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1 Introduction

Lately, problems involving nonlocal operators and singular terms have recently received
considerable attention in the literature. A good amount of investigations have focused on the
existence and/or regularity of solutions to such problems governed by the fractional Laplacian
with a singularity due to a negative power of the unknown or described by a potential, see for
instance, [1, 2, 4, 7, 8, 12] and related papers.

A prototype of nonlocal operators is the fractional Laplacian operator of the form (—A)?,
0 < s < 1, which is actually the infinitesimal generator of the radially symmetric and s-
stable Lévy processes [6]. Fractional Laplacian operators naturally arise from a wide range of
applications. They appear, for instance, in thin obstacle problems [14], crystal dislocation [18],
phase transition [30] and others.

In this paper, we are interested in the existence and regularity of solutions to the following
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Dirichlet problem

(—=A)’u = % +u in Q,

u >0 in Q, (1.1)
u=0 on RM\Q,

where €2 is an open bounded subset in RY, N > 2s, of class C%!, s € (0,1), v > 0, f is a

non-negative function on Q, p is a non-negative bounded Radon measure on  and (—A)® is

the fractional Laplacian operator of order 2s defined by
S, u(:zc) — ’U,(y)
(—A) u = CY(N, S)PV /RN mdy,
where “P.V.” stands for the integral in the principal value sense and «(N,s) is a positive

renormalizing constant, depending only on N and s, given by

4T(E +5) s
N,s) = —2
04( 75) 71'% 1—‘(1 — 8)
so that the identity (—A)*u = F~1(|¢|**Fu), £ € RV, s € (0,1) and u € S(RY) holds, where

Fu stands for the Fourier transform of u belonging to the Schwartz class S(RV) (cf. [23]).

S

More details on the operator (—A)
[17].
The case s = 1 corresponds to the classical Laplacian operator. If further y = 0, an

and the asymptotic behaviour of «(N, s) can be found in

important result is due to Lazer-McKenna [24]. Under regularity assumptions on © and f, the
authors present an obstruction to the existence of an energy solution. In fact, such a solution
lying in Hg(Q) should exists if and only if v < 3 while it is not in C}(Q) if v > 1. As far as
problem with L!-data are concerned, the threshold 3 essentially due to the boundedness of the
datum was sharpened in [32] while in [11] the existence of a distributional solution u is proved.
In fact, it is proved in [11] that if v < 1 and f € L™(Q), 1 <m < (%)I, then u € W, 4(Q)
where ¢ = % while u € H}(Q) if f € L™(Q) with m = (12—_v)/ In the case where
f €LY Q), if vy =1 then u € H}(Q); while u € HL (Q) if v > 1. We note that in the latter
case, the boundary datum is only assumed in a weaker sense than the usual one of traces, that
isu's € H}(2). Let us point out here that solutions with infinite energy may exist if y > 1
even for smooth data ([24]).

The nonhomogeneous case (i.e., u # 0) has been considered. In [26] the authors studied
the existence of weak solutions for the problem

Au=1@®

- + 1, (1.2)
where f € L'(Q) and p is a bounded Radon measure. They prove the existence of a weak
solution u of the problem (1.2) such that u € W, %(Q) for every ¢ < £ when v < 1 while if
v > 1, u e Whi(Q) for every ¢ < L with the regularity (T;C(u))WTH € Hi(Q), Ty, being the
truncation function at levels +k. Other related singular equations can be found for instance in
[13, 15, 21, 27, 31].

Regarding nonlocal problems, the study of (1.2) with u = 0 was extended in [7, 12] where the
Laplacian is substituted by the fractional Laplacian (—A)ZS,, 0 <s<1andp>1. The authors
obtain some existence and regularity results for the solutions depending on the summability of
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the datum f and ~ (splitting in the cases v < 1, v =1, v > 1). Some fractional equations with
measure data are studied in [5, 20, 28].

It is our purpose in this paper, to consider the problem (1.1) in the nonlocal framework
and prove existence results of solutions to problem (1.1) with p a bounded Radon measure and
data f € L'(92). We use an approximation method that consists in analyzing the sequence of

1
uY

1 by smooth functions, obtaining non singular problems with L°°-data whose approximated

approximated problems truncating the datum f and the singular term and approximating
solutions u,, can be obtained by a direct application of the Schauder fixed point theorem. We
faced many difficulties in dealing with the nonlocal problem (1.1), but the main one is how to
get estimations in appropriate fractional Sobolev spaces.

Observe that in the local setting, if the approximated solutions are such that the sequence
{Vup}n is uniformly bounded in the Marcinkiewicz space M%(Q), then we conclude that
the sequence {u,}, is uniformly bounded in the Sobolev spaces W, '?(Q) for every ¢ < =
(see [9]).

However, we underline here that given the fractional structure of the operator of the prin-
cipal part, we can not retrieve the gradient of the approximate solutions and so appears the
problem of getting a priori estimates in some fractional Sobolev spaces. To overcome this diffi-
culty, we first prove the key result Lemma 4.1 (Section 4) and use suitable test functions and
algebraic inequalities that enable us to get appropriate a priori estimates in both cases v < 1
and v > 1.

The paper is organized as follows: in Section 2 we give some basic notations and necessary
results that we will use in the accomplishment of the paper. We also give the main results. In
Section 3, we construct a series of approximate problems to which we show the existence and
uniqueness of the approximate solution. In Section 4, we prove some a priori estimates of the
approximate solutions in fractional Sobolev spaces. Section 5, is devoted to the proof of the
main results (Theorems 2.7 and 2.8). While in Section 6 we give a regularity result. Finally, in
Appendix we expose and prove the technical and functional results that we used in the previous

sections.

2 Some Useful Notations and Main Results

In this section we provide some basic facts about fractional Sobolev spaces. We refer to
[10, 16, 17, 29] for more details. Let 2 be an open subset in RY and let CQ := RV\Q. For any
0 < s < 1and for any 1 < ¢ < 400, the fractional Sobolev space W*#4(2) is defined as the set
of all functions (equivalence class) u in L%(£2) such that

[ [ M= g
alJa lz—y[Nte

W#=4(Q), also known as Aronszajn, Gagliardo or Slobodeckij spaces, is a Banach space when

equipped with the natural norm
1
. q |U($) B u(y)lqd d ¢ 2
s,q = T . 1
lullweacey <||u||Lq<Q) +/Q -y (2.1)

It can be regarded as an intermediate space between L4(Q2) and W14(2). Recall that the space
W#1(Q) is reflexive for all ¢ > 1 (see [22, Theorem 6.8.4]). We point out that if 0 < s < s’ < 1
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then W*4(Q) is continuously embedded in W*4(Q) (see [17, Proposition 2.1]). Let us define
Wy () as the closure of C§°(2) in W*9(Q) with respect to the norm defined in (2.1) where

C(Q) = {f :RY = R/f € C*®°(R"),Supp f is compact and Supp f C Q}

Here and in the sequel Supp f stands for the support of the function f. W?(2) is a Banach
space under the norm ||ul[yys.a(q)-

If Q is bounded and is of class C%'!, we can give a fractional version of the Poincaré inequality
in W39(Q), 1 < g < +00, whose proof in the case where ¢ = 2 can be found in [3]. For the

convenience of the reader, we are giving the proof here.

Lemma 2.1 (fractional Poincaré-type inequality) Let 2 be a bounded open subset of RY
of class C%1, 1 < ¢ < +oo and let 0 < s < 1. Then there exists a constant C'(N, s,2) such that
for any ¢ € W5%(2) one has

Il < s [ [

Proof Let ¢ € C5°(€2). Observe first that the above inequality holds if ¢ = 0. Assume
that ¢ £ 0 and set

lp(x) — o(y)|?

fQ fQ |9“’iw)y‘]s§(+1{1)sl dzdy

in
{pec @70} Jq lo(@)|9dz
We shall prove that A(2) > 0. To do so, we argue by contradiction assuming that A(Q2) = 0.

AQ) =

Thus, there exists a sequence {¢,} of C5°(€2) such that

_ a
/ |on(7)|%dz =1 and / [on () ﬁi(y” dzdy — 0 as n — oo.
Q ala |z—y[Nte

It follows that
lonllwsa@) < C.
By virtue of [17, Corollary 7.2], there exists a function f and a subsequence of {¢,}, still
indexed by n, such that
¢n — f in norm in L9(Q),
pon — fa.e in Q.

Therefore,

T) — pp q ) — q .
/Q |f(2)|%dz =1 and |¢Ti Z y|£+gg)| — |J|ci z y|1{[${1)5| a.e. in O x Q.

Applying Fatou’s lemma, we get

— q — q
Q |z — y|Ntas n—oo JoJo o |v—ylNTes

/ dedy —0. (2.2)
Q

|z —y| Ve

and thus

Thus, we have f € W*9(2). On the other hand, in view of (2.2) we can write

//Iwn — f(z)) — (son()—f(y))lqudy

u—ywws
N aJa |5U - y|N+qS alo |z —y/Nte
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— q
ala |z—ylNte

Hence, ¢, — f in W*(Q) and so f € W;?(Q). By (2.2), the function f has a constant value
on (2. The only possible value is f = 0 which yields a contradiction with the fact that

[ 1s@as =1
Q
So, we get

o(x) —e(y)? o
Il < C¥s ) [ [ D=l day, vp e ) (23)

Now, for every ¢ € W;"(Q), there exists a sequence {p,} of C5°(2) functions such that
©n, — @ in norm in W*9(Q).

Applying the inequality (2.3) for ¢,, and passing to the limit, we conclude the result. O

Under the same assumptions of Lemma 2.1, the Banach space W;?(€2) can be endowed

1

[u(z) —u(y)|? “
s,q = 7d d
[[wllws e (/Q Ty edy

which is equivalent to ||ul[yys.a(q). Now, we define the space

with the norm

_ q
WS’qQ_{u:Q—»R:ueL‘?K,/ dedy<oo,
1 ( ) ( ) )i |£C—y|N+qS
for every compact K C Q}

In the case where ¢ = 2, we note W*2(Q) = H*(Q) and WJ*(Q) = H(Q2). Endowed with the

inner product
g = [ [ 242 _;(f);fﬁ(f;l_ b)) 41,

(H5(), 1 - [l 5 (02)) is a Hilbert space.
It is worth recalling that for any u and ¢ belonging to H*(R”), we have the following

duality product

[ (ayupts = 200 [ (u) W) ),
RN RQN ’

2 o — y|N+2s

Thus, it can be seen that
(=A)*: HY(RY) — H™*(RY)

is a continuous and symmetric operator defined on H*(RY).

In the particular case, if u and ¢ belong to H*(RY) with u = ¢ = 0, on CS2, we have

s a(N, s u(r) —u T) —
[ s - 200) [ )Nl ol

where Q = R2M\(CQ x CQ). For N > 2s we define the fractional Sobolev critical exponent

* _ 2N
25 ~ N-2s"

a continuous embedding of H{(Q) in the critical Lebesgue space L2 (Q). The proof can be
found in [17, 29].

The following result is a fractional version of the Sobolev inequality which provides
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Theorem 2.2 (Fractional Sobolev embedding) Let 0 < s < 1 be such that N > 2s. Then,
there exists a constant S(NV, s) depending only on N and s, such that for all f € C°(R")

: Wl
125y < 5s) [ [ DLy,

Remark 2.3 In particular, if  is an open bounded subset in RY of class C%! with N > 2s
and 0 < s <1and f € C§°(2) we have

112550y < SOV |

QJQ

@)~ SR

o — y|N+2s

Indeed, by [17, Theorem 5.4] we can write

fy)P
—————=—dady < . <C i
/RN /RN |x — y|N+2s Yy ”f”H (RY) ||f||H

|
= CHfHL?(Q +C// |x_y|N+2s d dy.
The result follows then by Theorem 2.2 and Lemma 2.1.

We will prove some estimates in the usual Marcinkiewicz space M9(£2), 0 < ¢ < oo, which
consists of all measurable functions u : Q — R such that there exists a constant ¢ = ¢(u) > 0
satisfying

tfmeas({z : |u(z)| > t}) <c
for every t > 0. Here and in what follows, meas(E) denotes the Lebesgue measure of a measur-
able subset E of Q. It is worth recalling the following connection between Marcinkiewicz and
Lebesgue spaces

L1(Q) = MI(Q) — LT°(Q)
for every 1 < g < oo and 0 < € < ¢ — 1 (see for instance [22]). We will also use the following
truncation functions T} and Gy, k > 0, defined for every s € R by

Tr(s) = max{—Fk;min{k, s}} and Gi(s) = s — Ti(s).
We denote by M (£2) the space of all bounded Radon measures on €. The norm of a measure
€ My() is given by [|ufla, () = Jo dlul-

Definition 2.4 We say that the sequence of measurable functions {u,} is converging
weakly to p in the sense of the measures if
lim [ o(@)un(z)de = / pdu, Ve € C5o(Q).

In what follows we make use of the following technical algebraic inequalities.

Lemma 2.5 i) Let a > 0. For every z, y > 0 one has
4a a+1 a+1 2
— Xy > pR— 2 .
(z —y)(@® —y*) > (a+1)2(x y )

ii) Let 0 < @ < 1. For every z, y > 0 with z # y one has
r—=y 1 l—a -«
-7 < .
prmrai S@ ™ 4y

iii) Let o > 1. Then

Y|

|z + y[* Mo — y| < calz® —

where ¢, is a constant depending only on a.
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Taking into account that less regular data are involved, the classical notion of finite energy
solution cannot be used. Instead, we shall consider the notion of weak solution whose meaning
is defined as follows.

Definition 2.6 Let f € L*(Q) and let u be a non-negative bounded Radon measure. By

a weak solution of problem (1.1), we mean a measurable function u satisfying

Yw CC £, Je, >0 @ ulx) > ¢, >0, inw

Q o v ¢

2 lw — y[N+2s

and

for any ¢ € C§°(Q).

Theorem 2.7 Let Q be an open bounded subset in RV of class C%! with N > 2s and
0<s<1 Let 0<vy<1andlet fe L'(Q). Then the problem (1.1) admits a weak solution
u € Wit(Q) for every 1 < ¢ < s and for every s; < s.

Theorem 2.8 Let Q be an open bounded subset in RV of class C%! with N > 2s and
0<s<1 Lety>1andlet f e L(Q). Then the problem (1.1) admits a weak solution
u € Wih(Q) for every 1 < g < 52—, for all s1 < s. Furthermore, T,;TH (u) € HE(Q) for every
k> 0.

We point out that the inclusion W3"9(Q) C Wi*?(Q2) holds for any so < s1 (see [17]).
Therefore, the range of s; in both Theorem 2.7 and Theorem 2.8 can be that of the set of the
exponents s; close to s. Indeed, we can consider s; to be such that Q—fs < 81 < 8. So that
when s tends to 1 one has also s; tends to 17. In addition, letting s tends to 1~ the operator
(—=A)?® is nothing but the standard Laplacian. So that the equation in (1.1) becomes

e f®
uY
and then the results in both Theorem 2.7 and Theorem 2.8 covers those obtained in [26].

+p

3 Approximated Problems: Existence Result and Comparison Prin-

ciple
Consider the sequence of approximate problems
S _ f’ﬂ .
(—A) Up = m + Up 1N Q,
Uy >0 in €, (3.1)
Up = 0 on RN\Q,

where f,, = T,,(f) is the truncation at level n of f and pu,, is a sequence of bounded non-negative
smooth functions in L*(£2) converging weakly to p in the sense of the measures.

We shall prove that for every fixed integer n € N, the problem (3.1) admits a unique weak
solution u,, in the following sense :

a(N,s) [ (un(z) — un(y))(e(@) — o(y)) _ fo 4o .
5 /Q |£L'—y|N+2S dxdy—A(un+l)7d +/Q,un<%7d

n

for any ¢ € X§(Q).
) Springer
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Lemma 3.1 For each integer n € N, the problem (3.1) admits a non-negative weak
solution u,, € HE(2) N L>(Q).
Proof Let n € N be fixed and let v € L*(Q). We define the map

S L2(Q) — L3(Q),

v e S),
where w = S(v) is the weak solution to the following problem
(—A)°w = fi + pn in Q,
(Jo] +3)
w>0 in Q, (3.2)
w=0 on RV\ Q.
The existence of w can be derived by classical minimization argument. Indeed, since (Mi”l K +

tn € L®(Q), we already know (see [12, Lemma 2.1]) that problem (3.2) has a unique weak
solution w € X§(§), where

X5(Q) = {cp € H*(R") such that ¢ =0 a.e. in RN\Q},

in the following sense

a(N, s)/ (w(z) ~ wiy)(el) = ¢W) 4,4, :/
Q

2 |z — y|N+2s Q

fn<P /
— " dxz+ nodx
(o + 2)7 el

for any ¢ € X§(92). Since Q is regular enough, by [19, Theorem 6] the linear space X;(2) is
the completion of C§°(§2) with respect to the norm

1
u)?, N
ey = (ol + [ [ = dway)

Hence, by density arguments it follows that X§(Q2) C H§(2). Thus, w € H§(2). As regards
the uniqueness of w in H§(§2), we suppose there exist two solutions wy,wy € HF(Q2) of (3.2).
Summing up the both equations satisfied by wy and ws respectively, we get (—A)®(wq —wq) = 0.
Thus, taking (w; — wy) as a test function in this last equation and then integrating over R¥,
we obtain

2
wi(x) —wa(x)) — (Wi1(y) — w2y
0 < [lwr — wallf: @) S/QK (@) |(I)z y|](\’+2(5) W) dazdy = 0.

So we get wi(z) = wa(z), for almost every z € Q. Since w3 = wy = 0 on RV\Q, we get
wy(z) = wy(x) for almost every x € RY. Furthermore, by the comparison principle [8, Lemma

2.1] we get w > 0. Now, inserting w as a test function in (3.2) we obtain

a(N,s) (w(z) —w(y))? _ fnw x wyde
3 /Q o — g2 dydw‘/m Ty o

Sn”"’l/wdx—i—C(n)/wdx.
Q Q

By the Holder inequality and the Sobolev embedding, we get

|wllgs ) < C'(n7H 4+ C(n)), (3.3)
@ Springer
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with C" and C(n, s, N,Q) are independent of v, so that the ball of radius C’(n?*1 4 C(n)) is
invariant under S in H§(£2).

Now, using the Schauder’s fixed point theorem over S to prove the existence and uniqueness
of solution of (3.1), we need to verify the continuity and compactness of S as an operator from
HE(Q) to HE(S2).

First, we go to prove the continuity of S as an operator from L?(2) to L*(Q). Let us
consider a sequence vy, that converges to v in L?(£2), then up to a subsequence, we have

v, — v a.e. in Q. (3.4)

Denoting wy = S(vg) and w = S(v), we have

S . f’ﬂ

(A) = (Joe| + L) T (35)
S . fn

(&)W = s Iy T (36)

Taking wy (z) —w(x) € X§(Q) as a test function in (3.5) and (3.6) respectively, then subtracting
term at term the both resulting equations and using Holder’s inequality we arrive at

ey (i) — w(e) — (i) ‘w@)))Qdydx
Q

2 ERAEE

- / (<|vk|f§i 7 (ol T%w)(wk(x) —w(z))de

*\/ 1
f fo \® NET
<t =l (s o wer) )

Applying the fractional Sobolev embedding and Hoélder’s inequality with the exponents % and

%, we get
I I < 2S(N,S,Q)|Q|§(/ ( fn fn )(2Z)/d )(2%),
Wg — W||1,2 < ——— - T .
FE=Ta (N a\(ul+ 2 (o[ +2)
Since ,
(22 , ,
<ﬂ1 _ fhl < 2 D) (3.7)
(Joel + )7 (ol +3)7
and
In In

- — 0 ae. in €,
(Joel + 50 (vl + )

then by the dominated convergence theorem we conclude that
lw, — w||z2() — 0 as k — +o0.

So S is continuous from L?(Q) to L?(Q) and it follows that S is continuous from Hg() to
H5(92).

Now, we prove that S is compact from H§(Q) to H§(£2), let us consider a sequence {v }ren
such that ||vg|| s () < C, then by the compact embedding Hg(£2) in L"(Q) for every 1 <r < 2}
(see [17, Corollary 7.2]), we have

v — v weakly in HF(Q),
vy — v in norm in L?(Q).
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Denoting wy = S(vg) and w = S(v), by (3.3) we have
will s @) < C;

where C' is a constant not depending on k, then by the previous compact embedding and by
the continuity of S on L?(Q2) we get

S(vg) = wi — w, weakly in HE(Q), (3.8)

S(vx) = wx — S(v) = w, in norm in L?(Q).

So, by the uniqueness of the limit we have w = w. In view of the previous equations (3.5) and

(3.6) we have
—A)(wy, —w) = I - fn
A =) = T T (ol I

Taking wy, — w as a test function in the previous equation, using Hélder’s inequality and (3.7)

we obtain

a(N, s)
2
It follows that

1S (o) = S()ll1g0) < 207 COQS(vr) = S(©) L2

Jim (1S () = S(0)]ls5() = 0.

Hence, S is a compact operator from H§(2) to HF(2) and therefore by Schauder’s fixed point
theorem there exists u,, € H§(2) such that u,, = S(u,). This means that u, is a weak solution

to the problem

s In :
(—A) Up = m + My 110 Q,
Uy >0 in €,
Uup, =0 on RM\Q.

In addition, since the right hand side of belongs to L>(€2) by [25] we obtain u, € L>*(Q2). O

Lemma 3.2 (comparison principle) The sequence {u, }nen is such that for every subset

w CC Q there exists a positive constant ¢,,, independent on n, such that
un(x) > ¢n >0, for every x € w and for every n € N.

Proof Consider the following problem

s, _ _ In ,
(—A) Un = m m Q,
Vv, >0 in Q, (3:9)
vy, =0 on RM\Q.

In [7], the authors proved the existence of a weak solution vy, of (3.9) such that
Yw CCQ, Je, >0 : vy(z) > ¢, >0,

for every x € w and for every n € N. Here the constant ¢, is independent on n. On the other
hand, we have
In
Ay, = ————
( ) n (Un + %)'Y
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and £
(=A)*uy, = m + fn.
Then . X
Hence ( ) X
n + = 7 — n + = v
B R
Since

1 1
)Y -\ _ + <0
((un"’n) (Un+n) )(Un un) " <0,
we obtain the following inequality

(tun + 2)7 — (v + 1)
fn( (vn + L) (un + )7 >(”” = un) " = pn(vn = up) " 0.

Now, taking (v, — u,)T as a test function in (3.10) and then integrating over R, we get

/ (=A)* (v, — un) (vn — up)Tde < 0.
RN
Observe that for any function g : RY — R the following inequality
(9(x) = gW)(g* () — g% (v) = (97 () — g7 (y))*
holds true for every z, y € R, where g™ = max(g,0). Therefore, we obtain
+12
0 < [[(vn = un)" 750 <0
which implies that u,, > v, in 2 and so
Yw CCQ, Je, >0 @ up(z) >¢, >0
for every z € w and for every n € N. g

Remark 3.3 Lemma 3.2 shows that the problem (3.1) has a unique solution. Indeed,
if w, and w, are two solutions of problem (3.1), then as above taking (u, — w,)" as a test
function in the problem satisfied by (u,, —wy,), we conclude that u,, < w, in 2 and again taking
(wpn — up)™ as a test function we get w, < u, in Q. Hence, follows u, = w,, in Q.

4 A Priori Estimates in Fractional Sobolev Spaces

In order to prove the existence of solutions for problem (1.1), we first need some a priori
estimates on u,,. We start by proving the following lemma that we will use in both cases v <1
and v > 1.

Lemma 4.1 Let v, € H§(2) be a sequence that satisfies the following assumptions
1) The sequence {vy, }, is uniformly bounded in L"(2), for all r <
2) For any sufficient small § € (O, 1)

[ (2) — wa(y)] [uh (x) —wh(y)
// 'x—le”S wf@ug(y) =

N2s
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where C' is a constant not depending on n and w, = v, + 1. Then the sequence {v,}, is
uniformly bounded in the fractional Sobolev space W;'(2) for every ¢ < % and for all
51 < s.

Proof We shall prove that the sequence {v,} is uniformly bounded in the fractional
Sobolev space W;*'?() for every ¢ < °— and for all s; < s. That is there is a constant C
not depending on n such that

|vn (2 (y)|
// |x—y|N+‘15 ——————dydzx < C forallq<N_S

and for all 57 < s. (4.1)

To this aim, let ¢ < 2 which will be chosen in a few lines. We can write

QJQ Q

|z — y|N+as |x— |N+q51

// |wn( )_wn( )|q
(WeQwn () £wn ()} |T — y[ENFae

(wp (x) — wi(y))
(wn () — wn(y))(wi( Jwh (y))
(wn () — wy (y))(wﬁ(w)wﬁ (v))
(wh () — wh(y))|w — y| 2" N=alems)

Pointing out that the quantity in the middle of the product inside the integral can be written

X

as follows

< (wp (x) —wi(y)) > "
(wn () = wa(y)) (wf, (z)wy,(y))

_( (wh () — wh (1)) )
(wn () = wn () (wf (2)f ()

and using Holder’s inequality, we obtain

/ [vn () — vn(y )|qdydw
Q

|z — y|NFas

jwn(e) —wn ) Jwd() - whw)] )
[//{w Dty = (@) — wnly BTN

j
TN (ngy>>%z$§wz<y>>) -

() —ulw) dyda ]
(wn(x)—wn(y))(wﬁ(fﬂ)w ) |z —y|N-F
where § = ) > 0. Using Lemma 2.5, we get
P )
/Q o |z —yNte dyd
g (wn () = wa () (W (@)l (1) \ T dydz "
N N e v e Ml )

q 2—gq

oy ( /Q /Q ((w;;e(x) +w;-9<y>>wz<w>wz<y>)”%>2
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9 (L (i) 285)

Applying the Young inequality with the exponents % and 6 + 1, we have

/ [vn () — va(y)|? dyda
QJQ

[z — g

q 2—gq
=1 dydz =
1+0 1+9
(l@@( <”) Ix—mN*J
2—q
Q(1+9) Q(1+q@) dyd.’[] 2
(//( 0 ) )
2—gq
2(g—1) C% Q(1+9) dy 2
< = = - 7
<3 (G) ([ <x>M|x_y|N—e}dx>

q

-
23-1) 1 C'\ 3 a(1+0) dz z
o Q[ ] [ )™
0 Q olz—yN-8
Observe that

/ dy _ / dy +/ dy
Q |'r - y|N7ﬁ QNjz—y|>1 |I - y|N7ﬁ QN|z—y|<1 |'r - y|N7ﬁ

dz |SN 1|
<10 +/ o421 4.2
a0+ [ e -+ 5 (@2)

Here, |S™V~1| stands for the Lebesgue measure of the unit sphere in RY. By z/y symmetry,

IN
[N}
M
"\’Q
Q »—A
/"\
v
[M5S)

there exists a constant C, not depending on n, such that

q

)
[vn (@) — vn(y)|* Q40 =z
/Q o Wdydx <C an * (y)dy :

Now we choose # > 0 in order to get q(1+9) < §-5;- Thatis 0 < 21\7(]%;17(12\7)). To ensure the
existence of § we must have 2N — 2q(N — s) >0 Wthh yields ¢ < N—s We then conclude that
(4.1) is fulfilled and the sequence {v,} is uniformly bounded in W3 (Q) for every ¢ < 5

and for all 51 < s. D

4.1 The case v <1
Lemma 4.2 Let u, € H3(Q) be the solution of the problem (3.1). If 0 < v < 1, then the

sequence {u,} is uniformly bounded in W3*(2) for every ¢ < £°— and for all s; < s.

Proof Let k > 1 be fixed. By Lemma 6.4 (in Appendix) the function Tj(u,) is an

admissible test function in (3.1). Thus, inserting it in (3.1) we obtain

o(20) [ (i) = ) Thltnfe) =T @) g,
Q

2 [z =y

:AﬁTk(un)dx—i—/ﬂunTk(un)dx.

n

By using Proposition 6.2 (in Appendix), we get

N s / |Tx (wn () — Th (un(y))]?
P

dydz < k' fll i) + Ellpnll 21 @) < Ck,
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where C' = || flli) + [l @) is a constant not depending on n. Applying the Sobolev

%(/Q T () ()] dx>% < Ck.

For the left hand side, observing that on the set {u, > k}, we have Ty(u,) = k, we get

embedding theorem we get

2
5
s

§k2(meas({un >k}))% < Ck,

which yields

meas({u, > k}) < (4.3)

Thus, the sequence {u,} is uniformly bounded in M'¥ o (©) and then so it is in L"(Q2), for all
r < -5 Let 51 € (0,s) be fixed. For every 2 > 0 we define the function

¢(z) =

Observe that the function ¢ satisfies

1
— m, where 0 < 6 S 1. (44)

¢(x) <1 and ¢(x) <z for any 0 < 6 <~ < 1.

The function ¢(u,,) is an admissible test function in (3.1). So that inserting it as a test function
n (3.1) we obtain

o(lVos) [ (1n(5) = U ) = (40}
Q

2 o =y

[ f(zf%‘“_“)) + /Q (@) () < [1F]l 21y + litnl1 ey < C.

Being ¢ non-decreasing and €2 x  C @, the integral in the left-hand side can be treated as

follows

[ (10 (x) = (1)) (D)) = ) )) g 0

|I _ |N+25

)~ ) () + 1)° — (un(y) + 1)°
// o (o) Ty T 7

So that we obtain

wn(y)) ((2))° — (w0 (y))° 20
/ / |x—y|N+25 (wn (@) (wn(y))? V= S5y

where we have set w, = u, + 1. Therefore, by Lemma 4.1 with 0 < 6 < + the sequence {u,}

is uniformly bounded in Wi**() for every ¢ < 2= and for all 51 < s. O

4.2 The case 7> 1

Lemma 4.3 Let f € L'(Q) and let u,, be the solution of (3.1). For k > 0 and v > 1 the
sequence {T,:T+1 (un)},, is uniformly bounded in Hg(€).

Proof Let us fix £ > 0. Inserting T} (u,,) as a test function in (3.1), we get

a(N, s) / (n () — un () (T (un(x)) — T} (un(y))
Q

2 [z =y

dydx
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In /
= | —=2 T (u,)dz + 2T (uy,)dx
/Q(Un*'l)7 i (1) QM k(1)

< [ fllzr@) + & nllr ) < Cr,
where C1 = || f[| 1) + k7|1l m, ) 1s & constant not depending on n. By applying Proposition
6.2 (in Appendix) and Lemma 2.5, we have

/ (un () = un(y) (T (un(x)) — T]z(un(y))dydx
Q

lw — y[N+2s

dydz

o — o

S / (T (un () = Th (un @))) (T} (un () = T (un(y)))
Q

+1

y+1 ¥
4y T2 (un()) =T, % (un(y))]?
> dydz.
T (y+1 / |z — y|N+2s yaxr

Therefore, we obtain
+

v+ Unp(T)) — 2 (un 2 §
|wwmmm_/”’(f”mﬁﬁ Dy < 05—

The proof is then achieved. O

Lemma 4.4 Let u, be the solution of the problem (3.1). If v > 1, then the sequence
{u,} is uniformly bounded in W;):%(Q) for every ¢ < 2= and for all 51 < s.

Proof For every w CC Q, for all ¢ < % and for all s; < s, we shall prove that there

exists a constant C' = C(q, s1,w), not depending on n, such that

_ q
/ Mdydx <C and / |y |9z < C. (4.5)

| — y|N+as:

We begin by proving the left estimate in (4.5). Let kg > 1 be fixed. Let ¢ < 2 and s1 < s.
Using the fact that u, = Tk, (un) + Gk, (un), we can write

[ [ e,

o — g
[ [ linlel) - Gus(ua(e) Tt @) = Gunln Dl
wJw |$_y|N+qS1
1 Lo (un (%)) — Ty (un (y))|
<29 // |x— |N+qsl dydz
Gk un — Gy, (un(y))|q
42071 / / G 0 dydz.
aJo |$—ZJ|N+‘1Sl Y

Applying the Holder inequality, we get

[ [ e,

|z — y|NFas

o ([ P (]2 )”

+2q 1// |Gk0 Un ]\([;f()(un( ))l dydfl;,
aJo |x—y| a5

where 3 = 24— 51) > 0. Thanks to (4.2), we have

dydz = - 1SN =
2‘11(// ) gc:=2q1<9+
o Tz =y 7 ’ =3
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which implies

/w [ |urw(_) |J§L:§S)| dydx<03<// |Tko(un|(x)z |J€T2(:L"(y))|2dydx)2
s 1// |G, ( un| — G, (un(y ))lqdydx.

T — |N+q51

So, it is sufficient to prove that {Gp, (un)}n and {Ty, (u,)}n are uniformly bounded in W59 (Q2)
and H{ () respectively. We begin by proving that Gy, (uy,) is uniformly bounded in W3 (Q)
for all ¢ < 7~ and for all s; < 5. To do so, for k > ko we take T} (G, (un)) as a test function
in (3.1) and use the fact that G, (u,) = 0 on {u, < ko}, we obtain

(N@/OM@—%@M%@MMWM—%@mmehmx

2 — o7+

f
= 7dx+k||ﬂn|\p o) < Cik,
A%M“< + Ly @

where C1 = ko 7 || fl| 1)+l £l m, (02)» 18 & constant not depending on n. Using the decomposition
of uy, as uy = Thy(tn) + G, (un), we can write

/ (un () = un(Y) [Tk (Gro (un(2))) = T (Gro (un(y)))] dydz
Q

2 — o7+

7/ (T (un (7)) = Tho (un(y)) [Tk (Go (un(x))) —Tk(Gko(un(y)))]dydx
Q

- |z — y[N+2s

(Gro (un () = Gro (un(9)) [T (Gro (un(2))) — Th(Gro (un(y)))]
—I—/Q o — gV dydzx.

Let us observe that since Ty, and Ty (Gy,) are non-decreasing functions, we get
(Tio (un () = Tio (un (Y)))[Th (Gro (un(2))) = Th(Gro (un(y)))] = 0 ae. in Q.

Hence, it follows

/ (un (@) = un () [T (Gro (un () = Ti(Gro (un(y)))] dydz
Q

lw — y[N+2s

>

/ (Gro (un () = Gio (un(Y)) [T (Gro (un () — Ti(Gro (un(y)))] dydz.
Q

o =y

In the right-hand side of the above inequality, we decompose G, (uy) as follows Gy, (un(x)) =
Gi(Gry(un(2))) + T (Gry (un(x))) and we apply Proposition 6.2 (in Appendix) with o = 1

obtaining

/ | T3 (Go (un (@) — Tk(Gko(un(y)))dedx < 2KC
aJa |z — y|N+2s a(N,s)
Hence, using the fractional Sobolev inequality, we get again the inequality (4.3) for the function
G, (uy,) that is

meas({ G, (un) > k}) < Ck~ w2
which implies that {Gy, (un)}n is uniformly bounded in L" () for every r < 2.
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Let ¢ be the function defined in (4.4). Observe that for every 0 < 6 < 1 the function ¢
enjoys the following properties
¢(z) <z and ¢(z) < 1.

Inserting ¢(Gp, (u,)) as a test function in (3.1) we get

a(N, ) / (1 () = 10 (1)) ($(Gro (10 (2))) = $(Gry (un (1)) )
Q

2 ERpEE it

_[ G
{un>ko}

(ot 17 vt oG )i

fnGkO (un)
S 7(1.@ “+ Un, 1
/{un>ko} (un, + %)7 (12 FARS))

|f]
= ————dx + ||pn| 1
/{unZko} (un + 2)7-1 1l 2.0
< Co:=ky £l + el sy -

Then, writing the decomposition u, = Tk, (un) + Gk, (u,) and using the fact that Ty, and

¢(Gy,) are non-decreasing functions, we obtain

[/ (G (1) (@) = Gy (1) (1)) (G (1 (2))) = &Gt (un(9))))

lw — y[N+2s

dydx <

a(N, s)

which yields

)~ wa)) (wn () — (wa (1))’ 20,
/ / |x— 25 (w (@) (wn(y)? Y= O G

where we have set w, = G, (un) + 1. Thus, Lemma 4.1 ensures that the sequence {Gy,(un)}
is uniformly bounded in Wi**(Q) for all ¢ < s~ and for all 51 < s.
Now, we shall prove that {7}, (un)}r is uniformly bounded in H;!

1 (€2). To do so, we insert

Ty, (un) as a test function in (3.1) obtaining

a(N, 5) / (un (@) = 10 () (T3, (10(2)) = T3, () e
Q

2 o=y

- / le 4 / T (un)dz < Ca o= {1l + k3 el (e,
q (up + )7 Q

n

By Lemma 2.5 (item iii)) there exists a constant ¢, > 0, depending only on v such that

| (un(2) = un9) (T3, (wn(2)) = T (wn(®)
Q

=y -

dydx

|un () — un (YT, (un () = T (un(y))]
“ 1., TR

(@) = () (Tho (10 (2)) = Tho (i (9)) ) |
- C’Y / / |v — y|Nr2e
X (To (un (@) + Tieg (un ()"~ dyda.
Let now w be a compact subset in 2. By Proposition 6.2 (in Appendix) we can write

/ (un (@) — un () [Ty, (un(@)) — Ty, (un(y))]
Q

[z — 7

dydz
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>

1 |Tho (un () — Ty (n (Y))]? (Thy (tn (7)) + Theg (un(y)))?Y 1
a/w/w |z — y|N+2s dydzx.

Pointing out that by Lemma 3.2 we have Ty, (un(z)) > min(ko, ¢,,) for every x € w, we obtain

(un () — un(y))[leo (un(z)) — T,ZO (un(y))] .
/Q |z — y|Nt2s dyd
> é@ uin(ka. )y [ [ Tk, <un|<;c>z ;@ﬁn(ym dyds

which proves that {Tk,(u,)}s is uniformly bounded in H _(9).
We now prove the second estimate in (4.5). For ¢ < % and s; < s, writing
/ lun|?dz < 2(171/ T, (un)|?dz + 2(1*1/ |Gro (un)|?dz
< 2q71k8|w| + 2(171”Gko (un)”%q(g)
we conclude the result. In fact, for every v > 0 the sequence {u,} is uniformly bounded in

Li(Q) for all 1 < ¢ < 325 O

5 Proof of the Main Results

In this section, we show that in both cases v < 1 and 7 > 1, the problem (1.1) has a weak
solution obtained as the limit of approximate solutions {uy }, of the problem (3.1).
5.1 The case v <1

Proof of Theorem 2.7. By virtue of Lemma 4.2 and the compact embedding of W34 (Q)
in L1(Q) (see [17, Corollary 7.2]), there exist a subsequence of {u,}, still indexed by n and a
measurable function v € W;"?(£2) such that

un — v weakly in W5(Q),

Up — v in norm in L(§),

Up — v a.e. in Q.
Let u the function such that u = v in Q and v = 0 in R¥ \ Q. Thus, u,, — u a.e. in RY which
implies

|un(@) —unly)] | [u(z) —u(y)l
o — y[N+2s |z — y|N+2s

a.e. in Q.

Let p > 0 be a small enough real number that we will choose later. For any ¢ € C5°(2) we

have

/Q /Q [wn(x)—|un<y>><so<w>—so<y>> " s

z — yNt2s
< |un(2) = un (WP (IDp]| Lo l2 = y[)'** dydz
~Jala |z — y|V+A+)s: |z — y[PNF(Fp)(2s—s1)

_ 14p|p — o|(1+p)(14s1—-25)—pN
< HD90||1LP lun(@) = un(y) 77l — y] dydzx.
Le=(£2) ala |$ _ y|N+(1+p)sl

We need that the term |z — y|pN+(1+p)(25—51) vanishes from within the integral. To get this, it

is sufficient to have (14 p)(1 + s1 —2s) — pN > 0. To this aim, we consider s; to be very close
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of s. Precisely, we impose on s; the condition
max(0,1 —3s) <s—s1 <1—s.

We point out that with this range of values of s; and with the assumption N > 2s, we easily
get
145 —-2s>0 and N —1-—514+2s>0.

Thus, the fact that (14 p)(1 + s; — 2s) — pN > 0 is equivalent to 0 < p < 225 Hence,

N—1-s1+2s
[ [ =],

() — 1 (1) '+
[z = IV

we get

< ”D(pHLDO(Q dlaJIn(Q)(H"P)(H’Sl725)7;;N\/;2 )

dydzx,

where diam(€2) stands for the diameter of Q. Now we have to make a choice of p which enables
us to use the uniform boundedness of {u,}, in W5"?(Q) for every ¢ < . This is the case
ifl+p< m. Finally, we choose p to be such that

s 1+s1—2s )
N—-s"N—-1—5;+2s/
Therefore, there is a constant C' > 0 not depending on n such that

wr [ ] [<un<x>«—'un<y>>op<x><—<p<y>>}1+dedx o

o — y|N+2s

O<p<min(

Consequently by De La Valle Poussin and Dunford-Pettis theorems the sequence

{ (un(2) — un(y))(¢(x) — () }

o =y

is equi-integrable in L*(Q x Q). Now, taking ¢ € C5°(Q) as a test function in (3.1) we get

a(N, s Un (T) — Uy, T) — n
(2 )/Q( (z) - Ey;f](vci(zs) so(y))dydx_/ﬂ(unff) dx+/wndx. (5.1)

We split the integral in left-hand side into three integrals as follows

(un(z) — un(y))(p(x) — Un () — Un( y))(w(w) — ()
/Q | d dx / / dydz

I—y|N+25 y|N+25

+~/5;/CQ |£L' —y|N+25 dydx

/ / un () — un(y)) (@) — PW) 4,z
CcQ

2 =y

=0+ I+ Is. (52)

By Vitali’s lemma we have

. U () — un(y))(p(z) — y))(p(z) — p(y))
N i e N

For the second integral I» in (5.2), we start noticing that since u,(y) = ¢(y) = 0 for every

y € CQ) we can write

} (un () — un(y))(p(x) = #(y)) ’ _ Jun(2)p(@)|

o =yl BT

for every (z,y) € Q x CQ.
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Since Supp ¢ is a compact subset in 2, we have
| — y| > dy := dist(Supp ¢, Q) > 0 for every (z,y) € Supp ¢ x CS.

Therefore, an easy computation leads to

co lr—ylN¥2s = Ju [2|NF2 T 2sdis '

1

As a consequence of the convergence in norm of the sequence {u,} in L'(Q) there exist a

subsequence of {u,} still indexed by n and a positive function g in L*(Q) such that
|un ()| < g(z) a.e. in Q,

which enables us to get

|(un(z) —|1;n£y;?](v<i(i) — oY)l < ||;7(_w;sr]5:i)2ls ae. in (1) € Q x CO.

We observe that by (5.3) the function (x,y) — % belongs to L(Q x CQ)

// / / o il 12 25 @llgllzr o)
co lT — |N+2S Suppe Jea [T — |N+2S - 2sd3*

Thus, by the dominated convergence theorem, we have

Jim. / /m un (@ nfy;?ﬁg) ) 4yde / /m )ﬁﬁﬁ—wy)) Gy,

For the third integral I3 in (5.2), we can follow exactly the same lines as above using the x/y

symmetry. We then conclude that

(o) = al9Dple) = 10D, . [ (1) =ulgle) = o)

Q o — y|N+2s

HILHC}O o lz — y[N+2s

for all ¢ € C§°(Q?). Now, for what concerns the right-hand side of (5.1), by virtue of lemma 3.2,
for any ¢ € C§°(€2) with Supp ¢ = w, there exists a constant ¢,, > 0 not depending on n such
that

fnp
(un + l)v

< Mlel LY(Q)

cl

0<

obtaining by the dominated convergence theorem

lim fnso / 1% 40
n—oo [ ( n
and in the last term in (5.1), by the convergence of y, to x we have

lin [ pl@ynalde = [ oaan

n—oo O

Finally, passing to the limit as n — +o00, we obtain

a(N,s) [ (u(@) —u(y))(e(z) —¢y)) _ [ 14
/Q dxdy—/{zuvd —i—/ﬂg@du

) |z — y[N+2s
for all ¢ € C§°(£2). Therefore, u is a weak solution of (1.1). O
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5.2 The case v>1

Proof of Theorem 2.8. By virtue of Lemma 4.4, there exist a subsequence of {uy}, still
indexed by n and a measurable function v € W;.1)?(Q) such that

= v in W (9),
u, — v in L (Q),

U, — v a.e. in Q.
So that defining the function u by u = v in Q and u = 0 in RV\{2, one has

up — win WPL(Q),
up, — uin L (Q),
Uy — u a.e. in RY,
a1 a1
T2 (up) =T, % (u) ae. in Q.
Then for ¢ € C§°(Q2), we have

[(un(2) = un(y))(p(x) = ()| _ |(ulz) = u(y))(p@) = ¢y))]

o =y o — [

a.e. in Q.

Inserting ¢ € C§°(€2) as a test function in (3.1), we have

a(N,9) [ (unl@) ~un)ele) = 0w) | [ fap )
5 /Q PR = dydgc—/Q ( t 1) d —i—/cpund . (5.4)

Let K be a compact subset of 2 such that Supp ¢ C K and dist(Supp ¢, 0K) > 0. The integral
in the left-hand side of the previous equality can be splitted as

[ ko) = lsole) =) g, [ <un<x>—-un<y»<w<x>—»w(y))dydx
Q RN JRN

o — g VFE o — g VFE
S ] e |;f7$ﬁ’_“”hwm

+/ /CK U —|z;n£y)?](vci(i) — W) 4,4z
CK .

| _y|N+2s

As in the proof of the Theorem 2.7, the same ideas allow to obtain

Tim / / Up (2 |xn_y)|)1(v<i(23:) d e / / |x_ iﬁ(fz)s_(p(y)) dydu,

. (un(2) — un(y))(p(z) — ) (p(x) = »(y))

Jﬁ&/ﬂﬁK [z~ gV @”I‘/AﬁK M—mN”S dvde
(un(z) — wn( y))(w(w) (so(:v) — ()

Then we then conclude that

(un(z) — un(y))(p(z) — (y)) dyds — / (u(z) — uy))(p(z) — so(y))dydx
Q

2 =yl

nll_)H;o o |$—y|N+25
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for all ¢ € C5°(£2). For what concerns the right-hand side of (5.4), it is exactly the same term
in Theorem 2.7. Finally, passing to the limit as n — +o00, we obtain

o) [ () ~Uete) =60 g, — [ Ly [ gy
0 Q uv Q

2 o — o7

for all ¢ € C5°(£2), So u is a weak solution to (1.1). Now, by virtue of lemma 4.3, and Fatou’s

lemma, we have for every w CC 2

/ 17 (u() = T, (u(y))?
QJQ

+1

[ T (un(a) = T @a@)P
QJQ

daxdy < liminf

PRI R PRI
<C.
LH
It follows that T}, * (u) € H§(2), for every k > 0. O

6 Regularity of Solutions

Now, we prove some regularities of the solution u of the problem (1.1).

Proposition 6.1 Assume that y is a Radon measure, f € L'(Q) and 0 < v < 1. Then
the solution w of the problem (1.1) obtained by approximation is such that

ue L (Q), Vre (LNJYZS)'

s N
(—A)3u| € LT(Q), Vre (1, m)

Proof We follow closely the lines in [25]. By (4.3) and Theorem 2.7, we can apply
Fatou’s Lemma, we conclude that u € L"(Q), for every 1 < r < % Now, we will prove that
|(=A)2u,| is bounded in the Marcinkiewicz space M W (Q). We fix # > 0 and for any positive
k > 1, we have

{(=A)2un| > B} = {|(=A)2un| > Bun < k}U{|(=A)2up| > Buy > k}
C{I(=A)2up| > B un < kYU {u, > k}.

(MY

Then

|(—=A) 2w, *de.

meas({|(—A)2u,| > B, u, < k}) < 5 fun<i}

By using [25, Corollary 1] and Lemma 4.2, we get

meas({|(—A )2un| >0, up < k}) < |(—A)%un|2dx

5 {un <k}
1 s
<3 [ 18T P
N S Ty (un) () — Tie(un) (y)]? k
< / |:v— iz dxdygcﬁ.

By using (4.3), we have
meas({|(—A)%un| >0} < meas({|( )5un| > B, up < k}) + meas({u, > k})

c
< C +—
62 kN s
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Choosing k = %12:, we get
C

N
N—s

meas({|(—A)%u,| > B}) <

This implies that |[(—A)2u,| is bounded in the Marcinkiewicz space MNL*(Q) So, by the
converges almost everywhere in the proof of Theorem 2.7, we can apply Fatou’s Lemma, we

conclude the result. ]

Appendix

In this Appendix we give the functional and technical results we have used in the previous
sections. We start with the following inequality whose proof in the cases where o = 1 can be
found [25]. Here we give a simple proof based on the monotony of the truncation functions.

Proposition 6.2 Let o > 1 and let v : R — R be a positive measurable function. Then
for every k > 0 and for every (z,y) € RV x RN

(Grw()) = Grlv(w)) (Te(o(@)® = Tu(w(y))*) > 0.

Proof Let x, y € RY be arbitrary. Without loss of generality we can assume that

v(x) > v(y). Since the functions s — Tj(s) and s — G (s) are non-decreasing on R, we have
Ti(v(x))* = Ti(v(y))™ and G (v(2)) = Gr(v(y)).
Then
(Gr(v(z)) = Gr(v())(Tr(v(2))* = Ti(v(y))*) = 0.
0

The next result, well known in classical Sobolev spaces, provides a necessary condition for
a function to belong to the fractional Sobolev space W3 ().

Lemma 6.3 Let Q be an open set in RV of class C%'! with bounded boundary, 1 < p < +oco
and let 0 < s < 1. If u € W*P(Q) with Suppu is a compact set in €2, then v € W3 (Q).

Proof Let u € W*P(Q) be a function with Suppu be a compact subset included in .

Then there exists an open set w such that
Suppu C w and @ C €.
Then by [17, Corollary 5.5, there exists a sequence {uy, },, of functions u, € C§°(R™) such that
U, — w in norm in W*P(Q).
Let ¢ € C§°(w) be such that
w=1on Suppuand 0 < p <1, a.ein w.
It is clear that @u, € C§°(w). Therefore, it sufficient to prove that
YU, — u in WP(Q).
Using the fact that pu = u on 2, we obtain
lpty, — ulPde = / lprn — @ul|Pda < / |ty — u|Pde — 0.
Q Q Q
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For the second part of the norm |[¢u, — ullyws.»(q), we can write it as follows.

L//wwummm—w@wmwrwmm—u@mah@

|z —y| Ve

w@ﬁm@) ~u(z) —u(y)|? dady
u— o —y| "7
://HMLM—HLMHM%
QJQ
where we have set
Fwa:w@MM@—w@WMwmﬁF@y) u(z) —uly)
o —y| & —y|

Thus, in order to prove that pu,, converges to u in W*P(Q), it is sufficient to prove that up to a
subsequence, {F,(z,y)} converges to F(z,y) in norm in LP(Q x £2). Since, up to a subsequence

still indexed by n, u, converges almost everywhere to u, we obtain
p(@)un(r) — o(y)unly)  ul@) —uly)
Fn(x7 y) = - N+p - - N+ps
lv -y [z —y| 7
The norm convergence of u,, to u in W*P(Q), yields

n () _}ffp(y) — we) _}fgs) in norm in LP(Q2 x Q). (6.1)
[z =yl [z =yl

According to (6.1) and the norm convergence of {u,} in LP(Q), there exist a subsequence of
{u,,} still indexed by n and two positive functions g in L' (€2 x Q) and h in L'(£2) such that

Unx—unyp .
%Sg(%w a.ein Q x Q

= F(z,y) a.ein Q x Q.

and
|un(2)|P < h(z) a.e in Q.

So that writing

[P@)un(@) = p@)un(y) + $@)un(y) = )unly)|
|Fn($7y)|p: _ N+ps
|z —y| VP
p—1 un@) — uny)|” p—1|un(@)Plo(@) — o)
S T i
we obtain »
Fale)P < 2 gl )] + 22 HOIAD Z o)l (6.2

We need to prove that the function in the second term in the right-hand side in (6.2) belongs

to L1(Q2 x Q). To do so we can write

h(y — P
/ /| Mz N:iy drdy = /Wh {/’ lp(x) ﬁ%g'd%dy
|I_y| P QNjz—y|<1 |$—y| P

WA=

Since ¢ belongs at least to C3(2) and 0 < ¢ < 1, a.e. in w we have

h(W)llp(x) — p(y)|P / / dz
dady < C h I —!
//’ M—MM% zdy < Gy, |, 1A anz<1 2N PeD | Y
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dz
2 [l [, v
Q| ( )l Qn|z[>1 |Z|N+ps

|SN71| |SN71|
§2max(Cﬁp (1_8),2” p” /ﬂ|h(y)|dy

dy

< 400,

where Cjip, stands for the Lipschitz constant of ¢ and |SV 1| stands for the Lebesgue measure
of the surface area of the unit N-sphere S¥~! of RY. Applying the dominated convergence
theorem, we conclude our claim and thus follows u € WP (). O

Lemma 6.4 Let Q be an open set in RY of class C°'! with bounded boundary, 1 < p < +oco
and let 0 < s < 1. Let ¢ : R — R be a uniformly Lipschitz function, with ¢(0) = 0. Then for
every u € Wy*(Q) one has ¢(u) € W5 ().

Proof Let us denote by K the Lipschitz constant of ¢ and let u € W;*(€2). There exists
a sequence {uy,} of C§°(€2) functions which converges to w in norm in W#? (). That is there
exists ng € N such that for all n € N with n > ng one has

un — ullwsr@) < 1.

Defining v, = ¢(un), Gn(z,y) = un(z) — un(y) and G(z,y) = u(x) — u(y), we can write for

every n > ng

[ [ @y, [ [ Bl - sl
QJQ

Iw—yINﬂ” Iw—yINﬂ”

un(z (y)P
< KP// |x—y|N+p5 0 7 dady
|G (z,y)IP
—— = dad
// |x_y|N+ps Y

— p
S 2p71Kp/ |G’n«(I5y) G(x7y)| d.’L'dy
QJQ

|z —y| Ve
- G(z,y)|
or—1pp |7’d d
* /sz o |z —y|Ntes vy

= 2P K lup — ullfyep ) + 28 K ullfye s
< Cy
and
[vnllr@) < Kllunllze@) < Kllun — ullwse@) + Kllullwsr@) < C1,

Cy and Cy are two constants not depending on n. Thus, {v,} is uniformly bounded in W*?(Q).
Since by ¢(0) = 0 the function v,, is compactly supported in €, so that by Lemma 6.3 we obtain
vy, € WP (). Now, we prove that

U, — ¢(u) in WP(Q).
Since the sequence {uy} converges to u in norm in W*?(Q), then for a subsequence of {u,},
still indexed by n, we have
U, — U a.e. in .
Then, it follows

Up = @(un) — o(u) a.e. in Q.
@ Springer



1314 ACTA MATHEMATICA SCIENTIA Vol.40 Ser.B

Furthermore,

[on = d(u)l[Lr(@) = 6(un) = G(w)llLr (@) < Kun = ullLr@) — 0.

On the other hand we can write

[ [ le) = 000)e) — () = 0P
QJQ

|z —y|NHes

— / / vy (7) _;jn(y) ~ ¢(u(x)) —N¢(?{(y) pdxdy
alol oy 5" ey

_ /Q /Q |Fo(2,y) — Fa,y)Pdady,

where we noted

Fu(a,g) = 200 g e,y = D dl)
lz—yl™ lz—yl™
In order to show that v, converges to ¢(u) in W*P(Q), it sufficient to prove that for a subse-
quence of {Fy,(x,y)}n>1, still denoted by {F,(z,y)}n>1, [Fn(z,y) — F(2,9)| Lraxq) — 0. By
the almost everywhere convergence of v, to ¢(u), we have

Fo(z,y) = Un(2) —sz),jp(sy) — u)(@) _ffi)(y) = F(z,y), ae. inxQ.
|z —yl v |z —yl v

Observe that the norm convergence of u, to u in W*?(Q) implies

un () —un(y)  ulz) - u(y)

|z —y| ™7 lo —y| 7

in norm in LP(Q x ).

So that since
N+tps )
lz —yl

[Fn(z,y)| < K

the sequence {|F, (z,y)|P }., is then equi-integrable. Applying Vitali’s theorem we get || Fy, (x, y)—
F(z,y)|lLr(@x) — 0 which in turn implies ||v,, — ¢(u)|wsr(q) as n — +o0. Since the sequence
{v,} belongs to the closed space W*(2) forces the limit ¢(u) to belong to W (€2). O
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