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Abstract This article is concerned with the 3D nonhomogeneous incompressible magneto-
hydrodynamics equations with a slip boundary conditions in bounded domain. We obtain
weighted estimates of the velocity and magnetic field, and address the issue of local existence

and uniqueness of strong solutions with the weaker initial data which contains vacuum states.
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1 Introduction

In this article, we consider the following nonhomogeneous incompressible MHD system

Op+u-Vp=0,
poru — Au+ p(u-V)u+ Vo = (b- V)b,
Ob—Ab+ (u-V)b—(b-V)u=0,
V-u=0, V-b=0,
in Q x (0,7), where Q C R3 is a bounded open set with smooth boundary, and 7' > 0. The
unknowns p,u = (u1,us,us),b = (b1, ba,b3), and 7 denote the density, the velocity field, the
magnetic field, and the pressure of the fluid, respectively.
Concerning the nonhomogeneous fluid equations, there exists a considerable number of pa-
pers devoted to their mathematical analysis [1, 2, 4, 9-11, 19, 27, 28]. It is worth noting that

density may play different roles. For compressible fluid, the pressure is commonly expressed as
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exponential function about the density. Navier-Stokes equations with density-dependent vis-
cosity is considered [17]. In [29], Wu studied incompressible magnetohydrodynamic equations
with the coefficients depending on the density and temperature. In general, the initial vacuum
is taken into consideration; for instance, see [7, 11, 23, 24]. Li [22] considered 3D nonhomo-
geneous incompressible magnetohydrodynamic equations with density-dependent viscosity and
resistivity coefficients, and the vacuum of initial density was also allowed.

Because of its mathematical challenges and physical complexity, rich phenomena, MHD
has been the important subject of many studies by mathematicians and physicists; see [5,
6, 8, 12, 14, 21, 26, 30, 32] and the references cited therein. Global well-posedness of three-
dimensional incompressible magneto-hydrodynamical system with small and smooth initial data
in whole space was established by Xu and Zhang in [33]. The authors in [34] studied the 3D
incompressible MHD equations with density-dependent viscosity, and obtained global strong
solutions under the assumption that the initial energy was suitably small. Unique global strong

solution of the 2D MHD problem with boundary conditions
u=0, b-n=0, Vxb=0, ondQx][0,T),

is studied by Huang, as the viscosity u = pu(p) is a function in C*(0, 00), seeing [16]. In [7],
the authors obtained the strong solution of incompressible magnetohydrodynamic equations
(1.1)—(1.4), with boundary conditions

u=0, b-n=0, Vxbxn=0, ondQx][0,T),
and the initial data satisfy that
0<po€L*NL®NH" ug € H N H? by € H?,
and the compatibility conditions

Aug + V x by X bg — Vpg = /pog,
V'UQZV-bozo,

for some (po,g) € H* x L?.

In bounded domain, various boundary conditions were proposed. Generally, n and 7 denote
the outward normal vector and the unit tangential vector on 0f2, respectively. The classical no-
slip boundary condition, © = 0 on 92, which gives rise to the phenomenon of strong boundary
layers. Later, Xiao and Xin [31] obtained a unique strong solution of the 3D incompressible
Navier-Stokes equations with a slip boundary condition, u-n =V xu-7 = 0 on 02, and proved
strong convergence for the vanishing viscosity limit in flat case. Guo and Wang studied the
similar problem for MHD system with generalized Navier slip boundary conditions, u-n =0
and n x (V x u) = [Bu], on 99, where (3 is a given smooth symmetric tensor on the boundary
[13]. For nonhomogeneous fluid, under slip boundary condition, this is quite difficult to get a
strong solution because of variable density. Thus, we supplement the system with initial and

boundary conditions:

(p,u,b)(:r,()) = (p()vanbO)(x)v in Qv (15)
u-n=0b-n=0 nxVxu=0 nxVxb=0, on 09 x (0,7T), (1.6)
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It is remarkable that Jiu, Wang, and Xin [18] established a unique global classical solution
which may contain vacuums to compressible Navier-Stokes equations in weighted spaces. We
investigate the existence and uniqueness of strong solutions for system (1.1)—(1.6) in 3D smooth
bounded domains. The motivation of the t-weighted estimate originate from the study of several
incompressible models, to weaken the regularity of the initial data; see [25]. Moreover, it is
worth noting that we do not need the compatibility of initial data. We only assume that the

initial data satisfy
0<po<p, po€ WHPNL®, wug,bp€ H:, p>1,p>0. (1.7)

The article is arranged as follows: In Section 2, we briefly recall the notations, some lemmas,
and main results for the system. Next, in Section 3, we will obtain some prior estimates. Finally,

in Section 4, we show Theorem 2.3.

2 Preliminaries and Main Results

In this section, we introduce some notations, which are used throughout this article, defini-
tion, main result, and preliminary facts. We use standard notations for Lebesgue and Sobolev
spaces. We denote by || - ||, the norm in LP(Q), and for simplicity, use || - || to denote || - ||2.
Moreover, ||(p,u,b)||? := ||pl|P + ||u||? + ||b||?, also, use H™ to denote W™2. As usual, we will
use the same notation for vector valued and scalar valued spaces without danger of confusion.
Spaces LZ and H_ are the closures of the space C° := {f € C>®(Q) : V- f =0} in L? and H',
respectively.

Strong solutions to system (1.1)—(1.6) are defined as follows.

Definition 2.1 Given a positive time T’ € (0, c0), and the initial data (pg, uo, bo) satisfying
(1.7), then (p,u,b,m) is called a strong solution to system (1.1)—(1.6), on Q x (0,7, if it has

the regularities
p € L0, T; WP N L>)nC([0,T]; LP),p > 1,
u,b € L>=(0,T; H) N L*(0,T; H?), 7 € L*(0,T; H"), pu € C([0, T); L?),
Vitu, Vb € L°(0,T; H?) 0 L0, T; W29), V/tdu, Vtdib € L*(0,T; HY),

satisfying system (1.1)—(1.6) a.e. in Q x (0,T).

Remark 2.2 According to the regularities of the strong solutions stated in Definition
2.1, and by (1.1)—(1.3), we can infer that the strong solutions have the additional regularities
dp € L*(0,T; LP), \/pOyu, 0pb € L?(0,T; L?), and /Tpdyu € L>(0,T}; L?).

Our aim is to prove the following theorem:

Theorem 2.3 Let Q C R? be a bounded domain with smooth boundary. Assume that
the initial data (po, g, bo) satisfies (1.7). Then, there is a positive time Ty, depending only on
7,82, and ||(uo, bo)||, such that system (1.1)—(1.6) admits a strong solution (p, u, b) on 2 x (0, Tp).
Moreover, if p € [2,00), then the strong solution is unique.

Remark 2.4 In fact, the positive time Tj also depends on the viscosity-resistivity coeffi-

cient, so we just assume that the viscosity-resistivity coefficients are both 1.
Now, we introduce the following lemmas to be needed later on.
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Lemma 2.5 ([20]) Let v € L(0,T;Lip) a vector field, such that V-v =0, and v-n =0
on 9. Let pg € Wh4, with ¢ € [1, o).
Then, the following system

Op+V-(pv)=0, in Qx(0,T),

p(o) = po, in Qu
has a unique solution p € L>=(0, T; WL>°)nC([0,T]; (| W?YP)if ¢ = co; and p € C([0,T7;
1<p<oo

Wha)if 1 < ¢ < cc.

Moveover, the following estimate holds:

t
Hﬂlvhq§|f%|wﬂﬂexp{l/‘|Vv@ﬁnmd7}
0

for any t € [0,T].

Lemma 2.6 ([3]) Let Q satisfy the assumptions made in Section 1. Then, the following
inequality holds true for all 1 < p < oo, with a constant C' depending only on p and Q:

[fllwre < CIV X fllp,

for each divergence-free vector field f € W1P(Q) such that either the boundary condition
fnlaa =0 or f X n|ag = 0 is satisfied.

Lemma 2.7 ([23]) Given a positive time T, let f, g, G be nonnegative functions on [0, T,
with f and g being absolutely continuous on [0, T]. Suppose that

S50 < AVG0),
<0lt) + G(0) < alt)g(t) + H7(),

f(0) =0,

a.e. on (0,7), where A is a positive constant, and « and § are two nonnegative functions,
satisfying

alt) € LY(0,T)) and tB3(t) € L*((0,T)).

Then, the following estimates hold:

f(t) < A\/Q(—O)\/ZeXp{% /Ot(a(s) + AQSﬁ(S))dS},
o)+ [ ' G(s)ds < g(0) exp { / (als) + AQSB(S))ds},

for ¢ € [0, T], which, in particular, imply that f =0,¢9 =0, and G = 0, provided ¢(0) = 0.

3 Galerkin Approximation

In this section, we construct approximate solutions via a Galerkin scheme to system (1.1)—
(1.4). We first introduce the approximation scheme, then show the existence of the approximate
solutions, and finally derive uniform bounds to be used in next section.
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3.1 The scheme
Suppose that ) is simply connected, as in [32], X™ is defined by

X™ =span{ws, - ,wy,} (Mm=1,2---),
which is finite-dimensional subspaces of basic function space
X ={we HX Q)N H*(Q)|w -n =0 on 9N}.
Then, consider the functions w; € X satisfying
(Vx)w; = Ay,
V X wj X njag = 0.

These functions w; make up a suitable orthogonal system of smooth functions in the sense of
the following scalar product on X, and are dense in X:

a(wy,wy) = / V x wy -V X wadz.
Q

We will solve the following system:

O™ +u™ - Vp™ =0, (3.1)
(P O™, w) + (V x u™, V x w) + (p"(u™ - V)u™ w) = (0" - V)", w), (3.2)
(0™, 0) + (V x 0™,V x ) + ((u™ - V)b™, ) — ((b™ - V)u™,¢) =0, (3.3)
p™(0) = pg's u™(0) = ug', b™(0)= b, (3.4)
for all w,1 € X™, where u"(0),b™(0) are given by
ugt = Z(uo,wj)wj, byt = Z(bo,wj)wj, j=1--,m, (3.5)
j=1 j=1

and {pm}2°_, is a sequence of functions from C2((2), satisfying

0<p<pi<p pg—po in WH(Q), qe(3,00). (3.6)

Applying the results in [23], for any v € C([0,T]; X™), the following problem possesses a
unique solution p™ € C?(Q x [0, T)):
{(%pm—i—v-me =0,
p"(0) = pg"-
We define the mapping R : C([0,7]; X™) — C?(Q x [0,7T]) as p™ = R[v], then p™ = R[v] is
continuous with respect to v € C([0,T]; X™).

(3.7)

Next, for any v € C([0,T]; X™), we consider following system

{@W_Awwwwvwm—W”VW=Q (3.8)

b™(0) = bg",
which is a linear parabolic-type problem, hence the existence of a solution can be obtained by the
standard Galerkin methods. From the results in [15], we obtain the unique solution " € Y of
problem (3.8), here Y = C([0,T]; X™)N L2([0,T]; HX(Q)) N L>([0, T]; L?*(£2)), and the solution
operator S : C([0,T]; X™) — Y as b™ = S[v] is continuous with respect to v € C([0,T]; X™).
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In order to prove the solvability of system (3.1)—(3.4), it suffices to find a solution u™ €
C(]0,T); X™) to the following system

(Ru™](0pu™ + (u™ - V)u™),w) 4+ (V x u™,V x w) = ((S Su™],w),
u™(0) = UB”
where R[u™], S[u™], as defined before, are the unique solutions to systems (3.7) and (3.8),

respectively, with v replaced by «™. For this purpose, we consider the following linearized

system

{ (R[0](Ou™ + (v - V)u™),w) + (V x u™, V x w) = ((S[v] - V)S[v],w), (3.9)

u™(0) = ug',
where v € C([0,T]; X™) is given. We define 3-th solution mapping @ : C([0,T]; X™) —
C(]0,T]); X™) as u™ = Q[v], then u™ is the unique solution to (3.9). Later, one will shown that

the mapping @ is well-defined. Therefore, to prove the solvability of system (3.1)—(3.4), it only
require to find a fixed point of the mapping @ in C([0,T]; X™).

3.2 Solvability of approximated system

We first study the solvability of system (3.9). Given v € C([0,T]; X™), and p™ = R[v] and
b™ = S[v], as defined before, then p™ € C*(Q x [0,T]) and p < p™ < p, and (3.9) is equivalent
to

Zagj&gc —|—Zau M)+ Xie" 4+ ai =0 (3.10)

c;n(o) = (’LLQ,’U}J‘), j = 1727' e, m,

where the coefficients aU , and a? are given by

17’

ai:(t) = (p"™wj,w;), ai; = (p™(v-V)wj,w;) and ai = —((b™ - V)™, w;).

1] )
Because p™ > p, it holds that

m

Z a”§z§] —/ (z,t) <Z§ﬂuZ ) dx>pZ|§z|2 Ve R™.

i,j=1
It follows that A = {a%j}ij is a symmetric and positive definite matrix, and in particular A
is invertible. From the classical theory of ordinary differential equations, system (3.10) has
a unique solution {¢"}22, € (C'([0,T7]))™, thus, this guarantee the solvability of the system
(3.9).
Next, we discuss some properties of operator @) defined as before. Taking w = u™ in (3.9),
and noticing that the L*° norm is equivalent to the norm || - || x=, as X™ is a finite dimensional

Banach space, then it follows from integration by parts and using equation (3.7) that
||\ﬁum||2 + IV x u™||? = /(bm V)BT
Q
< 0™ oo VO™ [ ||
< Gy [0 e [ VO™ [ [V u™ |
Con(lI6™ 3 + 9™ [2) |/ .

2dt

@ Springer



448 ACTA MATHEMATICA SCIENTIA Vol.40 Ser.B

Using a generalized Gronwall lemma [27], we can obtain
T
IVemu™ | < llv/pghug' || + Cm/o (6™ 1%m + V0™ 1) dt.

Clearly, u™ is bounded in C([0,T]; L*(2)) from b™ € Y. Thus, because of u™ = Y ¢*(t)w;(z)
Jj=1"

and ) [c7'(t)| = [|u™]], we infer that {c;} is bounded in C([0,77). This implies that u™
j=1

is bounded (independent of v) in C(]0,T]; X™). Moreover, if v is bounded in C([0,T]; X™),
from (3.10) and the symmetry of A = {aj;}, the set {J;¢]* : 1 < j < m} is bounded in
C(]0,T)) which implies that dyu™ is bounded in C([0,T]; X™). Thus, we conclude that there
are K1, Ky > 0 such that |[u™|c1(jo,77,xm) < Ko if [[v|c(o,7;xm) < Ki. Denote by B; the
closed ball in C([0,T]; X) of radio K1, and Bz the closed ball in C1([0,T]; X™) of radio Ko.
Then, the mapping @ is continuous from B; to By. The Arzela-Ascoli theorem implies that
Bs is compact in C([0,T]; X™). And therefore @ is continuous and compact mapping from By
into Bs, and by the Schauder fixed point theorem, there is a fixed point ©™ for a given T > 0.

Taking p™, b™ as the corresponding solution of (3.7) and (3.8), respectively, we obtain a unique

solutions (p™,u™,b™) of (3.1)—(3.4).
3.3 Uniform estimates

In this subsection, we will derive some a priori estimates, which are uniform in m, in a
short time, to the solution (p™,u™,b™) as above. Now, we study the H' estimate, that is the

following proposition:

Proposition 3.1 Let (p™,u™,b™) be the solution of system (3.1)—(3.4). Then, there is
a positive time Ty depending only on p, ), and ||(uo, bo)|| , such that

To
o <t V0P [ 0+ (7 P < €,
<t<To 0

for a positive constant C' depending only on g, 2, and ||(Vu§", Vo7l

Proof Taking w = 0ru™ in (3.2) and ¢ = 9yb™ in (3.3), then it follows from integration
by parts and the Young’s inequality that

1d
ia”v x umH2 4 H /_pmatum”Q — /Q(bm . V)bm . atum _ pm(um . V)um '8tumd:17

IN

1 m m m m m m
SN2 C [ IV 4 a9

1d
§&HV X bm||2 + ||8,5bm||2 = / @™ - V)u™ - o™ — (u™ - VO™ - 9™ dx
Q
1
< §||8tbm||2 + C’/ |bm|2|Vum|2 + |um|2|me|2dx,
Q
and thus

d
gV xu™, Vx O™)|1P + (Vo deu™, 8:0™) |12
< c/ b2 VO™ 2 + p" u™ 2|V 4 (0P V™ + ™ P VO P da. (3.11)
Q
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Applying the H? estimate to (3.2) and (3.3), we deduce
Va2 < ClI0™ - V)b™ — p™" O™ — p™ (W™ - V)u™ |2

< M| Vo™ + c/ BRIV £ e R Ve 2, (3.12)
Q

V2012 < Cll(™ - V)u™ = (u™ - V)b™ — 8:b™ |2
< M|op™ |2 +C/ ™2V 2 + [ P VT P, (3.13)
Q

where M and C are positive constants depending only on g and Q. Multiplying (3.11) by 2M,
and summing the resultants with (3.12) and (3.13), we obtain

d
2M[[(V x u™, ¥ x 0|2 + MI|(Vpm o™, ™) |* + [[(V2u™, V20) ||

< C/ L A e e e AT e A A AT R T e A/ R B
Q

4
_ ZJ“ (3.14)
i=1
for a positive constant C' depending only on p and 2. Noticing that
m m m m m 1 m m
Ji < CImGIVEm VO™ s < CIVO™ [P V2™ < Z V2™ + CVO™ |,
similarly,
1
B2 < IV 4 OIun e,
1 m m m
Js < JIVEu™* + C| Vb [ lva™|f?,
1 m m m
Jo < LIV + ClIIvum Vo™,
which, substituted into (3.14), gives
d 1
2M IV u™, ¥ x b2+ M[(Vem ™, 0:6™)|* + S| (V™ V2|2
<OV x u™ V x b™)|° (3.15)

for a positive constant C' depending only on p and 2.
Set

t
1
F(t) = 2M|(V x u™, ¥V x b™)|*(¢) +/ MI|(Vpm o™, 0™)||* + SII(V2u™, V25™)|[*ds.
0
Then, it follows from (3.15) that
F'(t) < C F3(t), te€]o,T],

where (' is a positive constant depending only on p and ). By ordinary differential inequality,
we find that there is time Ty > 0, such that

F(t)<C, tel0,Ty).

This completes the proof of Proposition 3.1. O

Next, we can work on the t-weighted H? estimate, which is stated in the following propo-
sition.
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Proposition 3.2 Let (p™,u™,b™) be the solution of system (3.1)—(3.4) and Tj the num-
ber in Proposition 3.1. Then, the following estimate holds

To
JSup t(|(Vpm0u™, 0pb™)|12 + || (V2u™, VZb™)|1?) +/ t|(V x dpu™, V x 9:b™)||?dt < C,
<t<To 0

for a positive constant C depending only on p, Tp, 2, and ||(Vug, Vbo)]||.
Proof Differentiating (3.2) and (3.3) with respect to t yield
(p™OPu™ 4 p™ (u™ - VO™, w) 4+ (V x ;u™), V x w)
= (=0ep™ (O™ + (u™ - V)u™),w) — (p"(Opu™ - V)u™, w)
+ ((O™ - VO™ 4 (b - V)OLb™, w),

(O70™,4) + (V x 9™,V x 1)
= (0™ - V)u™ + (b - V) O™ ) — ((Opu™ - V)O™ 4 (u™ - V)Oeb™ 1)),
for all w, 1 € X™. Taking w = dyu™ and 1 = 9b™ in the above equalities respectively, then it
follows from integration by parts and using (3.1) that
1d
2dt
= (V- (p"u™)(0u™ + (u™ - V)u™), 0u™) — (p™ (O™ - V)u'™, dpu™)
+ (8™ - VB 4 (b7 - V)™, Beu™) + (9™ - V)u™ + (b7 - V)Dpu™, Oyb™)
— ((Opu™ - VIO + (u™ - V)Orb™, 0pb™)

I(Vpmoeu™, 8™ | + [(V x 0™,V x 9,b™) |

IN

/ 20" [u™[|0pu™ |V Opu™| + p™ [u™ |0 [[Vu™ 2 + p™ [u™ | 0u™ ||V u™ |
Q

P ™ B VO™ | [V + ™™ 2|V 4 2|8,6™ | |VE™|8pu™ | + |8:6™ 2|V |da:

7
-3 (3.16)
i=1

where we use ((u™ - V)9:b™, 0:0™) = 0, ((b™ - V)™, Opu™) + ((b™ - V)Opu™, ;™) = 0. We
deuce

Iy < 2|V oo [u™ oo VAT O™ ||V O™ || < C[Vu™ |12 [V 2u™|| 2|/ dpu™ |||V O™
I < [lp™ oo llu™ 6| 0™ 6] Vu™ [ Vu™ [lg < C V™ |2 V2u™[|[| V™|,

Is < [lp™ o lu™ 2| 0™ 6] V2u™ || < CITu™ |2 V2u™ ||| VO™,

L < [l e llu™ 2 [V u™ [ V8™ | < Cl[Wu™ |2V 2u™ || V™,

Is < |V loo IVa™ [V Beu™ 21 8eu™ 6 < OV ™|V 2™ |2 | v/pm O™ |||V O™,
Is < 2] 0:0™ |3 VB[ 8ru™ [ < C|IVOu™ ||| V6™ [[[| VO™ |2 9™ 2,

Ir < [[Vu™[[[|0b™ |6]|0:6™ |5 < C[Vu™ | [ VO™ | 5]|0:b™]|%.

Substituting the estimates on I;, ¢ = 1,2,---,7, into (3.16), and using the Young inequality,
one obtains
1d
5 V0™ O™ + (Y % D™, ¥ x 9™
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IN

ClIvu™ |2 [Vu™ 12 Ve o™ [V Ou™ || + Cl[ V™ | Vu™ ||| VOru™ |
+ CIVOu™ VO™ [V O™ | [[0:6™ 12 + ClIVu™ [ VO™ |2 | 0:b™ |2

IN

1
SNV x 9™,V x ab™)|I? + ClIVu™ [ V2™ ||| v/p™ deu™ |2
+ C[IVu™ V2™ 2 + CIIVO™ [H|06™ 2 + C [ Vu™ | 0™ |17,
which implies
d
(VP 0™)|* + [[(V x 0™, V x 0™ |
< C(|(Vu™, Vo) [* + [Vu™ [ V2™ DI (V™ deu™, 0™ )[I? + Cl[Vu™ [ * V2™ |2,
Multiplying the above inequality by ¢ yields
d
7 IV ™, 0™ %) + ¢(V x 9™, ¥ x 0,6™)*
< C([(Va™, Vom™)|[* + [ Vu™ [[[V2u™ )] (Vo dpu™, 0™ ||
+ Va2 4 (Ve apu™, 0™ [?).

By the Gronwall’s inequality, and using Proposition 3.1, we obtain

To
sup 4(]|(v/FmOu™, ™) |2 +/ HI(V x O™,V x 9™ |2dt < C,  (3.17)
0<t<Typ 0

for a positive constant C' depending only on p, Ty, 2, and ||(Vug, Vbo)||-
Substituting J/s into (3.12) and (3.13), one obtains

I(V2u™, V2em)|12 < C(|(Vpmeu™, 0™ |* + [[(Vu™, Vb™)||°),

for a positive constant C' depending only on p, Ty, and 2, which along with (3.17) completes
the proof of Proposition 3.2. 0

4 Existence and Uniqueness of Solution

This section is devoted to proving Theorem 2.3, We start with the following result.

Proposition 4.1 Suppose that the initial data (po,uo,bo) € (WP N L>) x Hj , x H}
for some p € [1,00), and that 0 < p < pg < p, and Tj stated in Proposition 3.1. Then, there is
a strong solution (p, u, b) to system (1.1)—(1.4), subject to (1.5)—(1.6), in Q x (0,Tp), such that
p<p<pand

JSup [V, Vo) + IV ollf + t(l (PO, 8:d)|1* + [(V2u, V2)[|*)]

To
+/ [t(/[(VOeu, VO)| + [|(VPu, V20) 1) + [[9:pll
0

+[1(v/p0hu, 0b)II* + (2, VD) | + [[(Vu, V) [[oc]dt < C

for a positive constant C' depending only on g, Q, ||V pollp, and ||(Vuo, Vbo)||.
Proof Choose a sequence of pi* € C2(Q), such that

<Py <, pgt—po i WHP(Q), Vgl < [[Vpollp-
Recall (3.5), then, u* — ug, bj* — by in H ().
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By Propositions 3.1-3.2, for any positive integer m, there is a solution (p™,u™,b™) to
system (3.1)—(3.4), such that p < p™ < p and

sup ([T V)2 (0™ ™) + (TR, T2 )

To
+/ (tI(VIu™, Vo™ )|I” + | (v/pdsu™, ™ )[|* + [ (V2™ V26™)||*)dt < C,
0

where Ty is the positive time stated in Proposition 3.1, and C' is a positive constant depending
only on p, T, 2, and || (Vuo, Vo).

Because of the above estimate, there exists a subsequence of {(p™,u™,b™)}°_,, still de-
noted by {(p™,u™,b™)}ov—1, and a triple (p,u,b), with p < p < p, and

sup [[[(Vu, VB)II* + £(]|(v/p0ru, 3:d)|* + [|(V*u, V2b)||*)]
0<t<Ty

To
4 [ W T0 VO + (50, AP + (P, T ) < C. (4.1)
0
for a positive constant C' depending only on p, Ty, 2, and ||(Vug, Vbo)||, such that

p™ —p, in C([0,To]; L), g€ [1,00),

u™ S, b™ S bin L°°(0, To; HY) N L% (1, To; H),

u™ — u,b™ — b in L*(0,Ty; H?),

dpu™ = dpu, O™ = 9y in L°(7, Ty; L),

Ou™ — Oy, O;b™ — 9b in L*(0,Tp; L?) N L* (1, Ty; HY),
for any 7 =12 k =2,3,--, and thus for any 7 € (0,7p). Noticing that H? —<— H' < L2, by
the Aubin-Lions compactness lemma, we have u™ — u, b™ — b in C([0, Tp); L?) N L2(0, Ty; HY).
Therefore, we have (p, u,b)|:=0 = (po, uo, bo).

By the previous convergences, it is clear that (p,u,b) satisfies (1.1)—(1.4), in the sense of
distribution, and moreover, because p € L°(0, To; W) and d;p € L*(0,Ty; LP), which will be
proven in the below, (p,u,b) satisfies equations (1.1)—(1.4) a.e. in Q x (0,7,). The previous
convergences also imply that

Pl o™ — pdyu, p" (W™ V)u™ — p(u- Vu, (0™ V)ID™ — (b- V)b,
(u™ - V)™ = (u- V)b, (b™ - V)u™ — (b-V)u, in L*(0,Tp; L?).

Consequently, as m — oo in (3.2), by integration by parts, we deduce that
(poru + p(u - V)u — Au — (b- V)b, w;) = 0.
Noticing that

powu + p(u - V)u — Au — (b- V)b € L*(0, Tp; L?),

m m
because u™ = 3 (¢;, wj)w; and b™ = 3 (d;, v;)v;, with coefficients ¢; and d; continuous in

j=1 j=1
[0, 7], are dense in L?(0,To; H'), then, there is a function 7 € L?(0,Tp; H'), such that

pou + p(u - Vu — Au— (b- V)b = —-Vr.
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Next, one still need to verify

To
sup |[Vpl[p +/0 ([ (V?u, V20)[1§ + [[(Vu, VD)oo + [[0ep]l,)dE < C.

0<t<Typ

By the elliptic estimate and using the Sobolev inequality, we deduce

IV2ull§ < Cllp0u + plu - Vyu— (b- V)bI[3)
< CI10vullg + lull3 I Vull§ + I1BlIZ 1 VB11E)
< CIVoul? + [Vull[|V2ul* + [ VB[ V20]*),

similarly,
V26§ < CUVODIP + [IVull V2ull [ VZ0]1* + [ VB[V 2Bl Vul*),
and thus, recalling (4.1), we obtain
T() TO
[ e el < ¢ [ vom, VOB + 1(Tu, THIIT T < C
0

for a positive constant C' depending only on Py To, 2, and [|(Vug, Vbo)||-
Noticing that ||[Vus < C||V2ul|2 ||V2u||6 , it follows from the Holder inequality and (4.1)
that

T() TO
[N et < € [P0 T (T TR
0 0

< c(/OTO |(V2u,V2b)||2dt)i(/0To

<C,

I

tadt

1

(72, V) Rae) / )
0

for a positive constant C' as above. Applying Lemma 2.5, it follows that

sup [|Vpl[p < C,
0<t<Tp

for a positive constant C' depending only on g, Ty, 2, ||V pollp, and ||(Vug, Vbo)]|. It follows from
the continuity equation (1.1) that

To To To
/0 |8tp|§dt§/0 IIUII‘éolVplfjohtéC/0 IVul P [IV2ul®[ Vel pdt < C,

for a positive constant C' as above. This completes the proof of Proposition 4.1. 0

Finally, we are ready to prove Theorem 2.3.

Proof Take a sequence {po,}>2,, such that

1 ) .
< pon <pF1L pon = po in W2 Vponllp, — [IVpollp + 1.

By Proposition 4.1, there is a positive constant Ty depending only on p, 2, and ||(Vug, Vo)l
such that for each n, there is a strong solution (pn, un,by) to system (1.1)—(1.4), subject to
(1.5)—(1.6), with initial data (pon, won, bon), in Q x (0, Tp), satisfying % < pon < p+1and

oS, 1V en, VO )IIZ + 11V pull} + (| (vPrOrtn, Ocbn) I + [[(VP1un, V200 [|)]
0

To
+/ [E([(VBytun, V)12 + (VP un, V20u)I13) + 1(v/PrOstin, 8ibn ) |12
0
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+ (V2 V200) |12 + (| (Vttn, Vi) [l oo + H(?tan;l)]dt <C,

for a positive constant C' depending only on p, To, 2, || Vpol|p, and ||(Vuo, Vbo)].
Because of the above estimates, by the Cantor diagonal argument, there is a subsequence
of {(pn, un, bn) }22 4, still denoted by {(pn,un,br)}, and a triple {(p,u,b)}>2 ;, such that
pn — p, in L0, To; WP N L), 0,p, — Oyp in L*(0,Tp; LP),
Up = u, by, = b in L0, Tp; HY) N L (1, Ty; H?),
Up — u, b, — b in L?(0,Ty; H*) N L2(7, Ty; W25),
Oy — Oyu, 04y — 9yb in L*(0,Ty; L?) N L (1, To; H'),
for any 7 = %, k=2,3,---, and thus for any 7 € (0,7Tp). Hence, by the Aubin-Lions compact-
ness lemma, the following strong convergences hold:
Pn — P in C([OaTO]an)a for any q € [15 OO),
Up — U, by, — b in C([7, Tol; H' 0 LE) N L (1, To; C(Q)).
Similar to the results in [23], we conclude that (p,u,b) has the regularities stated in Theorem
2.3 and satisfies system (1.1)—(1.4) in Q x (0,7p). Thus, the existence part of Theorem 2.3 is
proved.
We now prove the uniqueness part of Theorem 2.3. Let (p1,u1,b1) and (p2, us, b2) be two

local strong solutions to system (1.1)—(1.4), subject to (1.5)—(1.6), on 2 x (0,7, for a positive

time T, with the same initial data (pg, ug,bp). Then, we have following regularities:

P1, P2 eLm(OaT;Hl)vulv’LLvalabQ ELQ(OvT;H2)7 .
Vtuy, Vitug, Vb, Vthy € L°°(0,T; H?), Vt0uy, Vtdyus, Vtdiby, Vtd,bo € L*(0,T; HY) (4.3)

Let p = p1 — p2,u = u1 — us, and b = by — by. Thus, p, u, and b satisfy

Op+ur-Vp=—u-Vpg (4.4)
p10ru~+ p1(ug - V)u— Au+ Vr

= —p1(u-V)uz — p(Qruz + (uz - V)ug) + b1 - Vo+b- Vb, (4.5)
Ot — Ab = —(uy - V)b — (u- V)b + (by - V)u+ (b- V)us (4.6)

a.e. in Q x (0,7).
Multiplying equations (4.5) by u, and (4.6) by b and using equation (4.4), it follows from

integration by parts, the Holder, Sobolev, Poincaré and Young’s inequalities that

1d
Sl ar B + (7 %, ¥ % )

- /Q [p1(u- V)uz + p(dpuz + (uz - V)uz)] - udz

—/[(b-V)bg~u—(u~V)b2-b—|—(b~V)u2~b]dx
Q

IN

IVperllollvorulllullsl Vualls + lloll s (10:uzllsllulle + luzlloo[Vuzllslulle)
+ ClIol[[[Vbe|lsllulle + Cllullsl|Voal[s]lbll + Cllbll [ Vuzlls[blls

1 3
< ClverullIVull[Vuzllm + Cllplls (VO Vull + [Vuel|? [[ Vsl F [Vul)
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+ ClbIIVO 122 [Vl + ClBI [ Vuz| a1 | VO]
1
< IV >, V x B)[7 + Cl[(Vuz, Voo ) [ | (V. b) |
+Clpll3 (IVOrua|* + [ Vuz|* Vuz| 1)
namely,
d
VAT )+ 1(V x u, V x B)|I* < a@)ll(Verwb)II* + @) ol (4.7)
where

a(t) = Cll(Vuz, Vb)) I3 (1), B(t) = C([VOhuall® + || Vua|*[|Vuz(F)

Recalling (4.3), it is clear that o € L*((0,T)) and t8(t) € L'((0,T)). From [23], we also get

d
qelPlly < KNIV >xu, V< b, (4.8)

for a positive constant K. As a result, combining (4.7) and (4.8), and applying Lemma 2.7, one

obtains Hp||% = ||/p1ul| = ||b]| = 0. Thus, p = u = b = 0; the uniqueness part of Theorem 2.3

is proved. O
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