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Abstract This paper is concerned with a stability problem on perturbations near a physi-
cally important steady state solution of the 3D MHD system. We obtain three major results.
The first assesses the existence of global solutions with small initial data. Second, we derive
the temporal decay estimate of the solution in the L?-norm, where to prove the result, we
need to overcome the difficulty caused by the presence of linear terms from perturbation.

Finally, the decay rate in L? space for higher order derivatives of the solution is established.
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1 Introduction

The 3D incompressible magnetohydrodynamic equations can be written as

oU+U-VU=-VP+uAU+ B-VB,
B+U-VB=vAB+ B-VU,
V-U=0,V-B=0,

U(z,0) = Up(z), B(x,0) = Bo(x),

(1.1)

where 2 € R® and t > 0. U = U(x,t) represents the fluid velocity, B = B(x,t) the magnetic
field, and P = P(x,t) the pressure. For simplicity, we set the viscosity coefficient x and the
magnetic field coefficient v to 1.

The MHD equations (1.1) involve the coupling of the incompressible Navier-Stokes equation
and Maxwell’s equation. They play an important role in many fields, such as geophysics,
astrophysics, cosmology and engineering (see [3, 5, 19]). Because of the physical and engineering
applications of MHD equations, the mathematical study of them is very important; as a result,
the MHD equations have been extensively studied. For instance, G. Duvaut and J. L. Lions [§]
obtained the local existence and uniqueness of a solution in the Sobolev space H*(R9),s > d,
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and proved the global existence of the solution for small initial data. M. Sermange and R.
Teman [25] further studied the properties of the solutions. Miao, Yuan and Zhang [18] studied
the well-posedness of solutions of MHD equations in BMO™!(R?) and bmo~'(R?), and proved
that the solution of the Cauchy problem of MHD with small initial value is globally unique
in BMO™!(R?) and locally unique in bmo~'(R3). Cao, Wu and Yuan [4] studied the 2D
incompressible MHD with partial dissipation for data in H*(R?),s > 2. Recently, the global
regularity issue concerning equations (1.1) has attracted much interest, and considerable results
have been obtained (see [9, 11, 29]).

For the 3D equations around the equilibrium state (U°, B?), it is clear that U°(z,t) =
(0,0,0) and B° = (1,0, 0) are the special solutions of (1.1). The perturbation (u, b) around this
equilibrium with v £ U — U°, b £ B — B? obeys

ou+u-Vu=—-Vp+ Au+b-Vb+ 01,
Ob+u-Vb=>b-Vu+ Ab+ O1u,
V-u=0,V-b=0,

u(z,0) = ug(x), b(z,0) = bo(x),

where x € R3, ¢t > 0.

The stability problem of equations (1.2) was first raised by H.Alfvén in [2], and now it has
aroused people’s attention again. The stability problem on MHD equations can be extremely
challenging. Recently, in the 2D case, Ji, Lin, Wu and Yan [10] studied stability for the 2D
MHD equations with partial dissipation in H®(R?),s > 0. Ren et al. [20] proved the global
existence and decay of smooth solutions for the 2-D MHD equations for general perturbations.
For the 3D case, Abidi and Zhang [1] proved the global solution near the equilibrium. Deng and
Zhang [6] obtained the large time behavior of solutions near the equilibrium. Wu and Zhu [28§]
proved global solutions of the 3D incompressible MHD equations with mixed partial dissipation
and magnetic diffusion near an equilibrium.

In this paper, inspired by references [23, 30], we study the global solutions and decay
estimates to equations (1.2) in H*(R3). For the global solution of equations (1.2), we refer
to [16, 27]. For the decay estimation of equations (1.2), we refer to [7, 15, 21, 24]. However,
the classical method does not apply here, due to the appearance of linear terms 0;u and 910
from the perturbation in equations (1.2). We introduce a diagonalization method to eliminate
the linear terms, then we prove the temporal decay estimates by the classical Fourier splitting
method. Our main results are stated as follows:

First, to prove the global well-posedness of small initial data in Theorem 1.2, we need the
local well-posedness result of the strong solution in Proposition 1.1, which can be obtained by
a standard procedure with Friedrichs’” method. The key estimate is that
A (u-Vu) - Aude = /3 [A% u] - Vu - APudx

R
< A%l 2 A o | Ve s
< Ol A%ul| o | A* | g2 1+

< OllAT T ul 72 + CO)IA U Lz [lullFs

R3
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for s > %, where 0 is small constant number.

Proposition 1.1 (Local well-posedness of a strong solution) Assume (ug, by) € H*(R?)
with divug = divbg = 0, s > 2. Then, there exists a small time T' = T(||uo|| =, [|bo|| =) > 0
such that (1.2) has a unique strong solution (u, b) satisfying (u,b) € C([0, T]; H*(R3?)).

Theorem 1.2 Letting s > 2, assume that (u,bo) € H*(R?) with divug = divby = 0, and
that the initial data satisfies

HUOHH% + ”bO”H% Se

for a small constant € > 0. Then the perturbation MHD equations (1.2) have a unique global

solution (u,b) satisfying

t
lu(®)ll + 1617 +/O IVu(m) s + IVO(r)[Fr-dr < lluollzrs + [IbollZ-

for all t > 0.

Theorem 1.3 If (ug,by) € L*(R3) N H*(R?) with divug = divby = 0, s > 2, then the
small global solution (u,b) to equations (1.2) constructed in Theorem 1.2 has the following

optimal decay rate:
lu(®)llze + [b(#) 22 < C1+ )72, (13)

The decay rate of the higher order derivative of the solution is also obtained.

Theorem 1.4 Under the assumption of Theorem 1.3, for any integer m > 0, the small
global solution (u,b) satisfies

m
2

IA™ ()] L2 + [|A7B(E) | 12 < C(L4 1) 717 %, (1.4)

where C' is a constant which depends on m and the initial data. A = v/—A is defined in the

end of this section.

Remark 1.5 The decay rates (1.3) and (1.4) are optimal in the sense that they coincide
with the ones of the heat equation.

Remark 1.6 For the real number s > 0, we can also obtain the time decay rate of the
L?—norm for the s-order derivative of the solution by the interpolation relation

IA* fllzz < CIA™ FIZE A f 2™
with m < s < m+ 1, which is
IA"u(t)]| 2 + [A*b(t) | L2 < C(1+1) 7575, (1.5)

The rest of this paper is divided into four parts. In the second section, we shall collect some
lemmas and prove Lemma 2.3 by a diagonalization process. In the third section, we give the
proof of Theorem 1.1 by a priori estimates. In the fourth section, we give the proof of Theorem
1.2 by a classical Fourier splitting method, which was obtained first by Schonbek [22]. In the
fifth section, we will show the proof of Theorem 1.3 by making use of an induction argument.
Noting here that C' denotes a positive constant that may change from line to line, F f denotes
the Fourier transform of a function f and the fractional Laplacian operator A = v/—A is defined
through a Fourier transform, namely K?f (&) = €] £ (©).
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2 Preliminaries

The primary purpose of this section is to give three Lemmas; the first one is the product
type estimate, the second and the third are mainly used for the decay estimate of a solution.

The detailed processes are as follows:

Lemma 2.1 (Product estimate [13, 14, 17]) Let 1 < p < oo, and s > 0. Then there exists
a constant C' such that

[A*(f)llze < CUF o [A°gl o2 + [[A° fllLrs [lgll zre) (2.1)

for f € LP* NW*?s and g € W*P> N LP*, with po, ps € (1, +00) and pi, ps € [1, 00| satisfying
1 1 1 1 1
e
p p1 P2 P3 P4
We will use the following L? estimate of the Fourier transform of the initial datum in a
ball (the proof of Lemma 2.2 is based on the Hausdorfl-Young theorem; for more details please

refer to [12, 22, 30]):
Lemma 2.2 Let ug € LP(R3?), 1 < p < 2. Then

/S@ |[Fuo[2de < Ot + 1) 2D, (2.2)

where S(t) = {£ € R?:| £ |[< g(t)} is a ball with

o0 =(77) "

Here, v > 0 is a constant which will be determined later, and C is a constant which depends

upon  and the LP norm of ug.

In order to prove Theorem 1.2, we need to calculate the estimates of |(¢)| and [b(¢)|, which

will play a key role in this paper. For more details, readers can refer to [7, 26].

Lemma 2.3 Letting (u,b) € C([0,T]; H*(R?)) be a global solution to the Cauchy problem
(1.2) with initial data (ug,bo) € L'(R3) N H*(R?), there exists a constant C' > 0 depending
only on ||ug||r2 and ||bg|| 2 such that

a0l < 0 (1@l + 1) + 15 ).

-~ — -~ 1
.ol < ¢ (w1 + B©)) + )
§
Proof We rewrite (1.2) in the following form:

Owu — Au — b = G,

(2.3)
8b— Ab— dyu = F.

Here G := —u-Vu+b-Vb—Vp, F := —u-Vb+b- Vu. We take the Fourier transform for (2.3)

as

w; w; Gi .
O | ~ (5) =Al L (5) +| - (5)7 i=1,2,3, (2'4)
b b F;
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where
2 .
_ i,
a (e e
i& =l

Then the eigenvalues of matrix A can be calculated as follows:
A= —EP Gl A= —fEP —ilGl.

The associated eigenvectors are

i§ i
=1 9=\
i|&1] —il&|
The matrix C' of the eigenvectors and its inverse are given by
C C i i
b (f g) _ 11 12| _ &1 &1
Co1 Co 6] —ilé]
and
1 1
Ofl é C11 C12 _ 2151 2i | 51 |
C21 C22 L _#
2151 21 | 51 |
If we define
Ui & o1 w;
B; b;
then /U\Z and E satisfy
U, MO0 (T L (G .
| | = | @©+CH ]9, i=1,23

Integrating in time, by Duhamel’s formula, we have

t
Ti(e.1) = MIT(E,0) + / M) (e Gi(€7) + enaFie, 7)) dr,
0

t
Bi(&,t) = eM'B;(£,0) —i—/ eret=m) (621@(577) + 022131‘(577))(17
0

for i = 1,2,3, and, according to (2.5), we have

Ui ci1 iz | [ Gos c11Uo0; + c12bo;
B\i ©0r= C21 €22 l;(; ©= Co110; + 0225(-)\1' )
and
;)\ [Cu Cie U;
bi a Co1 Coo B;
- Cufj\rl- 01213\1'
-\l + CosB;

(2.5)

(2.8)
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We can get from (2.6)—(2.8) that
@&, 1) = M (€ 0)@0:(€) + Maz(&,1)boi (&)

t t
—|—/ Mll(g,t—T)GidT—F/ M12(§,t—T)Fid7’, (29)
0 0

bi(&,t) = Moy (€, £)0: () + Maa (€, £)bos (€)

t t
—|—/ Mgl(g,t—T)GidT—F/ MQQ(f,t—T)FidT, (210)
0 0
where
- . e)\lt + €>\2t e}qt _ e)\gt
M Mii(§,t) Mia(&t)) 2 sen(&1) 2
Mo, &t Moo &t eMt — ghat eMt 4 eAat 7
&) Male)] )
2 2
and
1 61 >0
sgn(é1) = .
-1 &4 <0
It is clear that
M (€, 1) < Ce ™ i j=1,2. (2.11)

Taking the divergence of (1.2),, and using the divergence free condition of u and b, we have
—Ap=V-(—u-Vu+b-Vb)=-V-divluu)+ -V -div(b ®b).
Since the Fourier transform is a bounded map from L' to L, this leads to
IVp(e, )] <IelBE, Dl < lel(fu@ul + b2 b))
<IE[([[u(®)u)llLr + [6()b(t)]|L1)

<ClE|(lu®)lI72 + [61Z2). (2.12)
Similarly, by the divergence free condition of v and b, we can obtain that
- Vbl < [¢]lb@ o] < [g]]bZ- (2.13)
Ju- Vul < |élfw@ul < [€]]ull?s, (2.14)
- Vu| < [€]lb@ul < [g]llb@ ullrr < Cle[(lullZ> + 1BlI72), (2.15)
and
u- Vbl < ClE[([lull72 + 1b]1Z2). (2.16)
Combining the estimates (2.12)—(2.16), by the expression formula of G and F', we get
G, 0] < ClEl(lullzz + [1bI1Z2), (2.17)
and
[F(&,0)] < ClEl(llullZ- + 1b]1Z2). (2.18)

Inserting (2.17), (2.18) and (2.11) into (2.9), we deduce that

t
~ —1€1? —~ ~ —1€12(t—1
[al(t,x) < e 1 (| + |bo|)+0/0 e ST (lu(r)lF2 + [Ib(7)122)d7
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t
— ~ _ 2 —r
< C([uo] + [bol) + sup (|u(r)[|7 +Hb(7)||2L2)/ e P =D eldr
0<r<t 0
— 1
< C(Juol + [bol + E)' (2.19)

Using an argument similar to (2.10), we have

[b](t, ) < C([a] + [bo| + AR

The proof of Lemma 2.3 is thus completed. 0

1
|

3 Proof of Theorem 1.2

This section aims to prove Theorem 1.2. We will show that for any given T' > 0,
[[(w,b)]| = is uniformly bounded over (0,T). Therefore, in order to achieve this goal, we first
give the basic L?-estimate, then establish the H*-estimate. For further details, readers may
refer to Yuan and Liu [30] and Schonbek, Schonbek and Siili [24]. The proof of Theorem 1.1 is

split into two subsections: the L? estimate and the H*® estimate.

3.1 L? estimate

Taking the L? inner products of the equations (1.2)1 » with u and b, and adding the results
and integrating by parts, we obtain
1d

5 37 Ie@®IZ + 16®72) + [Vulie + [[Vb]72 = 0, (3.1)

where we have used the fact that

/(u-V)u-ud:sz,/(u-V)b-bdx:O,
R3

R3
/ (b~V)b-ud:1:—|—/ (b-V)u-bdz =0 and 01b-u+ Oru-bdx = 0.
R3 R3 R3

3.2 H® estimate

Applying A® to the equations of (1.2)112, dotting the resulting equations with A%u and A®b,
and integrating over R, we have
1d
2dt
— [ A°(u-Vu) -ANudz+ [ A°Db-VD)-Audz+ [ A°O1b- Audx

R3 R3 R3

— [ A°(u-Vb)-A°bdz+ [ A°(b-Vu) -A°bdz+ [ A°O1u- A°bdx
R3 R3 R3

6
> I (3.2)

Now, we estimate I1—Ig. For the term I, by the divergence free condition of u, integration by

(1A ul[Z + [IABIIT2) + AT ul 7o + [|A 0] 7

IN

parts, Lemma 2.1 and || f|zs < CHfHH%, we obtain
I = —/ A(u - Vu) - Audz
R3

= / A (u @ u) - A*Tlude
R3
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< (1Al zellullzs + llull o[ A%ull o) [|A** ul| 2
< Cllul s [ A%ul Lol | A ] 2
< Cllull 3 1A ull 7. (3.3)

Similarly,

IL=— [ A°(b-Vb)-Audx
R3

< (Il o 1A%D] o + [A%D] e [1Bl] L) 1A ] 2
< CIIbl 1 ATl 2 |A e e

< Clbll g (ATl + A u|Z2). (3-4)

|I4—|—I5|—‘—/ As(u~Vb)-Ade3:—|—/ A°(b- Vu) - A°bdz
R3 R3

/ A (u®Db) - A5 bda — / A*(b®u) - A¥bda
R3 R3

< Cllull e lA%D] Lo + A%l e [1bl o) 1A= ]l 2
< Cllull s [AT1BN T2 + ClbllLall Al 2| A b 2
< C(llull g + 1100 ) AATTTBIT: + A uZ2). (3.5)

For the terms I3 and Ig, integrating by parts, we get

I3+ Ig = A°O1b - APudx + A°O1u - A°bdx = 0. (36)
R3 R3

Inserting estimates (3.3)—(3.5) into (3.2), we have
d S S S S
AUl T + IA%BIIZ2) + (2 = Cllull 43 + 1013 DUAT w7z + A7) <0. - (3.7)

By Proposition 1.1 , we know that if [Juo|| , 3 +[[bol| ;1 < Z < ¢, then for a small time interval
(0, t1], ||u||H% + ||b||H% < &, so one has

d S S S S
7 AUl Ze + [1A%BIIZ2) + A ulZz + [AF0] 72 <0, (3-8)
Combining this with estimate (3.1), we have
d
3 (lullzr: + 18l17) + [IVullz + Vb7 <0 (3.9)
or
ty
()7 + 116) |7 +/O Va1 + VB0 1 Fdt < JuollF + [1bollF- (3.10)
for 0 < ¢t < t;. In estimate (3.8), choosing s = % and integrating the resulting estimate, it

follows that
|IU(t1)||fﬁ + [|b(t1)

Thus, by a continuous extending argument, we get

12,y <l y + ol (3.11)
t
o)+ 100N + [ 1)+ [V < ol + ol (312)

for all 0 < ¢t < co. This completes the proof of Theorem 1.1. O
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4 Proof of Theorem 1.3

In this section, we prove the decay rate of the global solution in L?(R3) by the classic
Fourier splitting method.
Proof Applying Plancherel’s theorem to (3.1), and by splitting the phase space R? into

two time-dependent parts, we get
G L @R + o) Pac
= [ EPGROF + R
=~ [, 1P P erac - / € aE) + B

S‘/g<t>'5'('(>'+'b %) — / &) P +he)P)ae
<= [ glP(a©OP + BOPe + / g (®2(FO + [B(E)P)de, (4.1)
R3 S(t)

where S(t) and g(t) are defined in Lemma 2.2, and y > 0 is a constant which will be determined
later. Thus, we obtain

% (luIZ> + 1811Z2) + ) (lu®)llZ2 + [IbE)]]72)

<gp [ Jateo? + el (4:2)
S(t)
Multiplying (4.2) by the integrating factor (¢ 4+ 1)7, it follows that
d B ~ ~
(D7 (e®Ize +b@)7)) < v+ /£< o A€, ) + [b(e, t)*de. (4.3)
<g

By Lemma 2.3, we have

d _ _ ~ 1
7@+ (u®lzz +Ib@)IIZ2) < (1 +8) 1/ <|Uo(§)|2 +1bo (&)1 + —2>d€
l€1<q(t) €]
<SCEH+1)""F Ot +1)71 s, (4.4)
Integrating (4.4) in time from 0 to ¢ leads to the result
[u(®)]22 + ()22 < C(t+1)"2 +C(t+1)"2 +C(L+1)7". (4.5)
By choosing ~ > =, we have
lu@®)liz> + bz < CE+1)72. (4.6)

Inserting estimate (4.6) into (2.19), we can obtain that in the ball S(¢),
t
[a(t,€)] < e (@ (€)] + [bo(€)]) + € / eIl (r 1) 72 dr
0

< C([a ()] + bo(€)]) + ClE((t +1)7 — 1)
< C(jao(&)] + [bo(€)] +1). (4.7)
Similarly, we obtain
bt €)| < C([as(&)] + [Bo(&)] +1). (4.8)
@ Springer
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Inserting (4.7) and (4.8) into (4.3), and by Lemma 2.2, we have

SOl + IBOIE)) < Or(1+ 074+ 1)7E, (49)

Integrating (4.9) in time and choosing v > 3 leads to
[u(®)ll72 + 6|72 < C(L+1)7%.

This completes the proof of Theorem 1.2. O

5 Proof of Theorem 1.4

In this section, we will prove the higher order derivative’s decay estimate of the small global
solution to the equations of (1.2) in L?(R?) space.
Proof We use the Fourier splitting method again. Let

S(t) = (g e Blel < FO)}, £(0) = (77)* (5.1)

Then Plancherel’s theorem and (5.1) imply that
AT u(6)][ 2 + A7 b()| 22
= [ JPFAm (e O + FA"bE D e
> [ POFATE O + IFATBE g
[E1>f(t)

> (0 (A" ullEe + 11A703:) - £(1)? /| [P (Al 0F - |FA7Tb(E ) g

&< S(
> FOP(IA™ )72 + |A™D]72) — f(8)* /E<f( ) [ FA™ (€, 1)) + [FA™ (€, t)[*dE
<f(t
Y m, 12 my|2 T \2 m—1, 12 m—1p(2
> P 2 2 - P 2 2 .
> () (Al A8 = (2 (Al + A7 b32). (5:2)

where m > 1 is an integer. Inserting estimate (5.2) into (3.8), it follows that

d m m ’Y m m
g A" ullZe + IATBIE:) + (25 (1A ullZe + [A™072)

Y m— m—
< (7 O™l + A7 832, (53)

By induction, when m = 1, multiplying both sides of inequality (5.3) by the integrating factor
(t+ 1) yields

%((t +1)7([AullZe + [1AD]172)) < C(1+ ) (full72 + [Ib]172)
<C(+t)7273, (5.4)
Integrating inequality (5.4) from 0 to ¢, we have
(t+1)7 ([ Aul72 + [Ab]72) < C(lluol7= + [[BolI72) + C(1 4 1)~ 72 (5.5)
Thus, choosing v > g, we can obtain

| Aul|32 + [|[AD||72 < C(1+t)"27h (5.6)
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Assuming that for m > 1,
IA™ Y ulf3s + A" D]|3 < (1 + )72~ (m=D), (5.7)
Therefore, inserting the above estimate into (5.3), we have

d m m Y m m Y 3 (m—
A ull72 + 1A bll%2)+1—+t(llA ull7e +[|A blI%z)SC(l—Hf(Ht) 2= (5.8)

Multiplying both sides of (5.8) by (1 4+ t)7, we obtain

d _3 _(m—1)—
— ullg < 2 D=2, .
T A+ A U7z + [IA70]72)] < (1+1)7 (b2 (5.9)
Integrating (5.9) on [0, ], we get

(1+ 07 (JA™u(®)lI72 + IA"B@)]72) < [A™uol|Z2 + [|A™Bo |72 + (1 + )72 7(""D71 0 (5.10)

Similarly, by choosing v > % + m, we obtain

[A™ul22 + [A™B]22 < (1+t)727™ (5.11)
Therefore, the proof of Theorem 1.3 is completed. O
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