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Abstract We study the following nonlinear fractional Schrédinger-Poisson system with

critical growth:
(~A)u+ut du=f(u) +ul* u, zeR’, (0.1)
(_A)t¢ = U2, T e Rgv .

where 0 < s,t < 1, 2s + 2t > 3 and 2} = 3—623 is the critical Sobolev exponent in R®. Under

some more general assumptions on f, we prove that (0.1) admits a nontrivial ground state
solution by using a constrained minimization on a Nehari-Pohozaev manifold.
Key words fractional Schrodinger-Poisson system; Nehari-Pohozaev manifold; ground state

solutions; critical growth
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1 Introduction and Main Result

In this paper, we consider the following nonlinear fractional Schrodinger-Poisson system:

(=A)Yu+u+¢u= f(u)+|u>*>"2u, xR

(1.1)
(_A)t¢ = ’LL2, HARS RS,

where 0 < s,t < 1, 2542t > 3, 2% = 3f2s is the critical Sobolev exponent in R and f € C(R, R)
is a subcritical perturbation. The fractional Laplacian (—A)%*, a = s,t € (0,1) is a nonlocal
operator defined in the Schwartz class .7 (R?) as
u(z) — u(y)
(-a)u(e) = c@pv. [ 07 ay,
R |z —y|

where C(a) is a suitable normalized constant and P.V. means the Canchy principle value on
the integral.
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When ¢(x) = 0, system (1.1) can be reduced to the usual fractional Schrodinger equation
(=AVu+u= f(u)+|u*2u, zeR> (1.2)

The fractional Schrodinger equation was introduced by Laskin [22, 23] in the context of frac-
tional quantum mechanics, as a result of expanding the Feynman path integral from the Brown-
ian like to the Lévy like quantum mechanical paths. In particular, the fractional Laplacian can
be understood as the infinitesimal generator of a stable Lévy diffusion process [2]. It also has
various applications in different subjects, such as the thin obstacle problem [26, 32], optimiza-
tion [17], finance [10], conservation laws [5], minimal surfaces [6, 8] and so on. The non-locality
of the fractional Laplacian makes it difficult to study. To overcome this difficulty, Caffarelli and
Silvestre [7] introduced the extension method that reduced this nonlocal problem into a local
one in higher dimensions. This extension method has been applied successfully and a series
of fruitful results have been obtained; we refer the readers to [9, 14-16, 18, 31, 39] and the
references therein.

When s =t =1, (1.1) is related to the classical Schrédinger-Poisson system of the form
—Au+u+ ¢u = h(u), x€R3

(1.3)
—A¢ = u?, r € R3.

System (1.3) has great importance for describing the interaction of a charged particle with an
electromagnetic field; we refer the readers to [4] for more details on the physical background. In
the last decades, system (1.3) has been studied extensively. In the case h(u) = |u[P~2u, D’Aprile
and Mugnai [12] used the Mountain Pass Theorem to show a radially symmetric solution of
(1.3) for 4 < p < 6. In the same case, they established in [13] a Pohozaev identity to prove
that there do not exist nontrivial solutions of (1.3) for p < 2 and p > 6. For the case when
h(u) = |u[P7%u and 2 < p < 4, the variant Ambrosetti-Rabinowitz type condition ((AR) in

short) is not satisfied; i.e., for some 6 > 4,
“ 1
H(u) = / h(r)dr < eh(u)u for all u € R. (1.4)
0

By constructing a constrained minimization on a new manifold based on the Nehari manifold
and the Pohozaev identity, Ruiz in [28], proved that (1.3) admits a positive radial solution
if h(u) = |u|P~2u with 3 < p < 6. Moreover, by using an inequality derived from [24], he
showed that problem (1.3) does not admit any nontrivial solution if 2 < p < 3. After that,
combining a monotone method and a version of the global compactness lemma, the authors of
[42] generalized the existence result of [28] to a more general case of replacing u by V(z)u. For
more existence results for (1.3) under a huge variety of hypotheses on the potential function
and the nonlinearity, we refer the readers to [1, 3, 19-21, 33, 40, 43] and the references therein.

As we have mentioned above, there are many papers dealing with problems (1.2) and (1.3)
which have only one nonlocal term. However, the case of the variational problem involving
double or more nonlocal terms is much more complicated. To the best of our knowledge,
systems like (1.1) have been less studied. Recently, Zhang et al. in [41] were concerned with

the fractional nonlinear Schrédinger-Poisson system
(=A)°u+ Mpu = g(u), = €R3, (L5)
(—2)'6 =, z e R, |
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where g satisfies the Berestycki-Lions type conditions in the subcritical and critical case. By
using a perturbation approach, they proved the existence of positive solutions and studied the

asymptotic of solutions for a vanishing parameter. In [35], Teng considered the system

(=AY u+V(z)u+ ¢u = [ulPtu, = eR3,

(1.6)
(—A)p = u?, r € R3,

where s € (3,1) and 2 < p < 2} — 1. Motivated by the work of Ruiz [28], he first established a
new Nehari-Pohozaev manifold which is C'!, and proved that the corresponding limiting problem
of (1.6) has a nonnegative ground state solution. Next, under certain assumptions on V(x), the
existence of nonnegative ground state solutions for (1.6) was established through the use of a
monotone method and a global compactness lemma. Later on, by adapting the same arguments
used in [35], Teng in [36] obtained the existence of ground state solutions for system (1.1) by

adding a suitable potential function in front of the term u and replacing f(u) + |u|*~2u by

3s+t
s+t

the fractional Schrodinger-Poisson system.

.
2:72u, where

plu| Y+ |u < g < 2%—1. We refer also to [25, 27] for more results involving

Motivated by the works mentioned above, the main purpose of this paper is to establish
the existence of ground state solutions of Nehari-Pohozaev type for problem (1.1) with critical
growth and general subcritical perturbation. Compared with [36], we focus on the study of
(1.1) with a more general subcritical perturbation f. Moreover, we only assume that f is a
continuous function rather than of C'-class. In some sense, our results generalize and improve
the works of [36].

Throughout this paper, we assume that f satisfies the following conditions:

(f1) f€CER,R) and f(7) =0 for all 7 € (—00,0);

() Jim 77 =0 nd L 50, =0;

(f3) CTOI@T3F() g increasing on (0, +00), where F(7) = Jy f(6)do;
i

(fa) there exist >0 and **1%* < p < 27 such that f() > pr?~! for all 7 > 0.

As we can see in Section 2, by the Lax-Milgram theorem, for any u € H*(R3) there exists a
unique ¢!, € D»?(R3) such that (—A)*¢!, = u?. Substituting ¢!, in (1.1) leads to the following

single fractional Schrédinger equation:
(=A)u+u+ ¢hu= flu)+ [ul*>2u, zecR3. (1.7

The variational functional associated with equation (1.7) is defined by

1 s 1 1 x
/ (|(=A)2ul? + u®)dx + / ¢t urde — / F(u)dz — u| s dz (1.8)
2 R3 4 R3 R3 2: R3

for u € H*(R?). We can prove that I € C'(H*(R?),R) and the pair (u, ¢!,) € H*(R3)x D"?(R3)
is a weak solution of (1.1) if u € H*(R?) is a critical point of I. In the sequel, we say that w is

I(u) =

a weak solution to (1.1) for the sake of simplicity.

To establish our main results, we need to introduce the following Nehari-Pohozaev manifold:
M = {u € HYR¥\{0} | G(u) = o},
where

G(u) :

ds + 2t — 2s+ 2t — ds+ 2t —
_ s+ 3 s+ 3/ w2de + s+ 3 oL u2da
R3

—A)zul’d
2 /RSK Jrulfde+ 4 s
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_ /R3 ((s + ) f(u)u — 3F(U)>dx CE 2:22 _3

For any u € M, we say that

Ju|?% d. (1.9)
R3

;= inf I(u).
m:= inf (u) (1.10)

Now, our main result can be stated as follows:

Theorem 1.1 Assume that (f1)—(f4) hold and 2s + 2¢ > 3. Then by system (1.1) there
exists a nontrivial solution @ such that I(@) = m > 0 if one of the following conditions is
satisfied:

(C1) s>3, .2 <p<2fandany pu > 0;

4> 3-2s
(Cy) s> i, 421? <p< 325 and p > 0 sufficiently large;
(C3) 5 <s<7, 4§ift<p<2§andanyu>0.

To prove Theorem 1.1, the main difficulties are threefold. Firstly, in (1.1), the first frac-
tional Schrédinger equation has two nonlocal terms due to the presence of fractional Laplacian
operator (—A)® and the term ¢u, leading to some additional difficulties and making the study
interesting. Secondly, if f is not of C'-class, then M is not a C*-manifold. We point out here
that the proofs in [28, 35, 36] are based on minimizing the associated functional restricted to a
suitable manifold which is C'. Hence, the arguments used in [28, 35, 36] cannot be applied in
this paper and some new tricks will be developed. Thirdly, the unboundedness of the domain
R? and the critical Sobolev exponent lead to a lack of compactness. Thus more careful analysis
is needed.

The outline of this paper is as follows: in Section 2, we provide some preliminary lemmas

which will be used later. In Section 3, we prove our main result Theorem 1.1.

2 Preliminaries
In this section, we provide some preliminary lemmas. First, we give the standard notations
for the fractional Sobolev spaces. For « € (0, 1), the Hilbert space H®(R?) is defined as
HY(R?) := {u e L’(R%) | (-A)Sue L2(R3)}.

We endow the space H®(R3) with the inner product, and norm with

(u,v) = /R (=A)2u(—A)2vdz + /R wvdz

and )

e = (/R () +2)as),

respectively, where

a Cla u(z) — u(y 2
|(—A)2u|2dx = (2 )/ / [u(2) 3£2i| dzdy.
2 o

It is well known that H(R?) is continuously embedded into L4(R3) for 2 < ¢ < 2% and is
compactly embedded into L{ (R3) for 1 < q < 2%. L4(R3) is the usual Lebesgue space with

loc

1
|u||Le := (/ |u|qd:17) 1< g< 0.
R3

the standard norms
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From [11, 14] we know that D®?(R?) is continuously embedded into L2 (R?) and there exists
a best constant S, > 0 such that
| [(~) S ul?de
Sa = 1§l£ 3 fRS 2 (21)
uw€D*:2(R3) (f]]@ |u|23d117) 2%
where D*?(R3) is defined by
DO2(R3) := {u € L%(R%) | (~A)%u e L2(R3)}

endowed with the norm

fullpes = ( [ 1-a)2upar)

In what follows, we recall that by the Lax-Milgram theorem, for any u € H*®(R?), there
exists a unique ¢!, € D"?(R3) such that

(—AYoL =u?, 2R (2.2)
Moreover, ¢!, can be expressed as

2
¢ —C / u*(y) d R3 2.3
(bu(‘r) t - |ZZ? _y|3,2t Y, xE€ ) ( )
which is called the ¢-Riesz potential (see [7]), where

rG -
r@ -

Let us now define the operator ® : H*(R?) — D"2(R?) as
®(u) = 9,

The operator ® has the following properties (see [36]):
Lemma 2.1 Assume that 4s + 2t > 3 for any v € H*(R3). We have that

(i) ® is continuous and maps bounded sets into bounded sets;
() o 6hui2de < STl
(iii) if y € R?® and a(x) = u(z + y), then (®(@))(z) = (®(u))(z + y) and

/ ¢tﬁﬁ2dx = / gbtuuzdx;
R3 R3
(iv) if up, — w in H*(R?), then ®(u,) — ®(u) in D»?(R3) and

3
Ct = 7T72272t

(biqux < lim inf ¢, uidx;
R3 n—oo  Jp3 "

(v) if up, — u in H*(R3), then ®(u,) — ®(u) in DH2(R3) and
/ ¢ u?dr — ¢! uPd.
R3 " R3
Define ¥ : H*(R?®) — R by
U(u) = / ¢! uPd.
R3

In a fashion similar to the well known Brezis-Lieb lemma, we can establish the Brezis-Lieb
splitting property for ¥ and ¥’; see [36].
@ Springer
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Lemma 2.2 Assume that 2s + 2t > 3. Letting u,, — u in H*(R?) and u, — u a.e. in
R3, it holds that

(1) O(up —u) = T(uy) — U(u) + o, (1);

(i) W'(up —u) =V (uy) — ¥ (u) + 0,(1) in (H5(R3))™1,
where 0,(1) — 0 as n — oo.

The vanishing lemma for the fractional Sobolev space is stated as follows:

Lemma 2.3 ([29, Lemma 2.4]) Assume that {u,} is bounded in H*(RY) and that it
satisfies

lim sup / uldr =0

for some R > 0. Then u, — 0 in L49(R™) for every 2 < ¢ < 2%, = % .

3 Proof of Theorem 1.1

In this section, we will use a constrained minimization on M to get a nontrivial ground
state solution of Nehari-Pohozaev type for system (1.1). Throughout this section, the norm on
the H*(R?) is taken as

1
Jul o= ([ (G20 + a?)a)
R3
Lemma 3.1 Under the assumption (f3), we have that

(S 4 t)(l _ 94s+2t73) 4s + 2t — 394s+2t73
4s+ 2t — 3 T 4s+2t —3

Proof Without loss of generality, we may assume that 7 # 0, and set
54 1)(1 —glet2=3 4s + 2t — 3¢+ 3
(5 + 1) ) e
4s +2t — 3 4s+2t — 3
By a direct computation, we have
W(0) = —(s+ )02 f(7)r + 3072 F () = 30T F (05T ) + (s + )05 (05 )T
_ glsbai—a it { (s + ) f(05HtT)05Ftr — 3F(5+t7) (st t)f(r)r = 3F(7) }

F(r) +073F(0°t'1) >0, V0 >0, T € R.

h(f) := F(1) 4+ 073F (05 7).

4542t 4542t
(95+t7-) §+t T §+t

It follows from (f3) that h(6) > h(1) =0, V6 > 0. O
Lemma 3.2 Assume that (f1) — (f3) hold and that 4s + 2¢ > 3. Then

1 — ghs+2t—3

4s+2t -3

where ug(z) := 65Ttu(fz) and C() > 0.

Proof If Vu e H*(R?), 0 > 0, and we set up(z) := 6T u(fz), it follows that
gAs+2t-3

2 R3|

I(u) > I(ug) + G(u)+ C(0) /R u?dz, Yue H*(R?), 6 >0,

I{ue) = 2 1
gls+t)2: -3
—073 | F(0*u)dx —

R3 23 RS

. 925+2t—3 gis+2t—3
(=A)zul?dz + / u?dx + ol uldx
R3 R3

%da. (3.1)

|u

In view of Lemma 3.1, we have
I(u) = I(ue)
@ Springer
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1— 94s+2t73 R 1— 925+2t73 1— 94s+2t73
|(—=A)zul*dz + / u?dx + ¢t uda
2 R3 2 R3 4 R3

1 — g(s+1)2:-3 .
- / (F(u) - 9’3F(95+tu))da: - / u|2
R3 R3

2*
1 et {45 +2t—

S

3 s 2 2t—3
|(—=A)zu*dz + ot / u?dz
R3 R3

s +2t -3 2 9
4 2t—3
5+ ot ulda — / ((s + ) f(u)u — 3F(u)>dx
4 R3 R3
t)2F —3 x R
_ (3+ ) s |u|23dx +C(9)/ W2de
2: R3 R3
(s +1)(1 — g1s+2t=3) 4s + 2t — 3@As+2=3 et
- F 0 °F(0° d
+/]R3 { 4s+ 2t —3 O 4s+ 2t —3 (u) + ( u)} T
1— 94s+2t73 1— 9(s+t)2’;—3 B
+/ [ - }|u ZLdx
RS 2 2%
1 — phs+2t—3 A )
> G c(e d
7 gepar—g CWHCO) | uwde,
where
- 25 — (4s + 2t — 3)025H2-3 4 (25 + 2t — 3)gts+2A=3
C0) = >CO(1) =0, V>0, (32
) 2(4s + 2t — 3) 2C(1)=0, V920, (3.2
so this lemma is proved. 0

Lemma 3.3 Assume that (f1)—(f3) hold and that (s + ¢)2% > 4s + 2¢. Then for any
u € H*(R?)\{0}, there is a unique constant 6y > 0 such that ug, € M. Moreover, I(ug,) =
max I (ug).
9>0

Proof For any u € H*(R?)\{0} and 6 > 0, we consider y(0) := I(ug). It is easy to check
that y(0) > 0 for § > 0 small and y(f) — —oo as § — +oo, which gives that y() has a critical
point 6y > 0 corresponding to its maximum, i.e., y(6y) = max y(0) and y'(6p) = 0. Thus

4s +2t -3 s 254+2t -3
s+ ; 9615+2t—4 / [(=A) % uf2dz + s+ ; 6%5-1—215—4 / w2de
R3 R3

4542t -3
+ + : ottt / Pt utde — 05* / ((s + 1) (05 )05 — 3F(93+tu))dx
R3 R3
(546025 =3 yor2; s
0
2% R3
and hence G(ug,) =0, ug, € M and I(ug,) = max I(ug).

lu?dz =0,

Moreover, we claim that the critical point of y(0) is unique. Indeed, we just suppose that
there are two points 61, 62 > 0 such that G(ug,) = 0 for ¢ = 1,2. In a manner similar to the

proof of Lemma 3.2, we can deduce that

1— (zi )4s+2t—3

5 (02 25+2t—3/ 2
ds + 2t — 3 G(u@1)+0(91)91 o

= I(ug,) +C’(Zj)9§s+2t—3/ w2da

R3

I(uel) > I(’U,gz) +

and
_ (61\4s42t—3
1—(4)

A0 _
- 0 2s5+2t—3 2
Iug,) > Ilug) + %0 G(ue2)+0(92)92 /Ru dz
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~ /70 _
:I(ugl)—l—C(e:)H%S”t S/R? u?de,

where C(0) is defined in (3.2). This implies that 6; = s, so 6y > 0 is the unique critical point
of y(0). O

Lemma 3.4 Assume that (f1)—(f3) hold and that (s + ¢)2% > 4s + 2t > 3. It holds that

max I (ug) > 0.

m = inf
weHs (R3)\{0} 6>0

Proof It follows from Lemma 3.3 that

inf max I (ug).
ueHe (R%)\{0} 620

m =
Next, we claim that m > 0. Indeed, it follows from (f1) — (f2) that there exists a constant
C > 0 such that

1 — 1 gx
|F(u)] < 2u2 + Clul?, Yu € H*(R?). (3.3)

Thus for any u € M, by (3.3), Lemma 3.2 and Sobolev inequality, we have
I(u) = I(ug)

gis+2t—3 . g2s+2t—3
=, |(—A)2u|?dz + 5 / wide — 072 [ F(0° u)da
R3 R3 R3
g(s+1)25—3 i
- o |u|? da
s R3
gis+2t—3 . 1 . .
2, |(—A)2u2dr — (C + 2*)9(S+t)23_3 lu|?s dz
R3 s R3
94s+2t73 R _ 1 23 « s 22:
>0 [(=A)Suf2de — (c+ 2*)55 : 9<S+t>2f3( |(—A)2u|2dx)
R3 s R3
if we take

2:C

As a result, we complete the proof. a

s 23
0 = [(f]Rs |(—A)2U|2d$)17 2 } (s+t)2;fi<4s+2t>

Now, we establish a splitting lemma as follows:

Lemma 3.5 Assume that (f1)—(f2) hold and that 2s + 2¢ > 3. If u,, — u in H*(R3?) and
Up — w a.e. in R3, then

I(up) = I(uw) + I(up — u) + 0, (1), (3.4)
(I'(un), un ) = (I'(w),u) + {(I'(un — u), un — u) + 0n(1) (3.5)

and
G(un) = G(u) + G(uy — u) + 0, (1). (3.6)

Proof Setting v, = u, —u, we have v, — 0 in H*(R3). It follows from (f;)—(f2) and the
Brezis-Lieb lemma that

lunl* = Tl + llon ]l + 0n (1), (3.7)
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/ F(up)dz = / F(u)dx + [ F(vp)dz + 0,(1) (3.8)
R3 R3 R3
and

lunl| e = lull s + lloal2: +on(1). (3.9)

Combining Lemma 2.2 (i) and (3.7)—(3.9), we know that (3.4) holds.
Using a similar argument as to that of Lemma 2.7 in [34], we can show that there exists a
subsequence of {uy,}, still denoted by {u,}, such that

sup | [ (#lua) = £0) = )| = 0,0), (3.10)

PEH®(R3),|lpll<1

Thus, one has

[ 0000 £ = f) ]
< ]| sup ‘/W (f(un) = flu) - f(’l)n))(pdx‘ — on(1).

PEH*(R?),[lpll<1

From this, we have

[ tunde = [ fudat [ pwnende+ [ fonuds
+ [ flupads + / (Flun) = F(u) = f(vn))unda
R3

R3
:/ f(u)uda:+/ f(op)vpdz + on(1). (3.11)
R3 R3

The equality (3.5) follows from Lemma 2.2 (ii), (3.7), (3.9) and (3.11).
Finally, we note that

4 2t—3 4 2t—3
G(u) = ot (I'(w),u) — s/ wde— T ¢t uda
2 R3 4 R3
3—-2
- / ( Sf(u)u - 3F(u))d:v.
e L2
From this, by Lemma 2.2 (i), (3.5), (3.8) and (3.11), we can obtain (3.6). O

In the following, we give an important energy estimate for m:
Lemma 3.6 Assume that (f1)—(f4) hold. It holds that m < §8523S if one of (C1), (C2) or
(C3) is satisfied.

Proof Let v € C5°(R3) be a cut-off function such that ¢ (z) = 1 if |z| < r, and ¢ (z) = 0
if |x| > 2r. For € > 0, we define

us(x) = 1/)(17)[]5(33)7 T e Rg,

3-2s U(w/Sszls)

where Ug(z) =™ 2 u*(1), u*(z) = ), ' and

—2s

Ule) = w(r + o = wof*) "2,
with k € R\{0}, 7 > 0 and z¢ € R3. From [30, 37], we know that

s 3
[(=A)2uc)?de < 82° 4+ O(£372%),
RS
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I
RS

Zde = 82 + O(e%)

and 3
0329, for ¢> 394’
3 3
“dz = { O(e2]1 for ¢ =
[ Jncttas = § 0 logel), for a=, %,
0(6332Sq) for ¢< 3 .
’ 3—2s

By Lemma 3.3 and Lemma 3.4, there exists a 6. > 0 such that
< = .
0 <m < max((ue)o) = I((uc)e.) (3.12)

Next, we claim that there exist two constants 6., 6* > 0 such that 6, < 6. < 6*. Indeed, we
first prove that 6. is bounded from below by a positive constant. Otherwise, we could find a

sequence £, — 0 such that 6., — 0. By the above estimations, up to a subsequence, we have
(ue, )o., — 0 in H*(R3). Therefore,

0<m<I((ug,)s. )— I(0)=0,

En

which is a contradiction. On the other hand, it follows from (f4) that

94s+2t73 R 2s+2t—3
0<I((ue)g.) < € |(—A)2u5|2daj 4+ ¢ / ugdx
€ 2 R3 2 R3

ghs+2t—3 glsttip=3
+ °° ¢! ulde — Hoe |ue|Pda
ue Le
4 R3 p R3
< 09§s+2t73 + 09§s+2t73 _ C«e‘geriE)pfS7

which implies that there exists 8* > 0 such that 6. < 6*. Thus, the claim is proved.
Therefore, by using the inequality

(a+b)7 <a?+qla+0b)7'b, foranya,b>0, g>1,

we conclude that

4s+2t—3 C g2s+2t—3 , gis+2t—3 .
I((ue)g,) < °°F 5 Rg|(—A)2u€| de + ¢ 5 /Rusdx—i— € A /R3¢u€u5d:1c

3
9(s+t)p73 (s+t)27 -3
_ HUe / |ue|Pda — c . / e
p R3 25 R3

ghs+2t—3 9§S+t)22—3 3 - )
< € _ 525 —48
< 9 o S +0(e )—|—C'/Rsu€d:1:

2 dz

S

342t

3
+C< |u5|3i22td3:) - C',u/ |ue|Pde
R3 R3

< Sssgi» + 0(63_25) + C/ ugdx—F C (/ |u6|341»22td$)
3 R3 R

Finally, arguing as in the proof of Lemma 3.3 in [37], we arrive at

342
3

—C’,u/ |ue|Pde.
R3

3
m < I((u)o.) < 48

providing that one of (C1), (C3) or (C3) holds. Thus, we complete the proof. O

@ Springer



1074 ACTA MATHEMATICA SCIENTIA Vol.40 Ser.B

Lemma 3.7 Assume that (f1)—(fs) hold and that 2s + 2¢ > 3. Then m > 0 is achieved
at some 4 € M.

Proof Taking 8 =0 in Lemma 3.1, we have that

4s + 2t
— F(r) > R. 3.13
fr -2 P 20, wre (3.13)
We set
1
P(u): = —
(we=1w) = Lo 3G
s 9 s+t ( 4s 4 2t ) S o
= d - F d sdax.
4s+2t—3/Rau v 4s+2t—3/Rs fluju= oy Fl)des g | ufde
(3.14)
Let {u,} C M be a minimizing sequence for m such that
I(un) — m.
We divide the proof into three steps as follows:
Step 1 The sequence {u,} is bounded in H*(R?).
From (3.13)—(3.14), we know that
s s
= = > 2
m+on(l) = I(uy) = P(uy) > Ao 1 2% —3 /]RS usdz + 3 (3.15)

On the other hand, by (f1) — (f2), (3.15) and G(u,) = 0, one has that

2s+2t—3 t)2: -3 «
Tl < [ (65 0 = 3P o+ C TR i
2 R3 2; R3

gc/ uidx+c/ un|? dz < C.
R3 R3

Thus, {u,} is bounded in H*(R3).
Step 2 There exist a sequence {y,} C R and constants R, 3> 0 such that

n—oo

lim inf/ urdr > B> 0. (3.16)
Br(yn)
Suppose, by contradiction, that for all R > 0,

lim sup/ u?dr = 0.
Br(y)

n—00 3

By Lemma 2.3, we have that
u, — 0 in LIYR3), 2 < q< 2. (3.17)
It follows from Lemma 2.1 (ii) and (3.17) that
/ ¢l, uidx — 0. (3.18)
Since G(uy) = 0, by (3.17)—(3.18), we get
4s+2t -3 |(—A)§un|2dx+25+2t_3/ uid:z:— s—|—t2* / [ de = o (1),
R3 R3

2 2
(3.19)
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From the definition of the constant S, we have
45+ 2t — 3 - = s+1t)2% -3
SS(/ [t 2sd3:) E < ( )28 |t
2 R3 R3

23
Without loss of generality, we may assume that

/ |t |?dz — 1> 0.
R3

Zdax 4 on(1). (3.20)

It is easy to check that [ > 0, otherwise ||u,| — 0 as n — oo, which contradicts m > 0. In
3

view of (3.20), taking the limit as n — 0o, we obtain that [ > §#*. On the other hand, since

I(u,) — m, it follows from (3.17)—(3.19) that

1 s 1 1 *
m= |(=A)2u,|*dz + / uldr — / |t |2 dz + 0y, (1)
2 R3 2 R3 2; R3

1 s
> — —“A)2q. |2 _ 2
= 9(4s + 2t — 3) ((45+2t 3) /11&3 [(=A)2up|*de + (25 + 2t — 3) /}R3 und:v)

1 .
- / [un|* da + 0n (1)
2% Jrs

_ (s+2p-3, 1
C 2x(4s+2t-3) 2

s s .3
= 31 > 355257
which contradicts Lemma 3.6.
Step 3 m is achieved.
If we denote that i, (x) = uy(x + yn), then @, € M. It is easy to check that {@,} is still
a bounded minimizing sequence for m. Up to a subsequence, we may assume that there is a
@ € H*(R?) such that
i, =0 in H(R?),
i, — @ in LI _(R3), 1<gq<22, (3.21)

Uy — @ a.e. in RS,

It follows from (3.16) that there exist R, 8 > 0 such that

/ a2dz > 3 >0,
Br(0)

which implies that @ # 0. Set ©,, = @, — 4. By using Lemma 3.5, (3.14) and (3.21), we deduce
that

D(Uy) = @(a) + (V) + 0n(1) (3.22)
and
G(un) = G() + G(0n) + 0n(1). (3.23)
From this, one has
m—®(a) = P(0,) +0,(1) and G(0,) + o0,(1) = —G(@). (3.24)

Without loss of generality, we may assume that 0, # 0. Otherwise, the lemma is trivial. By
Lemma 3.3, there exists 6, > 0 such that (9, )s, € M for any n.
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Now we claim that G(@) < 0. Indeed, suppose by contradiction that G(u) > 0. From (3.24)
we know that G(9,,) + 0,(1) < 0. It follows from Lemma 3.2, (3.14) and (3.24) that

m— ®(@) = ®(i,) + 0n(1)

=1(0) = ., ;t _ 4 GEa) +0a(1)

94s+2t73
= 1(Fn)o) = 4 "oy g

> m + o, (1), (3.25)

G () + 0n(1)

which implies that the claim is true, since ®(@) > 0.
Lemma 3.3 also implies that there exists 6 > 0 such that iy € M. Combining Lemma 3.2,
(3.13)—(3.14) and Fatou’s lemma, we have that

1 _
T 4s 421 — 3G(“")}
s s+t 4s + 2t
— 1 'f[ i2d /( i )iy, — F~n)d
s 4s+2t—3/Rg“" T 412t -3 Js Fn)in == Fliin) Jda

s .
ol da]
—|—3/R3|u| T
s

m = lim inf [I(ﬁn)

n—oo

+1 4s + 2t S x

> i%d ’ /( )it — F(@))d / if%d
—45+2t—3/Ra“ TH psron—g f S@E— o F@)det g ) fafde

_ 1 -
=10 = g gy 3O

gis+2t=3
> I(uz) — w) > m.
2 1) = gy g gG@ 2m
Therefore, we conclude that I(%) = m and G(a) = 0. O

Lemma 3.8 Assume that (f1)—(f3) hold and that 4s 4+ 2t > 3. If I(u) = m for u € M,

then w is a critical point of I.

Proof Suppose, by contradiction, that I'(u) # 0, and there exist p, § > 0 such that
@) ar-eqay = p 18 llu = o]l <36, Vo € H(RY).
We first show that
%i_)rr} lug — ul| = 0. (3.26)
Otherwise, suppose that there exist 9 > 0 and a sequence {6, } such that
llug, —ul|* >eo as b, — 1. (3.27)

Notice that there exist two functions U; and Uy € Co(R?), such that

€0
20

€o

—A)2y —Uq)2d .
(—A)2u 1|7dz < 90

| and / lu — Us|?da <
R? R?

From this, we get that

|(=A)% (ug, — u)|*dz
R3

<2 |(—A)SU9n—U1|2dx+2/ |(—A)2u — Uy |2dx
R3 R3
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< Ao t2=3 / [(—A)2u — Uy |2da + 6625 +2 / |U1(Onz) — Uy (x)|*da
R3 R3

+6(02 Tt — 1)2/ Uidx + 2/ [(—A)2u — Uy |2dz
R3 R3
260

< 5 + On(l)
and
/ lug, — ul*dx < 2/ lug, — Us|*dx + 2/ lu — Us|*dx
R3 R3 R3
< 69,215+2t73/ lu — Us|*dz + 6972f+2t/ |Uz(0nz) — Us(x)|?dz
RS RS
+6(05 — 1)2/ Uzdx + 2/ lu — Us|*dz
R3 R3
2
< 70 4 0,(1).
5
Thus,
Jua, = / (8%, ~w)Pdo+ [ Jua, — uPde
R3

560 + On(l)

which contradicts (3.27). It follows from (3.26) that for 6 > 0 given above, there exists d; > 0
such that

lug —ul| <& if |6 —1] < 6. (3.28)
Lemma 3.2 implies that
I(ug) < I(u) — 0(9)/ u?de =m — C’(G)/ u?dz, VO >0. (3.29)
R3 R3
Let e = min{ mln{C (3)} Jps uPda, 1, ’)85} and S = {v e H*(R?) | [lu—v|| < d}. It
follows from Lemma 2.3 in [ ] hat there exists a map n € C([0,1] x H*(R?), H*(R?)) such

that
(i) n(1,v) =vifv & I~ *([m — 2e,m + 2¢]) N Sas;
(i) n(1,I™*t=NnS)cIm s,
(iii) I(n(l,v)) < I(v) for all v € H*(R3);
(iv) n(1,v) is a homeomorphism of H*(R3).
Since Lemma 3.2 implies that I(ug) < I(u) = m for 6 > 0, then by (3.28) and (ii), we have

I(n(1,up)) <m—e if |0 —1] < 6.

On the other hand, from (3.29) and (iii), we have

I(n(1,up)) < I(ug) <m — 0(9)/ uldz, if |0 — 1] > 5.
R3

In view of (3.2), we can see that C'(6) > 0 if |§ — 1| > §;. Thus,

eg[lax I(n(1,up)) < m. (3.30)
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Next, we claim that 1(1,us) N M # () for some 6 € [}, 3], which contradicts (3.30). Indeed, we

252
define

D1(0) = G(ug) and P2(0) = G(n(1,ug)), VO >0.

From Lemma 3.3 and the definition of the Brouwer degree, we have

deg (@1,(;, ;),0) =1.

In view of (3.29) and (i), it is clear that n(1,ug) = ug for = } and § = 3. The homotopy

invariance of the Brouwer degree gives that

;, ;),o) — deg (q>2,(;, g),o) — 1.

Thus, there exists 6 € (3, 5) such that ®3(6y) = 0, which means that 1(1, ug,) € M. Therefore,

the claim is true and we complete the proof. O

deg (@1,(

Now, we are ready to prove our main result.
Proof of Theorem 1.1 Combining Lemma 3.7 and Lemma 3.8, one can directly obtain
that I has a critical point @ € M such that I(a) =m > 0.

Next, we want to prove that @ is nonnegative. Let us consider the functional

1 s 1 1 «
It (u) = / (J(=A)2ul* + v®)dz + / plutde — | F(u)dx — / (uh)?dz,
where u™ = max{u,0} and v~ = min{u,0}. Similarly, we can obtain a nontrivial solution u of

the equation

(=A)u+u+ ¢hu= flu)+ (ut)z"L. (3.31)
Multiplying the above equation (3.31) by u~ and integrating over R, we find that

/ / (u(x) —u(y)) (v (z) — u_(y))d:vdy <0
R3 JR3 o

e

but we know that

[ [ O ) =)
RS ]RS

|z — y[3+2s

2/ / (U(:v)—U(y))g(;f (y))dxdy
{y:u<0} J{z:u>0} |I - y|
— () — = (1)]2
[ Wy,
{y:u<0} J{z:u<0} |:I: - y| s

N
{y:u>0} J{z:u<0} |.’II - y| B
> 0.

Thus, v~ = 0 and u > 0 is a solution of equation (3.31). Hence, we can assume that @ > 0. O
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