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Abstract In this paper, we aim to derive an averaging principle for stochastic differential
equations driven by time-changed Lévy noise with variable delays. Under certain assump-
tions, we show that the solutions of stochastic differential equations with time-changed Lévy
noise can be approximated by solutions of the associated averaged stochastic differential
equations in mean square convergence and in convergence in probability, respectively. The
convergence order is also estimated in terms of noise intensity. Finally, an example with
numerical simulation is given to illustrate the theoretical result.
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1 Introduction

Non-Gaussian type Lévy processes not only allow their trajectories to change continu-
ously most of the time, but also allow jump discontinuities occurring at random times. Hence,
stochastic differential equations (SDEs) driven by Lévy noise have been utilised to formulate
and to analyse many practical systems arising in many branches of science and engineering (see,
e.g., Applebaum [1]). At the same time, time-changed semimartingales have attracted consid-
erable attention, and their various generalizations have been widely used to model anomalous
diffusions arising in physics, finance, hydrology, and cell biology (see the recent monograph by
Umarov, Hahn and Kobayashi [18]). Kobayashi [8] investigated stochastic integrals with respect
to a time-changed semimartingale and derived the time-changed It6 formula for SDEs driven

by a time-changed semimartingale. When the original semimartingale is a standard Brownian
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motion, then it is well known that the transition probability density of the time-changed Brow-
nian motion satisfies a time-fractional partial differential equation (Nane and Ni [13]). This
is a very interesting feature and it is very useful in modelling and describing phenomena in
applied areas (Mijena and Nane [12]). SDEs driven by time-changed Lévy noise capture more
flexibility in modelling, and thus have become a hot and also very important topic (see, e.g.,
[3, 8,9, 14, 15]).

Meanwhile, the averaging principle provides a powerful tool in order to strike a balance
between realistically complex models and comparably simpler models which are more amenable
to analysis and simulation. The fundamental idea of the stochastic averaging principle is to
approximate the original stochastic system by a simpler stochastic system; this was initiated
by Khasminskii in the seminal work [7]. To date, the stochastic averaging principle has been
developed for many more general types of stochastic differential equations (see, e.g., [4, 10, 11,
16, 17, 19, 21], just to mention a few).

Although there are many papers in the literature devoted to study of the stochastic averag-
ing principle for stochastic differential equations with or without delays and driven by Brownian
motion, fractional Brownian motion, and Lévy processes, as well as more general stochastic mea-
sures inducing semimartingales and so on (see, e.g., [16] and references therein), as we know,
there has not been any consideration of an averaging principle for stochastic differential equa-
tions driven by time-changed Lévy noise with variable delays. Significantly though, due to their
stochasticity, the stochastic differential equations with delays driven by time-changed Lévy pro-
cesses are potentially useful and important for modelling complex systems in diverse areas of
applications. A typical example is stochastic modelling for ecological systems, wherein time-
changed Lévy processes as well as delay properties capture certain random but non-Markovian
features and phenomena exploited in the real world (see, e.g., [2]). Compared to the classical
stochastic differential equations driven by Brownian motion, fractional Brownian motion, and
Lévy processes, the stochastic differential equations with delays driven by time-changed Lévy
processes are much more complex, therefore, a stochastic averaging principle for such stochastic
equations is naturally interesting and would also be very useful. This is what motivates the
present paper, which aims to establish a stochastic averaging principle for the stochastic differ-
ential equations with delays driven by time-changed Lévy processes. The main difficulty here is
that the scaling properties of the time-changed Lévy processes are intrinsically complicated, so
it is difficult to construct the approximating averaging equations for the general equations. One
remedy for this is to select the involved noises in a proper scaling pattern, and then to establish
the averaging principle by deriving the relevant convergence for the averaging principle. In
this paper, based on our delicate choice of noises, we succeed in showing that the stochastic
differential equations with delays driven by time-changed Lévy processes can be approximated
by the associated averaging stochastic differential equations both in mean square convergence
and in convergence in probability.

Take a filtered probability space (2, F,P; {F; }+>0) satisfying the usual hypotheses of com-
pleteness and right continuity. Fix m,n € N. Let B(t) = (Bi(t), B2(t), -, Bm(t))T be an
m-dimensional {F;};>o-Brownian motion. Let {D(t),¢t > 0} be a right continuous left limit
increasing {F;}1>0-Lévy process with a Lévy symbol 1 < a < 2, called a subordinator starting

from 0 with the Laplace transform E(e *P(®)) = ¢=t¢(M) X\ > 0, where the Laplace exponent
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P(N) = [, (1—e*)p(dz) with a o-finite measure 1 on (0, 00) is such that [ (1Az)p(dz) < occ.
Define its generalized inverse as E; := inf{7 > 0: D(7) > t}, which is known as the first hitting
time process. The time change E; is continuous and nondecreasing, however, it is not Marko-
vian. The composition B o E = (Bg, )+>0, called a time-changed Brownian motion, is a square
integrable martingale with respect to the natural filtration {Fp, }+>0 for the process {E;}.

Next, recall that a Lévy measure v on R™\ {0} is a o-finite measure satisfying fR"\{O} (Jy|* A
1)v(dy) < oo. In this paper, we specify the Lévy measure on R™ \ {0} by v(dy) := ‘y‘dTyH,
let N be the {F;};>o-Poisson random measure associated with v (see, e.g., [1]), and let
N(dt,dy) := N(dt,dy) — IydltTdfl be the compensated {F;}:>o-martingale measure; both N and
N are independent of the Brownian motion B. In fact, N is nothing but the 1-stable Lévy mo-
tion or a Cauchy process. Here we would like to point out that the selection of v(dy) = ‘y‘dTyﬂ is
rather restrictive in terms of the general structure of Lévy processes (see, e.g., [1]), but it turns
out that this is the only proper choice for constructing the right associated averaging stochastic
differential equations in our paper.

Let 7 > 0 and C([—, 0];R™) be the family of continuous R™-valued functions ¢ defined on

[—r,0] with norm [ = sup_[i2(6)]
<6<0

-7

Motivated by the above discussion, in this short paper we want to establish an averaging
principle for SDEs driven by time-changed Lévy noise with variable delays

da(t) = f(t, By a(t—), a(t — 5(t)))dE; + g(t, By, x(t—), z(t — 6(t)))dBg,

+/ h(t, By, x(t—),z(t — 8(t)), z) N(dEy, d2), t € [0,T], (1.1)
|z|<c

with the initial value z(0) = &£ = {£(0) : —7 < 0 < 0} € C([—7,0];R") fulfilling £(0) € R™ and
E||€]]? < oo, where the functions f : [0,7] x Rt x R" x R* — R", g :[0,T] x Rt x R® x R" —
R™™ b 2 0,T] x RT x R® x R" x (R"\ {0}) — R™ are measurable continuous functions,
§:[0,7] — [0, 7], and the constant ¢ > 0 is the maximum allowable jump size.

The rest of the paper is organised as follows: in the next section, we will present appropriate
conditions to the relevant SDEs (1.1) and briefly formulate a time-changed Gronwall’s inequality
in our setting for later use. Section 3 is devoted to our main results and their proofs. In Section

4, the last section, an example is given to illustrate the theoretical results in Section 3.

2 Preliminaries

In order to derive the main results of this paper, we require that the functions f(¢1,t2,x,y),
g(t1,t2,z,y) and h(ty,ts, x,y, z) satisfy the following assumptions:
Assumption 2.1 For any x1,x2,y1,y2 € R™, there exists a positive bounded function

©(t) such that

|f(t1 ta,x1,y1) — f(ta,ta, 22, 92)| V |g(t1, ta, 21, 91) — g(t1, t2, 2, 92)| 2.1)
< (1) (|71 — 22| + |y1 — 2l),

and
/ h(t1, ta, 21,41, 2) = Bty ta, 2, y2, 2) Pu(d2) < p(t)(Jor — zaof* + |1 — 92l?),  (2:2)
|z|<c
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where |.| denotes the norm of R™, x V y = max{x,y}, sup ¢(t) =k and ¢t € [0,T].
0<t<T

Assumption 2.2 For all 77 € [0,T], x,y € R", there exist several positive bounded
functions A;(T1) < C; such that

I -
?1 0 |f(s,Es,;v,y)—f(x,y)|dEs < Al(Tl)(|x|+|y|)v (2'3)
1 h 2 2 2
7, l9(s, Es, 2z, y) — gz, y)["dEs < Ao(Th) (2| + [y]7), (2.4)
and
1 T 2 2 2
T /|| |h(s, Es,x,y,2) — h(z,y, 2)[v(d2)dEs < A3(Th)(Jz)” + |y|*), (2.5)
0 z|<e

WhereTlim XN(T1)=0,i=1,2,3. f :R*"xR” = R", G:R"xR"” = R"™ h:R"xR"xZ —
1— 00
R™ are measurable functions.

Lemma 2.3 (Time-changed Gronwall’s inequality [20]) Suppose that D(t) is a (-stable
subordinator and that F; is the associated inverse stable subordinator. Let T" > 0 and z,v :
0 x [0,T] — Ry be Fi-measurable functions which are integrable with respect to E;. Assume
that ug > 0 is a constant. Then, the inequality

x(t) <wug + /Ot v(s)x(s)dEs, 0<t<T (2.6)

implies, almost surely, that z(t) < ug exp(fot v(s)dE;), 0<t<T.

3 Main Results

In this section, we will study the averaging principle for stochastic differential equations
driven by time-changed Lévy noise with variable delays. The standard form of equation (1.1)

is

() = 5(0)+/0 FC Byt (5=), (s = 8(5)))dE, +/0 9, By a(s=) (5 — 5(5)))dB,

+ /0 /z<ch(—, Es,a(s—),a%(s — 6(s)), 2) N(dEy, dz), (3.1)

€

with initial value z¢(0) = £ = {£(0) : —7 < 0 < 0} € C([—7,0]; R™); the coefficients have the
same definitions and conditions as in Equation (1.1), and € € (0, ¢g] is a positive parameter
with €y being a fixed number.

According to Khasminskii type averaging principle, we consider the following averaged

SDEs which correspond to the original standard form (3.1):
z(t) = £(0) +/ F@(s=),2(s — 8(s)))dE; +/ 9(2(s=), (s = 8(s)))dBg,
0 0
h(Z(s—),Z(s — &(s ,z]\Ndes,dz. 3.2
e[ R B - a6, N (@B, 1) (3.2

Here the measurable functions f, g, h satisfy Assumption 2.2.
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Theorem 3.1 Suppose that Assumptions 2.1 and 2.2 hold. Then, for a given arbitrarily
small number §; > 0, there exist L > 0, 1 € (0,¢) and 8 € (0, — 1) such that, for any
e € (0,€e1],

E( sup |z°(t) = Z(t)]?) < .

te[—7,LeP]

Proof For any t' € [0,7], we have

/ /< L By, a5~ 8()), 2)  RE( ), 8 — 6(5), 2N (B, dz).
(3.3)

Letting s = %/,t = %, we can rewrite (3.3) as

x(et) — Z(et)
—fa/o[f(SvEsJe(Sf—)vxe(Sf— 8(se))) — f(@(se—), Z(se — d(se€)))|dEy

el / [9(s, Es, 2°(se—), x°(se — 6(s¢))) — G(T(se—), ¥(se — d(s¢)))]dBp,
0

+ ez / / KC[h(s, E,, x(se—),x°(se — d(s€)), z) — h(Z(se—), T(se — (se)), z)|N(dEs, dz).

It follows from Jensen’s inequality that for any 0 < u < T, we have

E( sup |2(et) — Z(et)[)

0<te<u

3¢2°F( sup |/ (s, By, 2% (se—), 2%(se — 6(s€))) — f(Z(se—), Z(se — 6(s¢€)))|dE,|?)

0<t€<u

+ 3¢“E( sup |/ (s, By, 2%(se—), 2°(se — 6(s€))) — G(Z(se—), Z(se — §(s¢)))]dBg, |?)

0<t€<u

+ 3e“E( 0<Sigu|/ /|<c s, Es,x%(se—), x%(se — d(se)), 2)
— h(Z(se—), B(se — 8(se€)), 2)| N (dEs, dz)[?)
=L+ I+ Is. (3.5)

Now we present some useful estimates for I;,7 = 1,2, 3. First, for the term I;, we have

I; < 62“E( sup |/ (s, Eg, 2% (se—), 2 (se—8(s€))) — f (s, Es, T(s6—), T(s€ — §(s€))))dEq|*)

O<te<u

6°E( sup | / 5, By, B{se—), Bse — 8(se))) — F(@(se—), B(se — 6(s¢))))dE, %)

O<te<u
=:I11 + I1o.
@ Springer
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By Assumption 2.1, Jensen’s inequality and the Cauchy-Schwarz inequality, we have

I = 662°‘IE( sup
0<te<u

/Ot(f(s, E;, x(se—), x¢(se — d(s¢)))
: 2)

/ p(s) (| (se—) — Z(se—)| + [z (se — d(se)) — T(se — d(s€))])

— f(s, Es, Z(se—),Z(se — d(s¢€))))

< 662°‘IE( sup
0<te<u

§1262°‘E sup ‘/ s)|x(se—) — T(se—)

0<t5<u

)

§1262°‘k2ETE sup /|3: se—) — 2(se—)|*dE

O<te<u

‘ / s)|x(se — 6(se)) — T(se — d(se))

+ /0 |2 (s¢ — (i(se)) — F(se — 5(56))|2dE5))
< 12620‘k2ET(/0? E(Oitigs |2 (re) — ’:f(er)|2)dES

+ /0% ]E( sup |z¢(re — 8(re)) — T(re — 6(re))|2)dEs). (3.6)

0<r<s

By Assumption 2.2, we can get

112 = 662QE( sup
0<te<u

/0 (f(s, Bs,@(se—),2(se — d(s€))) — f(Z(se—),T(s€ — d(s¢))))

<6 sup {PNOE((sup [F(se)| + sup [i(se —a(se)))?) }

0<te<u 0<s<t 0<s<t

<122 sup {mi(tm( sup |Z(se) + sup |5(se_5(se))|2)}
0<te<u 0<s<t 0<s<t

§12620‘_2u2012E{( sup |Z(es)|* + sup |x(se—5(se))|2)}. (3.7)

0<s< %

Second, for the term I, we have

I = 366“1@( sup

0<te<u
+ (g(s, By, F(se—), T(se — 8(s€))) — G(@(se—), F(se — d(se))))]dBp, ]2)
/0 (g(s, Es, x°(se—), x°(se — d(s€)))
)

/0 (9(s, Es, T(se—), Z(se — 0(s€))) — G(Z(se—), T(se — 6(s¢))))dBg,

/0 [(g(s, Es,x(se—), x(se — §(s¢€))) — g(s, Es, T(se—), T(se — §(s¢))))

< 6e“RE ( sup
0<te<u

9(s, Es, T(se—),x(se — d(se))))dBg,

+ 6e°E ( sup
0<te<u

=: Ioy + Ioo.

)

By Assumption 2.1 and the Burkholder-Davis-Gundy inequality (Jin and Kobayashi [6]), we
@ Springer
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have

I = Geo‘E( sup
0<te<u

/0 (g9(s, Es,x(se—), x(se — d(s¢)))

—g(s, Es,Z(se—),Z(se — d(se))))dBg, ‘2)

< 6e kb /O (Ja (et=) — B(tem)| + |2 te — b(te)) — B(te — 8(t6)))PdE)

< 126ak2b2(/€ E( sup |z€(re) —55(7"6)|2)dE5
0 0<r<s

+ /0% E( sup |z€(re — d(re)) — Z(r — (5(r))|2)dEs), (3.8)

0<r<s
where the positive constant by comes from [6]. According to Assumption 2.2 and the Burkholder-
Davis-Gundy inequality, we have

Ins :660‘IE( sup /Ot(g(s, B, #(se—),B(s — 8(s))) — g(@(se—), #(s — 8(s))))dBp, \2)

0<te<u
u

<6eba / 95, Ee, B(se=), Bls — 8(s)) — F(@(se-). B(s — 3(s)) B,

0

<66a_1b2C2E( sup |Z(s€)]* + sup |§(se—5(se))|2). (3.9)

0<s<y 0<s<y

Finally, for the term I3, by Doob’s martingale inequality and It6 isometry, we have

/ /< (s, Es, 2¢(se—), z(se — d(s¢)), z)
— h(Z(se—),Z(s — 8(s)), 2)|N(dE,, dz) )

/ /< (s, Bs,x(se—), x(se — §(s¢)), 2)
CR(@(se), 25 — 6(5)), )| N (B, dz)|

I3 = 360‘IE sup
O<t€<u

< 12¢°E

< 24¢“E ‘ h(s, Es, x%(se—),z(se — d(s¢)), z
<2E [ 7 [ he. Buns(sem).at(se = 8(s0). 2
— h(s, By, Z(se—),2(s — 6(s)), 2)|*v(dz)d E,
24¢“R h(s, Es,T(se—),z(s —(s)), 2z
#2008 [ [ s Bl )36 - 050,
— h(Z(se=), (s — 8(s)), 2)|?v(dz)dE

=:I31 + I32.

By Assumption 2.1, we have

u

I < 246‘“1&3/06 o()(|25(se—) — F(se—)[2 + [ (s — d(s€)) — F(s — 6(5))[2)dE,

< 24eo‘k(/: E( sup |z(re) — 55(7"6)|2)dES
0

0<r<s

+ /0% E(oilrlzs |z¢(re — (re)) — Z(r — (5(r))|2)dEs>. (3.10)
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By Assumption 2.2, we have

Iy = 24¢° IE/ /<C s, By, B(se—), 3(se — 3(s¢)), 2)

= h(@(se=),@(se — 8(se)), 2)Pv(dz)dE

§2460‘71u03E( sup |Z(se)|* + sup |§(se—5(se))|2). (3.11)
0<s<u 0<s<s

Consequently, combining (3.6)-(3.11), we have

B( sup [o%(t0) - 3(t)P)

0<te<u
< (12620‘72’&2012 + 6e* huCy + 2460‘71UC3)E( sup |Z(et)]* + sup |@(te — 5(t6))|2)

0<te<u 0<te<u

+ (122 k2 Ep + 1262 k2bs + 246%)(/6 IE( sup | (er) — E(er)|2>dES

0 0<r<s
+/€ ]E( sup |a<(re — 8(re)) —E(re—5(re))|2)dEs). (3.12)
0 0<r<s
Set

A(ﬁ) ::]E( sup |z<(te) —%(te)|2).

€ 0<t< e

Observe that E( sup |z.(t) — Z(t)|?) = 0. Then, we have
—7<t<0

]E( sup |a¢(re — 8(re)) — F(re — 5(Te))|2) = A(s — 8(s)). (3.13)

0<r<s

Thus, inequality (3.12) can be reformulated as follows:

A(Z) < (1265720208 + 66 hpuCy + 246 uCy)
€

xIE( sup |Z(te)]? + sup |E(te—5(te))|2)

0<te<u 0<te<u
+ (122 K2 Er + 1262 k2by + 24¢°k) ( / " A(s)dE, + / As — 6(5))dE5). (3.14)
0 0

Next, we let ©(u) := sup A(h), for every u € [0, 7], then A(s) < ©(s) and A(s—d(s)) < O(s).

oc[—7,u]
Thus,
A(E) < (12e2a_2u2012 + 66 thguCy + 246a_1u03>
€
x E( sup |Z(te))? + sup [F(te — 5(te))|2)
0<te<u 0<te<u
+2(1262°K2Erp + 122°Kk2by + 24€°k) / " O(s)dE,. (3.15)
0
Then,

@(E): sup A(@)gmax{ sup A(f), sup A(G)}

€ oe[—7,%] 0e[—T,0] 6e€[0,2]

< (12620‘72’&2012 + 6 thuChy + 2460‘71uC3)

><]E( sup |Z(te)]> + sup |§(te—6(te))|2)

0<te<u 0<te<u
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+2(1262°k2 B + 1262°k2by + 24€°k) / " O(s)dE,. (3.16)
0
By using the time-changed Gronwall’s inequality, we get

@(E) < (12620‘_2u2012 + 66 thguCy + 2460‘_1u03)

€

XE( sup |Z(te)]* + sup |@(te — d(te))|? 3.17)

)62(12e2ak2ET+l2e2ak2bg+24eak)Eg (
€ .
0<te<u 0<te<u

Furthermore, we have

E( sup |z€(te) — E(te)|2> < (12e2a_2u2012 + 6 hyuCy + 246a_1u03>
0<te<u
X E( sup |Z(te)|2 + sup |(te —6(te))|2)
0<te<u 0<te<u
« 62(125‘%2ET+12eak2b2+24k)ET' (3.18)

Select 8 € (0, — 1) and L > 0 such that, for any t € [0, Le #~!] C [0, L], we have

€

]E( sup |x€(te)—§?(te)|2)S{eo‘_ﬁ_l, (3.19)

0<te<Le P

where we have the constant

¢ 1= (1202777103 + 6b,LCy + 24LC )

XE( sup  [Z(te)]* +  sup |§(te—5(t6))|2>62026&szT+12€ak2b2+24k)ET.
0<te<Le B 0<te<Le= P

Consequently, for any given d; > 0, there exists a €1 € (0, €] such that, for each € € (0, 1] and
t € [-1,Le P,

E( sup | (%) _5(t)|2) <5y (3.20)

—7<t<Le P
This completes the proof. O

Remark 3.2 We would like to point out that the classical stochastic averaging principle
for SDEs driven by Brownian motion deals with the time interval [0, e~!], while what we have
discussed here was a strictly shorter time horizon [0,e "] C [0,¢7!] for 3 € (0, — 1). In
other words, the order of convergence here is ¢, which is weaker than the classical order of

convergence e L.

Thus, our averaging principle is a weaker averaging principle. This weaker
type averaging principle has been examined for various SDEs by many authors. Essentially,
this is due to the fact that the regularity of trajectories of the solutions of SDEs with more
general noises is weaker than that of the solutions of SDEs driven by Brownian motion. It is
clear that the classical averaging principle for our equation cannot be derived by the method we
used here. Of course, to establish a classical averaging principle for our equation is interesting
but challenging, so one needs to seek an entirely new approach. We postpone this task to a

future work.
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4 Example

We consider the stochastic differential equations driven by time-changed Lévy noise with
time-delays:
dz(t) = € (2, cos®(E;) — Eyxesin(E; — 1))dE; + €2 A\dBp, + €2 / IN(dE;,dz)  (4.1)

|z|<e

for ¢t € [0,T], with initial value z(t) = 1+t, t € [-1,0], v(z)dz = |2|~2 and X € R; here

f Exe(t),ze(t — 7)) = 2 cos2(Et) — Bz sin(E; — 1),
g(t, B,z (t),x(t — 7)) = N, h(t,Ep,ze(t),zc(t —7),2) = 1.

Let
i 1
F(@(s),2(s — 7)) = / F(t By (1), et — 7)dE,
_ (%El " SinjEl + By cos(Ey — 1) — sin(Ey — 1)):06,
and

g(@(s),z(s—7)) =N, h(Z(s),Z(s—71),2)=1.

We have the following corresponding averaged stochastic differential equations driven by time-
changed Lévy noise with variable delays:

1 in2F
dz(t) = ea(5E1 n Sm4 L 4 By cos(By — 1) — sin(E; — 1))§dEt
+ €3 \dBg, + €7 / IN(dEy, dz2). (4.2)
|21 <e

Define the error E,. = [|z(t) — Tc(t)[?]2. We carry out the numerical simulation to get the
solutions (4.1) and (4.2) under the conditions that o = 1.2, = 0.001, A = 1 and a = 1.2,
e = 0.001, and A = —1 (Figure 1 and Figure 2). One can see a good agreement between the
solutions of the original equation and the averaged equation.

0.015 T T T 0.01

x1 x1
x2 || | x2
Err|if Err

0.01

0.005 |

0.005 [

-0.005
-0.005

-0.01
-0.01

-0.015 ! : ! -0.015 ! : !
0 0.5 1 15 2 0 0.5 1 15 2
t t
Figure 1 Comparison of the original solution Figure 2 Comparison of the original solution
ze(t) with the averaged solution ze(t) with the averaged solution
Z(t) with e = 0.001, A =1 Z(t) with e = 0.001, A = —1
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