < HUHL2 2 HVuHig HVQHL2||QHH,S_ (2.77)
R
s—2 3_g
Ky=— [ A (u-Vu) - A %uda < Jlull .2 |Vl 2Vl g flul| - (2.78)
R
s—1 3 _g
Ky =— . A7 (f(0)(Au + Vdivu)) - A %udx < ”QHL2 3 HVQHEQ ”vzuHLZHUHH—s' (2.79)
R
s—1 3_g
Ks=— [ A7(g(o)Vo) - A *udz S loll 2 * Vel 22 "IV el 2llull - (2.80)
R
s—2 3_g
Ko=— | A (f(o)divr) - A™*udz 5 [lofl 2" Vel 72" [V 7l 2 full - (2.81)
R
s—1 3_g
Kr=-[ A= (u- V1) - A7 rde S ull 22 (IVull 72 IV 2 7] s - (2.82)
R
s—1 3_g
Ks=— [ A™(Q(r, V) A~ rde S 1m0l "Vl (2.83)
R
s—1 3_g
Ko=— [ A=*(wrr) - A=rda < Il U9 2 e il (2.8
R
Hence, plugging estimates (2.76)—(2.84) into (2.66), we deduce (2.65). O

2.3 Negative Besov estimates

We replace the homogeneous Sobolev space by the homogeneous Besov space. Now, we will
derive the evolution of the negative Besov norms of the solution (g, u,7) to (2.1)—(2.2). More

precisely, we have

Lemma 2.5 Let all of the assumptions in Lemma 2.1 hold. Then, for s € (0, %], we have
that

N =
&~

loow I +20Vuld . + 1713 ) S IV (0w )3l (e w g, (285)
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and for s € (1, 2], we have that

1d 2 2 2
Slle I3 + 2Vl + [l )
s—1% 3
<o w52 1900w ) 2NV e, Vot V2 ) g 0w ) - (286)

Proof Applying the Aj energy estimate of (2.1) with a multiplication of 2725/ and then

taking the supremum over j € Z, we infer that

1d 2 2 2
oo +2Vul + 7l )
< —sup22% Ajldivu + div(ou)] - Ajoda
jez R3
—sup272% / AJ— [Vo+u-Vu+ f(o)(Au+ Vdivu) + g(9)Vo + f(o)divr] - Ajudx
JEL R3

—sup2727 | Aj[u- V7T + Q(1, Vu) + trr7] - Ajuda
JEZ R3

[div(eu)ll g« llell g, s, + llu-Vu+ fo)(Au+ Vdivu) + g(0)Ve

A

+ fo)divrl g llull o+ llu- V7T +Q(7, Vu) + ter| o

According to Lemma 4.5 and (2.87), the remaining proof of Lemma 2.5 is exactly the same
with the proof of Lemma 2.4, except that we allow that s = % and replace Lemma 4.4 with
Lemma 4.5, and the H—* norm by the B2_<S>o norm. 0

Next, we will combine all the energy estimates that we have derived in order to prove
Theorem 1.1; the key point here is that we only assume that the H® norm of initial data is
small.

Proof We first close the energy estimates at the H>-level by assuming that \/m <9
is sufficiently small. From Lemma 2.2, taking k¥ = 0,1 in (2.18) and summing up, we deduce
that, for any ¢ € [0, T]

3
1d
§d_z (0,0, I3 + DIVl + [ Vidivad 2 + V')
=1 =1
3
S IV el + IVl + V' 32). (2.55)

1
From this, together with Lemma 2.1, we deduce that, for any ¢ € [0, T},

1d
MZW )+ S (Il + [ divals + 9]
=0 =0
3
<63 IV el + 53 (19 e + (7). (289)
=1 =0

In addition, taking the £ = 0,1 in (2.52) of Lemma 2.3 and summing up, we obtain that
d < 1<
" Z g Viu - Vi oda + 3 Z [VI*1ol12,
=0 =0

2
<G8y IV oll7e + IV 2ul 72 + [V 7)172)
=0
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2
+ 3 IV 3 + 4 V2 + 2|V ]13). (2.90)
=0

Taking into account the smallness of §, by a linear combination of (2.89) and (2.90), we

deduce that there exists an instant energy functional gg(t) equivalent to £3(t) such that
t
+/ Ds(s)ds < C&5(0), vVt e [0,T). (2.91)
0

By a standard continuity argument, we then close the a priori estimates if we assume, at the
initial time, that 53(0) < §p is sufficiently small. This concludes the unique global small &
solution.

From the global existence of the &; solution, we shall deduce the global existence of the En
solution. For N > 3,t € [0, 00], applying Lemma 2.2 and taking k = 0,1,..., N — 2, we infer
that

N
I\Vl(gvu,ﬂl\%z + 3 IV | 7e + IV diva 72 + (| V'7]72)
1=1

N =

HMz

d
dt 4
N
Z IV ellZ> + IV ullZe + V' 7]122). (2.92)

From this, together with Lemma 2.1, we deduce that

N N
1d
S SV 0w D+ YTl + Vi dived e + [ 97)2)
1=0 1=0
N N
S AV'all7z + 6 (V' ullFz + V' 7][72). (2.93)
1=1 1=0
Furthermore, by Lemma 2.3, and taking £ =0,1,..., N — 2, we have that
q V=l L=l
1 I+1 I4+1 )12
B 2y TV e+ 5 3 IV el
N—1
5 IV el 7 + IV 2ul 72 + VI 7]l72)
1=0
N-1
) (VT ) 2e 4 4V 22 + 2| VI )| 22). (2.94)
1=0

By a linear combination of (2.93) and (2.94), we infer that there exists an instant energy

functional Ex(t) taht is equivalent to Ex(t) such that
d - _
&gN(t) + )\'DN(t) <0 (295)

for some A € (0,1). This implies (1.4). Thus, we have completed the proof of Theorem 1.1. [

3 Convergence Rate of the Solution

Having in hand the conclusion of Theorem 1.1, Lemma 2.4 and Lemma 2.5, we now proceed
to prove the various time decay rates of the unique global solution to (2.1)—(2.2).
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Proof of Theorem 1.2 In what follows, for convenience of presentation, we define a

family of energy functionals and the corresponding dissipation rates as

k42
= ZHV 0,u, 7172, (3.1)
and
k42 k+2
D) = > (IV'ell7e + Y IV ull7z + IV 7]72)- (3:2)
I=k+1 1=k

Taking into accounts Lemmas 2.1-2.3, we have that, for k —0,1,..., N — 2,

1 q k2 k+2
g 2 ¥ e+ 319"l 9 v+ 19
1=k
k+2 k+2
S IVllze +6 > (IV ullze + [1V'7]172), (3.3)
I=k+1 I=k
and
g | B
EZ Vi - Vi odax + §ZHVHIQH%2
=k /R 1=k
k1
<08y (V' o7z + V! 2ulF2 + V7 72)
1=k
k1
+ 3 (IVF ) Ze + 41V 2 2e + 2 VI 7). (3.4)
I=k

By a linear combination of (3.3) and (3.4), since § is small, we deduce that there exists an
instant energy functional g,’j” that is equivalent to 5,2”'2 such that
dt5k+2( )+ D3 (t) <0. (3.5)
We note that ’D,@H is weaker than Ek k42 which prevents the exponential decay of the solution.
We need to bound the missing terms in the energy; that is, bound ||[V!(g,u)||2, in terms of
Dy, From this, we can then derive the time decay rate from (3.5). To this end, we need the
Sobolev interpolation between the negative and positive Sobolev norms. We assume for the
moment that we have proved (1.5) and (1.6). Using Lemma 4.6 for s > 0 and k+ s > 0, we
have that

IV*(o,u)llz2 < Cll(o,u)ll ;7 TIVE e, )Hk+ T <OV, )H’“*S“ (3.6)

Similarly, applying Lemma 4.7, for s > 0 and k + s > 0, we have that

IV* (e, w)llz2 < Cll(e, )II’“““HV’““(@, )H’“““ < CVE (e, )H"““ (3.7)

As a consequence, from (3.6)—(3.7), it follows that

%&’:”(t) +(E)T <0, (3.8)

where o = k=0,1,...,N — 2. Solving this inequality directly, we are in a position to

obtain that

1
k+s?

EFF2(1) < (EF(0)) 7 + o) # = Cy(1 4+ 1)+,
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This proves the decay (1.7). Regarding (1.8), applying V* to (2.1)3 and multiplying the resulting
identity by V*7, then integrating over R, we have that
1d
—— / |VF7|2de + / |VE7r|2de = —/ VE(u - V1 + Q(r, Vu) + trrr) - VErda
2 dt R3 R3 R3

3
=Y P. (3.9)

1=

1
For the term Py, similarly as to Ir, using (1.7), we deduce that
)

7
P S S(IV )2 + [ VF7I132) S 0IVEr|2. + (14 1)~ (4149, (3.10)
Similarly as for Py, the term P> can be estimated as
Py S S(IVF a7 + IVF7)172) S 0IVFT) e + (14 6)"FH), (3.11)
For the term Ps, similarly as to Iy, we deduce that
Py S 6V 7 2. (3.12)
Combining (3.10)—(3.12), we deduce from (3.9) that
CIVEIa + V53, < €+ 1) (e,

This, together with Gronwall’s inequality, implies (1.8).

Finally, we turn back to the proof of (1.5) and (1.6). First, we propose to prove (1.5) by
Lemma 2.4. However, we are not able to prove it for all s € [0, %] at this moment, so we must
distinguish the argument by the value of s. First, this is trivial for the case s = 0, then, for
s € (0, 3], integrating (2.64) in time, and by (1.3), we obtain that

t
o M2, < (oo uos mo)l1% . + / Ds () (2, 7). v
0
<O+ sup [[(o,u,7)| g--)- (3.13)
0<v<t

This, together with Cauchy’s inequality, implies (1.5) for s € (0, 3], and thus verifies (1.7) for
s € (0,3]. Next, let s € (3,1), though note that the arguments for the case s € (0,1] cannot
be applied to this case. However, observe that we have (oo, ug,70) € H ~2, due to the fact
that H—*N L2 € H~9 for any q € [0,5]. At this stage, from (1.7), it holds that for & > 0 and
N >Fk+2,

k+%

IV (p = Lu, 7)(B)]|2 < Co(1+4) 2. (3.14)

Thus, integrating (2.65) in time for s € (3,1) and applying (3.14) yields that

t o1
N )3 < (oo o)l + / VD (s, (W)
3 s
< V(s 7)) 32 1(2s 7))y o
t
<0+ swp (o). / (1 +0)~20-Ddo)
0<v<t 0

<C(1+ sup |[[(o,u, 7)) (3.15)
0<v<t
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In the last inequality, we used the fact that s € (%, 1), so the time integral is finite. By Cauchy’s
inequality, this implies (1.5) for s € (1,1). From this, we also verify (1.7) for s € (3,1). Finally,
letting s € [1, %), we choose sy such that s — % < sp < 1. Then (go,uo,70) € H~*°, and from
(1.7), it holds that

k+sg

IV*(p = Lou, 1) (B)][ 22 < Co(1+1) 2 (3.

—_

6)

for k > 0 and N > k + 2. Therefore, similarly to (3.15), using (3.16) and (2.65) for s € (1, 3),
we conclude that

t
o 7). < OO+ sup el [ (1) 75700
0<v<t 0
<C(1+ sup el (3.7
0<v<t

Here, we have taken into account the fact that s — sy < %, so the time integral in (3.17) is

finite. This implies (3.14) for s € (1, 2), and thus we have proved (1.7) for s € (1, 3). The rest
of the proof is exactly same as above; we only need to replace Lemma 4.6 and Lemma 2.4 by
Lemma 4.7 and Lemma 2.5, respectively. Then we can deduce (1.6) for s € (0, 3]. For the sake
of brevity, we omit the details here. Thus, we have completed the proof of Theorem 1.2. O

4 Appendix: Analysis Tools

In this subsection we collect some auxiliary results. First, we will extensively use the
Sobolev interpolation of the Gagliardo-Nirenberg inequality.

Lemma 4.1 ([24]) Letting 0 < m,a <1, we have that
IV Fllze S IV LIV AL (4.1)

where 0 < § <1 and « satisfies that

a 1 m 1 [ 1

———=(=--)1-96 - —=)0.

375 (3 q)( )+ (3 =7)
Here, when p = oo, we require that 0 < 6 < 1.

We recall the following commutator estimate:

Lemma 4.2 ([15]) Letting m > 1 be an integer and defining the commutator
V™, flg =V"(fg) = FV™9g,
we have that
V™, Algllee SUVAlze [V gllzes + 1V fllzos llgll o, (4.2)

and for m > 0, that

IV (e S S lealVgllLes + V™ fllLes lgl e (4.3)
where p, p2, p3 € (1,00) and % = pll + p% = pis + p%.

We now recall the following elementary but useful inequality:

Lemma 4.3 ([36]) Assume that |||z~ <1 and p > 1. Let g(p) be a smooth function of

o with bounded derivatives of any order. Then, for any integer m > 1, we have that
IVTg(e)ller S V™ol e (4.4)
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If s € [0, %), the Hardy-Littlewood-Sobolev theorem implies the following LP type inequal-
ity:
Lemma 4.4 ([31]) Let0<s<21<p<2i+%= %. Then

1l gg-s < Lf Il (4.5)
In addition, for s € (0, %], we will use the following result:
Lemma 4.5 ([12]) Let0<s<31<p<2,3+3%= %. Then,

1Fll5,+ S 1Fler (4.6)

We will employ the following special Sobolev interpolation:

Lemma 4.6 ([37]) Letting s > 0 and [ > 0, we have that

1
! 41 £ 1=01 £16
Il < IV AU s where 6= . (47)
Lemma 4.7 ([30]) Letting s > 0 and ! > 0, we have that
1
1 1 101 ¢((6
V' Fllee < IV Il Hf|\3£;v where 6 = TTits (4.8)
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