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Abstract In this article, we study the initial boundary value problem of coupled semi-linear
degenerate parabolic equations with a singular potential term on manifolds with corner sin-
gularities. Firstly, we introduce the corner type weighted p-Sobolev spaces and the weighted
corner type Sobolev inequality, the Poincaré inequality, and the Hardy inequality. Then, by
using the potential well method and the inequality mentioned above, we obtain an existence
theorem of global solutions with exponential decay and show the blow-up in finite time of
solutions for both cases with low initial energy and critical initial energy. Significantly, the
relation between the above two phenomena is derived as a sharp condition. Moreover, we

show that the global existence also holds for the case of a potential well family.
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tials; asymptotic stability; blow-up
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1 Introduction and Main Results

Let M C [0,1) x X x [0,1) be a corner type domain with finite corner measure |M| =
fM %dx‘:—g, which is a local model of stretched corner-manifolds (i.e., the manifolds with corner
singularities) with dimension N = n +2 > 3. Here, let X is a closed compact sub-manifold
of dimension n emdedded in the unit sphere of R"*!. Let My denote the interior of M and

OM = {0} x X x {0} denote the boundary of M. The corner-Laplacian is defined as

Ay = (Tar)Q + (811)2 +eeet (azn)Q + (”an)Qa
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which is a degenerate elliptic operator on the boundary OM. The present paper is concerned
with the initial boundary value problem of a class of coupled semi-linear corner-degenerate

parabolic equations with singular potential term of the form

Ou — Ayu — pViu = Fy(u,v), in My x (0,7,
0w — Ay — pVav = F(u,v), in My x (0,7, (1)
u(z,0) = ug, v(z,0) = vy, in M,

u=0,v=0, on OM x (0,T),

where z := (r,z,w) € M,;0 < T < 400 is the maximal existence time. The singular potential
term V;(i = 1,2) is unbounded on OM and satisfies the corner Hardy inequality

1
V2l wosy < ClIVmell noay (1.2)

22 (M) N )

17(N71

N
foro e Hyly * 72 )(M) Chen et al. [13] obtained two kinds of singular potential functions V' =

1
)

_p ]
——r° and V =
2 a4t fw?

(1.2). Define

W, which satisfy the corner type Hardy inequality

1
Vel sq y

R Y L E)
C* =sup 2 e €My 2 TP (M), #0y, (1.3)
Vol n1 x ’
£;7 2
and then let 1
The function F : R? — R is a C''-function given by
F(u,v) = alu + vP*! + 28Juv| "=, (1.4)
where 1 < p < %,a > 1 and § > 0. In addition,
or 1 p=3  pil
fi(u,v) = %(u,v) =(p+ Dau+v|P" (u+v)+ Blu| = |v] = ul,
F _
Fal,0) 1= 22 (u,0) = (p -+ Do+ 0 () 4+ BJof 7 ] 5, (1.5)

v
wfi(u,v) +vfa(u,v) = (p+ 1)F(u,v) for all (u,v) € R

Chen et al. [4] studied the initial-boundary problem of a single semi-linear parabolic equa-
tion on a stretched cone. The corresponding cone is Laplacian Ag = (210,,)* + 82, +--- 402 |
which is degenerate at 1 = 0. This kind of operator is a simple example of conical dfferential
operators. Alimohammady and Kalleji [2] studied a similar problem for a class of single semi-
linear parabolic equations with a positive potential function on stretched cone. The authors of
this paper [3] studied the initial-boundary problem of a single semi-linear parabolic equation
with a singular potential function for the edge Laplacian Ag = (wdy,)?* + 92 + -+ + 92 +
(wdy, )? + -+ + (wayq)2, with edge singularity at w = 0. A powerful technique for treating the
above problems is the so-called potential well method, which was developed by Sattinger [21] in
the context of hyperbolic equations. At the same time, the pseudo-differential operators with
conical singularities and edge singularities have been widely studied with various motivations
by Egorov and Schulze [14], Schulze [23], Schrohe and Seiler [22], Melrose and Mendoza [18]
and Mazzeo [17], Chen et al. [5-10].
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Motivated by the above work, in this article we generalize the above results for scale
parabolic equations to a coupled system of nonlinear parabolic equations. We further study a
class of coupled systems of semi-linear parabolic equations with singular potentials on a man-
ifold with corner singularities. Here the so-called corner Laplacian Ay = (r0,)? + (9, )% +

4+ (05,)? + (rwdy,)? is degenerate at both r = 0 and w = 0, and it is named after the
local structure of a manifold with corner singularities. Recently, Chen et al. [11] established
the so-called corner type Sobolev inequality and Poincaré inequality in the weighted Sobolev
spaces. Such kinds of inequalities will be of fundamental importance in proving the existence of
weak solutions for nonlinear problems with corner degeneracy. Melrose and Piazza studied the
structure of manifolds with corners in [19]. Schulze discussed the calculus of corner degenerate
pseudo-dfferential operators in [24]. Chen et al. studied multiple solutioms and multiple sign
changing solutions for semi-linear corner degenerate elliptic equations with singular potential
in [13] and [12], respectively.

First, we introduce the following definition of the weak solution:

Definition 1.1 Function (u,v) = (u(z,t),v(z,t)) is called a weak solution of prob-
lem (1.1) on M x [0,T), with 0 < T < +o0o being the maximal existence time, if u,v €
L0, T3 HyS 7 %) (M) with wy, v, € L2(0,T; £, 7 "7 (M) satisfies problem (1.1) in the dis-

tribution sense, i.e.,

/ rus - pdo —|—/ rVyu - Vyedo — / ruViu - edo = / rfi(u,v) - pdo,
M M M M

(1.6)
/ rug - edo —|—/ rVyv - Vmpdo — / ruVav - pdo = / rfa(u,v) - pdo
M M M M

LA

N
for any p € Hyly * ' * )(M), t € (0,T) with u(z,0) = ugp(2), v(z,0) = vo(z) for z € M.

N—1 N
From the variational point of view, there are two natural functionals on H;:é 22 )(M)

associated with problem (1.1): the energy functional and the Nehari functional. These are
defined respectively, by

1 1
E(u,v) = 5 /MT(|VMU|2 + |VMU|2)dU ~5 /M1",u(V1|u|2 + V2|v|2)da - /MTF(u,v)da, (1.7)

K(u,v) = /M¢°(|V1M1u|2 + |Vyo|?)do — /MTM(V1|U|2 + Valv[)do — (p+ 1) /MTF(u,v)da.
(1.8)

Remark 1.2 The weak solution in the above definition satisfies the conservation of energy

t
/ Il(Orwt, O-0)||> s AT + E(u,v) = E(ug,vp), 0<t<T. (1.9)
0 Ly 2 72 (M)

We are now in a position to state our main results. Our main results are concerned with the

global existence with exponential decay and the finite time blow-up of a solution for problem
(1.1). Let

d := inf { sup E(Au, \v)|(u, v) € (H;ZSN;’%)(M)V \ {(0, O)}} (1.10)
A>0

17(N—1 N

Theorem 1.3 Let ug,vg € Hyg > 2 (M). Assume that E(up,vo) < d and K (ug,vo) >
N—-1
0. Then problem (1.1) admits a global weak solution u,v € LOO(O,OO;H;:((JT’%)(M)) with
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N-1
2

ug,vr € L2(0,00; Ly

vz

)

(M)). Moreover, there exist constants A > 0 and C' > 0, such that

[[(u(t), v(t))

I?va n < Ce™ for 0<t<oo.
£y 7 (M)

17(N—1 N

Theorem 1.4 Let ug,vg € Hyg > 2 (M). Assume that E(up,vo) < d and K (ug,vp) <
0. Then the weak solution of problem (1.1) blows up in finite time, i.e., the maximal existence
time T is finite and

= 4-o00.

lim || (u(t), ()| x|
t—T L, 2

This paper is organized as follows: in Section 2 we give some preliminaries, such as the

N
2 (M)

definition of a corner type weighted p-Sobolev space, the properties of corner type weighted
p-Sobolev space and some useful inequalities, such as the Sobolev inequality, the Poincaré
inequality and the Hardy inequality (more details can be seen in [11, 13]). In Section 3, we
introduce a family of potential wells relative to problem (1.1) and prove a series of corresponding
properties. Then, we discuss the invariance of some sets under the solution flow of (1.1) and
the vacuum isolating behavior of solutions. Finally, we give the proof of Theorem 1.3 and
Theorem 1.4 in Section 4. Moreover, we show that the global existence also holds for the case

of a potential well family.

2 Corner Type Weighted p-Sobolev Spaces

Let X C S™ be a bounded open set in the unit sphere of Rg“. Then the finite corner is
defined as
M = (E x [0,1))/(E x {0}),
where the base F is a finite cone defined as £ = ([0,1) x X)/({0} x X). Thus, the finite
stretched corner is
MCEx[0,1)=1[0,1) x X x [0,1), (2.1)
with the smooth boundary OM = {0} x X x {0}. Here we denote M as the interior of M. In
this paper, we shall use the coordinates (r, x,w) € M.
The typical degenerate differential operator A on the stretched cone E is as follows:
A=r"# Z a;(r)(rd,)? = r"Ag,
J<p
with coefficients a;(r) € C*°(R,,Diff* 7 (X)). Here Ag is degenerate cone operator. Denote
Diffgcg (E) for the set of cone differential operators as A. The typical differential operator B on
the stretched corner M is then of the form

B=w"" Z bjl(w)(waw)ju

i<(v=1)
where we have the coefficients b;(w) € C*° (R, Diﬁge_gl(E)), ie.,
bi(w) = r~ D Z aji(r,w)(rd, ),
i<(v=10)

with aj;(r,w) € O (R, Diff*~"7(X)). This implies that
B=(rw)™ Y a(r,w)(rd,) (rwdy)" = (rw)”" By,
JHI<v
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No.1 H. Chen& N. Liu: COUPLED PARABOLIC EQUATIONS WITH SINGULAR POTENTIALS 261

where a;;(r,w) € C®°(R,,Diff*'7(X)) and By is called a degenerate corner operator. In
fact, we have following Riemannian metric on the corner M:
dw? + w?(dr® +12gx),
where gx is a Riemannian metric on X. Then the corresponding gradient operator with corner
degeneracy is
Vm = (10, Opyy -+ 4 Ox, , TwOy).

Now we define the weighted L7 space on Ry x R™ X R as follows:

Definition 2.1 Let (r,z,w) € Ry x R™ x Ry, with weight data v; € R,i = 1,2 and
1 < p < +oo. Then L7 (Ry x R™ x Ry, %dxf—g) denotes the space of all u(r,z,w) €
D' (R x R™ x R, ) such that

1
d d »
il gyas = < / |T%_71w%_72u(7“,x,w)|p—rda:—w> < oo,
i Ry xR xRy TooTw

By the above weighted L)*7? space, we can define the following weighted p-Sobolev spaces
on Ry x R™ x Ry, with a natural scale for all 1 < p < 4o0:

Definition 2.2 Let m € N;y; € R;7 =1,2, and set N = n+ 2, with the weighted Sobolev

space

H IRy x R™ x Ry) = {u € D'(Ry x R™ x Ry)|(r0,) 0% (rwdy, ) u(r, z, w)

rTw

dr | d
€ L7 (Ry x R" x Ry, {dx—w)}

for k,l € R and the multi-index o € R™, with k + |a| + 1 < m. Moreover, the closure of C§°
functions in Hy" 72 (R, x R™ x R,) is denoted by Hgé(Wl’”)(RJr x R™ x Ry).

Similarly, we can define the following weighted p-Sobolev spaces on an open stretched corner
R+ x R"™ x R+Z

H (R, x X x Ry) = {u e D'(Ry x X x Ry)|(rd,) 02 (rwdy, ) u(r, z, w)
dr  d
€Ly (Ry x X x Ry, —de—w)},
r rw

for k,I € R and the multi-index « € R™, with k + |a| + 1 < m, which is a Banach space with
the norm

1
d dw)?
[[wll o190 = Z {/ |r¥'”wg72(r@r)lag‘(rwaw)ku(r,x,w)|—Td:v—w} .
! I|al+k<m 7Ry xR roon
Moreover, the subspace HZ?(")('”’W)(RJF x X x R4) denoting the closure of C§° functions in

My 0P (R, x X x Ry) is denoted by %772 (Ry x X x Ry).

In a fashion similar to the definition in [11], we can introduce the following weighted p-
Sobolev space on the finite stretched corner M defined in (2.1):

Definition 2.3 Letting m € N,;i = 1,2,1 < p < 00,v; € R, W;.2P(Mj) is the classical

loc

local Sobolev space. Then H,' ’(’“’72)(1\41) denotes the subspace of all u € WJ"* (M), such that

M) (M) = {u € Wiie? (M) (wou € H 0V (R x B x Ry )}
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for any cut-off functions w = w(r,x) and o = o(x,w), supported by collar neighborhoods
of (0,1) x OM and OM x (0, 1), respectively. Moreover, the complement of C§° functions in
My 07 (M) s Hp ) (M),

It can be deduced from Definition 2.3 that HZL’(%’W)(M) is a Banach space with 1 < p < oo,
and a Hilbert space with p = 2. Also we have that r7i w2 Hp" 72 (M) = HZL’(%—F%’"“*_W;) (M).
Next, the following proposition gives us the embedding property for the weighted Sobolev space
My 72 (M):

Proposition 2.4 The embedding Hzll’(%ﬁé)(l\/ﬂ) — H;n-,(mm) (M) is continuous for m’ >
m, = Ve

Proof See [11], Proposition 2.4. O

Proposition 2.5 (corner Sobolev inequality) Assume 1 < p < N, p% = % — %, N =

14+n+1and v,y € R. For u(r,z,w) € C§(Ry x R™ x R, ), the following estimate holds:

H“HLZ}FWE (R4 xR xR4) < afes + C4)||7°5ru||L;1”2(R+anxm)

n
+aler +c2 +c3 +ca) Z | Oz, |12 (®, xR xR, )
i=1

+a(ca + C4)||7°waw“”Lgl*”2 (R xR xR, )

+ (e1 + 02)||u||L;1’72(R+XR"XR+)

+ (Cl + c3)||u||L;1’1”*2 (Ry XR™ xRy )’ (22)

where 7f =71 -1, v =7 —1, and o = % with constants ¢; = %|W|% X
|(N71])V(Z_fo’>'2p) |%,co = 1] (N71])V(1_vpfnp) |%, e = 1] (N71J)V(J_vppr) 1%, and ¢4 = +.

Proof See [11], Proposition 3.1. O

In the case of 7y3 = 12 = %, we have the constant in (2.2): ¢; = ¢3 = ¢3 = 0. Then the

Holder inequality implies that, for u € H1177(71,v2)(M>,
Huﬂgzylwvrl(R+XRan+) < CHVMUHL;”W(R+XR”X]R+)a (2.3)
where Vi = (r0y, Oz, , - -+ , O, , Tw0y,) is the corner type gradient operator on Ml = Ry x X xR,

and the constant ¢ = ((J]y:pl))]’\’] is the best constant (as we had in standard Sobolev spaces).

Proposition 2.6 The embedding

l(Nfl E) O(Nflﬁ
HE T EAN
2,0

(M) — Hyy T T (M)

is compact for 2 < [ < 2*.
Proof See [11], Proposition 3.3. O

LD L5

Ifuel, (M), veL, TP (M), with p,p’ € (1,00) and %—Fﬁ =1, then we have

the following corner type Holder inequality:

1

[ wtao < ([ r|u|Pda>%( [ roras)” (24)

Proposition 2.7 (corner Poincaré inequality) For u(r, z,w) € H;:gwm)(M), 1<p< oo,
it holds that
Hu|‘£;1*1ﬁ2 (™) < dM”vMu”L;l*l"m (M) (25)
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where dy; is the diameter of M.

Proof See [11], Proposition 3.2. O

Proposition 2.8 Let (r,z,w) e M=1[0,1) x X x [0,1) and 1 < p < co. Then
(i) let
r=2e" 72

_ 1 ’
e 7 4 af 4+ a4 w?

Vl(rvwi) =

1,(N=1 N
so for u € Hyy = "7/ (M), we have
N -2
(—)2/ rViu?de < / 7| Vyul2do, (2.6)
2 M M
where do = %dxf—g;
(i) let
1
VQ(T, I, w) =

r2+ a2+ 422 +w?’
(AR )
so for u € Hyy * "2 '(M), we have
2 2 2
) rVoudo < | r|Vyul“do. (2.7)
2 M M
Proof See [13], Proposition 3.1. O

Using the corner Hardy inequality (1.2), the operator —Ayu — pVu, for 0 < p < &z, is

N-1 N
a positive operator defined on the Hilbert space H;(() z 02 )(M) Thus, in a fashion similar to

the result of Proposition 2.5 in [11], we have the following lemma:

Proposition 2.9 Let 0 < pu < % Then the Dirichlet problem

—Amy —pVp = A, in My,

=0, on OM
has a discrete set of positive eigenvalues {A\x}r>1 which can be ordered, after counting (finite)
multiplicity, as 0 < A\ < dg < A3 < -+ < A < ---, and Ay — o0 as K — 4oo. Also,
the corresponding eigenfunctions {1y }r>1 constitute an orthonormal basis of the Hilbert space
Hoh P .

3 A Family of Potential Wells and Vacuum Isolating of Solutions

In this section, we shall introduce a family of potential wells, the exterior of the correspond-
ing potential well sets, and give a series of properties of these. Then, the invariant sets and
the vacuum isolating of solutions for problem (1.1) are discussed. First, let the definitions of
functionals F(u,v) and K (u,v) be defined by (1.7) and (1.8). Next, we give some properties of

the above functionals as follows:
N-—1

Lemma 3.1 Let (u,v) € (H;é 2 ’%)(M))2 \ {(0,0)}. Then we have

(1) )l\ir% E(Au, \v) =0, and Alim E(Au, \v) =
— ——+00

(ii) on the interval 0 < A < oo, there exists a unique \* = A*(u, v) > 0 such that

d
ﬁE(/\% Av) [ x=as = 0;
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(iii) E(Au, \v) is strictly increasing on 0 < A < A*, strictly decreasing on A > A*, and

takes the maximum at A = \*;
(iv) K(Au, v) > 0for 0 < XA < X*, K(Au, ) <0 for A > A* and K (X\*u, A*v) = 0, which

means that \* = 1.

N-1 N
2

Proof (i) Let (u,v) € (H;((J *

have

)(M))2 \ {(0,0)}. From the definition of E(u,v), we

22 22
B, 2w = o / ([ Vaeuf? + [ Vaaf?)do — / ru(Valul? + ValoP)do
M M

—)\p+1/ rF(u,v)do,
M

which gives
lim E(A\u, Av) =0,
A—0

and
lim E(Au, \v) = —o0.
A——+00

(ii) An easy calculation shows that

d
—E(\u, ) = )\[/ r(|VMu|2+|VMv|2)do—/ ru(Vilul® + Va|v|*)do
M M

ax
—(p+ 1)\t /

[ P U)d0:| , (3.1)

which leads to the conclusion.
(iii) By a direct calculation, (3.1) gives that for (u,v) # (0,0), there exists a unqiue

bV + VPl a0t Vi) o
(p+1) fM rF(u,v)do

such that & E(X*u, A*v) = 0. Moreover,

|

d
aE()\u,)\U) >0 for0< <A,

d
aE()\u, Av) <0 for M < A < o0.
Hence, the conclusion of (iii) holds.

(iv) The conclusion follows from

K (Au, \v) :)\2/ r(|VMu|2+|VMU|2)dU—)\2/ ru(Vilul? + Valv|?)do
M M

—(p+ 1))\p+1/ rF(u,v)do
M

d
= /\aE()\u, Av).

O
Define the Nehari manifold by
IRC=
N = {(wv) € (g = = (M| (u.v) = 0, (w,0) # (0,0)}.
Then the definition of d (1.10) and Lemma 3.1 implies that
d= inf FE(u,v)>0. (3.2)

(u,v)EN
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Thus, the potential well associated with problem (1.1) is the set

N-1
W= {(u,v) € (Hy$ 7 3 (M))?|E(u,0) < d, K (u,v) > 0} U{(0,0)}.
Here, d is the depth of the potential well, which is defined by (1.10) and satisfies (3.2).

The exterior of the potential well is the set

N—-1 N

Z = {(u,v) € (Hy$ = "2 (M))2| E(u,v) < d, K (u,v) < 0}.

For § > 0, we further define

K(u,v) :5/ T(|VMU|2+|VMU|2)d0—6/ r(V1|u|2+V2|U|2)dU—(p+1)/ P F(u,v)do (3.3)
M M M

and
1
r(8) = { 5(1— pC*?) ]
(p+1)(2ra+p)CE]
where
HSDHLZZE?%(M) LN N
C*:S“p{uvMsan o PETE T (M)’“”éo}’ (34)
£y T ()

and the constant C can be obtained from Proposition 2.7 and Proposition 2.6.

The following lemmas are given to exhibit the relation between ||(Vyu, Viyo)|| N1y w0
£, % T
and Ks(u,v): ’
N-1
Lemma 3.2 Assume that u,v € 'H;’((J 2 ’%)(M). If ||(Vmu, V)| N1 ¥ < r(0),
’ £,2 7T M
then Ks(u,v) > 0. In particular, if [|(Vau, Vio)|| o1 x : < r(1), then Kz(u,v) > 0.
Proof From |(Vmu,Vmv)|| ~n-1 v < r(d), we have
£, % 7E
o+ [ rFuodo < 4 D@a+ ) [ ol + o
M M
<@E+D)@a+ Al s v HIPxa )T
LrR P LrR P
<@+ D@+ HCT (IVuul as y A+ IViolP sy )T
Ly 2 72 (M) N ()
< (p+ 12+ B)CT ()P [(Viw, Vo) |2 v
£,% 7
=4(1 _NC*2)H(VMU7VMU)H2M N
£;7 2
5 [ ruQViluf? + ValoPP)do < 802 (Ve Vo) s
M £,% T
and so by the definition of K;(u,v) by (3.3), the lemma is proved. O

Lemma 3.3 Assume that u,v € Hyy * 2 (M). If Ks(u,v) <0, then

LS55

[[(Vmu, Vo) Nov > r(9).

Hﬁz (M)

In particular, if K (u,v) <0, then ||(Vyu, Vyv)|| ~-1

> r(1).
Ly 2 (M) )

Nz
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Proof From Ks(u,v) <0, we have

§(1 = pC) | (Viau, Vi) I vo1
£2 2 72 (M)

< 5/ r(|Varul? + |VMU|2)dU—(5/ P (Vi Jul? + Valo]2)do
M M
<(p+ 1)/ rF(u,v)do
M

<(p+1)(2Pa+p) /Mr(|u|erl + [v|P™de

+1
N-1
>

< (p+1)(2Pa + B)CTH[ (Vi Vigo)||”
Ly (M)

vz

which leads to

5(1 — pC*? p=1
[(Vaaw, Vo) voa x> { e am =(9).
Ly 2 (M (p+1)(2Pa+ B)Cx
|
Lemma 3.4 Assume that u,v € H;:ON? )(M) and (u,v) # (0,0). If K5(u,v) =0, then

vz

[(Vagu, Vio)|| w1

> 7(6).
£2 2

(M)

Nz

In particular, if K(u,v) =0, then ||(Vmu, VMo)|| N1 % 0 > r(1).
£;Z T
Proof If Ks(u,v) =0 and (u,v) # (0,0), then from

§(1 = pC) | (Vinu, Vi) I xoa
£2 2 72 (M)

< 5/ r([Varul? + |VMU|2)dU—(5/ P (Vi Jul? + Valo]2)do
M M
=(p+ 1)/ rF(u,v)do
M
<+ )@a+ ) [ rllul oo
M

< (p+1)(2°a + BT |(View, Vi) [Py x

Ly 2 (M)
we get
1
5(1 — pC*? p=T
|V, V)| sy > { U=nC™) 177 ).
£, 7o L(p+1)(2Pa+ B)CK
|
For ¢ > 0, we define the depth of a family of potential wells as
d(6) = inf FE(u,v), 3.5
(0) = inf  E(uv) (3.5)
where the Nehari manifold is
N—1 N
Ns = {(u,v) € (M5 7 > (M))?| K (u,v) = 0, (w,v) # (0,0)}. (3.6)

Then, the depth d(d) and its expression can be estimated as follows:

Lemma 3.5 Let 0<d < p%l. Then
d(6) > a(8)r*(6),
@ Springer
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where a(8) = (3 — %)(1 — pnC*2). In particular,

1 — uC*2 Pl

D= 1 _ *2
(L =C™) (p +1)(2Pa + B)CPH

2 2(p+1)

Moreover, we have
2p+1) /1 0 2
Z_ 0r—1d. 3.7
p—1(2 p+1) (37)
Proof From the definition of N by (3.6), we have ||(Vmu, Vmv)|| N1 ¥ > r(6) for
£,2 T M
127) and the definition

d(s) =

any (u,v) € Ny, by Lemma 3.4. Thus, from the definition of E(u,v) by (
of Ks(u,v) by (3.3), we deduce that

1 1) 1
B(u,v) = (5 - m) [/MT(|VMU|2 + [Viw[*)do — /M7"(V1|u|2 + Valv*)do| + mKa(u,v)
1 0
> (= — —)(1— *2 2N n
2 (3 p+1)( pC ) (Vi VM”)H%NT,T(M)
> a(8)r?(0) (3.8)

for any (u,v) € Ns, which infers that
d(3) > a(8)r*(9),

from the definition of d(J) when 0 < § < %.
The first part of this lemma is proved. Now let us prove eq. (3.7).
(1) If 6 > 0, (@, ) € N5 is a minimizer of d(d) = ian E(u,v), i.e.,, E(u,v) = d(5). In

(u,v)EN

this case we define A = A(d) by (A, \v) € N. Then, there exists a unique A which satisfies

- [erquup + [Vaef)do — fygr(Vall? + v2|v|2>do} .
(p+1) [y, 7F(a,v)do
for each § > 0. Thus, from the definition of d(§) by (3.5) for 6 = 1 and (A@, Av) € N, we can
obtain that

d < E(\u, \v)
p—1 o / —12 12 / —12 12 } 1 oy
=350 Vitl* + [Vyo*)do — | r(Vi|af* + Valo*)do | + —— K (A, A
2(p+1) [ MT(| Ml + [V )do MT( el + Vafol)do p+1 (A, Ao)
__p-1l 2 —12 12V 12 —12
= 2(p+1)5 [/MT“(|VMU| + |Vmo|*)do /MT(V1|u| + Vao) )dg':|'
Notice that
1 )
d(0) = E(u,v) = (5 — —) [/ 7“(|VM11|2 + |VM17|2)dU —/ T(V1|ﬂ|2 4 V2|U|2)dg]7
2 p+17lJm .
so we get
_=2 p—1 /1 d 4
d<§ p1 - _ d(s),
- 2(p+1)(2 p—l—l) (9)
which implies that
ae) > 22D 0 55y (3.9)

p—1 ‘2 pt1
for 0 < § < 2L
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(2) If§ > 0, (@,0) € N is a minimizer of d = ( iI;fNE(’U,, v), i.e., E(4,0) = d. In this case,
u,v)e

we define A = A\(0) by (@, ?) € Ns. Then, there exists a unique A which satisfies

\ {5 S r (V) + [Vid)?)do 6 [, r(Vilaf? + V2|17|2)da} = .
(p+1) fM rF(a,v)do
for each 6 > 0. Thus, from the definition of d(d) by (3.5) and (A, A0) € N, we can obtain that
d(6) < E(Aa, \0)
1 )

_(5—m))\2[/Mr(|VMﬂ|2+|VM6|2)dU—/MT(V1|11|2+V2|€)|2)dU]

1
— Ks(Au, A\v
+p+1 s(Ai, AD)

— (3 - e [/MT(WM@F Vo) = [ ol + V2|€)|2)da].

Notice that

-1
d=E(i,) = -2 [/ r(|VMﬂ|2+|VM6|2)da—/ T(V1|ﬂ|2+V2|f)|2)da},
M M

2(p+1)
so we get
2(p+1),1 0 .2
d(d) < - — -1d 1
0 < 22D - st (3.10)
for 0 < § < Z-L. From (3.9) and (3.10), we obtain the conclusion, (3.7). O

Additionally, we show how d(§) behaves with respect to § in the following lemma:

Lemma 3.6 d(0) satisfies the following properties :

(i) }iil(l) d(8) =0, d(2:%) = 0 and d(6) is continuous and d(5) > 0 for 0 < § <

(ii) d(6) is increasing on 0 < § < 1, decreasing on 1 < § < ZEL and takes the maximum
d=d(1)at § = 1.

Proof From Lemma 3.5, we immediately obtain the result of (i) and we also have that

0-23

which implies the conclusion of (ii). 0

s (1= §),

N—1

Lemma 3.7 Assume that 0 < E(u,v) < d for some u,v € H;:O 2 ’%)(M), and §; < d2
are the two roots of the equation E(u,v) = d(d). Then the sign of Ks(u,v) does not change for
o€ (51, 52)

Proof E(u,v) > 0 implies ||(Vmu, V)| N1y # 0. If the sign of Kj(u,v) is
_ Ly % 72 (M)
changeable for § € (d1,d2), we can choose 0 € (01, 02) satisfying Kz(u,v) = 0. Thus, by the

definition of d(¢), we have E(u,v) > d(§). However, from Lemma 3.6, E(u,v) = d(6;) =

d(d2) < d(0), which is a contraction. O

After the definition of the depth of the family of potential wells d(d), the following lemmas
are given to exhibit the relation between Ks(u,v) and ||(Vmu, Vumv)|| ~-1 ¥ when E(u,v) <
M

I,
d(9):

Lemma 3.8 Let u,v e H;:é 2 ’%)(M) and 0 < 4§ < p%l. Assume that E(u,v) < d(9).
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1 s(u,v) > 0, then 0 < MU, VMU N—1 N < —=¢. In particular, 1 u,v) >0,
i) If K 0, then 0 < || (Viga, Vigv) |2 x4 » AT icular, if K 0
L22 12

(M)
then 2p+ 1)
0 < (Varw, Vago) 2 vos < Z22d(1 — pC*2) 7
£, 7 Ty p—1
(i) If [ (Vmu, Vo) | voy x> %, then Ks(u,v) < 0. In particular, if
£,% 2
2(p+1 N
(Vo Vi) P xs > 225D g0 ooy,
7 Tap  p—l

then K (u,v) < 0.
(iii) If Ks(u,v) = 0, then ||(Vagw, Vago) |2 vos x < 28 In particular, if K (u,v) = 0,
2 2

, a(9)
Ly (M)
then 2( 1
|(Vages Var) P ws y  < 22D g ooy,
£,27 2 (M) p—1

Proof (i) If E(u,v) < d(0) and Ks(u,v) > 0, we can get
0(6) > E(u,v)

- —Z%){/MTQVMUF—F|VMU|2)dU—/MT(V1|u|2+V2|v|2)dU +Z%K5(u,v)
1 ) 1

> - - _ *2 2 _ -
> (5= ) A= HC o Ty g K
> a(6)[|(Viat, Vo) |* voa

Ly 2 72 (M)

(i) If E(u,v) < d(8) and ||(Vigw, Vo) 12 vy > 200 then
7 T 0

Ks(u,v) = (p+ 1)E(u,v)

1
=5 0| [ %l Vi)~ [ 0l + alof2yio
M M
+1 .
< (p+1)d() — (F5= = 9)(1 = C)|| (Vs Vaao)|2 s
)
P s o0
< (p+1)d(5) —( )1-C >a(5)—0'
(iii) If E(u,v) < d(d) and Ks(u,v) =0, then
1 J *2 2 1
A8) 2 B(u,0) 2 (5 = 51 = 10T, Vol sy -+ g Kiano)

= a(®)[(Vmu, Vo) P xoa
)

O

]JEV{elmark 3.9 The results of Lemmas 3.2-3.4 and Lemma 3.8 show that the space

N1 N

Hé:é 20z )(M) is divided into two parts — Ks(u,v) > 0 and Ks(u, v) < 0— by surface Ks(u,v) =
0((u,v) # (0,0)). The inside part of Ks(u,v) = 0 is Ks(u,v) > 0 and the outside part of

Ks(u,v) = 01is Ks(u,v) < 0. Sphere ||(Vmu, Vyv)|| N;l’%( : = r(9) lies inside of Ks(u,v) >0

c, M
and sphere ||(Vyu, V)| yoy = % lies inside of Kj(u,v) < 0.
Ly 2 72 (M)
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Now we are in a position to introduce a family of potential wells. For 0 < § < %, define

N-1

Wi = {(u,0) € (M) ?

) (M))2 K5 (u,0) > 0, E(u, v) < d(6)} U {(o,o)},

Wy = Wy 0 0W; = { (u,0) € (Hy ST ) (M) Ky, 0) > 0, B(u,0) < a)}.

In addition, we define the exterior of the corresponding potential well sets by

—1

Zs = {(wv) € (357 3 (M) Ks(u,0) < 0, Blu,v) < d(8) }

for0<6<%.

Lemma 3.10 Let 0 <0 < %. Then
(i) By, 5y C Ws C By,(s), where

L5 Y .
Bruo) ={ (w0) € (M5 = 2 QO (Voo Vre0) sy < min{r?(9),24(0)}
L5 2 2 d(é)
B,5) =4 (u,v) € (Hyy * "2’ (M Vmu, Vo) || vo1 » < —= 1
o ={w € (LT P 0PIV, Vol sy < T}
(i) Zs C B§, where
17 N;l)%
By = {(w,v) € (155 7 M2 (Vs Vaso)| s < r(9)}.
£y (M)

Proof (i) If (u,v) € By, (s, then

|(Vmu, Vigo)|| v-1 n < r(9)
L"2 2 2 (M)

and

1(Vaaw, Vago) |2 s < 2d(3).
[’2 2 2 (M)

Then, from Lemma 3.2 and E(u,v) < £||(Vmu, Vi) || v1 x  , we have Ks(u,v) > 0 and
L2 2 (M)
E(u,v) < d(0). Hence, we can obtain that (u,v) € W;. ’

If (u,v) € W;s, from Lemma 3.8 we can obtain that

\% U,V v 21\771 < —=,
H( M M )H£22 %(M) CL(5)

from which we can obtain that (u,v) € B, 5)-

(ii) If (u,v) € Zs, from Lemma 3.3 we can obtain that

[(Vmu, Vo)|| n-1 ¥ > r(d),

H£z2 12 (M)

from which we can obtain that (u,v) € Bg. O
From the definition of Wy and Zs and Lemma 3.6 we can obtain

Lemma 3.11 The potential well sets and its outsiders have the following properties:

(i) 0 < ¢ <" <1, then Wy C Wy

(i) If1 <0 <6 <L then Zy C Zsn.

Next, by using the above potential wells, we establish the invariant sets and the vacuum

isolating of solutions for problem (1.1).
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LA

Proposition 3.12  Assume that ug,vo € Hy)y %)(M) Let 0 < 6 < %. Suppose that
0 < e <d, §; < dy are the two roots of equation d(d) = e. Then all solutions of problem (1.1)
with 0 < E(ug,vo) < e, K(ug,v9) > 0 belong to Wy for §; < § < ds.

Proof Let (u(t),v(t)) be any solution of problem (1.1) with E(ug,vo) = e, K (ug,vo) > 0,

and let T is the maximal existence time of (u(t),v(¢)). From Lemma 3.6, it follows that

0 < E(ug, vo) < e = d(81) = d(6) < d(6) < d

for 01 < 0 < d2. From Lemma 3.7, it follows that Kj(ug,v9) > 0 for 67 < 0 < do. Hence, we
can obtain that (ug,vg) € W for 01 < § < 0.

Our goal is to prove that (u(t),v(t)) € Ws for t € [0,T) and 01 < § < d2. We argue by
contradiction. Assume that there exist a dy € (d1,d2) and to € (0,7T) such that (u(to), v(to)) ¢
Ws,, which means that E(u(to),v(to)) > d(do) or Ks,(u(to),v(to)) < 0 and (u(to),v(to)) #
(0,0).

If Ks,(u(to),v(to)) = 0 and (u(to),v(to)) # (0,0), then (u(to),v(to)) € Ns,, by the defini-
tion of N itself. From the definition of d(d), we can obtain that E(u(to),v(to)) > d(dp).

If Ks,(u(to),v(to)) < 0 and (u(to),v(to)) # (0,0), from the time continuity of Ks(u,v)
and Kjs,(ug,v9) > 0, we can obtain that there exists at least one s € (0,%y) such that
Ks,(u(s),v(s)) = 0. Put

£ = sup{s € (0,t0) K5, (u(s), o(s)) = 0}.

Consequently, Ks,(u(t*),v(t*)) =0 and Ks,(u(t),v(t)) <0 for t € (¢*,to).

We have two cases to consider:

Case 1 (u(t*),v(t*)) # (0,0). In this case, (u(t*),v(t*)) € Ns,, by the definition of Ns
itself. From the definition of d(d), we can obtain that E(u(t*),v(t*)) > d(do).

By recalling the conservation of energy (1.9), we note that
E(u(t),v(t)) < E(ug,v) < d(d)

for t € [0,T) and 61 < 6 < d2. Hence, E(u(to),v(to)) > d(d) is impossible for any 6; < § < Js.
Case 2 (u(t*),v(t*)) = (0,0). In this case, we must have K, (u(t),v(t)) < 0for ¢ € (t*,1o)

and lim+(u(t), v(t)) = 0. Thus, from Lemma 3.3, we can obtain that
t—t*

[(Vaau(t), Viao(t))||? yo oy o >7(d0)

N )
for t € (t*,to), which is in contradiction with lim+ (u(t),v(t)) = 0. O
t—t*

L&A 5

Proposition 3.13 Assume that ug,vo € Hyy * '* )(M) Let 0 < 6 < %. Suppose that
0 <e<d, d < 2 are the two roots of equation d(d) = e. Then all solutions of problem (1.1)
with 0 < E(ug,v) < e, K(ug,v9) < 0 belong to Zs for 6; < § < da.

Proof Let (u(t),v(t)) be any solution of problem (1.1) with E(ug,vo) = e, K (ug,vo) < 0,
and that T is the maximal existence time of (u(t),v(t)). From Lemma 3.6, it follows that

0< E(’U,O,’Uo) <e= d(él) = d(&g) < d(&) <d

for 1 < & < 3. From Lemma 3.7, it follows that Ks(ug,v9) < 0 for §; < § < 5. Hence, we
can obtain that (ug,vg) € Zs for §1 < 0 < da.
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Our goal is to prove that (u(t),v(t)) € Zs for t € [0,T) and 6; < § < d2. We argue by
contradiction. Assume that there exist a dg € (91, 02) and to € (0,7T) such that (u(to),v(to)) ¢
Zs,, which means that E(u(to),v(tg)) > d(dg) or Ks,(u(to),v(tg)) > 0.

If Ks,(u(to),v(to)) > 0, from the time continuity of Ks(u,v) and Ks,(uo,v9) < 0, we can
obtain that there exists at least one s € (0, o) such that Ks,(u(s),v(s)) =0. Put

t* :=1inf{s € (0,¢0)| K5, (u(s),v(s)) = 0}.

Consequently, K5, (u(t*),v(t*)) = 0 and K, (u(t),v(t)) < 0 for ¢ € (0,t*).

We have two cases to consider:

Case 1 (u(t*),v(t*)) # (0,0). In this case, (u(t*),v(t*)) € Nj,, by the definition of N
itself. From the definition of d(d), we can obtain that E(u(t*),v(t*)) > d(do).

By recalling the conservation of energy (1.9), we note that
E(u(t),v(t)) < E(ug,vo) < d(9)

for t € [0,T) and 61 < 6 < d2. Hence, E(u(to),v(to)) > d(J) is impossible for any 6; < § < Js.
Case 2 (u(t*),v(t*)) = (0,0). In this case, we must have K, (u(t),v(t)) < 0 for ¢t € (0,t*)

and lim (u(t),v(t)) = 0. Thus, from Lemma 3.3, we can obtain that
t—t*—

[(Vagu(t), Vigo(t))

I 250y > 700)

for ¢t € (0,t*), which is in contradiction with lim (u(t),v(t)) = 0. O
t—t*—

The above propositions indicate the invariance of Wy and Zj, respectively. Moreover,

concerning their intersections with respect to J, we have

No1 N
Proposition 3.14 Assume that ug,vg € H;:O 2z )(M) Let 0 < 6 < %. Suppose that
0 <e<d, d; < ds are the two roots of equation d(d) = e. Then, for any § € (01, d2), both sets

Ws, 5, = U Ws and Zs,s, = U s
61<6< 2 §1<6<62
are invariant under the flow of problem (1.1), provided that 0 < E(ug, vg) < e.

The following proposition shows that between these two invariance manifolds, Wj, s, and

Zs,5,, there exists a so called vacuum region, for which no solution exists:

N-1 N
Proposition 3.15 Assume that ug,vg € H;:O 2z )(M) Let 0 < 6 < %. Suppose that
0 < e <d, § < 09 are the two roots of equation d(6) = e. Then for all solutions of problem
(1.1) with 0 < E(ug,vo) < e, we have

(u,v) ¢ Ns,5, = U Ns.

01 <0< 02

Remark 3.16 The vacuum region becomes bigger and bigger with the decreasing of e.

As the limit case, we obtain

No= U M

0<s< 2t
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4 Sharp Threshold for Global Existence and Blow-up of Solutions

In this section we prove the main results by making use of the family of potential wells
introduced above. First we have the following lemma of Komornik [15], which plays a critical
role in the study of the exponential asymptotic behavior for global solutions of problem (1.1):

Lemma 4.1 Let y(¢) : R" — R be a non-increasing function, and assume that there is
a constant A > 0 such that

+oo
/ y(t)dt < Ay(s), 0<s < +oo.

Then for all t > 0, we have

Proof of Theorem 1.3 We divide the proof in three steps.

Step 1 Proof of the global existence for the low initial energy case.

If E(up,v9) < d, from the definition of d we can obtain that K (ug,vo) = 0 is impossible,
hence we only need to consider the cases E(ug,vo) < d and K (ug,vg) > 0.

From Proposition 2.9, we can choose {¢;(r,z,w)} as the orthonormal basis of

Hl Sk )( M). Construct the approximate solutions of the problem (1.1) as follows:

m(t, 7z, w) Zg”” Yoj(r,z,w), m=12,---
j=1

(4.1)
m (t, 7, 2, W) Z Oeilr,z,w), m=1,2,---,
satisfying
/ 7Q¢ Uy + prdo —i—/ rVylm « Vaprdo — / ruVity, - prdo = / 7 f1 (Ui, Um) - @rdo,
M M M M (4.2)
/ 104U, + prdo —i—/ VMU - Vmprdo — / ruVaty, - prdo = / 7 fo(Um, Vm) - @rdo
M M M M
for k=1,2,--- ,m and, as m — +0o0,
. 1,82 N
m (0,7, 2, w) Zgjm )i (r,z,w) — uo(r, v, w), in Hyy = 7 (M),
(4.3)
N—1 N
m (0,7, 2, w) Zhﬂm 0)p;(ryz,w) — vo(r, z, w), inH;:é 2 ’2)(M).
Multiplying (4.2) by g;,,,,(t) and hj,,,(¢t) and then summing for k, we have
1d 1d
/Mr(?tum Orumdo + 55 rVyvtm - VM, do — 3q MT,LLV1|um|2dO'
1 d
= ?& rfl (umuvm)umdau
P M (4.4)

1d 1d
/Mr(?tvm Oyvmdo + 3q TVMvm~VMvmda—§& Mr,uV2|vm|2da
1 d
= —— msUm )Umdo.
p—l—ldt/MTfQ(u U )Umdo
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By (4.3) we can get E(um(0),v,(0)) — E(ug,vo) < d as m — oo. Then, integrating (4.4) with
respect to ¢, we can obtain that for sufficiently large m,

t
/ 1@ tims Drom)2 s A7+ Bty vm) = E(um(0),om(0)) < d, 0<t<T. (4.5)
0 N ()

Next, we prove that (u,(t), v (t)) € W for sufficiently large m and 0 < ¢t < T'. In fact, if
this is false, from the time continuity of K (u, v), there exists tg > 0 such that (um, (o), vm(to)) €
OW. Then E(unm(to), vm(to)) = d or K (tum(to), vm(to)) = 0 and (um (to), vm(to)) # (0,0). From
(4.5) we can obtain that E(um, (to), vm (to)) # d. If K (um (to), vm(to)) = 0 and (um (to), vm (to)) #
(0,0), then (um(to), vm(to)) € N. By the definition of d = inf{E(u,v); (u,v) € N}, we can
obtain that F(um (to), vm(to)) > d, which contradicts (4.5).

Hence, from (4.5) and

p—1
2(p+1)

1
- i m2 \Z mzd —K ms Ym
[ VRl Vol )] + — K 0)

E(tm,vm) = [/ r(|VMum|2 + |VMUm|2)dU
M

(1= pC*)|[(Vaatim, Vievom) > 51w
7 ¥

it follows that

t
-1
/ 1Ot Drom)|2 ws AT+ s (1= pC2) | (Vagti, Vi) P xos <,
0 ;7 Tan 20p+1) £;7 T
for 0 <t < T and sufficiently large m which yields
2 1
Vsl sy < 223D oyt 0<ean,
7 2y Pl
2 1
IVMvm|? vos v < b(l —puC*H)™d, 0<t<T,
L 2 2

2 T2 (M) p—

t
/Wwwmuﬂ dr<d, 0<t<T
0 £,7 T

t
/ Ha‘rvm||2uﬂ dT<d7 O§t<T7
0 Ly 2 72 (M)

and from Proposition 2.7, we can obtain that

2(p+ 1 o
Humﬂi¥%(M)§d§,ﬂ|\VMum||i¥,% < d (p 1>(1—uc2) Y, 0<t<T,
2

2 (M) p—

2(p+1
ol e g < Al Vocoml? s <2t
L, M L

(1—pC*)td, 0<t<T.
2 (M) p—1

It follows that there exist u,v and subsequences {u,} and {v,} of {u;,} and {v,,} such that,

as v — 00,

N-1
uy, —u in L*°(0, oo;H;:((J 2 %)(M)) weakly star and a.e. in M x [0, 00),

N-1

v, — v in L*>(0, oo;H;:((J 2 ’%)(M)) weakly star and a.e. in M x [0, 00),
N—-1

Oru,, — Opu in L2(0,00; L, 2 %(M)) weakly,
N—-1

Oy, — O in L*(0,00; L, ® %(M)) weakly.
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From the continuity of f;(u,v),i = 1,2, in (4.2), for fixed k, letting m = v — oo, we obtain
that

/ royu - prdo + / rVyu - Vyprdo — / ruViu - prdo = / rf1(u,v) - prdo,
M M M M

/ rosv - prpdo + / rVyv - Vmprdo — / ruVav - ppdo = / rfa(u,v) - ppdo
M M M M

for k=1,2,---,m, and
/r@tu-wdo—i—/ TVMu-VdeU—/ TuVlu-z/Jdoz/ rf1(u,v) - do,
M M M M

/ roww - do + / rVyv - Vyypdo — / ruVov - do = / rfa(u,v) - pdo
M M M M

N-1

N
for any v € Hé:o 0z )(M) and ¢t € (0,00). On the other hand, from the time continuity of
the weak solution and (4.3), we can obtain that u(r,z,w,0) = uo(r,z,w) and v(r,z,w,0) =

N-1 N
vo(r, z, w) for (r, z,w) € M. By the density, we can obtain that u,v € L>(0, oc; H;:(() 2z )(M)),

with ug, ve € L2(0, 00; E;%’% (M)) being a global weak solution of problem (1.1).

Step 2 Proof of the global existence for the critical initial energy case.

First E(ug,v9) = d implies that (ug,vo) # 0. Pick a sequence {A,,} such that 0 < A, < 1,
m=1,2,--- and \,, — 1 as m — oco. Let ug,, = A\nug and vg,, = A\v9 for m = 1,2,---.

Consider the initial conditions of the following problem:

Ou — Ayu — pViu = Fy(u,v), in My x (0,7,

0w — Ay — pVav = Fy(u,v), in My x (0,7, (4.6)
u(0, 2) = ugm, v(0, 2) = vom, in My,

u=0,v=0, on OM x (0,T).

From K (ug,v9) > 0 and Lemma 3.1, we have \* = X*(ug,vg) > 1, K(uom, vom) = K(Amuo,
Amto) > 0 and E(ugm, vom) = FE(Amuo, Amvo) < E(ug,v9) = d. Thus, for each m € N, it fol-
lows from step 1 and Proposition 3.12 that problem (4.6) admits a global weak solution w,,, v,, €
L0, 00 HyS T3 (M) with tmg, v € L2(0,00;£57 " (M) and (um(£), vm () € W for

0 <t < . Therefore, we can obtain that

t
/ ||(8Tumva‘l'vm)”2 N-1 N dr + E(um;vm) = E(uOmyvOm) < d7 0 S t < oo. (47)
0 Ly2 72 (M)

From (4.7) and K (um (), vm(t)) > 0 for 0 <t < oo, which means that
p—1

I 2 2
Bl ) = 5oy | [ (st + V300,20

1
— V m2 V m2d —K msy Ym
[ Al Vol )|+~ K 1)

p— 1 *2 2
1 - C s m — )
2prn PN Vo) sy

Y

and we can obtain that

t
-1
87' muarm 2 — d +p71_ 0*2 \% muv m 2 — <d
/OH( u v )H@NTI’%(M) T 2(p+1)( nC ) (Vi MY )Hﬁ:Tl,g(M)

for 0 <t < co. The remainder of the proof is similar to that of the proof of Step 1.
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Step 3 Proof of asymptotic behavior.

If E(ug,vo) < d and K (ug,vg) > 0, from Proposition 3.12 we can obtain that (u(t),v(t)) €
W, ie., E(u(t),v(t)) < d, K(u(t),v(t)) >0 for 0 <t < oco. If E(ug,vo) =d and K (ug,vo) > 0,
from the approximative solution (u,(t), v, (t)) € W, we can obtain that (u(t),v(t)) € W, i.e.,
E(u(t),v(t)) <d,K(u(t),v(t)) > 0 for 0 <t < co. Hence, the definition of C* implies that

d > E(u,v)
p—1 / 2 2 / 2 2 b
- Viu|? 4 [Vigo]?)do — Vilul? + Valo?)do | + K(u,
2(p+1){ MT(| wul? + |V} do — p Mr( 1ul” + Va|v|")do Tl (u, v)
-1
> L (1= puC) | (Vagttm, Vagom)|? n s

2(p+1) 57 T

Therefore, from the definition of C,, or Proposition 2.6, we can obtain that
a(p + 1)/ rlu+v[Ptdo +28(p + 1)/ T|uv|pT+lda
M M

< (p+ )2+ p) /M F([uP* £ [P )do

< (p+ D)@+ /O (VP + [VarolPhl )
L£,2 72 (M) L, 72 (M)

<@ +D@a+B)CT (IViul® vy - + IVl )
£22’2(M) £2’2(M

p—1
2 + 1 o\ 2
< (p+ D)@+ pC?H [(p—)d(l e ] | (Vatttn, Foetm) I 51
p—1 £, % % (M)
Furthermore, the definition of C* implies that
u/ r(Vilul? + Va|v]?)do < pC*?|(Vigtim, Vievm)|1* xo1 x -
M £, 7 (M)

We set

p—1

o :=2(p+1)(2a+ B)CrH {Md(l - uc*2>1] +pC*?,

and from Lemma 3.5 we have 0 < ¢ < 1. Hence,
o[ A+ ValoP)do + (1) [ 7P (u,0)d0 < 0 (Frst, Fastn) s
M M Ly 2 72 (M)
ForO<y=1-0<1, we get

p [ A+ ValoP)do + 1) [
M

M

rF(u,v)do < (1 - V)H(VMumvavm”F N-1 N
Ly 72 (M)

ie.,

M(Vaatimn, Vievm)|® xoa x < K(u,0). (4.8)
)

Let T > 0 be a fixed time. Since (u(t),v(t)) € W for 0 < t < oo is a global weak solution of
problem (1.1), we can obtain that

/ rug - udo + / rVmu - Vyudo — / ruViu - udo = / rf1(u,v) - udo,
M M M M

/ rug - vdo + / rVmv - Vyovdo — / ruVav - vdo = / rfa(u,v) - vdo,
M M M M
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which means that

d
) o2 sy = 2K (ult),v(t)) <0,
)
ie, y(t) = [[(u(t),v(®))]|* v.» x is a non-increasing function for 0 < ¢ < oco. Hence, from
Ly 2 72 (M)

Proposition 2.7 and (4.8), we can obtain that

T T
/ N o) as di < / 2l (Vastims VeI wos
. 67 Tan s £ 7T

2
s/ B e (), o(t))dt

< B 1) D sy N D sy ]

Ly 2 (M) Ly 2 72 (M)

2
< dMll

(u(s), ()1 woa
L 2

2
2

(1)
Then, by the arbitrary nature of T' > 0, it follows that
2

[ IO 0OV syt < Bl o s

z, on 2y £,7 2 ()

for 0 < s < oo, which means, from Lemma 4.1, that

@), v xos < (uo,vo)l>xs y €175
£,7 T £,7 "2 ()

for 0 <t < oo, where A = % > (0. Therefore, there exist constants C' > 0 and A > 0 such that
(@), vEN* vy v < Ce™ for 0<t<oo.
£, (M)
O

Next, we show that the global existence also holds for the case of potential well family.

Corollary 4.2 Let ug,v9 € H;:((J%’%)(M). Assume that E(ug,vo) < d and K, (uo, vo) >
0, where §; < d2 are two roots of equation d(6) = E(ug,vo). Then problem (1.1) admits a
global weak solution u,v € C(0, oo; Hl = 1’%)(M)) with ug, v, € L*(0, 00; Hl (53 1’%)(M)) and
(u(t),v(t)) € Ws for §; < § < da,t € [O,oo).

Proof From Theorem 1.3 and Proposition 3.12, we note that to prove Corollary 4.2, it
is sufficient to show that K (ug,vo) > 0, from Ks,(ug,v0) > 0. Indeed, if this is false, then
there exists a § € [1,d2) such that Kj(ug,v0) = 0. Combining the fact that (ug,vo) # (0,0),
because of Ks,(ug,vo) > 0, we get that E(ug,vo) > d(5). However, from Lemma 3.6, we have
E(ug,vp) = d(d1) = d(d2) < d(0) for § € (d1,02). This is a contradiction to Kj(ug,ve) = 0, and
thus we have the proof. O

Instead of considering the global existence result that depends on K (uo, vg), we study the

N 1 N)
(M) norm.

global existence of problem (1.1) with initial data ug, vo, relying on the H2 0o > 7

NlN

Corollary 4.3 Let ug,vo € 'H2 o2 7 )( M). Assume that E(ug,v) < d and

[(Vrauo, Vievo) || xoa < 7(d2),
)
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where 01 < d2 are two roots of equation d(d) = E(ug,v9). Then problem (1.1) admits a global
N-1 N N-1 N
weak solution u,v € C(0, oo; H;jé 22 )(M)) with u, v, € L?(0, 00; H;jé 22 )(M)) satisfying

| (Vaae), Vaaw ()2 52

.l F W, t e [0, OO) (49)

Proof From ||(Vmuo, VMvo)| n=1 < r(d2), we get that K, (ug,vo) > 0, by Lemma

)
N—-1
3.2. Hence, the problem (1.1) has a global solution u,v € C(0, oo; H;:(()T’%)(M)) with ue, v €
N—-1
L?(0, oo;H;jéT’%)(M)) and (u(t),v(t)) € Ws for §1 < § < d2,t € [0,00), from Corollary 4.2.
Finally, (4.9) follows from Lemma 3.8. O

iz

In view of Theorem 1.4, we need the following property for the depth of potential well d:

Lemma 4.4 For any € > 0, we have

2¢
+1’

d<dc+
p

where d. is defined by

(N—l

_; L5 5) 2 _
de = inf {E(u,v)|(u,v) € (Hy)g (M))=, K (u,v) = —e}.
Proof First, we show that for any fixed € > 0, d. > —o0.
L(MF5) L(55 ) - s
Let (u,v) € Hq) (M) x Hy'p (M) satisfy K (u,v) = —e. From the definitions
of C* (1.3) and C, (3.4), we can obtain that
(1- uc*@)/ r([Vagul? + [Vigo[?)do
M
< [ r(Viu + [DrauPydo — [ ru(ValoP + Valu o
M M

<(p+ 1)/MTF(u,v)da

< (2Pa + ﬁ)/ r(juP + vt do
M

< (2Pa + B)OPT! {(/ 1"|VMu|2dU)T + (/ T|VMU|2dJ)T]
M M

< (2Pa + p)OPT! {/ r(| V| + |VMU|2)dO':|
M

Thus
1 — pC*? =
r(|Vmul? + |Vyo|?)do > [—} >0
sl sl 2 |
and
E(u,v):pi_l/ r(|Vinul? + [Vigo|2)do
2p+ 1) Ju
st /r(Vllul2+Vz|vl2)do+LK<u,v)
_ 2 =1
Zpl(l_c*Q)[luCH} e
2(p+1) (2ra + B)CE p+1
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Therefore,

p—1 2 [ 1 — pC*? }7)21 €
de > — (1 — uC — > —00.
2(p+1)( ne) (2ra + B)CPH! p+1

(N— N—1

Now, we choose a sequence (u;,v;) € H;:O 2 )(M) X H;:é 2 ’%)(M) \ {(0,0)} satisfying
that

N

K(uj,vj) = —€, E(uj,v;) — de as j — oo.

Moreover, we also can suppose that E(u;,v;) is decreasing.
For each (u;,v;), one can choose a A; € R such that K (Ajuj, Ajv;) = 0. In fact, A; can be
determined explicitly by

H.
Nt = 2L
J I,
where
1y = [ (sl + Voo = [ il + Valoy o,
M M
L=+ 1) [ rPu.v)de
M
Since K (uj,v;) = —e and E(uj,v;) — de as j — 0o, we have
Hj = Ij — €,
and
1 1
Bluj vg) = gy = =g la = de £y,

where ; — 01, as j — .

Then, using d. and 7n;, H; and I; can be expressed by

2(p+1) 2¢ 2(p+1) 1
H; = ——=(d. ; , Ij=—=(d. i+ =e€).
Notice that K (Xjuj, Ajv;) =0, Le., (A\juj, A\jv;) € N.
Thus, for all j € N, E(Ajuj, Ajv;) > d and a straightforward calculation yields that

A2 N A 1 (H\rT
d < E(\juz, Ajoy) = = Hj = p_;+ 1li=5 (I—J) | (I—J) I
J J

2 2

—1 [H:\?1 de +mj + =55\ -1
() () ()
20+ 1)\ I de +1; + 3¢€ p+1

<d +; 4+ —
Sdetn+ oo

From 7; — 0" as j — oo, we have 0 < n; < ﬁ for sufficiently large j. Therefore,

2
d<d + 5.
p+1

Now we can give the proof of Theorem 1.4.
Proof of Theorem 1.4 We divide the proof into two steps.

Step 1 Let us first consider the low initial energy case.
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If E(ug,vo) < d, from (3.2) we can obtain that K (ug,vo) = 0 is impossible. Hence, we only
need to consider the case where E(ug,v) < d and K (ug,vo) < 0, i.e., (ug,vo) € Z.
For (ug,vo) € Z, we choose € > 0 such that

€< min{%(d — E(ug,v0)), —K (uo,v0) }-

From the choice of ¢, it is obvious that K (ug,vo) < —e.

We claim that K (u(t),v(t)) < —e for all t € (0,7"), where T' > 0 is the maximal existence
time. Otherwise, from the time continuity of K (u(t),v(t)), there is t; € (0,T) satisfying
K (u(t1),v(t1)) = —e. By using Lemma 4.4, we know that

2e
p+1
From the conservation of energy (1.9), we have E(u(t),v(t)) < de for all t € (0,7). Thus
E(u(t1),v(t1)) < de, which is in contradiction with the definition of dk.

For any (u,0) € (HyS 7 3 (M))2\ {(0,0)}, let
1 2
L(t) = Sl @), v wpa gy -

£,7 7 (M)

E(UQ,UQ)<d_6<d_ <d..

Along the flow generated by problem (1.1), we can compute that

%L(t) = /Mr(uut + vu)do
= [ Vsl + [T = nOAl? + Valol?) = o+ 1) (0]
= —K(u,v).

Since (ug,vo) € Z, from Proposition 3.13 we know that (u(t),v(t)) € Z. It follows that
LL(t)>0fort>0,ie., L(t) is increasing along the flow generated by problem (1.1).
By the claim, we can obtain that & L(t) = —K (u(t),v(t)) > efor any t € (0,T). Integrating

from 0 to ¢, we have

L(t) > /Ot eds + L(0) = et + L(0). (4.10)

We now argue by contradiction. Assume that T'= +oo. Then the above inequality implies
that L(t) — 400 as t — T'. Since (u(t),v(t)) € Z, we can obtain that

%L(t) = —2FE(u,v)+ (p—1) /MTF(u,v)da

> 2d+ (p— 1)/ r(fuf L+ o) do.
M
By corner type Holder inequality (2.4), we have

%L(t) > —2d+(p—1)C(M)[</MT|“|2dU> Ty (/Mr|v|2da)2]

p+1

> =2d+ (p—1)C(M,p)L(t)= .

We choose € > 0 and ty > 0 such that

—L
dt -
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From (4.10), we can obtain that L(t) > 0 for 0 < ¢t < T. Integrating the above inequality on
(to,t), we can obtain that

. ~1
0<Lt)~"F < —€2

_p-1

(t —to) + L(tg)™ 2

This is a contradiction, since the right-hand side of the above inequality goes to —oco as t — +o00.
Therefore, the solution of problem (1.1) blows up in a finite time.

Step 2 Now we consider the critical initial energy case.

Let (u(t),v(t)) be a weak solution of the problem (1.1) with E(ug,v9) = d > 0, K (ug,v9) <
0, and T being the maximal existence time of (u(t),v(t)). Let us prove T < co. From the
time continuity of E(u(t),v(t)) and K (u(t),v(t)), we know that there exists a sufficient small
t1 € (0,T) such that E(u(t1),v(t1)) > 0 and K(u(t),v(t)) < 0 for 0 < ¢ < ¢;. Thus we
can deduce [, 7(uu; + vvg)do = —K(u,v) > 0 and ||(ut,vt)|\i(¥,%)(M) >0 for 0 <t<t.

2
Therefore fot | (wr,ve)|? (x-1 n, 7 is strictly increasing for 0 < ¢ <t;, and we can choose
£2T’T M)
such that

dr < d.

ty
o<m:d—/‘mmmnwm4ﬂ)
0 £5 TP

Since F(ug,vg) = d, from the conservation of energy (1.9) and the above inequality, we can
obtain that

t1
mmmwm»:Eme—/ Vom0 sy, d7 <
0 7wy

If we take t = ¢, as the initial time, then E(u(t1),v(t1)) < d and K (u(t1),v(t1)) < 0. Hence,
Step 1 implies that the maximal existence time T' of the weak solution (u(t),v(t)) for problem
(1.1) is finite, and that

(
2

lim | (u(t), v (@) yo1 v = +oc.
t—T— [,2 2 02 (M)
O
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