Acta Mathematica Scientia, 2020, 40B(2): 572-588

https://doi.org/10.1007 /310473-020-0218-2 Jﬁxﬁﬂnﬁgﬂﬁ%m&a
©Wuhan Institute Physics and Mathematics, &% % ﬂ% m

Chinese Academy of Sciences, 2020

http://actams.wipm.ac.cn

EXPANDABLE PARALLEL FINITE ELEMENT
METHODS FOR LINEAR ELLIPTIC PROBLEMS*

Guangzhi DU (£ %)
School of Mathematics and Statistics, Shandong Normal University, Jinan 250014, China

E-mail: guangzhidu@gmail.com

Abstract In this article, two kinds of expandable parallel finite element methods, based on
two-grid discretizations, are given to solve the linear elliptic problems. Compared with the
classical local and parallel finite element methods, there are two attractive features of the
methods shown in this article: 1) a partition of unity is used to generate a series of local and
independent subproblems to guarantee the final approximation globally continuous; 2) the
computational domain of each local subproblem is contained in a ball with radius of O(H)
(H is the coarse mesh parameter), which means methods in this article are more suitable for
parallel computing in a large parallel computer system. Some a priori error estimation are
obtained and optimal error bounds in both H'-normal and L?-normal are derived. Finally,
numerical results are reported to test and verify the feasibility and validity of our methods.
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1 Introduction

In recent years, the development of efficient parallel computing for PDEs with high resolu-
tion has been an hot research topic. On the basis of the understanding of the local and global
properties of a finite element solution to PDEs with high resolution, a new local and parallel
approach [20, 21], was first proposed for a class of linear and nonlinear elliptic boundary value
problems by Xu and Zhou. This local and parallel finite element algorithm was further applied
for the Stokes and Navier-Stokes equations by He et al. [12-14, 18] and for the mixed Stokes-
Darcy problems by Du et al. [7-9]. The algorithm has low communication complexity and
allows existing sequential existing codes to run in a parallel environment with little investment
in recoding.

However, one disadvantage of these local finite element algorithms is that the finite element
solution is in general discontinuous. To overcome this defect, the author in [20] modified the
above method to ensure that the final approximation is continuous. Furthermore, some local
finite element methods based on a partition of unity are proposed in [6, 15, 22-25] to derive the

globally continuous solution by assembling all the local solutions via the flexible and controllable

*Received Februray 27, 2019; revised June 18, 2019. Subsidized by NSFC (11701343) and partially sup-
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@ Springer



No.2 G.Z. Du: EXPANDABLE PARALLEL FINITE ELEMENT METHODS 573

partition of unity functions. The partition of unity method [3, 17] introduces us to a flexible and
controllable way to implement domain decomposition and construct a global solution. There
are many interesting works about the partition of unity method. For example, Hou et al. [15]
developed an expandable local and parallel two-grid finite element scheme by considering the
case of the Poisson equation, while for the computational fluid dynamic problems, Zheng et
al. [22-25] proposed some new partition of unity methods based on two-grid discretiaztions
and Appelhans et al. [2] proposed a new, low-communication algorithm for solving PDEs on
massively parallel computers based on range decomposition. Larson et al. [16] and Song et
al. [19] utilized the partition of unity method as the localization technique in post-processing
procedure, and Bank et al. [4] presented a new domain decomposition algorithm for the parallel
finite element solution of elliptic partial differential equations.

Although the partition of unity method could derive the globally continuous solution, the
error estimates heavily depend on the usage of the superapproximation property of finite ele-
ment spaces. As we known, the usage of this property causes the embarrassed problem that
the distance between the boundaries of a specific subdomain and its expansion should be of
constant order. Therefore the expansion of the subdomain could not be arbitrary small even
when the diameter of the subdomain tends to zero. This will lead to a vast waste of parallel
computing resources. In [15], we proposed an expandable local and parallel two-grid finite
element scheme to overcome the dependence on superapproximation. The scale of each sub-
problem can be arbitrary small as H tends to zero and every two adjacent subproblems only
have a small overlapping. Superposition principle is used to generate a series of local and inde-
pendent subproblems and to make the global approximation continuous. In order to obtain an
approximation with same accuracy as the fine mesh standard Galerkin approximation, a few
iterations (O(]In H|?) in 2-D or O(|In H|) in 3-D respectively) are essential.

Following the idea in [15], two expandable two-grid parallel finite element methods are
given to solve the linear elliptic problems. The first algorithm is one iterative form while the
second method is one non-iterative form. As in [15], in order to derive optimal estimates, a few
iterations (O(|In H|?) in 2-D or O(|In H|) in 3-D) are essential for the iterative method. How-
ever, for the non-iterative form, patches of diameter O(|In H|?)H or O(|In H|)H in 2-D or 3-D
respectively are sufficient to guarantee the same accuracy as the fine mesh standard Galerkin
approximation because errors decay exponentially with respect to the number of layers of ele-
ments in patches (see [11] for detail). Both the two algorithms can reach the same accuracy as
the fine mesh standard Galerkin approximation in theoretical analysis and numerical simulation.

From the visual point of view, the non-iterative form has a similar approach except patch
is a m-layer. But in practice, the non-iterative form needs only one global communication to
derive the globally continuous approximation, while for the iterative form, in each iteration, one
global communication is essential to reach the global approximation. That is the non-iterative
form needs less communication than the iterative form.

The outline of this article is organized as follows. In Section 2, some preliminary materials
and assumptions on mixed finite element spaces are provided. In Section 3, two expandable two-
grid parallel finite element methods are presented. In Section 4, some a priori error estimation
and optimal error bounds in both H' and L?-normal for the two algorithms are derived. In

Section 5, some numerical experiments are reported to show the validity of our algorithms.
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Finally, a short conclusion is given.

2 Preliminaries

In this article, we consider the following linear elliptic equations with Dirichlet boundary

condition defined in convex bounded domain Q ¢ R?, d =2, 3:

—Au+b-Vu=f, inQ,

2.1
u=0, on 9. @1)

For a nonnegative integer s, we denote by H*®(£2) the Sobolev space [1] in usual sense and
their associated norms || - ||5.q, while denote by H}(€2) the closed subspace of H'(£2) consisting
of functions with zero trace on 92. For convenience, the symbols <, = and = will be used

~N) ~

in this article. That z1 < y1, 2 2 w2, and x3 = y3 mean that 1 < Ciy1, T2 > cayo,

and csrg < y3 < Cszxs for some constants C1, ca, c3, and Cs independent of mesh size. For
sub-domains S; C Sz C ), we write S; CC Sz to mean that dist(9S52\092, 951\09) > 0.

In the following, we denote by (-,-) the L2-inner product on Q. Thus, || - [o.o = (-,-)2. Let
us define a(-,-) as a(u,v) = (Vu, Vv) + (b - Vu,v), Yu,v € H}(Q), where (-,) is the standard
inner-product of L?(2). Then, the weak formulation of (2.1) reads: find u € H}(2) such that

a(u,v) = (f,v), Yve H}(Q). (2.2)

A sufficient and necessary condition for the well-posedness of (2.2) is that

aw,9) - aldw)

1.0 gemi@) 19lle’

[wlie S sup Yw € HE(Q). (2.3)

seri() 9]

The variational problem (2.2) has a unique solution (see, for ample, [5]). Assume that a(u,v)

is continuous, that is,

a(u,v) S Jullrellvlie, Yu, ve Hy (), (2.4)

and coercive, that is,
3B >0: a(v,v) > 5| Vu[§g, Vv e Hy(Q). (2.5)
For a given bounded domain 2 C R%, we assume that T (Q) = {74} is a regular triangu-
lation of Q. Here, H = Tgrgnj{igl((m{diam(Tg)} is the mesh parameter. Associated with the mesh

TH(Q), let SH(Q) = {vyg € CO(Q) : Vr|.n € Pfg, vrdl € TH(Q)} be a CO-finite element space
on Q and SE(Q) = SH(Q) N HY(Q), where r > 1 is a positive integer, and P:slz{ is the space of
polynomials of degree not greater than r defined on 7.

For these finite element spaces and problem (2.1), we make the following assumptions.

A1l TInterpolation. There is a finite element interpolation Iy defined on S () such that
for any w € H¥(tfl), 0 <m < s <r+1,

[w = Inwllma S H " |lwlls,o.
A2 Inverse Inequality. For any w € S7(Q),

|wllie S H Hwlo,o.
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A3 Regularity. For any f € H" (), the solution of
a(u,v) = (f,v), Yo € Hy(Q),
and its associated formal adjoint problem
a(v,u) = (f,v), Yo € Hy(Q),

satisfiy

lullr+1.0 S 1F1r-1.0:
Then, the standard Galerkin equation for solving (2.2) reads: find uy € SE () such that
alumg,vg) = (f,vm), Yog € SE(Q). (2.6)
For the standard Galerkin approximation ug, we have the following assumption:
lu—uplloo+ Hlu—unl0 < H™, (2.7)

which can be easily verified as long as u € H™F1((Q).

3 Numerical Algorithms

Assume that {¢;}Y, is a partition of unity on Q for given integer N > 1 such that Q C

N N
|J supp ¢; and > ¢; =1 on Q. There are many ways to construct the applicable partition of
i=1 i=1
unity. A simple choice of the partition of unity is the piecewise linear Lagrange basis functions
associated with the coarse grid triangulation TH (), where N is the number of vertices of
TH(Q) including the boundary vertices.

For each vertex x; of the coarse grid, let wY = supp ¢; = D;. We call w? the patch of layer
0 defined on the ith vertex. Then, we can define the patch of layer m (m > 1, an integer) based
on vertex ¢ recursively. That is

xj EaJZ’l*l

and the vertices on the boundary are included. For a proper chosen m, we denote w; = w;";
see Figure 1. For fine mesh parameter h, we introduce following fine mesh finite element spaces
Sh(w;), St(w;) and S"(Q), S&(£2), which have the same definitions as S (Q) and S (Q2) given
in the previous section.

Figure 1 Patch of layer m (m = 0,1, 2), from left to right
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Algorithm 1 Iterative Form
1. Find a global coarse grid solution uy € S{(Q) such that

a(ug,ve) = (f,vm), Yog € SF(Q). (3.1)

2. Find local fine grid corrections w}l € St (w}) such that

a(wig p,v) = (f,¢) — alum, ¢iv), Vo € S§(w;), i =1,2,--- , N. (3.2)
Set
N .
WH,h = ij‘lﬁ’ UH,p = UH + WH,h- (3.3)

i=1
3. Do a global correction on the coarse gird: find Ey € SE () such that
a(Ew,v) = (f,v) — alumn,v), Yve SFQ). (3.4)
And the final approximate solution is defined as
uly = upgy + Eg. (3.5)

In the later numerical tests, it is easy to find that errors of the expandable two-grid parallel
finite element method decay exponentially with respect to the number of layers of elements
in patches. Therefore, for a proper chosen m, which is relevant to coarse mesh size H, it is
sufficient to guarantee the same accuracy as the fine mesh standard Galerkin approximation.

Let us denote w; = w]™, then we derive the following non-iterative form algorithm.

Algorithm 2 Non-iterative Form

1*. Find a global coarse grid solution uy € SE () such that
alum,vg) = (f,vm), Yog € SE(Q). (3.6)

2*. Find local fine grid corrections w;, i € St (w;) such that

a(u?ﬁ'q_’h,v) = (f, div) — alug, p;v), Yv € S(}}(wi), 1=1,2,---,N. (3.7)
Set
N .
Um,n ZUH-FZ’UAJ}{,;I. (3.8)
i=1

3*. Do a global correction on the coarse gird: find Ey € SE(Q) such that
a(Eg,v) = (f,v) — alugn,v), Yoe SEQ). (3.9)
And the final approximate solution is defined as
=g+ un. (3.10)

Remark It is obvious that all the subproblems in Step 2 and 2* are independent, once
the global coarse grid solution ugy is known and the scale of each subproblem in Step 2 and
2* can be arbitrary small as H tends to zero and every two adjacent subproblems only have a
small overlapping. The layer m in Step 2* is relevant to coarse mesh H (see Lemma 4.2* for
detail). And the final finite element solutions in both forms are globally continuous.
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4 Theoretical Results

In this section, we will give the theoretical results for Algorithm 1 and Algorithm 2. Firstly,
we give the error estimates of Algorithm 1.

By the idea of fictitious domain method (see [10]), we extend the local sub-problem (3.2)
to . Let us denote I' = 9 and I'; = Aw!\I'. Then, there exists £ € H~z(I';) such that the
zero extension of wy; , satisfies

a(w}Lh,v) = (f,p;v) — a(um, p;v) — Eods, Yo € SE(Q),

/ pwiy pds = 0, Ve H 2(T;).
r;
Denote
W=u—ug € Hy(Q),
then the residual equation is
a(,v) = (f,v) —alug,v), Vv € Hi(Q). (4.2)

For the previously defined fine mesh 7"(£2) and the associated finite element space S&(€2),
the Galerkin approximation for (4.2) reads: Find wpy € SP(Q) such that

a(g,v) = (f,v) —alug,v), Yo SHQ). (4.3)

By the superposition principle, (4.3) can be rewritten as follows: Find 0% € SE(Q), i =
1,2,---, N, such that

a(iy,v) = (f, piv) — a(ug, piv), Vv € SH(Q),i=1,2,---,N. (4.4)
N .
It is obvious that wg = 3 w;.
If we set the local erlr?); and the global error of ug ; by
N
eiH,h = UAJ}I - w%l,hv €H,h = Z eiH,hv
i=1

respectively, it is easy to obtain the following equations

a(e’ﬁyh,v)—i- Eods =0, YoeSHN),i=1,2,---,N,
I;

and

N
alem,p,v) + Z/ ¢uds =0, Yo e SEHQ).
i=1 /L%

For all points x € €2, it is clear that there exists a positive integer x, which has nothing to
do with N and z, such that each x belongs to r different w} at most. The following lemma can
be found in [15].

Lemma 4.1 The multiplier £’ in (4.1) satisfies

1€ -3 0,y S IV €Al

and
[ A !
Zl\/l_<‘€zvd5§ﬁ2(zl|§l|H%(Fl)) Hv”l,ﬂ-
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Noting that
||V€iH,h||(2),sz = ||V(1D}{ - w?{,h)”%,sz = HVﬁ’HH(?J,Q\wg + ||V(1Z1}{ - w?{,h)“%,wg-
For the local error e%7h|w3, it is obvious that
al€fplor,v) =0, vESHW), €plow = Dilow:-

As 0 € Sh(€), there holds

1w = [0kl o@vwr) S 1V llo,o\wr-

e nller S il

Thus, we obtain
Ve nlloo S IVdklloaw:- (4.5)

By (4.5), we give the estimate of [|Ve}; , [lo.o, which plays a crucial role in the following section.

Lemma 4.2 Let us set

C
—° . d4=2
I H?’ ’
Qg =
C
_° . d=3
[In H|’ ’

where ¢ > 0 is a positive constant that does not depend on H, h,w}. Then, there holds
”veiH,hHO.,Q < HY| Vi [lo.o-

Proof Let us denote
Q=% =0\ w

We extend the domain Q0 along the outward normal direction on 9Q0 \ dQ within 2 by a fine
mesh layer to get Q! O Q0 and denote by Q! the incremental annular zone, that is QF = Q1\ Q0.
Repeat the above procedure until we obtain QM = Q\ D;, where M = % Then, we get a series
of subdomains

N ccQlcc---ccOM,

and a series of disjoint annular zones

Q0,01 M.

1
It is obvious that

k
OF =)o, k=012 M.
j=0

Let us define
O0F = 4P UTE, Ak = 90\ 90, TF = 908\ ~*, k =0,1,2,- - -, M.
Noting that
a(ily, v)gr =0, Yo e SHON) k=1,2,-- M,
and QF = QF 1 U QF, we derive

a(Wiy, v)gr-1 = —a(Wly,v)r, Yo € SH(OQF). (4.6)
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Here, we introduce a smooth function ¢ € S#(QF) such that Y[y =0 for k> 1 and
suppyy = QF, (z) = 1Vz € QF 1, 0 <o < land|Vi(z) < hL
By taking v = I, () € SE(QF) in (4.6), we have
5*||Vwﬁ||if§—1 < a(w%a@%)(szl = _a(ﬁjﬁqalhwwiq))szf
< HVﬁ’H”o,Qf||VIh(1/’w§{)||o,Q§
< ISy o eV (531 o - (47)

For ||V (¢ify)|lo,qr, We have

HV(T/“Z’?{)HO,Q;c < ||7/1V11’H||0,Q§ + ||11’HV1/’||0,Q§ < HVﬁ’H”o,Qf + h_1||w3{||o,sz§- (4.8)
Because of the estimation of [} |o or in [15], there holds
3 15 o S AHT Ba(H)[[ Vi [If 51
where 34(H) = H~* when d = 3 and 34(H) = |In H| when d = 2.
, : : i1
As [Vl llgon < IViillo.r + Vil g1 and h=2H B2 (H) > 1, combining the
above estimate with (4.7) and (4.8) admits
[V |

N i —1,pd-1 3 i
0.6t S IV llogr (Vg g + 572 H 2 33 (H)|[ Vi [l or)

i 1 d—1 1 " s "
< ||VU’H||(2J,Q§ +h72H = 57 (H) |V llo.or (V@ lloor + IV llgge-1)
—1.d-1 1 i ~1,d-1 1 i i
< HTEHT 5 (H) [V 2 g + B H T 5 () [V o [ Ty g g
By Young’s inequality, we get
IV |I2 g1 S BT HT Ba(H) || Vil [ g

0,081 ~
or
[Vl

gflf > ChHlidﬁd_l(H)vaﬁngﬁf—la

where ¢ > 0 is a constant that does not depend on H, h, 4, and k.

By repeating the last inequality, we have

IV 1§ e = IV 15 s + 1Vl gae > (14 chH'=35 " (H)) (| Vi [I§ grr
> 2 (L4 chH B ()M | Vi |If 6o
Therefore,

193112 g0 < (Ut chH' 457 (1))~ [V 12 -

Being aware of M = I and ||Vﬁ’ﬁ||o,§z§” < ||V ||o,0, simple calculation shows that

(14 chH ™31 (H))™™ = H?*.

This, together with (4.5), concludes the proof of Lemma 4.2. O
Following the result in Lemma 4.2, we have to give some estimates of W% to estimate
IVeR nllo.o-
Lemma 4.3 Suppose that the assumptions A1-A3 are valid. Then, for i =1,2,--- | N,
we have

IV lloa S IV (w—um)llo,p;-
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Proof Using coercive property and taking v = % in (2.5), we can obtain
BHIVEy5.a < aldy, wy) = (f, diby) — alum, ¢idy)
=a(u —ug, pily) = alu — uH,IAH(meD}{))

a(u — wp, I (¢ Iy ) + In (@i Ipiy)),

where fH =1—-1Iy.

Using the continuity property of the bilinear form a(-,-), we have

a(u—ug, T ($:Imiy) + Inlgilniy])
S IV = um)llo,p, (IVUa (¢ uwi)lo,p, + IV Irdiluiy]llo.p,)-

Assume that A1-A2 hold and notice that ¢; is a linear function on each 74 and |D¢;| < H ™1,
then we can obtain

IV e (i Taii)lo.p, = (D 1V (iTaip)l5 x)*

T&—I; CD;

<H( Y. 1D (i w1 )2

T&—I;CDZ'
~7 ~q 1
SH( Y D> U5 o + | Do DI )llf 1)
T&—I;ICDZ'
_ ~d _ ~d 1
SH( Y [H NIDUwi )5 o+ H 2| D)5 1)
T&—I;ICDZ'
< IVl o,
IVIgldilnwy]lo,p, < I D(bilniy)lo,p,

S ID¢il gy llo,p, + l6: DUy lo,p, S IV lo,p,-

Adding the above two equations leads to

IV |

0.0 S IV(u—wum)lo.np;-

O
Now, we give the error estimations of Algorithm 1 in the following theorem.

Theorem 4.4 Assume that assumptions A1, A2, A3, and (2.7) hold and v € H""1(Q).
Then,

IV (u—ufp)llo.e S A"+ H|V(u— uz)llo.0.
lu—ullloe S A+ H|V(u—uf)on,

where ag > 0 is defined in Lemma 4.2.
Proof At the beginning, we introduce an H'-orthogonal projection Py from Hg () onto
SH(Q): for given w € H} (), find Pyw € SE(Q) such that
a(v,w — Pgw) =0, Yo SF(Q).
It is classical that
I(I = Pr)uwlle S H|[Vwlle, Yw e Hy ().
@ Springer
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N

Being aware of the definition of wy p and Y ¢; = 1 in ©, the summation of all the equations
i=1

of (4.1) gives the equation satisfied by wp p,

a(wg p,v) = (f,v) — alug,v Z §ivds, Yo € S’g(ﬂ). (4.9)

Hence,
N

a(ug p,v) = (f,v) — Z Euds, Vv € SH(R).

i=1 7T

On the other hand, the coarse mesh correction can be rewritten as
a(Ew,v) = (f, Pyv) — a(umgpn, Pav), You € SE(Q).

Combination of the above estimates yields

(uH, v) = (f,v) + (f, Puv) — a(ug p, Pav) — /gzvds VUESO( ).

Finally, we have

a(uly,v) Z/ (I — Py)vds, Yo € SH(R),

and

alup —uly,v Z 511 Py)uds, Vv e SEQ). (4.10)

Using the above error equation of uy — u}ﬁ, and by Lemmas 4.1-4.3, we obtain
IV (un = ufp)llo.0 S H* IV (u— un)log-

Because of the triangle inequality, we can easily derive the first result.
The Aubin-Nitsche duality argument is necessary for the L2-error estimate. Suppose that
A3 is valid, then for uj, — ul, € L?(2), there exists ¢ € H?(2) N H}(2) such that

a(v, ¢) = (up —uly,v), Yoe Hi(Q),
and
[6ll2.0 S llun — ulllo.o-
Taking v = uy, — u and noting (4.10), we have
l|un — U}}{”asz < alup —uly,¢) = alu, —uly, (I — Py)o).
Consequently,
lun — w30 < alun —uly, (I = Pa)é) S IV (un — ufp)llo.oll V(I — Pu)dlloq
S H|V(un = ufp)lloelldllze S HIV(un —uf)loollun — ufloe.

By combining triangle inequality, we finish the L2-error estimate. 0

It is well known that if u € H}(Q) N H™1(Q) and urg is the two-grid finite element

approximation, there holds
lu —urgllio S k" +H™,
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0.0 S hr+1 +H’I"+2'

lu — urc|

As our algorithms could be seen as varied two-grid methods, therefore, we expect our methods
can reach the same convergence order with the two-grid method, which we called optimal error.

From the above results, it is easy to observe that we can improve the convergence order of
both H' and L? errors of the coarse mesh standard Galerkin approximation uz for ag order by
one two-grid iteration, and this phenomenon suggests us to do the following two-grid iteration
with

K =o' +0.5].

e (Step 0) Let k = 0 and solve (3.1) to obtain uy € S(Q), and we set u?{’h = Upm;

e (Step 1) Solve the equations in (3.2) with ugy = u%h to get {w}{)h}fil, which are denoted
by {w];rh“ N .. Then, we derive u]};r,i by (3.3);

e (Step 2) Solve (3.4) with ugj = u];;r,% to get 4 and define

k+1,h k+1 E+1,
Upy = quh + EH+ 3
if k+1 > K, stop the iteration and denote u’}_I = ul;_;rl’h, which is the final approximation with

optimal error. Otherwise, let k := k + 1 and goto (Step 1).
Corollary Assume u € H}(Q) N H™1(Q), the final approximation u’, of scheme (Step
0)—(Step 2) has the following error estimates

w—ulylr0 S AT+ H (4.11)
u—ulloo SR+ H™ 2, (4.12)

Next, we give the the error estimations of Algorithm 2 in the same way.
Without distinction, we still use the same notions I' = 9Q and T'; = dw;\I', and
N
Epp =Wy — Wiy g, CHn =Y Ehps
i=1
the local error and the global error of uy,p, respectively.
It is obvious that Lemma 4.1 and Lemma 4.3 remain the same forms, while for Lemma 4.2,
we do a little modification and get the following lemma.

Lemma 4.2* For a proper chosen m,

In H|?
LI Y
_ (&
InH
MH] =y
C

where ¢ > 0 is a positive constant that does not depend on H, h,w;. We have
Vel nlloo S Hl[ Voo
Proof In the same way, we have
~i —dp—1 - ~i
IV [12 6o < (1 + chH' 55 (H)) ™ [T 2 g

Noting M & 22 and ||V, ||, qu < |V |0, simple calculation shows that
g
(14 chH"™ 8, (H))™™ =~ H?.
This, together with (4.5), concludes the proof of the lemma. O
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Theorem 4.5 Assume that assumptions A1, A2, A3, and (2.7) hold and v € H""1(Q).
Then

IV (u—af)lloe S h" + H|IV(u—um)lloe,

lu— @llo. < B+ H|V (u— dfp)]o,0-

5 Numerical Experiments

In this section, we will report some numerical examples (2D and 3D) to complement the
analysis results. In the 2D experiments, the domain 2 is the unit square Q = (0,1) x (0,1)
with a uniform triangulation 7% (Q) = {7£'}. In the 3D experiments, the domain  is the unit
cube = (0,1)® with a uniform triangulation 77 (Q2) = {rf}. P, element is employed for the
finite element discretization. And all the following numerical results are obtained by using the

public domain software FreeFem++-.
5.1 2D-Example
For both Algorithm 1 and Algorithm 2, to reach the H! accuracy, we should choose H and
h such that h ~ H2. With such configuration, we have
lu—uflhe S H?, llu—dgle S H (5.1)

On the other hand, to reach the L? accuracy, we should choose H and h such that h? ~ H?3.
In this case,

lu—ullloe S H?, |u—dloe < H?. (5.2)

In the first experiment, we take b = (1.0,1.0)” and consider the problem with the following
analytic solution
u(z,y) = 100(2? — 22° + 2*)(y — 3y* + 2¢°).

Then, we can get f(x,y) in (2.1).

In the following Table 1 and Table 2, we give some numerical results according to the above
configurations of H and h. For numerical experiments that the true solution v is known, we
define the convergence order ”ORDER;” with respect to the coarse mesh size H as

V(u—um)lo.o

In
" W, H' error order,
n
ORDER1 (tqpp) = flu—
In Ale—vnloo
94 M7 L2 error order.

|[In H|
The symbol gy, stands for certain approximation of v defined in the algorithms. “Iteration”
stands for the number of iterations that are used for deriving the final approximation in Algo-
rithm 1, and “m” stands for the patch of layer m that is necessary to obtain optimal error in
Algorithm 2.

As seen from Table 1 and Table 2, both Algorithm 1 and Algorithm 2 reach almost the
same accuracy as the fine mesh standard Galerkin approximation in H'-norm and L2-normal.
For H'-normal, 2 iterations are sufficient for Algorithm 1 and 2 patches of layer for Algorithm
2. Compared with the fine mesh standard Galerkin method, our algorithms can get better

accuracy in L2-normal.
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Table 1 H'-Error (h = H?)

+ 8 16 24
IV(u—um)loe 6.837le —1 3.4949¢ —1 2.3397e — 1
IV(u—un)lo,0 87995 —2 2.2009¢ —2 9.7818¢ — 3
(IV(u—u)]o,0 8.802le —2 2.2015e —2  9.7888¢ — 3

ORDER; (ufy) 1.99 2.00 2.00
Iteration 2 2 2
IV(u—a%)oe 90382 —2 22918 —2 1.0332¢ — 2
ORDER, (i) 1.97 1.98 1.98
m 2 2 2
Table 2 L*-Error (h = H%)

+ 25 36 49
lu—umloo  3.3784e —3 1.6347e —3 8.836le — 4
lu—unlloe  1.3597e —4 4.5545e — 5 1.8145¢ — 5
lu —ullloe  1.1502e —4 3.816le —5 1.8177e — 5
ORDER, (uf) 3.05 3.05 3.00

Iteration 1 1 2

lu—aklloe  1.1498¢ —4 3.8173e —5 1.3358¢ —5

ORDER (i) 3.05 3.05 3.08
m 1 1 2

In Figure 2, we show the evolution of error in H'-normal with “Iteration” (patch of layer)
for Algorithm 1 (Algorithm 2). It is clear that the error of Algorithm 1 (Algorithm 2) decays

rapidly with respect to “Iteration” (patch of layer).

-2.5 T T T -2.5 T T T
—&— Algorithm 1 when 4=1/16% —o6— Algorithm 2 when #=1/162
—*— Standard Galerkin Method when /=1/162 —*— Standard Galerkin Method when /=1/16%
3 —+— Algorithm 1 when /=1/24 = —— Algorithm 2 when /=1/242
—— Standard Galerkin Method when /#=1/242 —— Standard Galerkin Method when /=1/242
= =
g 3 3.5 i’t 35
Ry L
L %
= 4 2
o0
S
4.5 -4.5
1 L5 2 2.5 3 35 4 ) 0.5 1 L5 2 2.5 3
Iteration m

Figure 2 Left: evolution of error in H'-normal with “Iteration” for Algorithm 1;

right: evolution of error in H'-normal with patch of layer for Algorithm 2

In the second example, we take b = (2x—e¥, 3y cos(rx))T, and f = 70log((z+0.1)(sin(7y)+
1)) in (2.1). As the exact solution u is unknown, the convergence order of the approximate

@ Springer



No.2 G.Z. Du: EXPANDABLE PARALLEL FINITE ELEMENT METHODS 585

solution is calculated as

IV (ur—um)llo.e

In
1+ ”v(rf_z;rp)no‘n . H' error order,
n
ORDER2 (uapp) = l[ae —
I Mun umllo,0
2+ — lun—vappllo.n , L? error order.

[In H|
Here, uy, is the standard Galerkin approximation in the fine mesh finite element space S#(£2) and
the symbol w4y, stands for certain approximation of u defined in the proposed algorithms. It is
generally known that the H' error estimate of the fine mesh standard Galerkin approximation

admits the following estimation when h = H?
IV (u —un)llo,0 = O(h) = O(H?),
the “ORDERg2(uqpp)” calculated by the above formula equals to 2 means
IV (un = tapp)llo.0 = O(H?),

therefore
IV (u— uapp)”O,Q = O(H2)'

Similarity,
lu = uappllo.o = O(H?).

The Table 3 and Table 4 report the numerical results of this test problem. It is clear that
the errors obtained by the two algorithm are almost identical with each other and confirm the

theoretical results.

Table 3 H'-Error (h = H?)

1
i 8 16 24

IV (un —um)lloo 1.8407e —0 9.7354¢ —1  6.5736¢ — 1
IV (un — u)loe  9.4763¢ —2 41015 —2  2.5572¢ — 2

ORDER2(ufy) 2.43 2.14 2.02
Iteration 1 1 1
IV (un — @)oo 94723 —2  4.1003 —2  2.5574e — 2
ORDER:(af%) 2.43 2.14 2.02
m 1 1 1

Table 4 L2-Error (h= H?)

= 25 36 49

llun — umlloo 81035 —3  3.9795¢ —3  2.172le — 3
llun — ullo.o  2.6319¢ —4 5.6307e —5 3.0138¢ — 5

ORDER: (u') 3.06 3.19 3.10
Iteration 1 2 2
llun — @)l 2.6319e —4 6.0148¢ —5  3.2027¢ — 5
ORDER: (i) 3.06 3.17 3.08
m 1 2 2
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5.2 3D-example

In this section, we will give two 3D examples. In these two examples, the domain € is the
unit cube (0,1)% and b = (1,1, 1). In the first 3-D example, we consider the test problem with
the the following analytic solution

u(z,y, 2) = 100(x? — 223 + ) (y — 3y% + 2%) (23 — 2).

The numerical results are given in Tables 5 and 6.

Table 5 H'-Error (h = H?)
i 6 8 10

H
IV(u—uw)loe 2.9515e —1 2.2774e —1 1.8467¢ — 1
IV(u—un)lo,e 5.9048¢ —2 3.3496e —2  2.1515¢ — 2
IV(u—ul)loe 59194 —2 3.3599¢ —2  2.1696e — 2
ORDER, (uf) 1.89 1.92 1.93

Iteration 2 2 2

IV(u—a)oe 6.0408¢ —2 3.5356e —2 2.2719¢ — 2
ORDERj (%) 1.89 1.90 1.91

m 2 2 2

Table 6 L>-Error (h= H%)
= 9 16 25

lu—umloo 86338 —3 2.8568¢ —3 1.1850e — 3
lw — unlloe  1.2840e —3  2.3929¢ —4  6.3981e — 5
lu —u¥lloe  1.3024e —3  2.3795¢ —4  6.2568¢ — 5

ORDER; (ufy) 2.86 2.90 2.91
Iteration 2 2 2
lu—allloe  1.3338¢ —3 2.4903e —4 6.7538¢ — 5
ORDERj (%) 2.85 2.88 2.89
m 2 2 2

Table 7 H'-Error (h = H?)

= 6 8 10
IV (un — um)lo,0 3.1859 2.5719 2.1384
IV(un —ul)loe  5.9544e —1  4.0252e —2  2.9719¢ — 2
ORDER: (u/) 1.94 3.00 2.86
Iteration 1 2 2
IV (un — @)oo  6.2390e —1  4.2773 —2  3.0909¢ — 2
ORDER:(af) 1.91 2.97 2.84
m 1 2 2
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Table 8 L>-Error (h= H%)
1
L 9 16 25
lun —unllo 7.7114e —2  2.8568¢ —2  1.2454e — 2

lun — ullloe  5.7182¢ —3  1.581le —3 4.2787¢ — 5

ORDER: (u') 3.18 3.04 3.76
Iteration 1 1 2
llun — @)l 6.2994e —3  1.6892e —3  4.4557¢ — 5
ORDER: (i) 3.14 3.02 3.75
m 1 1 2

The second example of 3-D case is a test problem driven by the following free term
[ ="70log((z+0.1)(sinwy 4+ 1)(z + 0.1)(sin7z + 1)),

b = (2zy — €*,3xz cos Ty, sinTx sin Ty sin wz),

whose numerical results are given in Tables 7 and 8.

6

Conclusions

In this article, we have shown and analyzed two expandable two-grid parallel finite ele-

ment methods for solving the linear elliptic problems. For Algorithm 1, a few iterations, say

O(|In H|?) or O(|1n H|) in 2-D or 3-D respectively, are essential to obtain optimal error; while
for Algorithm 2, patches of diameter O(|In H|?)H or O(|In H|)H in 2-D or 3-D respectively

are sufficient to guarantee to preserve the optimal convergence order. The numerical results

and

theoretical results keep consistent. Therefore, both the two algorithms can be regarded as

flexible methods.
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