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Abstract This paper consider the penalized least squares estimators with convex penalties
or regularization norms. We provide sparsity oracle inequalities for the prediction error for a
general convex penalty and for the particular cases of Lasso and Group Lasso estimators in
a regression setting. The main contribution is that our oracle inequalities are established for
the more general case where the observations noise is issued from probability measures that
satisfy a weak spectral gap (or Poincaré) inequality instead of Gaussian distributions. We
illustrate our results on a heavy tailed example and a sub Gaussian one; we especially give
the explicit bounds of the oracle inequalities for these two special examples.
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1 Introduction

High-dimensional statistical models have been thoroughly studied in recent research and
literatures. In particular, penalized Least Square (LS) estimators have been proposed and
extensively investigated; for example the £ norm penalized estimator LASSO and its extensions.
A common feature of these estimators is the fact that the penalty is a norm satisfying some
specific decomposability conditions. As shown in [5], the two main ingredients of the analysis are

based on the restricted eigenvalue compatibility property, and the empirical process bounding
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the stochastic error. With this approach, several techniques have been proposed for a unified
treatment of LS estimators with decomposable penalties, a wide overview can be found in
[8, 13, 15]. Classical results were derived via oracle inequalities depending on unspecified
compatibility parameters. On the other hand the penalties (and thus, the estimators) depend
on the distribution with which the oracle inequality holds. To overcome these problems, a
tentative for a general solution was achieved by the small ball method see for instance [10, 12].
Under Gaussian noise, many results have been established for the sparsity oracle inequalities
for LASSO estimators in different situations: (1) the fixed design case [1, 3-6, 8, 9] (2) results
based on confidence level tied to the tuning parameter see for instance [5, 6, 8, 9] (3) in the case
where the noise are i.i.d. sub-exponential. For instance, in [3, 14|, sparsity oracle inequalities
for the LASSO estimators are obtained in random design regression especially when all entries
of the design matrix are i.i.d. standard Gaussian independent of the observations errors. In
this work, we consider the classical general framework of regression model. Using the same

notations as in [1, 8] it is expressed by the following;:
Y=f+¢. (1.1)

We assume in this paper that the distribution of the noise random vector ¢ satisfies a weak
spectral gap inequality. Following the definition and notations in [2, 7], a probability measure
u satisfies a weak spectral gap (or a weak Poincaré) inequality if there exists a function +y :
(0,4+00) — RT such that every locally lipschitz function i : M — R satisfies for all s > 0
the inequality:

Var,(h) < 7(5)/|Vh|2d,u—|— s Osc(h)?, (1.2)

where Osc(h) = suph — inf h is the total oscillation of the function h. We place ourselves in
high-dimensional statistics setting, by considering a design matrix X € R"*P with p >> n. We
consider to generalize, to Hilbert spaces, the following classical estimation problem of f by XB
where:
fe arﬁg%ﬂnllY—XﬁlliﬂLF(ﬁ)- (1.3)
ERP

n

The empirical norm ||-||,, is defined by ||u||i = 1% w?and F: R” — RY is a convex penalty
i=1

function.

The main result of this paper, is to derive oracle inequalities for the prediction error of
the penalized estimator 3 (1.3) under the assumption that the noise random vector £ in (1.1)
follows a probability measure that satisfies a weak spectral gap inequality [2]. Our result is
based on a compatibility constant defined as follows:

1 Col|Psul; — ’Péu’

fie, (B) = inf >0:— X
/’L 0( ) /’L C() ||XU||n

L <p, YueRP: ’Pé‘u’l <co|Psul, p. (1.4)

It is a modified version of the so-called compatibility that have been introduced in [1, 8]:
teo (B) = inf {u >0: |Paul| < pl|Xul|, , Vu: HpﬁluH < cp ||735u||} ,

where Pg is an operator associated with the linear span{f} and verifying a decomposabil-

ity condition given bellow in Assumption 2.1; as an example we use orthogonal projector for
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LASSO application. Without loss of generality, we illustrate our result on regression model
(1.1) where the noise vector ¢ follow a heavy tailed distribution expressed as the product mea-
sure of du,(t) = Mdt for a > 2 which satisfies a weak spectral gap inequality with
v(s) = cals/n)"2/*, s € (0,1/4) [2, 7, Example 5.3]. Furthermore, in LASSO setting, we es-
tablish an explicit upper bound for the compatibility constant depending on the sparsity s and
+ the maximal correlation between columns of X; namely pi,(8) < =—. We then provide the

A 2 can)t/e ma)’s
explicit oracle inequality; HXB - an — IXB - f||i < 32((21;187)2\/’;;)\( )

from works known in literature is that our oracle inequalities are obtained under non-Gaussian

. The main difference

distribution satisfying the weak Poincaré inequality. Moreover, in contrast to classical results,
we provide an explicit upper bound of the compatibility constant in the oracle inequality for
LASSO and group LASSO estimator.

2 Statement of the Problem and Preliminary Results

Let H be a Hilbert space with inner product (.,.) and its corresponding norm ||.||,,. Let B
a closed convex subset of H. We will be interested in a regression problem as in (1.1) where
f € R™ is an unknown deterministic mean and £ € R™ is a random noise vector. Let P be the
probability distribution of ¢ satisfying a weak spectral gap inequality with function v defined
n (1.2). We focus on estimates of f having the form X3 where § € B is data determined like
n (1.3). The matrix X represents a linear operator from H — R". We aim to investigate the

prediction performances of the estimator /3 defined as the solution of the problem minimization:

B € argmin | Y — XB|[2 + F(3), (2.1)
BEB

where F': H — R is a convex penalty function.

2.1 Preliminary results

We expose here, two propositions giving the key ingredients for the proof of our main
result. The first proposition, based on convexity argument and some simple algebra, provide a
deterministic bound of the prediction error in terms of | X3 — f||i up to an additional random

term.

Proposition 2.1 If § is a solution of the minimization problem (2.1), Then 3 satisfies,
for all B € B and for all f € R",

C a2 < 2k FO) - PO - K-8 @2)

Proof The proof mainly relies on the sub-differentials and optimality condition of convex

-

functions and some simple algebra. For detailed and a complete proof see for instance [1,
Proposition 3.2]. O

The second proposition provides an upper bound of the random quantity %ﬁTX(B — () that
holds with large enough probability.

Proposition 2.2 Let P satisfies a weak spectral gap inequality (1.2) with a function ~.
Let h: H — [0,400[ be a positive homogeneous mapping and let 7 > 0. Denote the event:

Q= { sup l{TXU < 7’} , (2.3)

w€H:h(u)<1 T
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and assume it to satisfy P(Q2) > 1. Then, for any constants k > 1,¢ > 0 and s € (0,1/4), we
have

P <Vu eH: %éTXu < (7 + k) max (h(u), c |Xu||n)> >1—30(key/n), (2.4)

where ©(z) = inf {s € (0,1/4);exp ( —= ) < s} vanishes when x goes to infinity.

44/~(s)

Proof The proof of this proposition is a modified version of the one discussed in the case
of Gaussian errors in [1, Proposition 3.1]. Indeed by using the homogeneity of the map h one

can suppose, without loss of generality, that:
max (h(u), c||Xul|,,) = 1. (2.5)
Define the function f : R™ — R and the subset T' C H as follows:

1
fE€ =sup—€TXu  and T ={ueH:max(h(u),c|Xul,) <1}.
ueT T
It is easy to verify that, for every &1, & € R™, we have,

(€)= £(&2)] < = s~ all

By the concentration inequality [2, Theorem 5.3] and the fact that f is a ﬁ—Lipschitz function,
we have with probability at least 1 — 30 (key/n),

1 1 1
sup —&7Xu < Med (Sup —§TXU) +k < Med sup —ETXu | + k,
ueT T ueT T u€H:h(u)<1 T

where ©(u) = inf {s € (0,1/4);exp (4\7%) < s} tends to 0 when u tends to infinity. The
v(s

notation Med(Z) states for the median of the random variable Z.

Assume that P sup %{TXU < 7') > 1/2, then the median of sup %{TXU can
u€H:h(u)<1 u€H:h(u)<1
be bounded from above by 7. Using (2.5) combined with the homogeneity property, we deduce

that, with probability at least 1 — 30 (key/n),
1
Yu € H, EﬁTXu < (7 + k)max (h(u), c||Xul,,),

which achieves the proof. 0

2.2 Main assumptions of decomposability and compatibility

Consider the linear operator X : H — R" defined by the relation:
XB=((8,X1), -, (8, XN, VB eH, (2.6)

where Xi,---,X,, are deterministic elements of H. The convex penalty F' : H — R is taken

proportional, with a tunning parameter A > 0, to a regularization norm:

F(B) = AlBll-

The estimator 3 introduced in (2.1) becomes then:
be arg min X8 =yl + A8 (2.7)
€

Before establishing our main results, we recall two other important ingredients under which
oracle inequalities are obtained namely the decomposability assumptions of the regularization
norm and the compatibility factor.
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e Decomposability assumption and consequences Let A be a subset of H for which we

associate a linear operator Py : H — H and Pj = Z — P, where 7 is the identity operator.

Assumption 2.1 We suppose that there exists a subset A of B such that:
PuA=A VAeA and |A|+||PiB| =B+ Pu(A-B)|,VA€A VB eH.

The last assumption has been also discussed in [1, Assumption 4.2]. One can see easily
that, for the ¢ regularization norm, the decomposability assumption is satisfied when the linear
operator Py is an orthogonal projector. As a consequence of the decomposability Assumption

2.1, we have the following triangular property:

Corollary 2.3 The above Assumption 2.1 implies the following triangular property:
PuA=AVYAeA and  |A| - |B| < ||Pr(A—B)|| - ||PiB|. (2.8)

This corollary has been discussed also in [1, Assumption 4.1]. In the case of £ regularization
norm, the decomposability assumption and triangular property are defined differently in [8,
Paragraph 2.5].

e Compatibility factor assumption Another main ingredient for the proof of our main
result is the compatibility factor [1]. For any A € H and for any constant cop > 0, define the

following cone in B as follows:
Cac={BEB: HPALBH < co [ PaBII}
The compatibility factor associated to the cone C,4 ., is the quantity:

eo(A) = inf {5 > 0: | PaBI| < u|IXB]|,,, VB € Cac,} - (2.9)

3 Main Results and Oracle Inequalities

The next theorem states our main result in the case of distributions verifying the spectral
gap inequality.

Theorem 3.1 Let P satisfies a weak spectral gap inequality with function . Assume
that Assumption 2.1 holds. Let 7 > 0 and suppose that Q defined in (2.3) satisfies P(Q2) > 1.
Let k> 1,¢ > 0 and A > 2(7 + k). Then, the estimator 3 (2.7) satisfies with probability at
least 1 — 30 (key/n),

A 2 A+2 k))? A+2 k))%c?
Joes— o] < gt {1 - g2+ BE2EEOE 2 )| BEHCEE

where ©(u) = inf {s € (0,1/4);exp (4 *“( )) < s} goes to 0 when u goes to infinity.
YIS

Proof Let us consider the positive simple function A(u) = |lul. Combining the two

inequalities from Proposition 2.1 and Proposition 2.2, we get with probability at least 1 —

30 (key/n)

o 2 A
[x3= 1| =18 113 <2+ Ky max (lull e |Xull,) + 2181 = A |3 = 1xull.

where u = B — [3. For the rest of the proof we distinguish three cases:
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Case 1 [ € A such that ||ul| < ¢|Xu||,,. This will imply that,
N 2 o
%3¢ —11%8 = 11} < 2 + K)e IXul, + MBI = A||3] - Il
By using the triangle inequality A ||3|| — A HBH <A HB - BH and [Ju < c||Xul|,,,

“ 2
%3¢ = 1% 11 <2+ K)el|Xul, + e |Xull, — | Xul;
< @+ k) + Ve [Xul, — [Xul;

using inequality 2ab < a? + b? we obtain,

(2(T + k) + N)3c2
4

2(T + k) + )22
1 )

A 2 2 2 2
| %8s —1x8- 11 < 11l — [1%ul;

<

Thus inequality (3.1) is satisfied.
Case 2 3 € A such that ||ul| > ¢|Xu|,,. Then,

%6~ [ 16 = £1 < 26r + 8y Jull+ Al = A 3] — Il
Assumption 2.1 with A = 8 and B = {3 allow to write,
181 (|3 < a5 - 8)]

and the triangle inequality implies,
|B-8| = |Ps(8-0)+ P53 -8)| < |Ps(3-8)| +||PF(5- )| -

Combining the last two inequalities and (3.3), we obtain

[P

3

N 2
[x8= 1| =18 112 < O+ 207 + ) [Psull — (A =207 + B) | Piu]| = Xl

Case 2.1 [ € A such that |u|| > c¢[|Xul|,, and
(A +2(r + k) [Pl < (0 =27 + k) [Pgu].
In view of inequality (3.4) we get,
. 2
|x3 1| —Ixs- 51 <o
and )
|x6-1| <ixs-s1

which implies that inequality (3.1) holds.

Case 2.2 (3 € A such that |u|| > c¢[|Xul|,, and

(A=2(t+k)) H’P[J;UH < (A+2(1+k)) || Psul -

Then u belongs to the cone Cg ., = {u eH: H’PéuH < ¢ ||’Pgu||} where ¢y =

We use the compatibility factor associated to Cg ¢,

peo (B) = int { > 0 |[Pyull < pu|Xul, .

Vu € H:0< (A+2(r+ k) [Poull = (A= 2(r + k) [[Pgull },

(3.4)

A+2(7+k)
A—2(1+k) "
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so that |[Psul| < pie, (B) [|[Xul|,,. This and inequality (3.4) yield,

~ 2
| %8s = 1x8 =11 < 0 +2(0 + 1) IPsul - Xl
< A+ 2(7 + k) ey (B) | Xull, — (Xl

Using the obvious inequality 2ab < a2 + b2

R 2 A k))?
|- 7|~ ims - 12 < RE2CEI 2 ) 4 g —

A+2(14+k))?
< Qr2rEWl 2 ) (3.6)
This achieves the proof of inequality (3.1). O

In the following we describe direct applications of Proposition 2.2 and Theorem 3.1, by
investigating two examples of distributions verifying the spectral gap inequality (1.2). The
first one is issued from the heavy tailed family obtained from the product of the probability
distribution du, (t) = Wdt. The second example is from the sub-exponential family
as a product of measures of the form, dv, = d,e1!1"dt, V r € (0,1).

e A heavy tailed example We consider on R"™, the distribution PP issued from the product

probability measure of

1 t —1l-«a
dpia(t) = %dt for a > 2. (3.7)

This measure satisfies a weak spectral gap inequality with,

s\ 2/ 1

v(8) = ¢q (ﬁ) , for s € (0, Z)
For more details see discussions in [2, Example 3.5]. Let h : H — [0,+00[ be a positive
homogeneous mapping and let 7 > 0. Assume that the event Q defined in (2.3) satisfies
P(Q2) > %. Then, there exists constants to(e) > e and C(«) such that tc\f > to(a) and by
applying, Proposition 2.2 for ¢ > 0, we have: "

P <Vu eEH: %gTXu < (7 + t)max (h(u), c ||Xu|n)> >1- %C(a) —_mna @

We deduce then, by applying Theorem 3.1 that the estimator /3 (2.7) satisfy with probability

) log(£2™) \
at least 1 — 5C(a) i

1
no

5 2 A T 2 A T 22
Jscs = 1] < jut [ = g2+ DE2EEOE 2 ] o CE2TEORE g

e A sub-exponential example In this case, we consider P as the product of the probability
measure,
dv, = dye” " dt, (3.9)

1
where the exponent r is in (0,1), and the positive quantity d, = % is a norming constant

such that [ e~ It"dt = 1. This measure satisfies also a weak spectral gap inequality with:

n (2/r)—s
A(s) = ky (mgé)) s (0.1/4).
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For more details see for instance [2, Example 5.4]. Let h : H — [0, +o0o[ be a positive homoge-
neous mapping and let 7 > 0. We suppose that ) satisfies P(2) > % Then, for K >0, ¢ >0
and r € (0, 1), we have

1 —crk
P (Vu eH:—"Xu < (1 +k) max(h(u),c|Xu||n)> > 1-5exp crkeyn =
n max ((kcy/n)",logn)
where ¢, is a constant depending only on r. In particular, for a fixed €, a large n, and k verifying
k > c,(log 22)(logn)* ', we have:
P(VueH 1§TXu < |7+ L max (h(u),c||Xul|,) ] >1 ‘
D= T X Ty
n - cV/n ’ )= 2
In this example, the estimator 3 given by the minimization problem (2.7) satisfies with

—crkey/n
max((kc\/ﬁ)T,log n)

probability at least 1 — 5 exp

1/r—1 9

5 2 2 (A+2(t+k)? , (A +2(1 + k))?c?
— < — ~ -~ . .
- 1] < e, 1o - 12+ CE2EEDD g )] 2T (3.10)
In particular, for A > 2(7 + %), then with probability at least 1 — §,
X 2 A+2(7+ 25=)) (A +2(m + £))2e?
|%6 7| < e |18 11+ ( i ) SB(0)| + yR—

4 Application to the Classical LASSO and Group LASSO

We use the same notations as in [1]; we denote |. |, for the £, norm of a finite dimensional
vector, 1 < g < co. The support of 5 will be denoted supp(5) = {j : 5; # 0}. If (e;)j=1,. p
is the canonical basis of R”, then fg will denote the orthogonal projection of 3 onto the linear
span of {e; : j € S} for S C {1,---,p}.

4.1 Application to LASSO

In this case H = B = R? equipped with the Euclidean norm ||.|,, = |.|,. The penalty
function is given by | .|| the ¢ norm. Then the estimator 3 defined in (2.7) is the LASSO
estimator

3 € argmin | X8 — y|> + 18], , (4.1)
BERP

where A > 0 is a tuning parameter. For § € RP, we consider the decomposability conditions with
Ps, the orthogonal projection operator onto the linear span of {e; : j € supp(3)}. Following a
similar argument as in [1] or [3, 8], one can show, using the duality between ¢; and fo, norms,
that for LASSO setting the set Q defined in (2.3), becomes:

1 1 1
Q= sup —€TXu<7y = sup —(XTO)Tu<7) = {— |XT§| < T} .
wERP:|ul, <1 T wERP:|ul, <1 T n °

In the following we recall that, in the LASSO setting, the Assumption 2.1 holds for the
orthogonal projection operator.
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4.2 Upper bound of the compatibility factor

In this section we state a close form for the upper bound of the compatibility factor pc, (3).

For this purpose, we need the following results:

Lemma 4.1 In the LASSO setting, with a,7 and ¢ verifying conditions of Theorem 3.1,
we have the following:
1. For the orthogonal projector operator Pg, the Assumption 2.1 is satisfied.

2. The modified compatibility factor we defined in (1.4) can be expressed as follows:

\—a co|Pgul, — ‘Pf;u‘l

sup ,
uERP:|P§'u|1§co|PQu|1 HXU’Hn

Fleo (B) = Aa

where a = 2(7 +t) and ¢y = % It is bounded by the classical compatibility factor given in
[1] as follows:

fieo(B) < pea (). (1.2)

3. We assume the empirical norm of the columns Xe; are normalized (i.e., || Xe;l|,, = 1,

V1<j<p),and we write Kk = sup Wgei;zﬂ, the maximal correlation between columns

1<i#j<p
in X € R"*P, For all u € RP, we have:

2 2 2
IXully, = uly = & uly

Proof We use a similar argument as in [1, 3] to verify the decomposability assumptions
2.1.
1. For 8 € R?, by definition Pg = Projy.;.;csupp(s)} Where supp(B) = {j : 8; # 0}, we have

p p
PsB = BiProjiejjesupp(16 = O Bieilijesmn@y = Y Bies =B

J=1 Jj=1 j€supp(B)

. P,
consider # = > f;e;. We have
i=1

p
Wh—WLZ SooBies| =D Biel = D 18I D] 8- D 15
jé€supp(B) 1 = 1 Je€supp(B) jesupp(B) j€suppe(B)
using the triangular inequality > |3|— X |4i]< 02 ‘(ﬁ —8);|, we have
j€supp(B) j€supp(B) j€supp(B)

81— |8], < [Ps(8-8)|, - P34

2. Taking ¢y = 312 and we recall that:

ey (B) = inf {u >0 |Pgul, < p|Xul, , Yu e RP: ‘Péu‘l <o |735u|1} .

co|733u\1—|73§u|

Using the fact that % ’Péu’l < |Ppuly, < pllXul],, = L < p. We can write,

col[Xull,,

. col Ppul,—|P5ul S .
teo(B) > inf < >0 % X HSgITBI <, YueRP: "Pé-u’l < ¢ |Ppul; ¢, which implies
inequality (4.2).
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3. A simple algebraic calculus shows the result as follows:

IXull? = = (u, X" Xu)

Z <X€i, Xq)uiuj

1<i,j<p

_ P e, (Xe;, Xej (Rei Rej) o
O IXeslzu? + Y j
i=1

1<i#j<p
) p
> July =k D Jujllusl
i=1 j#i

2 2
> |u|2 — K |u|1 .

SI=31-

O

L
155 uly Using the expression (4.2) of the compatibility factor, inequality

Let us denote { = Paul:

of Lemma 4.1, homogeneity of £; norm and equality |u|, = |Psul, + ’PﬁLu’ = (1+ Q) |Pguly,
1
we get the following upper bound for the compatibility factor:

(A —a)? (co = ¢)? 2
feo(B)? < T——3 sup sup 5 [Pauli. (4.3)
’ A+ a)?o<czen |praf =clppul, 1= #(1+C)? | Psu K '
|ulo=1

In the following proposition we give, for a fixed (, the value of the supremum of the right
hand side of inequality (4.3).

Proposition 4.2 Fix ( € (0,1). For every 5 € R? such that |supp(8)| = |{j : B; # 0} =
s for some integer 1 < s < p, we have

s(p—s)
swp Pl =y oy
|Pg-ul, =¢IPsul,
[ulg=1

Proof The proof relies on constrained optimization and Lagrange multiplier methods.
Assume u; > 0 and that the support of 3 constitutes the first s coordinates. The lagrangian of
u€eRP vy €R, vy €R:

Ll m) zuj_yl(zu 1) - 3 czu]>

j=s+1
Differentiating £(u, v1,v2) with respect to u;, 1 < j < p yields

0L =1—=2v1u; —va (Lgjssy — Cllgj<sy) =0
= 2nuj=1-vy (Lgss — (li<sy) - (4.4)
Let 5=#{j<s|uj#0)andp—s=#{s+1<j<p : u; #0} where #N stands for the
cardinal of a finite set N. Then the constraints give the following equations:
ful; =1, ) @) =B+ 1)+ s — 1),
|Piu| = ¢IPsul, P (s — 1) =~ +1).
Combining the two equalities (4.4) and (2u1)? = 3(v2¢ +1)2 + p — s(v2 — 1)2, we get

o (eC+1)? 25
U, = ———7— = (5§ + == ) S S,
] (21/1)2 ( p—S) J
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we then deduce the objective function |Pgul,

5 p—s
|Pﬁu|1 - — = — —.
= \pos+0%

<2 e

+ 4)~! is maximal for s=sand p—s=p—s. O

p—s+C25
We give an upper bound of p.,(3) for all s-sparse vector 8 € R? under condition on the

The map, (’5,17:/5) —

p—s
matrix X from the following proposition.
Proposition 4.3 For 8 € R? s-sparse (i.e., [supp(f)| < s) and x the maximal correlation

2
CpS
p—s’

between two columns of matrix X, under the condition ks(1+¢p)? <1+ we have:

S

Heo (6)2 <

. 4.5
~1—ks (45)
Proof By Proposition 4.2 and inequality (4.3), we get the following upper bound of the
compatibility factor,
(A —a)? (co —¢)*s(p — )

2
Heo D) S 0702 s 4 o r(L 10500 —5)

(co—¢)?s(p—s)
p—8)+(Zs—r(1+()%s(p—s)

2
positive when ¢ = ¢y namely under the condition ks(1 +cp)? <1+ %. O

The upper bound of the function ¢ — i is finite if the denominator is

4.3 Application to special distributions

In this section we establish explicit oracle inequalities for the two examples of heavy tailed
and sub-exponential distributions discussed bellow. In order to show the main results we need
to find, for each distribution family, 7 such that P(2) > 1/2.

Lemma 4.4 Let X be a deterministic matrix € R™*P, then we have:

1. Suppose that the probability distribution P is issued from the product of (3.7). In this
case if

(2pcan) '/ |[Xe;],, + vna
T > ,
> o
where a = fo(a) + [, C(a) (%)a dt. Then P(Q) > 1/2.
2. Suppose that the probability distribution PP is issued from the product of (3.9), then if

1n(20 (20 Ur=11Xe; _
> n(20p) max(ﬂ( p),log(n)) [ e;l\n+b7
cr Vn

where b = fooo 10 exp (Wgﬁz)l/“l) dt and ¢, is a quantity depending only on r. Then
P(Q) > 1/2. '

Proof Define f: R" — R by:

(a

1

= —(Xej) 2.
F() = (e
Then, for every z1, z2 € R™, | f(21) — f(22)| < ”X\Z—H" |21 — z2|5. Therefore, f is a Lipschitz

function with Lipschitz constant (L] Py
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1. By the concentration inequality [2] applied to (3.7), there exists constants to(«) > e and
C(«) such that for all t > ¢o(«),

P (\%(Xeﬂs - Modl (e ]| > %) < ()

where ¢(t) = C(«) (@)a. Replacing median by mean, we have

1

n «

P (]%(Xe»% —5 (S0tey7e) |2 2 ) < ()

t

where @ = to(a) + ftzo(a) C(a) (M)a dt. We know that E ((Xe;)7¢) = 3 x;E(&) = 0. We
i=1
deduce then that, for all ¢ > to(a),

P (]%(Xen%

tn= || Xe;|| _ logt\“
> —n < — .
2 o tafsC|

It follows that,

1 1
1 T tna || Xejll, o 1 T tna || Xejll,
hl ) > W Jln < - . > — - n
P(j—rﬁlf?)-(,p n(Xes) &)= Vvn ta —;P p(XKea) €)= NG +a
logt\“
< pC(a) <%> ,
and
1
1 T tna || Xe,|| ~ logt\” PCa
Z(Xe; < T 0n >1— — ) >1-£2,
P(ﬁ%‘% TR o e

This probability is greater than 1/2 if t > (2pc, )"/ and then,
_ Cpeam)!/* e, + yia

T > NG
2. The concentration inequality [2, example 9] applied to (3.9), leads to,
1 1 [1Xe;| —crk
P(|=(Xe;)T¢ — Med[=(Xe;)T¢]| > k—L2 ) < 10exp :
<‘” ! n vn max (k" logn)"/" !

Replacing median by mean, we have

Xejll, - -
P (|10t e - B (e | 2 HE2 4 5) < 100wy ( o )1/7«1) ,

n max (k7,logn

where b= [ 10exp ($) dt. Since E ((Xe;)T€¢) = 0, we have,

max(k",logn)/7—1

[1Xej]| > —ck
>k—=2+b) <10exp .
vn max (k”, logn)"/"

P (|5 omerrre

We deduce that

1Xejll, | 5
>kEk—"4b) < P
ZhT_me b ) <)

Jj=1

1 1 1Xe;ll, | 5
P ~(Xe;)T —(Xe)Te] > k—L 4+
<j—nffl»)»<,p n(Xei) ¢ p(Xei) €| 2 N
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—crk
< 10pexp 7T |
max (k" logn)"/"

and

1
n (Xej)Tf

1Xejll,, | 5 —ck
§k7+b >1—10pexp )1/7671 ,

P ( max
1<5<p max (k7,logn

1/r
if k7 > log(n), this probability is greater than 1/2. If k > (%) , this implies that

1/r o _
T > (ln(ffp)) HX\/%H" + b. Otherwise if k" < log(n), this probability is greater than 1/2 if
k> (logn)"/"* @, then we have 7 > (logn)"/" ! @% +b. a

Combining equation (3.8) of Theorem 3.1, Proposition 4.3 and Lemma 4.4, we have an
oracle inequality for the LASSO estimator with tuning parameter that can be explicitly lower

bounded in the case of the heavy tailed and the sub-exponential examples discussed above.

Theorem 4.5 Assume that £ ~ P where P is the n-fold product of duq(t) = Wdt
and that X is deterministic and all the diagonal elements of the matrix %XTX are equal to 1.
Let x the maximal correlation between two columns of matrix X. Let p > 2, a > 2, ¢, > 0 and
se{1,---,p}. Consider the LASSO estimator § defined by (4.1) with tunning parameter

4 ((2pcan)/™ + /na)
S RNV

where a = to(a) + ft?za) C(a) (%) dt.
Then, with probability at least 1 —

Ca

—, we have

2(((2pean)t/o+v/na)V/s)

n

32 ((2pcan) /@ + \/ﬁd)Q s
n(l —2/ks)? '

Proof Let the matrix X € R"*? be deterministic such that |[|Xe;|, =1 and ¢? = =

%6~ ~1xo -2 <

1—ks"”

Let A such that xs(1+cg)? <1+ :éss where ¢g = 3E2, we get A = T2/ Where a = 2(t + t).
a a can)t/ na

With 7 = ¢ = W, we have a = A \)/ﬁ i ) By Lemma 4.4, P(Q2) > 1/2.

Using Theorem 2 we obtain:

~ 2 9
|xa -4 - 1xs-12

IN

=N BN

<4t+ i >2 i
1—2vks) 1—ks
L 642 (1 - Vrs) L
(1-2yrs)"  1-ns
32t%s

T (1-2ms)"

O

We have a similar result for the sub-exponential example that we state in the following

theorem.

Theorem 4.6 Assume that ¢ ~» P where P is the n-fold product of dv, = d,e~*"d¢ for

r € (0,1) and that X is deterministic and all the diagonal elements of the matrix 1X”X are
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equal to 1. Let x the maximal correlation between two columns of matrix X. Let p > 2 and
se{l,---,p}. Consider the LASSO estimator 3 defined by (4.1) with tunning parameter

1/r—1 _
4 (1n(20p) max (@, log(n)) + \/ﬁcrb>
(0 avs)vie '

A=

Then, with probability at least
—V/s (ln(20p) max (@, 1og(n)) v + \/ﬁcrl;)

0 max( 2C20P) 106(n 1/r—1 neyb "
max<<l (20p) (—CT\/(Jlf( ;) +v/n b\/g) 71og(n))

1—-5exp 7T |

we have

1n(20p) 1/r=1 2\ ?
32 (1n(20p) max (%, log(n)) + cr\/ﬁb) s
nc2(l — 2y/ks)? ’

A 2 9
|x3—4| —ixs-15; <

where b = fooo 10 exp ( %) dt and ¢, is a quantity depending only on r.

max(k”,logn)

Proof We use the same technique as for Theorem 4.5. Let A such that xs(1+cp)? =1 <

1+ ;ﬁss, where ¢y = if‘;, we get A = #\/ﬁ where a = 2(7 + t). With
1n(20p) 1/r=1 T
In(20p) max (Tp, log(n)) + v/neb
= kj =
4 Vney ’
we have
1/r—1 _
4 (1n(20p) max (@, log(n)) + \/ﬁcrb)
a =

Ve,
and by Lemma 4.4 we get P(2) > 1/2. Using Theorem 3.1 we obtain:

NETE: 2 4k s
X —fH —IxXB =12 < 2 (4k
H s n X5 ”"_4 +1—2\/I€S 1— ks
< 2 " 64k% (1 — /rs) w8
~ 4 (1—2y/ks) 1— ks

32k2s

T (1-2yms)"

4.4 Application to Group LASSO in case of the heavy tailed example

In order to shorten the length of the paper, we will discuss, in this sub-section, only the
case where £ has a heavy tailed distribution issued from (3.7). A similar result can be obtained
for the other sub-exponential example. We begin by introducing the notations usually adopted
in literature for the group LASSO as follows: Let Gi,---,Gp be a partition of {1,---,p}.
We denote Ba, = (8;)jeq, and, for every 1 < p < oo, we define the mixed (2, ¢)-norm and
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(2, 00)-norm of ( as follows:

1Bls., = (i( T 6§>Q/2)1/q;

k=1 “jeGg
|6|2,oo = 1<kég§\4|6ck|2
For any 3 € RP, we define the regularization norm ||.|| as follows:
M
181 = 1Bl5,1 = D 1Bel- (4.6)

The Group LASSO estimator is a solution of the convex minimization problem

Beargmml\Xﬂ ylI? +AZ|5Gk|2 (4.7)

k=1
Without loss of generality, we assume, in the following, that the groups Gy have the same
cardinality |G| = p/M,k =1,--- , M. Since we consider mainly sparse vectors, it is convenient
to define a generalization of the support concept. To any 3 € RP, let:

H(B)={ke{l,--- ,M}: Bg, #0}.
It plays the role of support by block of vector 3. As for the LASSO application, we begin by
verifying the decomposability assumptions and we bound the compatibility factor for the heavy
tailed example introduced above.
Lemma 4.7 Consider X is a matrix € R"*? and 8 € R?,

1. the decomposability Assumptions 2.1 are satisfied when Ppg is the orthogonal projection

operator onto the linear span of {ej je U Gk}.
ke (B)
2. The event 2 defined in (2.3) takes the following form:

where X¢, is the n x |G| sub-matrix of X formed by the columns indexed by Gy.

Proof 1. For 3 € RP and Pg = Proj{ , we have
Gk}

ej:je U
ke (8)
P
,Pﬁﬂ ZﬂjPI‘OJ €5 = Zﬂj@jﬂ = Z ﬁjej = 6
j=1 {BjijG U Gk} j=1 {JG U Gk} je G
kEH (B) keH (B) e (5)
, p.
Consider 5 = Y fje;. We have,
j=1
M
Blaa =B, = 2 1Bauls= Y |Bel
’ ke (B) k=1
= Z |6Gk|2 - ‘ﬁck’ - ‘ﬁck
ke (B) ket (B) ket <(B)
Applying the triangular inequality
> Bab— X |al,< X [B-Hal,= P65, .

ket (B8) ket (8) ket (8)
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we have

1Bly1 — ‘6‘2)1 < ‘Pﬁ(ﬁ - 6)‘ - "Pﬁﬁ,‘m-

2,1

2. The event Q2 = { sup %ETX’U < T} becomes,

veRP:[v], <1

M
Q= sup  — ZETXGkak <7
UERP:|U‘2,1S1n k=1

'UGl
1 T .
= sup - ((XGI e 'XGM)Tg) : <7

vERP:|v|, ; <1 n
UGM

From the duality between ¢; and I, norms and the mixed (2, c0)-norm, we have,

UG1
1 T . 1
sup  — ((Xcl'“XGM)Tﬁ) : = ‘g(xcl“'XGM)T§’ =
2,00

vERP:|v|, ;<1 n

1
\max —[X6,¢],

UGM
O

We consider now to control the compatibility p.,(3) for any group sparse vector 5 € RP
which means that |Z°(3)| is much smaller than M the number of groups. For this purpose, we
will need the following RE(s) condition introduced in [11, Assumption 3.1].

Assumption 4.1 (RE(s) condition) For any S C {1,---, M}, let ¢y > 0 be a constant
and 1 < s < M be an integer that gives an upper bound on the group sparsity of a vector ¢,
the following condition holds.

[ I1xa)
K& (s, c0) = mln{% 1S <s,0 € RP, Z 190G ]s < co Z |6Gk|2} > 0, (4.8)
0515 kese kes

where S¢ denotes the complement of the set of indices S.
In order to apply Theorem 3.1, we need to find 7 such that P(Q) > 1/2. The lower bound

of 7 is determined in the following lemma.

Lemma 4.8 Let X be deterministic and & have a distribution of the form (3.7) with
a > 2 and denote by [|X¢, |, = Usetg;}xgkvb the spectral norm of matrix X¢, and ||Xg, ||z, =

[vlg<1

XZ Xg, its Frobenius norm. Set ¢* = max e, and % = ax ey I, If
Gr G ’ P =1 M VR Frp=1Cn Vo

k=1

. (Mcan)™ 47, 2 Vi
2 Ve-De-2vm °
then P(Q2) > 1/2.

Proof Define f: R" — R by:

J(2) = X6, 2],

@ Springer



2214 ACTA MATHEMATICA SCIENTIA Vol.41 Ser.B

For every z1, 20 € R™, |f(21) — f(22)| < V/n%, |21 — 22],. Therefore, f is a Lipschitz function
with Lipschitz constant \/nyj,. By the concentration inequality [2, equation 3], there exists
constants to(a) > e and C'(«) such that for all ¢ > to(«),

<]X Ky > \/f:p+Med<%yX \)) 1<p()

where ¢(t) = C(a) (@) . Replacing median by mean, we have,

St 1 1
( IX& £, > \/‘ﬁ/’ PLE (E \ng§\2> +é> < §<p(t),

e 1/2
e £t 3,0 (52" Ao (5 (.62) 2 (56, e b
t > to(w), we get,

(b= (o (i) ) ot (5

The term ‘ngﬂ; is a quadratic form which can be written as:

IXZ, €|2 = 67X, XE, € = E:Xc:kxgk ”§2+§ j§ ' (Xan X5, )iy&é-
=1 j=1
JFi

Since X, is deterministic and E(£3) = m and E(£;&;) = 0, we have:

(‘X ‘ ) a—2 Z XG’“XG’“
]:1

_ mtrace(xckxgﬂ
2
- e T =g Xol

Thus, for all ¢ > ty(a), we obtain,

tnﬁz/};p 2 [ 1 lo “
(s (M e e ve)) <o ()

tn« * _ .
If we denote U £ ]P’(k_rf}.ax ‘X §|2_ ( \/1_%;, +1\/ &= 1)(a 5 \/— —l—c)), we will
have,
M 1
tne gt 2 W
< X sp Fr =
“—k; < | 5|2—( Jn (a—l)(a—2)\/ﬁ+c>>
1 log (1)\* _ 1 Mec,
< -M < — .
=3 O(O‘)< t ) =2 ¢e

Using the union bound, we get,

tn=r, 2 P
]P’(k_rgax }X {}2_< NG + (a—l)(a—2)jﬁ+c>
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This probability is greater than 1/2 if t* > M¢,. We deduce then the desired condition,

Meam)ius, [ 2 wp
. Va-De-2va ' °

Combining Theorem 4.5 and Lemma 4.8, we have an oracle inequality for the Group LASSO

O

estimator with explicit bounds.

Theorem 4.9 Let £ and X satisfy conditions of Theorem 4.5. Assume the Assumption
4.1 on the RE(s) condition holds for any group s-sparse vectors 3 (i.e., 5 € RP such that
|2 (8)| < s). The Group LASSO estimator defined by (4.7) with tuning parameter

oo ((ream)® vz, + \/ﬁ% + i)

co (kG (s,c0))n

2(((Mean) 2, +\/ arBasy Vit V7E) V5)

1 2
. 2 32 ((Mcan) = %, + /mw‘w ++/nc) s
|x3 -4 —ixs-11; < ( ) -

TLK%;(S, CO)

satisfies, with probability at least 1 —

oy

Proof Let matrix X € R"*P be deterministic and [ any group s-sparse vectors (i.e.,
|2 (8)] < s). Assume that RE(s) condition holds, we have

IXBIl,,
ke (A (B),co)’

}. Using equivalence between mixed (2, 1)-norm and ¢5 norm,

B3], = [PaBl, <

e;jije U Gy
keX (8)

|6S|2,1 < +/IS]10s|y, we have:

where Pg = Proj{

K
B2 = PaBly < 1K B PoBE < D xg2.

rig(H (B, co)

Hence,

Heo (B) < KZ(H (B), o) = kg (s,c0)

1, .
Let ¢? < — (Z o) and T = (MCQZZ_:X Yap + ./ (oz—l)z(oz—2) % + ¢, by Lemma 4.8 and Theorem 4.5,
al\S,

we have,

. 2 A+ 2(T +1))? A+ 2(T +1))?
o] s — gz < AF2EEO 2 g AF2CEON 2
<22
- K%;(S,Co)
1 2
o ol 2 * =
< 2 x 16 ((Mcan) sp + \/ (a—1)(a—2) der + \/ﬁc) S'
- nK’QG(Sch)

O
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5 Conclusion

In this paper we discussed penalized least squares estimators with convex penalty or regu-
larization norms. We focused on regression model where the observations noise are independent
and follow a probability measure which satisfies a weak spectral gap (or weak Poincaré) inequal-
ity. We established oracle inequalities in probability for the prediction error for the LASSO
and Group LASSO estimators. Our results have been applied to two examples of non Gaussian
cases; namely a heavy tailed and a sub-exponential examples. For these cases we explicit the

oracle inequalities bounds in a close form.
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