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Abstract In this paper, we derive some 99-Bochner formulas for holomorphic maps be-
tween Hermitian manifolds. As applications, we prove some Schwarz lemma type estimates,
and some rigidity and degeneracy theorems. For instance, we show that there is no non-
constant holomorphic map from a compact Hermitian manifold with positive (resp. non-
negative) ¢-second Ricci curvature to a Hermitian manifold with non-positive (resp. negative)
real bisectional curvature. These theorems generalize the results [5, 6] proved recently by L.
Ni on Kahler manifolds to Hermitian manifolds. We also derive an integral inequality for a
holomorphic map between Hermitian manifolds.
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1 Introduction

There are many generalizations of the classical Schwarz Lemma on holomorphic maps be-
tween unit balls via the work of Ahlfors, Chen-Cheng-Look, Lu, Mok-Yau, Royden, Yau, etc.
(see [2, 4, 8, 14]). Here, we recall in particular Yau’s general Schwarz Lemma [14] that a
holomorphic map from a complete Kahler manifold of Ricci curvature bounded from below
to a Hermitian manifold of holomorphic bisectional curvature bounded from above by a neg-
ative constant decreases distances. Recently, there has been significant progress on this topic,
which has involed relaxing either the curvature assumptions or the Kahlerian condition; see
[5, 6, 9, 11, 12] and references therein for more details. In particular, Ni [5, 6] proved some
new estimates interpolating the Schwarz Lemmata of Royden-Yau for holomorphic mappings
between Kahler manifolds. These more flexible estimates provide additional information on
(algebraic) geometric aspects of compact Kéhler manifolds with nonnegative holomorphic sec-
tional curvature, nonnegative Ricy or positive S;. One wonders if the results of Ni could be

extended or modified to apply to the Hermitian setting.
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Foundation of China (12001490) and Natural Science Foundation of Zhejiang Province (LQ20A010005).
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A classical differential geometric approach for proving Schwarz type inequalities for a holo-
morphic map makes use of the Chern-Lu formula and the maximum principle arguments.
Therefore, we first generalize the 90-Bochner formulas derived by Ni [6] on Kihler manifolds

to Hermitian manifolds. Let f : (M,g) — (N, h) be a holomorphic map between Hermitian

manifolds. Assume that dime¢ M = m < n = dim¢ N. Let 0f(3%) = > fi 52 with respect
i=1

to local coordinates (z!,---,2™) and (w!,---,w™). The Hermitian form f*h = A, 5dz" A dz’

with A 5 = foi[f_éhﬁ is the pull-back h via f. For the local Hermitian metric A = (4,5) and
G= (%ﬁ)a we denote the A, and Gy be the upper-left £ x ¢ blocks.

Theorem 1.1 Let W, = g:ﬁgéig be the function defined in a small neighborhood of p,
1 < ¢ <m=dimc M. We assume that g5 = 5aﬁ at p € M, h;z = ;5 at f(p). Also, we assume
that df(%) Z A 510‘6 > with M| > -+ > || > -+ > |A\n| are the singular values of

of :(Ty;M, g) — (Tf( AV, h). Then at p, for nonzero Wy, we have

52 ¢ L ¢ I
02707 logWe = > RM(7,8,0,@) = > RN(%,0,0,@A A5 = Y Y Gainbias
a=1 a=1 a=1t=0+1
J4 n
1 i
+Z Z W( av—i_h’az*y )(fa5+hza 6)\ )\5) (11)
a=14i=0+1

where RM and RY are the Chern curvature tensors of M and N, respectively.

Theorem 1.2 Let Uy = Y. go‘ﬁ A5 7 be the function defined in a small neighborhood
1<a,B<¢

of p, 1 < £ <m =dimec M. We assume that g,5 = dag at p € M, h;; = d;5 at f(p). Also, we
assume that df(aza) Z AoOio 22 a5r With [A1| > -+ > |Xa| > -+ > |\ ] are the singular values
of of : (TyM,g) — (T} tp) N h). Then at p, for nonzero Uy, we have

J4 14
00U, = (ZRM(Q,B, 5,3)|)\5|2—ZRN(oe,ﬁ,7,7)|/\7|2/\a/\_5>dz°‘/\d2ﬁ+<VV4,VVZ>, (1.2)
=1

4 n
where V is the induced connection on the bundle £ = T"*MQ f*(T'N), V, = Z Z td2"®e; €

(M, E), e; = 52

Remark 1.3 When ¢ = m = dim¢ M, we get W,,, = (f;#. In particular, if the domain
and target manifolds have an equal dimension, namely m = n, then W,,, involves volume forms
related by a holomorphic map. Similarly, U,, = tryf*h is the trace of f*h with respect to
g when £ = m = dim¢ M. Note that if (M,g) and (N,h) are both Kéhler manifolds, we
can take the normal coordinates near p and f(p) such that g, 5(p) = dap, dg,5(p) = 0 and
hi5(f(p)) = dij, dhz(f(p)) = 0. Thus, the calculation of the above formulas is much simpler
(see [5, 6]).

Before we state the applications of Theorem 1.1 and Theorem 1.2 we first recall some basic
notions (also see [6]). Assume that f : (M™,g) — (N™, h) is a holomorphic map between
two Hermitian manifolds. Let df : T"M — T'N be the tangent map. Let A‘Of : A‘TIM —
/\ZT}(I)N be the associated map defined as AOf (v1 A -+ Avg) = Of(v1) A+ AOf(ve). Define
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|- 1lo as

Y4
I AL Of o(x) = sup [\ 9f(a)]

a=v1 A Avp£0,aEALTL M |al

We assume that g5 = dap at p, hz = 0,5 at f(p) such that df(5%) = 3 Aabiazer with
i=1

M| > > Al = > A, so | AYOf|lo(p) = |A1 -+ Ae|. Tt is also easy to see that
m — m

|0F]1? = trgf*h = %: 1g‘lﬁAoﬁ = Zl |Ao|?. The second goal of this paper is to prove some
a,B= a=

estimates for holomorphic maps between Hermitian manifolds.

Theorem 1.4 Let f : (M™,g) — (N™ h) be a holomorphic map between Hermitian
manifolds with M being compact. Let m < n and ¢ < m. Then,

(a) Assume that the scalar curvature of (M, g), S(xz) > —K and the m-first Ricci curvature
of (N, h), Ric%)(x) < —k for some K >0, k > 0. Then

qgm me

(b) Assume that metric g on M is Kahler and that 1 < ¢ < m. Assume the f-scalar
curvature of (M, g), Se(x) > —K and the ¢-first Ricci curvature of (N, h), Ricy)(x) < —k for
some K >0, k > 0. Then

K
| A1) < (7)"

(¢) Assume the ¢-second Ricci curvature of (M, g), Ricf) > —K, and the real bisectional

curvature of (N, h), B(z) < —k for some K > 0, > 0. Then

0@(.%‘) < K—K

KR

4
where o(z) = Y |Aal?(2).
o=1

We will give specific definitions of these curvatures in the next section. For ¢ = 1, the
1-first Ricci curvature and 1-second Ricci curvature are both holomorphic sectional curvature;
If £ = m = dim M, the m-first Ricci curvature is the (first) Chern Ricci curvature and the
m-second Ricci curvature is the second Ricci curavture. For 1 < ¢ < dim M, they are the
same when the metric is Kahler. In an attempt to generalize Wu-Yau’s Theorem ([10]) to the
Hermitian case, Yang and Zheng [13] introduced the concept of real bisectional curvature for
Hermitian manifolds. When the metric is Kéhler, this curvature is the same as the holomorphic
sectional curvature H, and when the metric is not Kéhler, the curvature condition is slightly
stronger than H, at least algebraically. This condition also appeared in a recent work by Lee
and Streets [3], where it is referred to as a “positive (resp. negative) curvature operator”.

The following are the rigidity and degeneracy results:

Theorem 1.5 Let f: (M™,g) — (N™ k) be a holomorphic map between Hermitian
manifolds with M being a compact. Let m < n and ¢ < m. Then,

(a) If ™ > 0 and manifold (N, %) has Ric(}) < 0, or S™ > 0 and manifold (N, h) has
Rics,ll) < 0, then f must be degenerate. The same result holds if RicM > 0 and Sn]\i < 0, or
Ric™ > 0 and SN < 0.

@ Springer



1662 ACTA MATHEMATICA SCIENTIA Vol.41 Ser.B

(b) Assume that metric g on M is Kihler and that 1 < ¢ < m. If SM > 0 and manifold
(N, h) has Ricl(zl) <0, or SM > 0 and manifold (N, h) has Ricl(zl) < 0, then rank(f) < ¢. The
same result holds if Ricéw > 0 and Sév <0, or Ricéw > 0 and Sl{v <0.

(¢) If manifold M has Ricf) > 0 and manifold N has BN <0, or Ricf) >0 and BN <0,
then f must be constant.

In particular, from the proof of theorem 1.5 (c), we easily get the following result:

Corollary 1.6 There is no non-constant holomorphic map from a compact Hermitian
manifold with positive (resp. non-negative) holomorphic sectional curvature to a Hermitian
manifold with non-positive (resp. negative) holomorphic sectional curvature.

Note that the above Corollary 1.6 is also proved independently by Yang in [11, 12] using a
different method.

As an application of Theorem 1.1, we will also give an integral inequality for non-degenerate
holomorphic maps between two Hermitian manifolds without assuming any curvature condition.
More precisely, we shall prove the following;:

Theorem 1.7 Let (M™,g) and (N", h) be two Hermitian manifolds and let M be com-
pact. Assume that dim M = m < n = dim N. Then there exists a smooth real function 1) on

M such that for any non-degenerate holomorphic map f : M — N, it holds that
/ Syem=vgm < m/ em=DY 1 (RicD (h)) A g1, (1.3)
M M

where S, is the Chern scalar curvature of g and Ric(M (h) is the m-first Ricci curvature of h.

Remark 1.8 The above Theorem 1.7 recovers Theorem 1.2 in [15], which is proved by
Zhang when dim M = dim N. The above result can be applied to prove degeneracy theorems
for holomorphic maps without assuming any pointwise curvature signs for both the domain and

the target manifolds.

2 Preliminaries

2.1 Curvatures in complex geometry

Let (M, g) be a Hermitian manifold of dimension dim¢ M = m, where w = wy is the metric
form of a Hermitian metric g. If w is closed, that is, if dw = 0, we call g a Kahler metric. In

local holomorphic chart (z1,- - -, 2™), we write
m
w=v-1 Z gi;dz" NdZ.
i=1,5=1

Recall that the curvature tensor R = {Rﬁki} of the Chern connection is given by
_ Py g Ogx7 99y1

02107 0zt o7
Then the (first) Chern Ricci curvature Ric(wgy) = tryR € I'(M, AV T"* M) has components

Rﬁki =

7 02 log det(g)
R- — } : Mp
i 9" i = 0219z
k=1,=1

@ Springer



No.5 K. Tang: BOCHNER FORMULAS AND THEIR APPLICATIONS 1663

The second Chern Ricei curvature Ric® (wg) = try, R € T'(M, End(7"M)) has components

. (2 i]
Ricg' = > 67 Ryy -

i=1,j=1

Note that Ric(w,) and Ric'® (w,) are the same when w, is a Kihler metric. The Chern scalar

curvature S, is given by
ij ki
So= D 979" Ry
i,k =1
The holomorphic bisectional curvature B(X,Y') for X,Y in Ty M at p € M is given by
H(X,X,Y,Y)
9(X, X)g(Y.Y)
The holomorphic sectional curvature H(X) is denoted by
R(X, Y’ Y’ ?)
9(X, X)?
Definition 2.1 Let (M™, g) be a Hermitian manifold and let R € T'(M, A1 T"™*M ®
End(T'M)) be the Chern curvature tensor. Assume the (-dimensional subspace ¥ C T;M,

B(X,Y) =

H(X)=B(X,X) =

Z p—
peM,1<{¢<m. For any v € £, we define Ricy)(p, Y)(v,0) = 5. R(v,T, E;, E;) with {E;}
i=1
being a unitary basis of ¥. We say that Ricgl)(p) < 0if Ricgl)(p, ¥) < 0 for any ¢-dimensional

subspace X. We call Ricl(zl)(p) the ¢-first Ricci curvature at p. Similarly, for any v € X, we

‘ _
define Ric!” (p,2)(v, D) = 32 R(E;, By, v,0). We say that Ric'” (p) < 0 if Ric{” (p,$) < 0 for

i=1
any /-dimensional subspace . We call Ricf)(p) the ¢-second Ricci curvature at p. We define

Se(p, X) = Ze: R(E;, E;, E;, E;) with E; being a unitary basis of 3. We say that S¢(p) < 0 if
i,j=1
Se(p,X) < ()Jfor any {-dimensional subspace ¥. We call S;(p) the ¢-scalar curvature at p.
Clearly, Ricy)(p) < 0 or Ricf)(p) < 0 implies that Se(p) < 0. Ricgl) and Ricf) are both
holomorphic sectional curvature when ¢ = 1. If £ = m, they are Chern Ricci curvature and
second Ricci curvature, respectively. If the metric g is Kéahler, Ricgl) and Ricf) will be the
same. In the case of Kéhler manifolds, there are many studies (see [5-7]) for Ric, and S;. We
will do more research on the above new curvature condition on Hermitian manifolds in the
future.
Let us recall the concept of real bisectional curvature introduced in [13]. Let (M™, g) be a
Hermitian manifold. Denote by R the curvature tensor of the Chern connection. For p € M,
let e = {e1,- -+, em} be a unitary tangent frame at p, and let a = {a1, - -, a;, } be non-negative

constants with |a|? = a? + - -+ + a2, > 0. Define the real bisectional curvature of g by

~ 1 &
By(e,a) = ol Z Ry 5aia;. (2.1)
Q=1

We will say that a Hermitian manifold (M™, g) has positive real bisectional curvature, denoted
by B, > 0, if, for any p € M and any unitary frame e at p, and any nonnegative constant
a={a1,- -, an}, it holds that By(e,a) > 0.
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Recall that the holomorphic sectional curvature in the direction v is defined by H(v) =
wa/|v|4 If we take e so that ey is parallel to v, and take a; = 1, as = = a,, = 0, then
B becomes H(v). Thus, B > 0 (> 0,< 0, or <0) 1mphesthatH>0(>O < 0,0r <0). For a

more detailed discussion of this, we refer readers to [13].

2.2 Gauduchon metric

Let M™ be a compact Hermitian manifold. A Hermitian metric w is called Gauduchon if
20(w™ 1) = 0.

For a Gauduchon metric w and a smooth function u on M, we easily get

/M(Awu)wm =0,

where A,u is the complex Laplacian defined by A u = tr,(v/—109u). A classical result of
Gauduchon [1] states that, for any Hermitian metric w, there is a ¢ € C*°(M,R) (unique up

to scaling) such that e¥w is Gauduchon.

2.3 Non-degenerate holomorphic maps
Let f: M™ — N™ be a holomorphic map between two Hermitian manifolds (m < n). If
dim(f(M)) = m, then we say that f is non-degenerate. If dim(f(M)) < m, we say that f is

degenerate.

3 00-Bochner Formulas for Holomorphic Mappings

In this section, we will give the proof of Theorems 1.1 and 1.2. The calculation is more
complicated in the Hermitian case than in the Kéhler case.

Proof of Theorem 1.1  As stated in the theorem, we assume that 905 = 60@ atpe M,
hg = 65 at f (p). After a constant unitary change of coordinates z and w, at p, we have

df(afa) _ Z:l/\a(gm% with [A1| > -+ > |Aa| > -« |A\m|- The Hermitian form is f*h =

A 7dz" N dz’ with Ag = 72_: fif Jh— For the local Hermitian metrics A = (A4,5) and
G= (gaﬁ) we denote that Ay and Gy be the upper-left £ x £ blocks. To simplify notation, we

. 2 ri .
write % as f!, and % as fy.- We can perform the computation at p and f(p), where

R = ~9aBan T D_9ara9i55 + Bijia = =9z + D_ 9595 -
t=1 s=1
Hence,
9? 0? det(Ay) 0? 9?
—log W, I = logdet(Ay) — log det(Gy) .
907 BV g7 8 GGy~ aanae B0t — g loa det(Gr)
Direct calculation shows that
02 0 [ « .3
oo owdet(Ga) = | 3 (G
a,B=1
¢ B _ ¢ _
== > (G0, (G)Vg55+ D (G)Pg,53,
a,B,t,A=1 a,B=1

@ Springer



No.5 K. Tang: BOCHNER FORMULAS AND THEIR APPLICATIONS 1665

( Z gat,vgta 5 + Yom 57/)

t=1

< 'yéaa+ Z 9ot ygta 6)

t=0+1

>
>

The last two lines only hold at pomt p.

(logdet(Ap))s Z Z Ay) aﬁ ol 5)

a,f=
4 n n — ‘ _
> 07 [ S s TE + S|
a,f=11,j= t=1

‘o o o
=Y g lham sl + A S -
Similarly,

£ n
(log det(Ay))y = Z Z (Ag) of [fa»yhzgfg + Zfa w,kf’yfﬁ}
a,B=14,j=1

k=1

Taking the second derivative and e aluatlng at p, we have

st = {3 3 QB[Z% ST+ ST}

a,B=11,j=1

L n L
ZZ{ ZAZ (Ae)us (A0)* [Zh”tflfﬁf5+fgh”fﬁg]}

t=1

4 n
I aﬁ[ S b TS s o fo T

t,p=1 t=1

+ i s+ Z fohs. qufM]
q=1
Y4

1 a3 T T +a
=- Z W(fm)\a + As Ay Aahsa ) (Mg 5 a s + Aa f55)
B=1

14
1 2%
+ZZ |)\ |2 aa 67)‘ |)‘ | )‘5+hza Jfa'y)\ )‘5

a=11i=1
+f;c'y +)‘ hozjv)‘ ;5)
4

Z Z |)\ |2 az,v)‘a)‘V)( : ZQ 5)\ )\5 Z VéaEAV)\_‘s'

a=1i=(+1 =
Putting all of the above together, we can get the formula (1.1).
Proof of Theorem 1.2 Here we will use the method in the proof of Lemma 4.1 in [13],
L n .
which is a slightly simpler proof. Let Vo = > > fldz*®e; e (M, E), E=T"*"M® f*(T'N),

a=14i=1

O
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e; = *%. Since f is a holomorphic map, V; is a holomorphic section of E. Clearly, U, =

¢ _
Ve> = > g*PA,5. Thus, by Bochner’s formula, we have
a,B=1

V=190|Vel? = (V'Vy, V'Ve) = (0FVy, Vo)
where ©F is the curvature of the vector bundle E with respect to the induced metric, since
0F =0T M @ [ds. piny + Tdrrar @ f*(OTN) .

More precisely, we can assume that

e 0
5 « =,
M= %} (RM))5,dz Ndz" @ 52 © dzy,
«a,B3,0,n=1
FHeTN) Z > (RN fL Fdz* NdZP @ el @ e,
i,5,k,l=1 a,f=1
where (RM) - = E g‘SfRM— — and (RN) = Z

z;ks

Hence, at the p01nt P assumed in the theorem condition, we have
¢
(OFVy, V) = < Z RM(a,3,8,0) [ Asl” + ) RN(Q,B,7,7)|/\7|2/\M\_5>dzO‘ AdzP,
=1

Putting all the above together, we can get the formula (1.2). O

4 Applications

Since, in general, || A® Of||2 and oy are not smooth, we will consider that Wy(x) serves

as a smooth barrier for || A® 9f|lo(z) and Uy serves as a smooth barrier for oy. As stated in

the previous section, we have Hermitian form f*h = A zdz% A dz? with A 0B = Z fif Jh =
i,j=1
We assume that g,5 = 6,5 at p € M, hz = 5w at f(p). After a constant unitary change of

coordinates z and w, at p, we have df (5% ) = Z Aabiazar With [A1] = -+ > [Aa| = -+ [ Aml.

For the local Hermitian metrics A = (4 3) and G ( »7)» We denote that A, and G, be the
upper-left £ x £ blocks. It is easy to see that [A1|? > -+ > |\, |? are the eigenvalues of A (with
respect to g). We start with some necessary algebraic results (see [6]).

Proposition 4.1 ([6], Proposition 2.1) For any 1 < ¢ < m, the following holds:

14 4
o= al*> Y gPAG=Us. (4.1)
a=1

a,B=1
Proposition 4.2 ([6], Proposition 2.2) For any 1 < ¢ < m, the following holds:

¢ 2 25 det(Ay)
I A OFII§ = Moot [Aal® > det(Go) W . (4.2)

Proof of Theorem 1.4 To prove part (a), let D = (f h) = W,,. Since M is compact,
D attains its maximum at some point p. We assume that at p, D is not equal to zero. Then
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in a neighborhood of p, D # 0. The maximum principle then implies that at p, with respect to

the coordinates specified in Theorem 1.1,

m £ n
— 1 )
_ qM (1 2 i 2
0> AlogD = 5" — ZRlcgn)(& 0)[As]” + Z Z WV@ + hoz s Aals|
=1 a=1i=(+1
> —-K+ H<Z |/\5|2>
5=1

>-K+ mDw k.

where Ricgyll) denotes the m-first Ricci curvature of (N, h). The above inequality implies the
result.

For (b), clearly || A 3f||2 attains a maximum somewhere at p in M. We assume that the
coordinates at p and f(p) satisfy the conditions of Theorem 1.1. Since (M, g) is Kéhler, we can
also assume that at p, 9,5 ; = 9,55 =0,V 1 <, 3,0 < m. Then we have | ALOS 12 (p) = We(p)
and Wy(x) < ||[ALOf|12(x) < || A*OFf]|3(p) = We(p) for = in the small neighborhood of p. Hence,
Wy also attains its local maximum at p. Now, at p, we get

4

82
Z 550 (los(We)) = 5P — ZRICZ (7T [

y=1 y=1

> —K + ((Wi(p)Te = —K + (]| A Of3(p)) T i,

where Ricl(zl) denotes the ¢-first Ricci curvature of (N, h).

The proof of part (c) is similar. We assume that o, attains a maximum at p. We also
assume that the coordinates at p and f(p) satisfy the conditions of Theorem 1.2, so U(x) <
oe(x) < o¢(p) = Use(p) for = in the small neighborhood of p. Thus, at p,

0> (VaVa + VaVa)Us

[~
N~

a=1

S

4
Ricf)(aj)mﬁ— > RN (e,@, 7, 7) el

a,y=1

¢ ¢
K PR S Pl
6=1 a=1

> —KUy(p) + gUz( D),

Y]
Of)

I \/

where Ricf) denotes the ¢-second Ricci curvature of (M, g). O

Combining Theorems 1.1, 1.2 and 1.4, we can now easily prove Theorem 1.5.
Proof of Theorem 1.5 If f is not degenerate, then D = (f;ﬁ)m = W,, has a nonzero

maximum somewhere at p. By using the coordinates around p and f(p), specified as in Theorem

1.4, at p, we have that

0> AlogD > SM— ZRlC (8,9)| s ]2
6=1

This leads to a contradiction under the assumption that either S > 0 and manifold (N, h)
has Ricﬁi) < 0, or that S™ > 0 and Ricgyll) < 0. For the second part of (a), we introduce the
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operator

GO |
v=>" 5oz (V2 V7 + VaVa).
= 2\

Since, at p, D # 0, the above operator is well defined in a small neighborhood of p. Then, at p,
1

s M/ = N

¥
The above also induces a contradiction under either Ric™ > 0 and Sn]\i <0, or Ric™ > 0 and
SN <.

The proof of (b) is similar to that of (a). It is worth noting that in the second part of (b),

we need to introduce the operator

J4

1

U= 5 (V, V5 + V5V,).
~=1 2|/\V|

For (c), if f is not constant, o, will attain a maximum somewhere, say at p and o¢(p) > 0.
By using the coordinates around p and f(p), specified as in Theorem 1.4, at p, we have that

1~
N | =

0> (VaVa + VaVa)U,

1

Q
|

l
Rict” (6,02 = Y RN (0@, 7. 79)Aal?0 2

=1 a,y=1

Y
=2

if Ricf) > 0, the first term is positive, and the second one is nonnegative, since BN < 0. Hence,
we have a contradiction. The same holds if Ricf) >0 and BN <0. ]

5 An Integral Inequality for Non-degenerate Holomorphic Maps

In this section we prove Theorem 1.7. The proof does not use any maximum principle
argument, since the curvatures and target spaces may not be signed in a pointwise sense. This
method was essentially derived by Zhang in [15].

Proof of Theorem 1.7 Because f is a non-degenerate holomorphic map, we assume
that p € M with D(p) = (f;#(p) > 0. We also assume that the coordinates at p and f(p)
satisfy the conditions of Theorem 1.1. Let € be an arbitrary positive constant. By the formula

(1.1), at p, we have

AD dD|?
Alog(D +¢€) = Dae (l|)+|e)2
__D_AD_[9DP,  doDP?
~ D+e D D? D(D + €)?
D €|oD|?
B D+EA10gD+ D(D + €)?
D om « (i (1)
> - : :
> oo {8 =ty (f (Ricll) () (1)

Here we note that the above inequality is independent of the choice of coordinates.
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Set V.={x € M | D=0 at z}, which is a proper subvariety (may be empty) of M. Then,
the above inequality (5.1) holds on M \ V, and by continuity we know that it holds on the
whole of M.

Next, we fix a 1) € C°°(M,R) such that e¥¢™ is a Gauduchon metric on M. Intergrating
the above inequality with respect to e(™ =¥ g™ over M gives

D * : m— m m— m
/ D e{S’M —trg(f (Rlcg)(h)))}e( 1W’g < / Alog(D + e)e( 1”’9 =0.
M M

Here we have used that
/ Alog(D + e)elm=Dvgm — / (Agw,log(D +¢€))(e¥g)™ =0 .
M M

Now, we can easily use the same arguments as to those in Theorem 1.1 in [15] to complete the

proof. O
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