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Abstract We investigate the Hyers—Ulam stability (HUS) of certain second-order linear
constant coefficient dynamic equations on time scales, building on recent results for first-
order constant coefficient time-scale equations. In particular, for the case where the roots
of the characteristic equation are non-zero real numbers that are positively regressive on
the time scale, we establish that the best HUS constant in this case is the reciprocal of the

absolute product of these two roots. Conditions for instability are also given.
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1 Introduction

The story of Ulam and Hyers—Ulam stability (HUS) is recounted in many papers dealing
with the subject, as has the development of dynamic equations on time scales. In this work,
we continue the connection between those two areas by extending recent results on HUS for
first-order time scale equations with constant coefficient [1], to second-order dynamic equations
with constant coefficients. Other papers exploring HUS for dynamic equations on time scales
include [2-6]. With a more general view, [7] established Ulam—type stability for a first-order
equation using measure theory.

First, a brief review of time scales. Any closed, nonempty subset of the real line R is a time
scale [11]. For example, R, hZ, and N are common examples of time scales. In this paper, we
denote a time scale by T. We define the jump operators o,p : T — T by

o(t)=inf{s€T: s>t} and p(t) =sup{seT: s<t}.

Set w(t) = o(t) —t. The point t € T is called right-scattered, right-dense, left-dense, left-
scattered if o(t) > t, o(t) = t, p(t) = ¢, p(t) < t, respectively. For example if T = R, then
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o(t) =t = p(t) and p(t) = 0 hold for any ¢ € R; that is, all ¢ € R are left and right-dense. If
T =hZ:={hk: k€ Z} for h >0, then o(t) =t + h, p(t) =t — h, and u(t) = h hold for any
t € hZ; that is, all t € hZ are right and left-scattered. Define the set T% by T" = T — {M} if
T has a left-scattered maximum M ; if not, then T = T. Let t € T" and f : T — R. The delta
derivative at t of f is defined by the following: For any € > 0, there is a neighborhood B of ¢
for which

[ ((t) = £(&) = fAW[o(t) — &)l < elo(t) —¢]

for all ¢ € B. For example, f2(t) = f/(t) when T = R; f2(t) = Apf(t) = w when
T = hZ. It is clear that if a function f exists on T and is delta differentiable, then f* exists on
T*. The following product rule [11, Theorem 1.20] hold for the differentiable functions f and
g:

(f9)2(t) = [2)g(t) + fa()g™(t) = f(t)g> (1) + 2 (D)g(o(t))-

In this study, we call it the A-derivative product rule.

Initially, we focus on the first-order linear dynamic equation
22 (t) —ax(t) =0 (1.1)

on T*, where a € R. By [11, Theorem 2.62], solutions of (1.1) are guaranteed to have global
existence and uniqueness for the initial-value problem if a is regressive; that is, 1 + au(t) # 0
for all ¢ € T*. In 2018, Anderson and Onitsuka [1] dealt with the Hyers—Ulam stability of (1.1),
assuming that 1+ au(t) > 0 for all ¢ € T®; that is to say, a € RT, where a € R" is called
positively regressive. We say that (1.1) has Hyers-Ulam stability (HUS) on T if and only if
there exists a constant K > 0 with the following property. For arbitrary ¢ > 0, if a function
¢ : T — R satisfies [¢>(t) — ap(t)| < e for all t € T*, then there exists a solution z : T — R
of (1.1) such that |z(t) — ¢(t)| < Ke for all t € T. Any such constant K is known as an HUS
constant on T for (1.1). For example, see the related references [8-10] for HUS of the first-order
differential equations, difference equations, functional differential equations. It is known that
(1.1) is not Hyers—Ulam stable on T when a = 0 and supT = oo (see, [1, Remark 3.3]). In
this paper, the unique solution of the initial value problem (1.1) with z(tg) = 1 is denoted
by eq(t,to). Note that if a € RT, then e,(t,tg) > 0 for all t € T (see, [11, Theorem 2.44]).
Anderson and Onitsuka gave the following result.

Theorem 1.1 ([1, Theorem 3.7]) Let tg € T and € > 0 be given. Suppose a function
¢ : T — R that is delta-differentiable on T* satisfies

62() —ag(t)| <, teTH

where a # 0 and a € R". Then, one of the following holds.
(i) If @ > 0 and sup T < oo, then any solution x of (1.1) with [¢(sup T) — 2(supT)| < £
satisfies |p(t) — x(t)| < £ for all ¢ € T.
B(t)

(ii) If a > 0 and sup T = oo, then tlim eatite) exists, and there exists a unique solution
—00 “al\m

(1) :—<lim o(t) )ea(t,to)

t—o00 ea(tu tO)

of (1.1) such that [¢(t) — x(t)] < £ for all t € T.
@ Springer
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(iii) If @ < 0 and inf T > —oo0, then any solution z of (1.1) with |¢(inf T) — z(inf T)| < 5
satisfies |¢(t) — z(t)| < 17 for all t € T.

(iv) If a < 0 and inf T = —o0, then hm %Z ) exists, and there exists a unique solution

)
z(t) = <tl}moo ea(t,to)) alt; to)

of (1.1) such that |¢(t) — z(t)] < 17 for all £ € T.

Remark 1.2 Since T is any closed, nonempty subset of R, we have the following facts:
sup T < oo if and only if max T exists, and thus, sup T = max T holds; sup T = oo if and only
if max T does not exist; inf T > —oo if and only if min T exists, and thus, inf T = min T holds;

inf T = —oo if and only if min T does not exist.

2 First-order Non-homogeneous Linear Dynamic Equations

A function f: T — R is said to be rd-continuous if it is continuous at all right-dense points
in T and its left-sided limit exists (finite) at left-dense points of T. If f is rd-continuous, then
there is a function F such that F2 = f (see, [11]). We define

b
/f(t)At —Fi)+C, / FOAL = F(b) — Fla),

where C is an arbitrary constant of integration. Next, consider the first-order non-homogeneous

linear dynamic equation
e (t) — ax(t) = f(t), (2.1)
where the function f is rd-continuous on T. Theorem 1.1 is improved as follows.

Theorem 2.1 Let typ € T and € > 0 be given. Suppose a function ¢ : T — R that is
delta-differentiable on T* satisfies

02(1) —ad(t) = f(t) <e,  teT",

where a € R™ and a # 0. Then, one of the following holds.
(i) If a > 0 and sup T < oo, then any solution z of (2.1) with |¢(sup T) — z(sup T)| <
satisfies |p(t) — x(t)| < £ for all t € T.

ii) If @ > 0 and sup T = oo, then lim IO 1) __A¢ exists, and there exists a
. ea(tto) ea(o(D)t0)

Q|m

unique solution

z(t) == [/%AH—&@O (e;‘égio) —/ea((;f((tt)), t0>At)] ea(t,to)

of (2.1) such that [¢(t) — x(t)] < £ forall t € T.
(iii) If @ < 0 and inf T > —oo0, then any solution z of (2.1) with |¢(inf T) — z(inf T)| <
satisfies |¢(t) — z(t)| < 17 for all t € T.

(iv) If a < 0 and inf T = —o0, then tiil}loo (eangzo) —f ea(g((f) tO)At) exists, and there exists

a unique solution

0= || g o (G~ mrm ™) e w

)
of (2.1) such that |¢(t) — z(t)] < qq7 for all £ € T.
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Before proving the theorem, we give two lemmas as follows.

Lemma 2.2 ([11, Theorem 6.2]) Let tg € T. If a € R, then the inequality
ea(t,to) > 1+ a(t —to)
holds for all ¢ € [tg, 00)T.
Lemma 2.3 ([1, Lemma 3.5]) Let top € T. If a € R" and a < 0, then the inequality
ealt,to) > 1+ a(t —to)
holds for all t € (—o0, to]T.
Proof of Theorem 2.1 Given any € > 0, let ¢ : T — R satisfy
2 (t) — ag(t) — F(H)| <e,  teT™
Fix to € T, and let

©p(t) == eq(t, to) / %At, teT.

Then, ¢, is a particular solution of (2.1). We see, moreover, that

NN (O _SO
$p () = ea( (t)’to)ea(a(t),to)—‘r a(t,tO)/ea(U(t)’tO)

follows from the A-derivative product rule. Let y(t) = ¢(t) — @p(t). Then,

Y2 (8) — ay(t)] = [¢°(t) — ag(t) — f(t)| < € (2.2)

At = f(t) + ap,(t)

holds for all t € T*.

First, we consider case (i), that is, assume that a > 0 and sup T < co. By Remark 1.2, max T
exists and sup T = max T. Now, we consider any solution z of (2.1) with |¢(sup T) —z(sup T)| <
. Let z(t) := x(t) — ¢p(t). Then, we see that z is a solution of (1.1) with

ly(supT) — z(sup T)| = |y(sup T) + @ (sup T) — z(sup T)| <

ISEEQ}

So that this together with Theorem 1.1 (i) and (2.2) implies that |¢(t) —z(t)]
for all t € T.

Next, we consider case (ii), that is, assume that a > 0 and sup T = oo. Using Theorem 1.1

ly(®) —z(0)] < ¢

(ii) with (2.2), we can conclude that tlim - %gtzo) exists, and there exists a unique solution
—00 Talm

mm_@m W))me

t—o0 ea(tu tO)

of (1.1) satisfying |y(t) — w(t)| < < for all £ € T. Recalling y(t) = ¢(t) — ¢,(t), we see that

= (G )

exists. Set
x@;w@+%@_( 1t N+Q%@m.
ea(o(t), o)
Then, z is a solution of (2.1) and satisfies |p(t) — x(t)| = |y(t) —w(t)| < £ for all t € T.
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Now, we will show that the above mentioned z is the unique solution satisfying |$(¢) —
z(t)] < £ for all t € T. Assume that there exists a solution Z of (2.1) with Z(t) # x(t) and
|p(t) — &(t)| < £ for all t € T. From the uniqueness of solutions of (2.1), & is rewritten by

(W .
I(t) = </ ea(O'(t),to)At+ > a(t,to),
where ¢ # c. Thus,

e~ elea(t, o) = la(t) — #(0)] < [9(t) — w(1)| + |6(1) — #(1)| < =

for all ¢ € T. This is a contradiction of the fact that e, (t,ty) — oo as t — oo by Lemma 2.2.
The arguments given above for (i) and (ii) can be modified to establish the validity of (iii)
and (iv); the details are omitted. Note here that the uniqueness of the solution z in (iv) is

shown by using Lemma 2.3. This completes the proof. O

In a definition analogous to that given for the homogeneous equation (1.1), equation (2.1)
is Hyers—Ulam stable (HUS) on T if and only if there exists a constant K > 0 satisfying the
following property. For any & > 0, if some function ¢ : T — R satisfies |2 (t) —ag(t) — f(t)| < e
for all t € T", then there exists some solution z : T — R of (2.1) such that |¢(t) — z(t)| < Ke
for all t € T. By Theorem 2.1, we get a simple result, immediately.

Corollary 2.4 If a € RT with a # 0, then (2.1) is Hyers—Ulam stable, with an HUS
constant \Tll\ on T.

Proof Let e > 0 be given. Assume that |¢™(t) —ap(t) — f(t)| < e for all t € T*. We now
consider the case a > 0. If we suppose that sup T < oo, then there exists a solution z of (2.1)
such that |¢(t) —x(t)] < £ for all t € T by Theorem 2.1 (i). That is, (2.1) has HUS on T. Note
that (i) in Theorem 2.1 says that any solution satisfying the appropriate initial condition will
satisfy |¢(t) — z(t)] < £ for all t € T. We just have to choose one of them. If sup T = oo, then
by Theorem 2.1 (ii), we can find an exact solution x of (2.1) satisfying |¢(t) — z(t)| < £ for all
t € T, so that, (2.1) has HUS on T.

For the cases a < 0 with inf T > —o0 or inf T = —o0, we can use Theorem 2.1 (iii) and (iv),
so that, (2.1) has HUS on T when a < 0 as well. O

Theorem 2.5 Suppose that supT = oo and inf T = —co, and that a € RT with a # 0.
If (2.1) is Hyers—Ulam stable, then the minimal HUS constant is at least \le\ on T.
Proof Let ty € T. For arbitrary € > 0, let ¢ : T — R be given by
f(®) £
t) = eqlt,t — At 2.
o) = enltoto) | —Lar =<
Then, we have

6D (1) = ea(0(1), o) —T D) )

ea(o(t),to) " aea(t,to)/ ea(a(t), to)

by using the A-derivative product rule, so that |¢>(t) — ap(t) — f(t)| = ¢ holds for all t € T.

Let o) </ %At%—c) ealt,to),

where ¢ € R is an arbitrary constant. Then, = is the general solution of (2.1). Since the

At = f(t) +ag(t) +e

following facts hold, namely: if ¢ > 0, then tlim ea(t,tp) = oo holds by Lemma 2.2, and if
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a < 0, then , lim e,(t,%0) = oo by Lemma 2.3, we see that |¢(t) — z(t)| < oo whenever ¢ = 0;
¢ = 0 implies that |¢(t) — z(t)| = rq for all £ € T; that is, the minimum (best) HU-stability
constant for (2.1) on T is at least ﬁ on T. O

Corollary 2.4 and Theorem 2.5 imply the following theorem, immediately.

Theorem 2.6 Suppose that supT = oo and inf T = —co. If a € R™ with a # 0, then
(2.1) is Hyers—Ulam stable, with best (minimum) HU-stability constant ﬁ on T.

Remark 2.7 Almost at the same time as the start of this study, Shen and Li [12] gave
a result similar to Theorem 2.1. The difference from their result is that the integral that
appears in Theorem 2.1 is the indefinite integral. Therefore, our result is represented by any
primitive function. Furthermore, in this study, we deal with the best (minimum) value of the
HU-stability constant. Shen and Li [12] do not study the minimum HUS constant for (2.1) on
T. For this reason, the originality of this section is guaranteed. If we can obtain the minimum
HUS constant, then it is often called the best HUS constant or the best constant. For the
best constant for functional equations and some positive linear operators, see Popa and Raga
[13, 14]. For linear differential equations and linear difference equations, the papers [15-18] are

representative of recent results.

3 Second-Order Linear Dynamic Equations

Using the previous results on first-order linear dynamic equations, in this section we focus

on the second-order linear constant coefficient dynamic equation
228(1) + azd(t) + falt) = f(1),  te T, (3.1)

where « and 3 are real numbers and f : T — R is rd-continuous. Here, the set T"" is defined
by T%* =T — {M,M*} if T and T have left-scattered maximums M and M", respectively;
T** = T* if T has a left-scattered maximum M, but T* does not have a left-scattered maximum;
T** = T if T does not have a left-scattered maximum. Note here that if T does not have a
left-scattered maximum, then T* = T, so that, T* does not have a left-scattered maximum.
We say that (3.1) is Hyers—Ulam stable (HUS) on T if and only if there exists some constant
K > 0 with the following property. For arbitrary € > 0, if some function ¢ : T — R satisfies

622(1) + ap™ (1) + Be(t) — f(1)] < e

for all t € T*", then there exists some solution = : T — R of (3.1) such that |¢(t) — z(t)| < Ke
forall t € T. Any such constant K is called an HUS constant for (3.1) on T. Hyers-Ulam stabil-
ity for second-order linear constant coefficient difference equations, differential equations, and
dynamic equations on times scales were studied in [19-26]. In addition, Hyers—Ulam stability
for second-order non-constant coefficient differential equations, functional differential equations,

and dynamic equations were discussed in [27-31]. The first result for (3.1) is as follows.

Theorem 3.1 Suppose that the characteristic equation A2 + a\ + 8 = 0 for (3.1) has
non-zero real roots A\; and Ay with A1, A\a € RT. Then, (3.1) is Hyers—Ulam stable, with an

HUS constant —L— on T.
A1 z2]

Proof Set ¢(t) := ¢™(t) — A\1¢(t) for t € T*. Since ¢* and ¢ are delta-differentiable, we
@ Springer
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get
A1) = A0 (t) = ()] = (@2 (1) = M) = Aa(67 (1) — Mg (1)) — f(2)]
= [22() = (A +X2) () + Mdog(t) — (1)l
= |¢22(t) + ag®(t) + Bo(t) — (1) < e (32)
for all t € T**. Using Corollary 2.4 with (3.2), a solution y : T — R of
Y2 (1) — Aay(t) = f(2) (33)
exists, such that |¢(t) — y(t)] < g for all ¢ € T*; that is,
62 (8) = Mo(t) — y(t)] = [0(t) — y(t)| < |;—2| (34)

for all t € T*. Since y is a solution of (3.3), y is delta-differentiable, and thus y is rd-continuous
on T*. Using Corollary 2.4 with (3.4), a solution z : T — R of
2 (t) — Mz (t) = y(1) (3.5)

exists, such that |¢(t) — z(t)] < ﬁ for all t € T. Now, we will check that x is a solution of
(3.1). Since y is delta-differentiable, 22 is also delta-differentiable. From (3.3) and (3.5), we
obtain

2BA() + az®(t) + Br(t) = 222 () — (A1 + A2)x2 (1) + A haz(t)

= (@®(t) = Mz(t)® = ha (@™ (1) = Mz (t))
=y2(t) = Ay (t) = f(1) (3.6)
for ¢t € T®*. This completes the proof. O
Theorem 3.2 Suppose that supT = oo and inf T = —oo, and that the characteristic

equation A2 + aX + 3 = 0 for (3.1) has non-zero real roots A\; and Ay with A\;, A2 € RT. Let
to € T and € > 0 be given. If a twice A-differentiable function ¢ : T — R satisfies

622() + ag® () + Bo(t) — f(t) <e,  teT™,
then the following hold.

(i) 0 <A <X and lim [ 353 = oo, then

— lim P (1) = Mo(t) f®)
cy = th < ex, (£ t0) / €xs (U(t),tO)At>
and

¢p = Jlim, in(ti)to) - / (e:\(ir(ft,)t,ot)o) / ex, (i((?)vto) At> srma / %At]

exist, and there exists the unique solution

o ex (t; o) f(t) c exs (£, to) ol e
=lt) = [/ <exl<a<t>,t0> / eM(a(t),to)At) At / ANEORN ] n{tto)
of (3.1) such that [¢(t) — z(t)| < 157 forall t € T;

(if) A <Ay <Oand lim [i 34— = —oo, then
. P2 (t) — Mo(t) / f(t) )
c3:= lim - At
’ t——o0 ( €z (tvtO) €g (U(t)vtO)
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and

chi= lim |: d)(t) _/( 8)\2(t,t0) / f(t) At> At—Cg/ 8)\2(t,t0) At:|

t——oo | €y (t7 tO) € (U(t)v to) €y (U(t)v tO) € (U(t)v to)
exist, and there exists the unique solution
€2 (ta to) / f(t) > / € (ta to) :|
t) = At ) At + A O At 4 (t,t

0= | [ (i | i S WD R R
of (3.1) such that [¢(t) — z(t)| < 157 forall t € T;

(lll) IfA <0< Ao, then

S = ERTURY Uy

t—o0 €y (tv tO) €y (U(t)v tO)

and
— lim B(t) . ex (t; o) f(t) e ex, (tto)
o=t |- [ (e [amam™) oo [ ™)
exist, and there exists the unique solution
o 2 (tv to) f(t) c 2 (tv to) el e
0= | [ (e | amm™) e [ oo o] et

of (3.1) such that |¢(t) — z(t)] < T for all t € T.

Before proving the theorem, we state and establish the following lemmas.

Lemma 3.3 Let tg € T. If A, Ao € RT with A\; # 0 # )y, then

ex, (t,to)

/ €, (t,to) At ()‘2 - )‘1)6)\1 (t,to)

1O i M # N,

ex (a(t),t0) /t As

— _+C if A\ = Mo,
01+/\1u(s)+ tA 2

where C is any constant.
Proof First, consider the case A\; # 2. By the A-derivative quotient rule, we have
A A A
(8)\2 (t7t0)> _ (8)\2 (t,to)) (28 (t,to) — 6 (t,to) (6)\1 (t,to))
€ (t,to) €y (t,to)e)\l (O'(t),to)

€, (t, to)
€ (U(t)v tO) 7

so that the assertion is established. Next, consider the case Ay = Ay. By [11, Theorem 2.36], it
is known that

= (h2 = A1) (37)

ex, (0(t),to) = (1 + Ap(t))ex, (¢, to). (3.8)

Using this, the assertion is true. O
From [11, Theorems 3.16 and 3.34] the following lemma is immediately true.

Lemma 3.4 For (3.1), assume the characteristic equation A\? + aA + 8 = 0 has non-zero
real roots A\; and Ay with A1, Ao € RT. Let ¢y € T. Then, the general solution of (3.1) is given
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by:

/ ( ex, (t, to) ) / f(t)7 O)At) At + C’l} ex, (tto) + Caen, (t, to)

ex (a(t),to) J exy(a(t),t

if A % Ao,

2 (tvtO) f(t) t As
_/ (8)\1 (O'(t),to) / eAz(U(t),to)At) At + Cl + CQ /t0 m] 6)\1 (f,to)
if Ay = Ao,

where C and Cs are arbitrary constants.
Lemma 3.5 ([1, Lemma 5.2]) Assume a € RT with a < 0, and let ¢ty € T. Then, the
inequality

(t, tp) < L
€qll, S —————
=T a0t — )

holds for all ¢ € [tg, 00)r.
Lemma 3.6 Assume a > 0, and let ¢ty € T. Then, the inequality

(t, tp) < L
ealt,tog) < ———
=T a0t — )
holds for all ¢ € (—o0, to]T.
Proof Let )
)= ————+a(t—ty) — 1
y( ) ea(t,to) + a( 0)

for all ¢t € (—oo0, to]T, then y(to) = 0. We will show that y(t) > 0 for all ¢ € (—oo,to|r. Using
the A-derivative quotient rule, we have
A _(ea(tu tO))A ( 1 )
t) = +a=a|ll - ————
v = e )ealo(t) 10) ea(o(t), o)
for all t € (—o0,tg)r. Note here that ¢t < o(t) < ¢y from ¢ < ¢y and the definition of o(¢). This
together with the monotonicity of e4(t,tg) with a > 0 and e, (to, to) = 1 implies that

0< ea(O'(t),to) < ea(to,to) =1,
and thus, y2(t) < 0 for all t € (—oo0, ). Consequently, we obtain y(¢) > 0 for all t € (—o0, to]r,
completing the proof. O
Lemmas 2.2, 2.3, 3.5 and 3.6 imply the following lemma.

Lemma 3.7 Assume a € R" with a # 0, and let tg € T. Then, the following hold.
(i) If supT = oo, then

if a >0,
lim e, (t,t0) =
e if a <0.
(ii) If inf T = —oo0, then
0 if a >0,
lim e, (t, tg) =
t==eo oo if a<0.
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Lemma 3.8 Suppose that A\;, A2 € RT and A\; # 0 # X2. Let to € T. Then, the following

hold.
(i) IfsupT =00, 0< A < A2 and Jim fti #ﬁ(s) = 00, then
€y (t,to) _
t—oo ey, (t,to)
(ii) IfinfT = —o0, Ay < A2 <0 and tiil}loo ftto ﬁib(s) = —o0, then

t,t
lim 78)‘1( o) =00
t——00 ey, (t,to)

Proof First, we consider case (i). By (3.7), (3.8) and A\, A2 € RT, we have

<%(t,to))ﬁ _ e en(bto)
ex, (t,to) T4+ Arp(t) ex, (¢, to)
for all ¢t € T. Using this inequality, we get
ex, (t,to) S ex, (to, o) _
ex, (t:to) — ex, (to, to)
for all ¢ € [tg, 00)r. This together with (3.9) implies that

(M)A L =M
ex(tto) )~ 1+ Ap(t)

for all ¢ € [tg, 00)T, and thus,
o)y [ e
ex, (t,to) = S, 14+ Ap(s)
for all ¢ € [tg, 00)r. Therefore, we get
ex,(t,to)

t—o00 e, (t, tO)
Next, we consider case (ii). In the same way, we have
A
(fﬁ,\1 (t,fo)) _ M= en(tito)
€xs (t,to) 1+ /\Q/L(t) €z (t,to)
for all ¢ € T. From this, we get

<0

ex(tito) o e (to,to) _
ex,(t,to) — ex,(toto)
for all ¢ € (—oo, to)r. This together with (3.10) implies that

(M)A < Mz he
ex,(t,to) T 1+ Aopu(t)

for all t € (—o0, tg]T, and thus,

1 _ enltito) S/to A1 — Ao As:/t A — M
€y (tv tO) ¢ 1+ )\QILL(S) to 1+ /\Q/L

for all ¢ € (—oo, to|r. Therefore, we get

ey, (t,t
lim 7)‘1( o) = 0.
t——o0 ey, t,to
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Remark 3.9 Let A€ RT. If T =R and to = 0, then u(t) = 0, so that we have

t

A

/ 7S=t—>:|:oo as t — +foo.
to 1+ Au(s)

If T = hZ and to = 0, then u(t) = h, so that we have

¢ As t
= — +oo as t — +oo.
/to 1+ Au(s) 1+ Ah

From these facts, we say that the assumptions
. ¢ As . ¢ As
lim ————— =00 and lim — = -
t—oo Ji. 14 Aipu(s) t——o0 J; 14 Aopu(s)
in Theorem 3.2 and Lemma 3.8 are natural conditions.
Proof of Theorem 3.2  Set 1(t) := ¢2(t) — A\1¢(t) for t € T*. Then, we get (3.2) for

all t € T"".
First, we prove case (i). Using Theorem 2.1 (ii) with (3.2), we see that

, Y(t) f(#) o (90 = Ms() ft) ..
A (e,\z(t,to) B / eAZ(U(t),to)At> B tlir?o< ex, (t,to) / exz(a(t)vto)m> Y

exists, and there exists a unique solution

y(t) = (/%At—i—cl) ex, (L, to)

a(t),to)
of (3.3) such that [¢(t) — y(t)| < 5 for all ¢ € T"; that is, (3.4) holds. Using Theorem 2.1 (ii)
with (3.4), we see that

i (e i ™)
- i [ - U st o) st
- i [ | et [ o) 2 [ o)
exists, and there exists a unique solution
o(t) : = ( / %AH 02> e ()
] (i ] ) s

of (3.5) such that [¢(t) — z(t)| < x5; for all ¢ € T. Clearly, z satisfies (3.6) for ¢ € T*", and

2
thus, we see that x is a solution of (3.1). To simplify matters, we write
t,t t
F(t) ;:/( ex, (t,to) / 1) At) At. (3.11)
e (U(t)v tO) Exs (U(t)a to)
Note here that x is rewritten as

C .
(F(t) 4+ c1C + ¢2) ex, (t, to) + ﬁe&(t,to) if Ap # A,

x(t) = t AS
F(t _— t,t if =
< ()+Clc+cz+01\/t01+)\1u(8))6>\1(’ 0) if A\ /\2,

@ Springer



1820 ACTA MATHEMATICA SCIENTIA Vol.41 Ser.B

from Lemma 3.3, where C is an arbitrary constant.

Now, we will show that the above mentioned x is the unique solution satisfying |¢(t)—x(t)| <
x5 for allt € T. Assume that there exists a solution of (3.1), call it #, with #(t) # z(t) and
|9(t) — Z(t)| < x5; for all ¢ € T. This implies that

2e

|lz(t) = 2()] < [o(t) — 2() + [o(t) — 2(1)] < gl (3.12)

for all ¢t € T. From Lemma 3.4 and the uniqueness of solutions of (3.1),  is given by

(F(f) + él) ex (t,to) + ﬁekz(tutO) if A1 # Ao,
Z(t) == ) o As

Fit)+Cy+ C _ t,t if Ay = A

( t)+Cr+ 2/,:01‘1‘/\1#(5))6/\1(70) it A 25

where (C’l, C’g) # (¢c1C + co,¢1). We consider the case 0 < A\; < Ag. Using Lemmas 3.7 (i), 3.8
(i) and (C1,Ca) # (e1C + c2,¢1), we see that

- — Oy ex,(tt
(O ten— Gyt O 2 exs(t: to)

ex (t,tg) o0 as t — oo.
/\2 — )\1 [S¥ (t,to) 1( )

|z(t) — &(t)| =

This contradicts (3.12). Next, we consider the case Ay = A2. Using Lemma 3.7 (i) and
¢ As

lim [ ————— = o0,
t=00 Jiy 1+ Arp(s)

we can conclude that

l2(t) — #(t)] = ’<clc+ 2 —C1+ (c1 — Ca) /tt L(S))

t,t as t .
o L+ ex(tto) = 00 o

This contradicts (3.12). Ergo, = is unique solution satisfying [¢(t) — z(t)| < 5; for allt € T.
Next, we consider case (ii). Using the same technique above with Theorem 2.1 (iv), (3.2)
and (3.4), we see that

(i £t (PO -Me) [ T .
tllgloo (eM (t,to) - / €Xs (U(t)vtO)At> B tlnfnoo < €Xs (tvtO) /e>\2 (U(t)vtO)At> -

and

oo~ i [amm) 2o [ o] =

exist, and there exists a solution

o | Gttt e f sl s

of (3.1) such that [¢(t) — ()| < 157 for all £ € T. Note here that z is rewritten as

C: .
(F(t) + c3C + c4) ex, (t, to) + ﬁ% (t,to)  if A # Ao,

x(t) :== ¢ As
F(t) +c3sC+c +c/7)elt,t if A1 = Ao,
(FO+ec+era [ i) el i a=

from Lemma 3.3, where C' is any constant, and F' is defined by (3.11).
@ Springer
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Now, we will show that the above mentioned x is the unique solution satisfying |¢(t) —x(t)| <

5, for all t € T. Consider the function

(F(t) + él) ex, (t,to) + ?2)\16)\2 (t, to) if A\ # Ao,
Z(t) :== ) o As

F(t _ t,t if =

( ()+C1+Cz/tol+)\lu(8)>e>\1(a0) if A1 = Mg,

where (C1,Cy) # (c3C + ¢4, ¢3). From Lemma 3.4 and the uniqueness of solutions of (3.1), & is
a solution of (3.1) satisfying #(¢) # x(t) for all t € T. Assume that [¢(t) — Z(t)| < x5; for all
t € T. Then, (3.12) holds for all t € T. We consider the case A\; < A2 < 0. Using Lemmas 3.7

(ii), 3.8 (ii) and (C1, Cy) # (c3C + c4, ¢3), we see that

A e)\l(t,to) C3 — éz
(csC + ¢y Ol)eh(t,to) + P

[a(t) — &(t)] =

ex,(t, tg) — 00 as t — —oo.

This contradicts (3.12). Next, we consider the case \; = A2. Using Lemma 3.7 (ii) and

lim t _as = —00
t——o0 [, 14 Aapu(s) ’
we can conclude that
o (t) — (1) = ‘ <03c +ex— G+ (cs — Ca) /t L)
to 1+ Aapu(s)
This contradicts (3.12). Ergo, x is the unique solution satisfying [¢(t) — 2(t)| < 15
teT.
Finally, we consider case (iii). Using the same technique as above with Theorem 2.1 (ii),
(iv), (3.2) and (3.4), we see that

. o(t) f(t) o (90 = Ms() f@t) .
A, (%(t,to) - / e,\z(o(b‘),to)At> ‘tlir?o< ex,(t, to) / %(a(t),to)m) Y

and

[ - e [t 2 [ ] ==

exist, and there exists a solution

o [ Gt ot e f s

of (3.1) such that |¢(t) — z(t)] < g for all £ € T. Note here that  is rewritten as

ex,(t,tg) — 00 as t — —oo.

for all

2(t) == (F(t) + 10 + ¢5) ex, (£, to) + ———e, (£, to)
N — A

from Lemma 3.3, where C' is any constant, and F' is defined by (3.11).
Now, we will show that the above mentioned x is the unique solution satisfying |¢(t) —x(t)| <

ﬁ for all t € T. Consider the function

i(t) = (F(t) + C1 ) ex, (8. t0) + exa(t,to)

Cy
A2 — A
where (Cy,Cy) # (c1C + ¢5,¢1). From Lemma 3.4 and the uniqueness of solutions of (3.1), & is
a solution of (3.1) satisfying Z(¢) # x(¢) for all t € T. Assume that |¢(t) — Z(t)] < gy for all
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t € T. Then, (3.12) holds for all t € T. We consider the case Co = ¢;. Using Lemma 3.7 (ii)
and Cy # ¢1C + c5, we have

lz(t) — 2(t)| = |e1C + ¢5 — Chlen, (t,tg) — 0o as t — —oo.
This contradicts (3.12). On the other hand, consider the case Cy # ¢;. Using Lemma 3.7 (i)

and (ii), we have

6)\1 (f, to) C1 — 02
+ ex,(t,tg) o0 as t — oo.
EXz (ta tO) A2 — N\ 2( )

j(t) = &(t)] = (1€ + 5 — C1)

£

This contradicts (3.12). Hence, x is the unique solution satisfying |¢(t) — z(t)| < gy for all
t € T. This ends the proof of Theorem 3.2. O

To end this section, we give instability results for the homogeneous version of (3.1), under

certain assumptions on the characteristic roots and their corresponding dynamic exponential

functions.

Theorem 3.10 Assume sup T = co. The second-order homogeneous dynamic equation

2B = Xz (t) =0 (3.13)
. . . . . ex(t,to)|
is unstable in the Hyers—Ulam sense, for any A € R\{0} satisfying tlggo == =0 or oo,
Proof Given any € >0, tg € T, and A € R\{0}, set
te
t) = ——
o(t) = 5
for all t € T. Then, ¢2(t) = —% and ¢22(t) = 0 imply that [¢p22(t) — A¢2(t)| = € for all
t € T#*. Since the general solution of (3.13) is z(t) = ¢1 + caex(t, to), we see that
t,1
limsup |¢(t) — z(¢)| = limsup L CQM t=o00
t—o0 t—o0 A t t
for any choice of ¢; and c¢o. This ends the proof. O

Theorem 3.11 Assume supT = oo, and fix tg € T. If Ay € R but not positively
regressive, with m < |ex, (t,t0)] < M for all t € T, for some 0 < m < M < oo, then the

second-order homogeneous dynamic equation
A2 (1) — (A 4 X))z (1) + (M d2)z(t) =0 (3.14)
is unstable in the Hyers—Ulam sense, for any A\; € R satisfying tli)rgo M =0 and
liinsup lex, (¢, t0)] > 0.

Proof Givenanye > 0,% € T, and A\; € R, suppose Ao € R but not positively regressive,
with m < |ex,(t,t0)] < M for all t € T, for some 0 < m < M < co. Set

_ £ tex, (t, to)
o) = gen () | S
for all t € T. Then,
62 (1) = —tex, (t, to) + M o(t)

M
and

G20(0) = Srenlol).to) + 2 tex, (1 10) + 2agA (D)
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imply that
[622(8) = (4 +X2)6™ (1) + (Aid)$(t)] = —lexs (o(t).to)| < €

for all ¢ € T*%. Since the general solution of (3.14) is x(t) = ciex, (t,t0) + c2ex, (t,t0), we see
that

, , € tex, (t,to)
hffiil.fp lp(t) — z(t)| = h?lilip Me,\l(t,to) / mAt —c1ex, (t,t0) — caen, (t, to)
=00
for any choice of ¢; and c2. We now show this fact. The assumption tlim M = 0 says that
— 00
there exists [ > 0 and ¢; > tg such that
6)\1 (t7 to) < l
— =
for t > t1. Hence,
tex, (t,t K t K t
/76’\2( o) At‘ = / _5ex(s,t) As +cg| > / _sex(s,t)_ As — |3
¥ (O'(t),to) to €A1 (U(S>at0> to | €X1 (U(S>at0>

m
2 T(t —to) — [cs]
for some c3 € R, and so that tlim ‘f fexs i)t(;)))At‘ = co. This, together with

limsup |ex, (¢, to)| > 0,

t—o0

implies that

€ te)\ (t to)
M / (00,10 N T len (b o) |c2|) ~

This ends the proof. O

limsup |¢(t) — z(t)| > limsup <
t—o0

t—o0

4 Minimum HUS Constant

Theorem 4.1 Let g € T. Suppose that supT = oo and inf T = —oo, and that the
characteristic equation A2 +aX+ 3 = 0 for (3.1) has non-zero real roots A\; and Ay with A1, Ap €

RY.If0< A < A and hm ftom 00, or if A\q <)\2<Oand hm ftom:—oo,
or if Ay < 0 < Ay, then (3 1) is Hyers—Ulam stable, with minimum HUS constant 3= )\ = Wll
on T.

Proof From Theorem 3.1, we know that (3.1) has HUS with HUS constant pyew] A = Wll
on T.

Next, we will show that the minimal HUS constant is at least \T%I Fix ty € T, and for

arbitrary € > 0let Y : T — R be given by

— . o 2% (tvt ) f(t)
Y=Y = en o) [ (eh ow ] o (U(t)afo)At) A
¢p : T — R be given by

eolt) = 1o
and
O(t) ==Y (t) + @p(t). (4.1)
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Then
f@) ex, (t:to) f@)
Va0 =entto) [ o limmarenenw [ (2w [ ol o
and
YA2(1) = f(t) + (M + Aa)ex, (t, to) /eA (Ui
€>\2 , t
+A?6A1(t,to)/ (% 0 ?0 WD) t) At,
yielding
YAR() — Y2 (t) = f(t)+A2eA2(t,t0)/#$m)At
= f(t) + MY 2(t)
ex, (t, to) f(t)
Mz, (110 (eM(a(t),to) | (U(t),to)At) At
= f(t) + XY 2(t) — M ALY (2).
We see that

YAA(t) — ()\1 + /\2)}/A (t) + /\1)\2Y(t) = f(t),
that is, Y solves (3.1). Moreover,

AA A pe
(pp ()+a¢p()+6¢ﬁﬂ() )\1)\2 &
making ¢, a solution of (3.1) for f =¢. Consequently,

|622(t) + ad™ (t) + Bo(t) — f(t)] =,

and
€ 1

60 =YWl =ler®l = 3551 = 31

for all T. Note here that by Theorem 3.2, Y is the unique solution satisfying |¢(t) — Y (¢)| < TaT

for all t € T. Thus, the minimum HUS constant is at least ‘%', completing the proof. O

From Remark 3.9, we get the following corollaries.

Corollary 4.2 Let T = R. Suppose that the characteristic equation A2 + aX + 3 = 0 for
(3.1) has non-zero real roots A\; and Ag. Then, (3.1) is Hyers—Ulam stable, with minimum HUS
constant \/\1—1>\2| = IT%\ onT.

Remark 4.3 In [17], Baias and Popa studied the Hyers—Ulam stability of the second
order linear differential operator. When restricted to the case where the characteristic equation
has non-zero real roots, a result given in [17] matches Corollary 4.2. Note that they are also
considering the case of complex roots.

Corollary 4.4 Let T = hZ. Suppose that the characteristic equation A% + oA+ 3 = 0 for
(3.1) has non-zero real roots A1 and Ag with A\;, Ao € R*. Then, (3.1) is Hyers—Ulam stable,
with minimum HUS constant ﬁ = \T%I on T.

Remark 4.5 When T = hZ, the condition \;, A2 € Rt means that 1 + \ih > 0 and

14+ A2h > 0. Since A\; and A2 are non-zero real roots of (3.1), we have

—%<)\i<0 or 0< )\
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for 4 € {1,2}. Under this condition, using a result in [18], we can obtain the same best HUS

constant given in Corollary 4.4.

Example 4.6 Consider a time scale with discrete step size s > 0 and continuous interval
length £ > 0, and let @ € R\ {—1}. When

oo

T =P, = JU(E+9),€+4(E+9)],

=0

the HUS classification of (1.1) for not positively regressive a is as follows. Suppose 0 < s <

m, where W is the principal branch of the Lambert W function. If a € (—oo, —%), then

a ¢ RY, and (1.1) is Hyers-Ulam stable, with best HUS constant

K—i e (1+as) — (1+2as)
- —a 1+ e*%(1 + as) ’

see [2, Theorem 2.1]. We conjecture that the best HUS constant for (3.1) on P¢ , is no greater
than

1 e M (14 sA1) — (14 2s\) ef22 (14 sAg) — (14 25)2)
A1z 1+ efM (14 s\) 14 efr2(1 4 s)\9) ’

for distinct characteristic roots A1, Ay € (—oo, —%), assuming 0 < s < m We leave the

details for a future work.

5 Conclusion and Future Direction

This study deals with conditions under which second-order linear dynamic equations on
time scales with constant coefficients are Hyers—Ulam stable (HUS), but also unstable in other
cases. To achieve this goal, HUS for first-order non-homogeneous linear dynamic equations is
established first. Moreover, the best HUS constant is obtained in some cases. By using the
results, a sufficient condition for HUS and the main theorem related to HUS are obtained. It is
also shown that an HUS constant obtained here is the best one. Finally, the results for several
time scales are introduced.

The stability results presented here cover only the case where the characteristic equation
has non-zero real roots, with instability in the zero-root case, because these results depend on
the results of the first-order dynamic equation. If one can obtain HUS results for the complex-
valued dynamic equations of first-order, one will obtain some results for the case where the

characteristic equation has complex roots, by using the same methods.
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